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Dielectric solvation dynamics of molecules of arbitrary shape
and charge distribution
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A new perspective of dielectric continuum theory is discussed. From this perspective a dynamical
generalization of a boundary element algorithm is derived. This generalization is applied to compute
the solvation dynamics relaxation function for chromophores in various solvents. Employing
quantum chemical estimates of the chromophore’s charge distribution, the Richards—Lee estimate of
its van der Waals surface, and the measured frequency dependent dielectric constant of the pure
solvent, the calculated relaxation functions agree closely with those determined by experiments.
© 1998 American Institute of Physids$0021-960808)50806-9

I. INTRODUCTION Il. INTEGRAL EQUATION FORMULATION

This paper describes a generally applicable algorithm for  In Ref. 1, the following general relationship is derived
applying dielectric continuum theory and its generalizations
to solvation and solvation dynamics with realistic models of
solute molecular shape and charge distribution. The algo- X(m)(r:f'i5)=x(f,r';5)—J J dr”dr”x(r,r";s)
rithm is based on the Gaussian field formulation of tradi- "
tional dielectric continuum theoryFor static applications, Xin N rs) - x(rr s s). (1)
our method is closely related to the widely used boundary
element method for electrostatic calculatidn®.But our  Here, y™(r r';s) is the solvent dipole density response
method offers a dynamical generalization and possible exterfunction of the solution, ang(r,r’;s) is that same quantity,
sion to molecular models of a solvent. but for the pure solvent. The dipole density is a vector.
As an application, we give a comparison with recentHence, x\™(r,r’;s) and x(r,r’;s) are 3<3 matrices. The
experimental measurements of solvation relaxation function$in” labeling the integration symbol means the integration
for coumarin343(C343°) in watef and coumarin153 is limited to the region occupied by the solute and from
(C153 in methanol and acetonitrileThe inputs to our cal- Which the sol_vent dlipole den_sity is_ expelled. The inverse of
culations are the charge distribution change of the chroth® “in” matrix, xi,*(r,r’;s), is defined as
mophore from the electronic ground state to its first elec-
tronically excited state, the chromophore’s molecular v 1 . "y o ,
surface® and the frequency dependent dielectric constant of fmdr Xin (1.178) - Xin(r",r7s8) = 8(r=r")l, 2
the solvent. The first of these is estimated from quantum

chemistry f:alculatmns; the secorld S dett_arm!ned from Stanv'vherel is the 3x 3 identity matrix associated with the Car-
dard atomic van der Waals radii; the third is found from

) . ) ) tesian coordinates of a three-dimensional system, and
experiments. With these ingredients, good agreement bex'in(r,r’;s) is x(r,r’;s) when bothr andr’ are within the
tween experiments and theory is found. Other standard apin” region, and it is zero otherwise.

proximationg e.g., the dipole in a sphere model, and the  |n dielectric continuum theory, the response function
uniform dielectric approximatioh are shown to be less sat- jsh1°

isfactory.
We begin with a general relation for the response func- (s)-1
tion of a solvent in the presence of a solute, EQ.below. X(r,r’;s)= ‘ZWW{S(S) S(r—r"l

We derive the connection between this relationship and the

boundary element methdd® In Sec. Ill, we test our meth-
S T . e(s)—1 1
odology for the case of a charge distribution in a spherical - \vAvll , ®)
!
dielectric cavity. Kirkwood'’s analytical result for this case is ad r=r’|

reproduced. In Sec. IV, we apply our formulation to several
experimental systems where the solute is definitely notvheree(s) is dielectric constant as a function of frequency,
spherical. The paper is concluded in Sec. V. S. Assuming
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4me(s)| 1 For example, consider a charge distribution created at
Xigl(r,r’;s)— c(5—1| 25 S(r—r"l timet=0 inside a dielectric cavity. The Fourier transform of
the time dependent solvation energy of the charge distribu-
tion due to the dielectric fs

g(s)—1
+4 Vv’ —~+VV'f(r,ris)|,
me(S) lr—r’| E(S)— JJ'drdr | ™)
4 fi
we can find an equation fdi(r,r’;s) after adopting a spe- v Q 1 @)
cific form for x(r,r’;s). By using the dielectric continuum [r'—r|

form, Eq.(3), Eq. (2) gives wherer; is the position of thdth charge,g;. As shown in

Appendix A, this equation foE(s) can be reduced through
the application of Eqs(1) and (4), giving

1 47e(s)
s s(s)

(e(s)-1)% 1
4me(s) |r—r/|

e(s)f(r,r';s)+

E(s)=— 2 gi g f(rl,r],s) 9

e(s)—1\% 1 R o1
_(T) e(s) ind v Ir—r'| al Ir—r'] This equation is one of our major results. It relates the cal-
culation of the time dependent non-equilibrium solvation en-

ergy to that of a short ranged non-singular function. With

=0. (5) Egs.(6) and(7), the result is a time dependent generalization
Ir"—r’| of the boundary element method for performing dielectric

continuum calculations. This connection can be seen by con-
This result is an integral equation for the short ranged,5|derlng

functionf(r,r’;s). To simplify this last equation, the volume ( -
integration can be converted to a surface integral. In particu- ) S)—
lar, if r is within the “in” region, and ifr'=Ry is on the o(rRi$)=Val (1,R;s) v

me(s) " |r—R[’
surface,S, surrounding the “in” region, theri(r,Ry;s) sat- In Appendix B, it is shown thatr(r,R;s) satisfies the fol-

g(s)—1

f_ dr” V"f(r,r";s)-V”
in

(10

isfies lowing integral equation:
a(s)+1 g(s)—1 ] 1 r RS —8(8)_ 3§da rR;s)V !
f(rReis) ~ —— ffisdaRfu,R.swnm o ReS) = 571 27 FedBRINRISVa p 1
(5-1\2 1 1 1 a1 1 L o (11)
e(s)— _ vy - -
S A = S)+12 " |r—R '
( 2| 59 SdaR|R_RO| Vo lRor =0 (6) &(s) 0 [r=Ry|

whereVnO denotes the outward normal gradienRatand the

Here,dag is the normal area element at positiBnof the  solvation energy can be expressed in terms@f,R;s),
surfaceS andV, stands for the outward normal gradient at

R. This equation is derived using Green’s first iderifity E(s)=—— 2 daR gio(ri,R;s) (12
Once f(r,R;s) is solved from above equation, the short S |R |
ranggdf(r,r’;s) for bothr andr’ within the “in” region is  \wnen comparing with the boundary element metfictye
obtained from can identifyo(r,R;s) as the induced charge Rt Equation
(29) in Ref. 3b is equivalent to our Eql1).
f(r s = &( )— f# dan (r.R) 1 In general, the formulation of this section is not confined
R n|R—r’| to the continuum theory of a non-ionic dielectric. For ex-
ample, in place of Eq(3), one may use a response function
e(s)—1\% 1 1 1 matrix appropriate to a homogeneous ionic solution. A short
A e(s) Js aRmV” |R—r|" length scale with molecular detail could also be included.

Equation(4) could be written, but the resulting integral equa-
(7) tion for f(r,r’;s) will be modified due to the features in
x(r,r’;s) referring to ionic strength and molecular detail.

. . ) . . For the applications given in this paper, however, we confine
dimensional integral equation, E@). In general, an analyti- A . .
ourselves to the case of a non-ionic dielectric continuum sol-

cal solution to Eq.(6) is difficult to find. Except for some
special geometries, such as a spherical cavity, we need toent
solve the equation numerically. One numerical method o

solution is discussed in Sec. IV. Once we solve &), the ﬁ”' SPHERICAL CAVITY
response function of the system can be calculated from Eqs. For a spherical cavity, E46) can be solved analytically.
(4), (7) and (1) and all the properties of the system can beOn expanding thef function in spherical harmonics
calculated from it through linear response theory. Yim(6,¢) for a spherical cavity with radiuR,

The calculation ob(i;,l(r,r’;s) is thus reduced to a two-
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* 1 1 1 1 1 1 1 1 1 I

f(r,r’;s)=% Bi(r,r';s)Y5(6,6)Yim(60',¢"), (13 \ i

0.8 |\ i

wherer, # and ¢ are spherical coordinates of Substitution - \\\ .
into Eq. (6) yields 06F N\ .
(e(s)—1)2 1+1 1 ! & R ]

Q)= — 04| . .
Bi(rR;s) 25 21 (+De(s) 1 g1 19 i _
Combining Eq.(14) with Eq. (7) gives 021 (a) \\\ N
(e(s)—1)? 1+1 1 (rr')! 0 I R ST N = SO
Bi(r,r';s)=— 0 02 04 06 08 1 12 14 16 18 2

e(s) 2l4+1 (1+1)e(s)+I Ra+1°

(15
We use this result to calculate solvation energy of a charge
distribution inside a spherical dielectric cavity. In particular,
from Eq. (9), the solvation energy for a unit charge at posi-
tion b in this cavity is

2l
E(s):i(l 1 )2 (I+1)e(s) (b e -

sR ™ &(s)) 9 (I+1)e(s)+I\R e
This equation is precisely the Kirkwood result obtained by 041 T
solving the Poisson equatidf,but generalized to the fre- i Ny ]
guency dependent case. 02 (b) \‘\\ 7]
The exact solvation energy, E(L6), can be compared - \.\“.“*-1~—~—+--_._
with that obtained from thenifqrm dielectric apprc_)ximation 00 02 04 06 08 1 12 L4 16 18 2
(UDA). In the UDA, the solvation energy of a unit charge at t/m
positionb in a dielectric cavity is FIG. 1. Solvation relaxation functior§(t), calculated from the exact result
1 [from Eq. (16), dashed lin¢and the UDA[from Eq. (18), solid line]. The
_ - , , , frequency dependent Debye dielectric constar(s)=¢..+(go—¢.)/(1
Eupa(s)= SJ' fomdl’dl’ v [r—D Xx(r,r’;s)-v r'—b| ' —ismp) with e,,=4.21 ande,=78.3, is used in the calculation. Tinteis
scaled by the longitudinal relaxation time,= r5(2&.,+1)/(2¢(). Panel
(17) (a) is for a charge located at 0.5 A from the center of a sphercal cavity with

) ) o o . ) 10 A radius. Panelb) is for a charge being at 7.5 A from the origin.
where the integration limit “out” indicates the integration

overr,r’ outside the solute dielectric cavity. For a spherical

cavity, the integration can be done analytically, giving dielectric cavity. To demonstrate our algorithm we first cal-
culate the solvation energy of a charge distribution inside a

— —) spherical cavity, where the analytical solution is knojzuj.

&(s) (16)]. Then the numerical algorithm is applied to three ex-

(I+1)(I+1+l1e(s) (b 2
3 21412 IR

1
Eupa(s)= SR 1

(18)

-55 T T T T T T
<&
From these expressions, the solvation relaxation funétion, = i 7
e -56 [ .
- —~ £
E(t) —E(x) El ~ y
= ——", 19 & 5l -
E(0) —E(e) & N i
Q)
~ =
can be calculated. HerE(t) is the inverse Fourier transform % -58 = ° T
of E(s) at timet. The results of the calculation are shown in % B ® ° T
Fig. 1. It is seen that UDA is in serious error if the charge is c—% il <]
near the dielectric cavity surface. The exact results show that RS . . . . . . T
a _gene_:ral distribution of charges can induce a range of relax- -60 0 200 400 600 800 1000 1200 1400
ation times. Number of Triangulations

FIG. 2. The convergence test of our numerical algorithm for the solvation

IV. NUMERICAL SOLUTION AND COMPARISON WITH energy as a function of number of triangulations. The test system has the
E).(PERIMENTS following charge distribution: a unit charge &t8.0,0.0,0.0, a two unit

charge at(8.0,0.0,0.0 and a negtive two unit charge é8.0,1.0,0.0, all

; ; _ inside a spherical cavity of a radius 10 A centered at the origin. The dielec-
We now discuss how to solve the integral Efil) nu tric constant of the outside dielectrice., the solventis 80. The line is the

merica”y and Combine it with EC(.lZ) to Cal?“'?‘te _the 'tim'e exact result from Eq(16) and the data points are from numerical calcula-
dependent solvation energy of a charge distribution inside aon.
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TABLE I. The atomic charge distribution of C323

Serial No. Atom Type Coordinates of Atoms Ground state charge Aqb
1 C —2.4435 —-0.7162 0.0020 0.4650 -0.1637
2 C —2.4544 0.7162 —0.0020 —0.3904 0.2170
3 C —1.2309 1.4098 0.0083 —0.0804 —0.2205
4 C 0.0091 0.7442 0.0093 —0.2430 0.1234
5 C 0.0040 —0.6854 0.0128 0.5457 —0.0432
6 C —1.2129 —1.4372 0.0285 —0.5457 0.0123
7 C 1.3004 1.4343 0.0066 —0.0186 —0.0133
8 C 2.4699 0.7429 0.0020 —0.4094 0.0929
9 C 2.4280 —0.7429 —-0.0020 1.0397 —0.1000
10 (@] 1.1736 —1.3659 0.0018 —0.6026 0.0154
11 N -3.6715 —1.4159 —0.0300 -0.7079 0.0278
12 C —3.7359 15115 -0.0016 0.3132 —0.0943
13 H —1.2378 2.5030 0.0117 0.1672 -0.0122
14 H 1.2883 2.5255 0.0089 0.1383 0.0155
15 C 3.8519 1.4606 0.0013 0.9237 —0.0192
16 (@) 3.3349 —-1.5637 —0.0098 -0.6377 0.0380
17 C —-1.1784 —2.9468 0.0568 0.3867 —0.0263
18 (@) 4.3389 1.7387 -1.1213 —0.9745 0.0346
19 (@] 4.3463 1.7272 1.1235 —0.9742 0.0357
20 C —4.9493 —0.7309 0.1723 0.4280 —0.0072
21 C —3.7209 —2.8669 —0.2230 0.4731 0.0343
22 C —4.9672 0.6936 —0.4070 -0.1131 0.0327
23 C —2.5243 —3.5931 0.4102 —0.1208 0.0289
24 H —3.6519 2.3834 —0.6917 —0.0561 0.0221
25 H —3.8988 1.9444 1.0151 —0.0598 0.0231
26 H —0.4279 —3.3103 0.7962 —0.0464 —0.0028
27 H —0.8436 —3.3250 —0.9388 -0.0611 —0.0009
28 H —5.1916 —0.6991 1.2677 —0.0578 0.0024
29 H —5.7755 —-1.3145 —-0.3073 —0.0526 —0.0019
30 H —-3.7718 —-3.0949 —1.3203 —0.0691 —0.0063
31 H —4.6615 —3.2820 0.2197 —0.0681 —0.0148
32 H —5.0452 0.6496 —1.5174 0.0094 —0.0043
33 H —5.8922 1.2076 —0.0587 —-0.0131 —0.0060
34 H —2.5310 —4.6537 0.0693 -0.0173 —0.0125
35 H —2.6491 —3.6309 1.5169 0.0079 -0.0071

#The charge distributions given in this table, based upon the procedures noted in the text, were provided by
Mark Maroncelli. Similar information for C153 is given in Ref. 17.
PAg—the charge difference, in units of the charge of an electron, between ground state and excited state.

perimental systems. The solvation relaxation function is calare obtained from electrostatic fits to a semi-empirical modi-
culated from the time dependent solvation energy and a dified neglect of differential overlap(MNDO) wave
rect comparison with experimental results of C34%  function'®? calculated using themPAC program package.
water® C153 in methanol and C153 in acetonitfile made.  The resulting partial charges are given in the entrees to Table
The numerical method to solve the integral Efl) over |. For C153, a similarly derived set of partial charges are
a surface is based on collocation methods by Atkinson anthbulated in Ref. 17. The frequency dependent dielectric con-
co-workerst® Basis functions prescribed in Ref. 13 are set upstant of solventsz(s), are taken from Refs. 19 and 20.
over the surface by triangulation, and the integral equation is  With the above information, the time dependent solva-
converted to a system of linear equations. In Fig. 2, a contion energy has been calculated by carrying out the inverse
vergence test is shown to indicate that good agreement witRourier transform of Eq(12). The results are shown in Figs.
the analytical result can be obtained with a reasonable nun®, 4 and 5. It is clear that all of the major features in experi-
ber of triangulations over the surface, even for severe situamental results, the initial inertial decay and the multiple ex-
tions ( e.g.,e =80, and charges located inside but about 2 Aponential long time relaxation, are reproduced almost quan-
away from the surface of a 10 A spherical dielectric cavity titatively by our calculations. Also shown in Figs. 3, 4 and 5
For our solvation dynamics applications, the time depenare the results where a dipole within a spherical cavity is
dent solvation energy is obtained by the following proce-used as a model of the soluféln this simple modelS(t) is
dure: For a molecule like C343 we use the Lee and Rich- the inverse Fourier transform of(s)—1)/(2¢(s)+1). Itis
ards molecular surfacdeTriangulation over this surface is independent of the dipole magnitude and independent of the
done by Zauhar's methdd.The probe radius of water is 1.4 cavity size. The comparison between this simple model and
A and the van der Waals radii of the atoms are taken fromour detailed calculations shows th8t) can be relatively
the cHARMM parameter packag@.The atomic charge distri- insensitive to the detailed charge distribution and the shape
bution and its change due to electronic excitation of C343 of the probe solute. This insensitivity does not necessarily
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FIG. 3. The comparison of solvation relaxation function between theory and™!G. 5. The comparison of solvation relaxation function between theory and
experiments for C343in water. The short dash curve is from experiments experiments for C153 in methanol. The short dash curve is from experi-
(Ref. 6, the long dash curve is from our calculation, and the solid curve isments(Ref. 7, the long dash curve is from our calculation, and the solid

from a dipole in a spherical cavity modéRef. 18. The dielectric data are  CUrve is from a dipole in a spherical cavity model. The dielectric data are
from Ref. 19. from Ref. 20.

hold for the absolute size of the solvation energy. For exdistributions in a spherical cavity, we find that these two
ample, the charge distribution change for C348about 2.5 methods give the same result with equal triangulations and

D. To reproduce the value dE(0) with this dipole in a the computational time is almost the same. Thus, the induced
spherical cavity, the effective cavity radius would be aboutdipole scheme offers no obvious advantages.

3.7 A. This radius size seems unphysically small in view of
the space filling model of C343(see Fig. 6.
Equation(11) is linear ino(r,R;s). Therefore, this one v, CONCLUDING REMARKS
equation is to be solved whether there are one, two, or any
number of charges. Since solving this equation represents the In this report we have explored the utility of the Gauss-
dominant time consuming step in implementing our ap-ian field theoretic formulation of dielectric continuum
proach the solvation energy calculation is almost indepentheory. With this formulation, we have derived a practical
dent of the numbers of charges inside a dielectric cavity. A@lgorithm to calculate time dependent solvation energy for
the size of the solute increases, the number of triangulationdn arbitrary charge distribution in a dielectric cavity with
needed to obtain an accurate result increases. For large ségalistic molecular shape. While it has much in common with
utes, this feature can be a major disadvantage of bounda#e well known boundary element method, the formulation
element methods. Some new algorithms have been designégneralizes the method so as to treat solvation dynamics.
to overcome this disadvantage. Further, as discussed in Sec. ll, it seems possible to extend
One may use the induced dipole on the dielectric cavitythe method so as to treat the effects of short length scale
surface to account for the effect of dielectric. We show insSolvent structure and non-zero ionic strength.
Appendix B that the induced dipole method is equivalent to ~ The response of a Gaussian field model is by definition

the induced charge scheme. In numerical tests for chargéear. This feature may be a significant limitation of our
approach when non-linear response becomes impdttant.

may be possible to describe the effects of non linearities

0.8 | -

0.6 |} -

02 NY -

S T S \ !
1 1 1 T T s e ) deco-o 4 /

00 02 04 06 08 1 12 14 16 18 2 AN % ,/ X
t(ps) o M N

FIG. 4. The comparison of solvation relaxation function between theory and

experiments for C153 in acetonitrile. The short dash curve is from experi-

ments(Ref. 7), the long dash curve is from our calculation, and the solid FIG. 6. A space-filing model of C343 The dashed line shows the size of
curve is from a dipole in a spherical cavity model. The dielectric data arethe sphere where the dipole in a spherical cavity model gives the same
from Ref. 20. solvation energy as the full calculation.
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through perturbation theory, where a general Gaussian fielAPPENDIX B: DERIVATION OF EQS. (11) AND (12)

model serves as a reference. This possibility merits consid- ] . o
eration in the future. From Eg.(5) we can easily show thd{(r,r’;s) satisfies

V'2f(r,r";s)=0. (B1)

Thus, by Green’s theorethwe find
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APPENDIX: DERIVATION OF EQ. (9) Combining Egs.(B2), (6) and (10) with the following
identity?2

We focus on a situation where theredse charge in a
dielectric cavity. The generalization to arbitrary charge dis- _ 1
tribution is straightforward. No idaR I(r,R,s)m

Consider a unit charge at positi@ninside a dielectric

cavity. Begin with Eq(1) and defineE=E;—E., whereE, _ _ 1 _

is the contribution from the first term oft™ and E, comes = SdaRI RSV, [R=Ry| +27l(r,Rgs), (B4
from the contribution of the second term f™. Using Eq.

(3) for x, we find wherel(r,R;s) is an arbitrary function of ,R ands, then,

Eqg. (11) can be obtained.

1 1 1 i '
Eq(s) = _J f drdr'v (9T Equation(12) can be derived from Eq$7), (9), (10) and
s Ir—al Ir'—a (B3).
Consider
1(1 —1 )E (A1) (s)-1 1
sl () .g)= R A N
| (s) | N p(r,R;s) f(r,R,s)+4m(S) =R (B5)
whereE; is the self-energy of a unit charge. Similarly,
With Eq. (6), it can be shown thap(r,R;s) satisfies the
Es)= éf J drdr'V |ria| following integral equation:
(r,Rg;s) S(S)_llﬁﬁd (r,R;s)V !
rRgs)———— ar p(r,R;8)Vy=——=—
f f dr"dr”’,\/(r—r”;s) P 0 8(5)+1 2T S RP n |R—RO|
in
e(s)—1 1 1 0 (B6)
1 onlr=RJ1_
-)(i;l(r”,r"’;s)~x(r”'—r';S)~V' ; ) (AZ) S(S)+1 2w |r RO|
Ir—al and the solvation energy can be expressed in terms of

By using Eq.(3) for yx, the integration over,r’ can be P(r,R;s),
performed, giving

S(S) l n n n 1
c(S) (477 (S)) ffm dr’dr” V |r"—a_|

1 . aj
E(S)——g “Erj fﬁsdaR g; p(ri,R;8)V, m (B7)

It is thus clear thafp(r,R;s) is the induced dipole in the
normal direction ofR due to a unit charge at position

X" rs) -V L (A3) inside the dielectric cavity since the induced charge,
r"”—a] o(r,R;s), is related to the induced dipol&(r,R;s) in the
H H o) — . 11
With Eq. (4), the integration over”,r”’ can be done, to yield normal direction oR by o(r,R;s)=—V, p(r,R;s).
E _1 1 1 £ 147T8(S)f _ Al
=51 59| sam_1 @& (A
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