JOURNAL OF CHEMICAL PHYSICS VOLUME 116, NUMBER 11 15 MARCH 2002

Self-consistent theory of orientational order and fluid—solid equilibria
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A theoretical method of studying the effect of weak shape anisotropy on the freezing properties of
classical fluids is discussed. A choice of an appropriate reference isotropic potential for a given
general anisotropic model leads to the separation of the free energy into the part due to lattice
formation, and the orientational correction. The reference free energy is calculated by applying the
density functional theory. The anisotropic contribution to the free energy is treated by a
self-consistent theory of orientational order. As an application, fluid—solid equilibria in the hard
dumbbell model are considered. For the plastic crystal and the orientationally ordered phases of the
hard dumbbell model, appropriate choices are made for the isotropic reference potential, density
functional method is applied, and the resulting translational distribution of the molecular centers are
utilized in the self-consistent calculation of the orientational ordering in the solid. The results
obtained for the hard dumbbell fluids with various anisotropies are compared with the existing
simulation data. ©2002 American Institute of Physic§DOI: 10.1063/1.1452111

I. INTRODUCTION free energy and correlation functions, but at a coarse-grained
. . » effective liquid density. The effective density is generally
Various aspects Of. the fwst-qrder phase 'tran5|t|on fro uch smaller than the physical density of the solid phase
the. homogeneous .ﬂu'd phe}se mtq translationally ordere nder consideration, justifying the use of the homogeneous
;olld phases underlle many !ntgrestlng phenomeqa Observ.‘ﬁ(dquid properties.
in nature. Theoretical descriptions of such freezing transi- With such nonperturbative refinements, quantitative
agreements with simulation results of the freezing transition

tions have been among the major challenges of modern sta-
tistical mechanicd.One of the important progresses in our . .
P brog of hard sphere fluid have now been achieved. To treat soft
sphere fluid systems such as Lennard-Jones fluids, exten-

understanding of the freezing transitions from the liquid

phase point of view was the fact that, as in dense liquid; fthe th d . bation thedn? d
purely repulsive hard core interaction, and the associated©"® © t et_ermo ynamic pertur a“°“6t or adap-
packing effect, is the major driving force of freezing. The tations of the integral equation methdtis®have been used.

hard sphere fluid, with its well-characterized freezing ™Many of real molecular fluids or colloidal systems are
propertie® thus serves as the canonical reference systefil’ore naturally modelepl by anisotropic interaction potentlals.
for the studies of freezing transitions in isotropic fluids. 1€ €ffects of such anisotropy on the phase behavior of clas-
Recent progresses in our ability to model freezing phesical fluids are most vividly seen in the appearances of the
nomena analytically in such systems have been made po¥ariety of liquid crystalline phases for highly anisotropic mo-
sible by the successful application of the density functionalecular and polymeric fluidS Onsager's classic mean-field
theories* In the original formulation, a solid phase with a treatment of nematic ordering in infinitely long hard rdtis
regular lattice structure is viewed as a self-sustained inhomd?rovides an analogue of the canonical role played by the
geneous ‘“liquid,” and thus treated by a perturbative ap-hard sphere phase behavior in the isotropic potential fluids. A
proach with the homogeneous liquid phase as the referengystematic interpolation of the phase behavior of hard aniso-
systen?® Well-known structural and thermodynamic proper- tropic fluids between the Onsager and the hard sphere limits
ties of the homogeneous liquid serve as the input. Althougthas been achieved for the hard spherocylinder model through
quite successful, careful examination of the convergencéhe Monte Carlo simulation study by Bolhuis and FrenRel.
properties of the perturbation expansion showed that atHard spherocylinder fluids consist of rigid cylinders of
tempts of systematic correction tend to spoil the results oblengthL and diametetr, each end-capped by a pair of hemi-
tained within the second-order thedry. spheres with the same diameter, which reduce to the hard
As an alternative that avoids such difficulties, varioussphere fluid forL=0. It was found that liquid crystalline
forms of nonperturbative approaches collectively known aphases appear for the reduced anisotropy paramieter
the weighted density approximations have been=L/o=10, with the Onsager result recovered naturally for
proposed~** The general idea consists of using the well-the largeL* limit. For theL* <1 regime, on the other hand,
known homogeneous liquid properties such as the excess was observed that an orientationally disordered plastic
crystal phase coexists with the fluid for smaft, while an

dPresent address: Department of Chemical Engineering, University of Masorl_entatlonally ordered phase becomes stable for larger
sachusetts, Amherst, MA 01002. anisotropies.
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Such qualitative features in the weak anisotropy regimeng a perfect localization of the translational degrees of free-
had also been observed in earlier Monte Carlo study of hardom to the lattice sites. The translational and orientational
dumbbell fluids’®~22 which consist of pairs of fused hard parts of the free energy are not directly coupled in this ap-
spheres with diameter and bond lengtlh. In fact, by using  proximation, and it is not obvious how the isotropic refer-
appropriate rescaling of density units, the two model fluidsence part should be chosen for the particular case under con-
were shown to have essentially the same phase beHavibr, sideration. In addition, for the orientationally ordered phase,
with a triple point delimiting the stability of the plastic phase it was necessary to assume different lattice structures for the
at L*=0.4, suggesting the generic nature of the trend ob<calculation of the translational and the orientational free en-
served. ergy contributions due to the neglect of the effect of imper-

It is in principle fairly straightforward to generalize the fect localization on the solid phase free energy.
density functional formalisms used for the theories of freez-  In the present paper, in addition to providing full details
ing in isotropic fluids to examine such effects of weak an-of the theoretical approach, we present results of calculations
isotropy. The free energy is written as a functional of thein which the above-mentioned difficulties are avoided by
local density,p(r,w), which is defined as the number of making a more appropriate choice of the reference potential
molecules at positiom with orientationw. Functional de- for the phase under consideration, and allowing the transla-
rivatives of the free energy with the density yield the seriedional degrees of freedom to fluctuate around the lattice sites
of orientation-dependent direct correlation functions. Al-in the orientational free energy calculations. The formalism
though many authors have considered such approaches @hthe free energy separation and the self-consistent theory of
the second-order perturbative level for hard anisotropic modorientational ordering are reviewed in detail in the next sec-
els such as the hard dumbbell or hard spheroid fitfid&, tion. The application of the method to the hard dumbbell
satisfactory results have been obtained only for relativelyjreezing transitions is discussed in Sec. Ill. The final section
small anisotropyl.* <0.1.2° contains discussions and conclusions.

The major source of limitations of such approaches is
prgsently not_clgar. It appears likely that_ npntrivi_al effe_cts of“_ FORMALISM
anisotropy within the solid phase coexisting with fluid are
not adequately captured by the conventional methods of dert. Free energy separation
sity functional theory, which is based on using the homoge- e consider a classical molecular fluid with the potential
neous liquid phase as the reference. In particular, the relatlvgnergy
stability of the plastic versus orientationally ordered phases
would be governed by the subtle anisotropic packing effects ]
inside the crystal, which would be mostly averaged out in the VT oi}]= 2 ; v(ri,oirj,j), (1)
homogeneous fluid phases.

A simple phenomenological alternative to the density

N

where{r;,w;} is the set of molecular center coordinates and

functional methods is the free volume, or the cell théddry. orientations, N is the total number of molecules, and
The free energy of the solid phase is assumed to be th(i-@iifj,@j) is the pairwise interaction potential between
logarithm of the free volume accessible to a particle confinedmlecufles' alndj. 'rl;he_ mlolecul(?r orlentatllon'gzug refprelgent
inside a cage formed by its nearest neighbors fixed on theft Set of ang egspherical coordinate anglegsand ¢ for lin-

equilibrium positions. A good agreement of coexisting den-£ar molecules, and the three Euler angles for nonlinear mol-

sities with simulation data is obtained when applied to the(aCUIe$ with respect to a space-fixed coordinate system. The

hard sphere solid.Extensions of the cell theory have thus specific nature of the anisotropy present in the interaction

been applied successfully to the freezing in hard dumbbel'i)o.temIal need not b? specmed. yet, but we do require the
fluids 2930 anisotropy to be relatively small: for example, for molecules

with elongation anisotropy such as spheroids, spherocylin-

into the well-defined and flexible formalisms of the densityders’ or dumbbells, the largest length parameter of a mol-

functional theories, we have recently presented a simplgCule IS assumed_ _not much Ia_rger than the shortest length
scheme of treating the fluid—solid equilibria in the weakly parameter. In addition, we confine ourselves to short-ranged

. : a1 : interactions, in which hard core interactions play a dominant
anisotropic model fluidd! Based on the separation of the . .

: . . L . . ole. Long-ranged potential models such as dipolar hard
given anisotropic potential into an isotropic reference par

and the anisotroi . se{)heres are excluded.
pic remainder, the excess free energy of ) - .

: : . S The canonical partition function,
solid phase is separated into two contributions, namely the
free energy of formation of the regular lattice, and the orien-
tational contribution. The former is calculated by an applica- 4= ASNN]
tion of the conventional density functional methods, and a ’
self-consistent mean-field treatment of the orientational orwhere 18=KkgT is the Boltzmann constant times tempera-
dering is utilized for the latter. ture, andA is the thermal wavelength, determines the Helm-

In the application of the method to the hard dumbbellholtz free energyr by BF=—InZ. To achieve an effective
freezing properties in Ref. 31, the hard sphere system with aseparation of the translational and orientational free energy
effective diameter was used as the isotropic reference sysontributions, we separate the full interaction potential into
tem, and the orientational free energy was calculated assuman isotropic reference part and the anisotropic perturbation:

As an attempt to incorporate the spirit of the cell theory

defif dNw, e AVIri @il )
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v(ri,i;r,0)=vo(r;) +oi(ri, 01, 0;), ©) where{R,} is the set of lattice vectors and is the varia-

) ) tional parameter representing the broadness of the lattice vi-
wherer;; =|r;—r|. The total potential energy is separated, aiions in the crystal. From E¢9), we obtain a form of the
correspondingly as translational distribution function consistent with the param-

V{ri, oit]=Vo[{ri}]+ Vi[{r;, oi}] (4)  etrization(11):

with the obvious definitions analogous to Ed). An appro- N2

N
priate choice of the isotropic reference potential would de- Po[{ri}]:<; exr{ —azl (ri—Ry)?
pend on the particular case under consideration, but in gen-
eral should be chosen to closely mimic the homogeneous ol should be noted that unlike the single-particle density ex-
density behavior of the full anisotropic fluids. The partition Pression, Eq(11), which is valid up to the homogeneous

. (12

function can be rewritten as limit «=0, the translational distribution E¢L2) would be a
EPVRTI good approximation only for a well-defined regular lattice
Z=Z(e P, ) structure with fairly largex.
whereZ, is the reference system partition function, Now from Eq.(5), the total free energy is written as
F=Fo+F,, (13)
— N N — BVolir; .
ZO_AaNN, f d rif de; e Vol where Fo=—kgT InZy and F,=—kgTIn Yy with Yy de-
' fined as
QN N
= dNr.efﬁvo[{ri}] 6 d"w; B o
A3NN!I ! ( ) YN: Q_Nle BV1l{ri il

a

with Q) the total area of solid angle elements. The angled

brackets in Eq(5) represent the average over the probability dVe; o
distribution of the reference system, Ef dNriPo[{ri}]f on © AValiri o], (14)
= | dN P d“o, 7 Conventional methods of density functional theory can be
(o= fi Pol{rit] QN (). @ applied to obtain the reference free energy, or the free energy
of lattice formation,F,, and furthermore to yield the Gauss-
The translational probability distribution is given by ian width parameterr, which completely determines the
o BVolir)] translational distribution function of the crystalline phase by

Pol{rit]= @8  Eq.(12.

deri e*BVo[{fi}] '

For homogeneous liquid phases, partial reductions of the
full phase space probability distributid8) lead to various B. Self-consistent theory of orientational order
levels of reduced multiparticle distribution functions. The . . .
P The translational distribution function, E@12), effec-

lowest level distribution, the single-particle density is con-t. | its in the localizati £ th leculeto th
stant, and the most important is the next lowest level distri~ Vel resufts in the focalization of the moleculeto the

bution, which is proportional to the pair correlation function. righbgrhozd of thef_lalt('juc:[e S'tﬂai ’ ?”Ofwt'ﬂg fOF thte tl.Jse IOff
In contrast, for a crystalline solid phase, the distribution attice-based mean-fieid treaiment of the: orientational free

is dominated by the small neighborhood in the configura-energy contribution._A perfect Ioc_alizz_ation is only achie_ved

tional space of the regular lattice structure. The single par]for a==, and for finitea, there exists in general a coupling

ticle density with translational long range order accounts fotbetween th_e two free energy contributiorf, and F,,

most of the structural features contained in the full distribu-through their dependences an . .

tion function. The equilibrium single particle density is given with the molegular_centers Iocallzgd to the neighbor-

by hood of regula_r lattice sr.tes, a self—consstept method can be

used to obtain the orientational correction to the free

p(N)={(p(r)o, 9) energy’! Neglecting interactions beyond nearest-neighbor

. ) _ _ distances on the lattice, EGL4) can be rewritten as
wherep(r) is the microscopic density operator,

| e
p(n)=2, or=r). (10 " aN am "

The functional form of the single-particle density used in theWhere

density functional theories, which has been shown to be Qun=Qnm(rn,@n:m,om)
highly accurate by comparisons with simulations, is the sum

of Gaussians centered on the lattice sites =X~ Bva(rn,@nim, ©Om)] (16)
32 N and the product runs over all of the pairs of molecules local-
p(r)= E) 2 efa(rfRn)z, (12) ized to the nearest-neighbor pairs of sites within the lattice.
™ n=1 Since we aim at applications to hard core or near hard core

























