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Self-consistent theory of orientational order and fluid–solid equilibria
in weakly anisotropic fluids
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A theoretical method of studying the effect of weak shape anisotropy on the freezing properties of
classical fluids is discussed. A choice of an appropriate reference isotropic potential for a given
general anisotropic model leads to the separation of the free energy into the part due to lattice
formation, and the orientational correction. The reference free energy is calculated by applying the
density functional theory. The anisotropic contribution to the free energy is treated by a
self-consistent theory of orientational order. As an application, fluid–solid equilibria in the hard
dumbbell model are considered. For the plastic crystal and the orientationally ordered phases of the
hard dumbbell model, appropriate choices are made for the isotropic reference potential, density
functional method is applied, and the resulting translational distribution of the molecular centers are
utilized in the self-consistent calculation of the orientational ordering in the solid. The results
obtained for the hard dumbbell fluids with various anisotropies are compared with the existing
simulation data. ©2002 American Institute of Physics.@DOI: 10.1063/1.1452111#
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I. INTRODUCTION

Various aspects of the first-order phase transition fr
the homogeneous fluid phase into translationally orde
solid phases underlie many interesting phenomena obse
in nature. Theoretical descriptions of such freezing tran
tions have been among the major challenges of modern
tistical mechanics.1 One of the important progresses in o
understanding of the freezing transitions from the liqu
phase point of view was the fact that, as in dense liqu
purely repulsive hard core interaction, and the associa
packing effect, is the major driving force of freezing. Th
hard sphere fluid, with its well-characterized freezi
properties,2,3 thus serves as the canonical reference sys
for the studies of freezing transitions in isotropic fluids.

Recent progresses in our ability to model freezing p
nomena analytically in such systems have been made
sible by the successful application of the density functio
theories.4 In the original formulation, a solid phase with
regular lattice structure is viewed as a self-sustained inho
geneous ‘‘liquid,’’ and thus treated by a perturbative a
proach with the homogeneous liquid phase as the refere
system.5,6 Well-known structural and thermodynamic prope
ties of the homogeneous liquid serve as the input. Althou
quite successful, careful examination of the converge
properties of the perturbation expansion showed that
tempts of systematic correction tend to spoil the results
tained within the second-order theory.7

As an alternative that avoids such difficulties, vario
forms of nonperturbative approaches collectively known
the weighted density approximations have be
proposed.8–11 The general idea consists of using the we
known homogeneous liquid properties such as the ex
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free energy and correlation functions, but at a coarse-gra
effective liquid density. The effective density is genera
much smaller than the physical density of the solid ph
under consideration, justifying the use of the homogene
liquid properties.

With such nonperturbative refinements, quantitat
agreements with simulation results of the freezing transit
of hard sphere fluid have now been achieved. To treat
sphere fluid systems such as Lennard-Jones fluids, ex
sions of the thermodynamic perturbation theory12,13 or adap-
tations of the integral equation methods14–16have been used

Many of real molecular fluids or colloidal systems a
more naturally modeled by anisotropic interaction potentia
The effects of such anisotropy on the phase behavior of c
sical fluids are most vividly seen in the appearances of
variety of liquid crystalline phases for highly anisotropic m
lecular and polymeric fluids.17 Onsager’s classic mean-fiel
treatment of nematic ordering in infinitely long hard rods18

provides an analogue of the canonical role played by
hard sphere phase behavior in the isotropic potential fluid
systematic interpolation of the phase behavior of hard an
tropic fluids between the Onsager and the hard sphere li
has been achieved for the hard spherocylinder model thro
the Monte Carlo simulation study by Bolhuis and Frenke19

Hard spherocylinder fluids consist of rigid cylinders
lengthL and diameters, each end-capped by a pair of hem
spheres with the same diameter, which reduce to the h
sphere fluid forL50. It was found that liquid crystalline
phases appear for the reduced anisotropy parameterL*
5L/s*10, with the Onsager result recovered naturally
the largeL* limit. For theL* &1 regime, on the other hand
it was observed that an orientationally disordered pla
crystal phase coexists with the fluid for smallL* , while an
orientationally ordered phase becomes stable for lar
anisotropies.

s-
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Such qualitative features in the weak anisotropy regi
had also been observed in earlier Monte Carlo study of h
dumbbell fluids,20–22 which consist of pairs of fused har
spheres with diameters and bond lengthL. In fact, by using
appropriate rescaling of density units, the two model flu
were shown to have essentially the same phase behavio19,23

with a triple point delimiting the stability of the plastic phas
at L* .0.4, suggesting the generic nature of the trend
served.

It is in principle fairly straightforward to generalize th
density functional formalisms used for the theories of fre
ing in isotropic fluids to examine such effects of weak a
isotropy. The free energy is written as a functional of t
local density,r(r ,v), which is defined as the number o
molecules at positionr with orientationv. Functional de-
rivatives of the free energy with the density yield the ser
of orientation-dependent direct correlation functions. A
though many authors have considered such approache
the second-order perturbative level for hard anisotropic m
els such as the hard dumbbell or hard spheroid fluids,24–27

satisfactory results have been obtained only for relativ
small anisotropy,L* &0.1.20

The major source of limitations of such approaches
presently not clear. It appears likely that nontrivial effects
anisotropy within the solid phase coexisting with fluid a
not adequately captured by the conventional methods of d
sity functional theory, which is based on using the homo
neous liquid phase as the reference. In particular, the rela
stability of the plastic versus orientationally ordered pha
would be governed by the subtle anisotropic packing effe
inside the crystal, which would be mostly averaged out in
homogeneous fluid phases.

A simple phenomenological alternative to the dens
functional methods is the free volume, or the cell theory28

The free energy of the solid phase is assumed to be
logarithm of the free volume accessible to a particle confin
inside a cage formed by its nearest neighbors fixed on t
equilibrium positions. A good agreement of coexisting de
sities with simulation data is obtained when applied to
hard sphere solid.3 Extensions of the cell theory have thu
been applied successfully to the freezing in hard dumb
fluids.29,30

As an attempt to incorporate the spirit of the cell theo
into the well-defined and flexible formalisms of the dens
functional theories, we have recently presented a sim
scheme of treating the fluid–solid equilibria in the weak
anisotropic model fluids.31 Based on the separation of th
given anisotropic potential into an isotropic reference p
and the anisotropic remainder, the excess free energy
solid phase is separated into two contributions, namely
free energy of formation of the regular lattice, and the orie
tational contribution. The former is calculated by an applic
tion of the conventional density functional methods, and
self-consistent mean-field treatment of the orientational
dering is utilized for the latter.

In the application of the method to the hard dumbb
freezing properties in Ref. 31, the hard sphere system with
effective diameter was used as the isotropic reference
tem, and the orientational free energy was calculated ass
e
rd
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ing a perfect localization of the translational degrees of fr
dom to the lattice sites. The translational and orientatio
parts of the free energy are not directly coupled in this
proximation, and it is not obvious how the isotropic refe
ence part should be chosen for the particular case under
sideration. In addition, for the orientationally ordered pha
it was necessary to assume different lattice structures for
calculation of the translational and the orientational free
ergy contributions due to the neglect of the effect of imp
fect localization on the solid phase free energy.

In the present paper, in addition to providing full deta
of the theoretical approach, we present results of calculat
in which the above-mentioned difficulties are avoided
making a more appropriate choice of the reference poten
for the phase under consideration, and allowing the tran
tional degrees of freedom to fluctuate around the lattice s
in the orientational free energy calculations. The formali
of the free energy separation and the self-consistent theor
orientational ordering are reviewed in detail in the next s
tion. The application of the method to the hard dumbb
freezing transitions is discussed in Sec. III. The final sect
contains discussions and conclusions.

II. FORMALISM

A. Free energy separation

We consider a classical molecular fluid with the potent
energy

V@$r i ,v i%#5
1

2 (
iÞ j

N

v~r i ,v i ;r j ,v j !, ~1!

where$r i ,v i% is the set of molecular center coordinates a
orientations, N is the total number of molecules, an
v(r i ,v i ;r j ,v j ) is the pairwise interaction potential betwee
moleculesi and j. The molecular orientations$v i% represent
a set of angles~spherical coordinate anglesu andf for lin-
ear molecules, and the three Euler angles for nonlinear m
ecules! with respect to a space-fixed coordinate system. T
specific nature of the anisotropy present in the interact
potential need not be specified yet, but we do require
anisotropy to be relatively small: for example, for molecul
with elongation anisotropy such as spheroids, spherocy
ders, or dumbbells, the largest length parameter of a m
ecule is assumed not much larger than the shortest le
parameter. In addition, we confine ourselves to short-ran
interactions, in which hard core interactions play a domin
role. Long-ranged potential models such as dipolar h
spheres are excluded.

The canonical partition function,

Z5
1

L3NN!
E dNr iE dNv i e2bV[ $r i ,v i %] , ~2!

where 1/b5kBT is the Boltzmann constant times temper
ture, andL is the thermal wavelength, determines the Hel
holtz free energyF by bF52 ln Z. To achieve an effective
separation of the translational and orientational free ene
contributions, we separate the full interaction potential in
an isotropic reference part and the anisotropic perturbati
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v~r i ,v i ;r j ,v j !5v0~r i j !1v1~r i ,v i ;r j ,v j !, ~3!

where r i j 5ur i2r j u. The total potential energy is separat
correspondingly as

V@$r i ,v i%#5V0@$r i%#1V1@$r i ,v i%# ~4!

with the obvious definitions analogous to Eq.~1!. An appro-
priate choice of the isotropic reference potential would
pend on the particular case under consideration, but in g
eral should be chosen to closely mimic the homogeneous
density behavior of the full anisotropic fluids. The partitio
function can be rewritten as

Z5Z0^e
2bV1[ $r i ,v i %]&0 , ~5!

whereZ0 is the reference system partition function,

Z05
1

L3NN!
E dNr iE dNv i e2bV0[ $r i %]

5
VN

L3NN!
E dNr i e2bV0[ $r i %] ~6!

with V the total area of solid angle elements. The ang
brackets in Eq.~5! represent the average over the probabi
distribution of the reference system,

^•••&0[E dNr i P0@$r i%#E dNv i

VN
~••• !. ~7!

The translational probability distribution is given by

P0@$r i%#5
e2bV0[ $r i %]

*dNr i e2bV0[ $r i %]
. ~8!

For homogeneous liquid phases, partial reductions of
full phase space probability distribution~8! lead to various
levels of reduced multiparticle distribution functions. Th
lowest level distribution, the single-particle density is co
stant, and the most important is the next lowest level dis
bution, which is proportional to the pair correlation functio

In contrast, for a crystalline solid phase, the distributi
is dominated by the small neighborhood in the configu
tional space of the regular lattice structure. The single p
ticle density with translational long range order accounts
most of the structural features contained in the full distrib
tion function. The equilibrium single particle density is give
by

r~r !5^r̂~r !&0 , ~9!

wherer̂(r ) is the microscopic density operator,

r̂~r !5(
i 51

N

d~r2r i !. ~10!

The functional form of the single-particle density used in t
density functional theories, which has been shown to
highly accurate by comparisons with simulations, is the s
of Gaussians centered on the lattice sites

r~r !5S a

p D 3/2

(
n51

N

e2a(r2Rn)2
, ~11!
-
n-
w

d

e

-
i-

-
r-
r
-

e

where$Rn% is the set of lattice vectors anda is the varia-
tional parameter representing the broadness of the lattice
brations in the crystal. From Eq.~9!, we obtain a form of the
translational distribution function consistent with the para
etrization~11!:

P0@$r i%#5S a

p D 3N/2

expF2a(
i 51

N

~r i2Ri !
2G . ~12!

It should be noted that unlike the single-particle density
pression, Eq.~11!, which is valid up to the homogeneou
limit a50, the translational distribution Eq.~12! would be a
good approximation only for a well-defined regular latti
structure with fairly largea.

Now from Eq.~5!, the total free energy is written as

F5F01Fv , ~13!

where F052kBT ln Z0 and Fv52kBT ln YN with YN de-
fined as

YN5K E dNv i

VN
e2bV1[ $r i ,v i %] L

a

[E dNr i P0@$r i%#E dNv i

VN
e2bV1[ $r i ,v i %] . ~14!

Conventional methods of density functional theory can
applied to obtain the reference free energy, or the free en
of lattice formation,F0, and furthermore to yield the Gauss
ian width parametera, which completely determines th
translational distribution function of the crystalline phase
Eq. ~12!.

B. Self-consistent theory of orientational order

The translational distribution function, Eq.~12!, effec-
tively results in the localization of the moleculei to the
neighborhood of the lattice siteRi , allowing for the use of
lattice-based mean-field treatment of the orientational f
energy contribution. A perfect localization is only achiev
for a5`, and for finitea, there exists in general a couplin
between the two free energy contributions,F0 and Fv ,
through their dependences ona.

With the molecular centers localized to the neighb
hood of regular lattice sites, a self-consistent method can
used to obtain the orientational correction to the fr
energy.31 Neglecting interactions beyond nearest-neighb
distances on the lattice, Eq.~14! can be rewritten as

YN5K E dNvn

VN )
^n,m&

QnmL
a

, ~15!

where

Qnm[Qnm~rn ,vn ;rm ,vm!

5exp@2bv1~rn ,vn ;rm ,vm!# ~16!

and the product runs over all of the pairs of molecules loc
ized to the nearest-neighbor pairs of sites within the latti
Since we aim at applications to hard core or near hard c
















