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Functional integral formulations for classical fluids
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Various functional integral formalisms of classical monatomic fluids are considered with their
applicabilities and limitations compared. For length scales large compared to the particle size, the
density field theory, in which the action of the functional integral is simply given by the mean field
free energy functional expression, is shown to be a well-defined and rigorous formulation. For short
range properties of dense fluids, a different version of the functional integral method is developed
by explicitly separating out the hard core part of the interaction. The resulting functional integral is
seen to require correlation functions of the hard sphere fluid as the input. The generalized van der
Waals equation and the random phase approximation of the cluster diagrammatic methods are
recovered simply as the stationary-phase approximation and its Gaussian correction to the functional
integral, respectively. €2001 American Institute of Physic§DOI: 10.1063/1.1353553

I. INTRODUCTION volved in the inversion of the interaction matrix, also en-
countered in the Ising model case, are thus expected to be
The nature of short range correlations in dense fluidsrrelevant to studies of critical fluctuations, and any proce-
near the triple point is known to be dominated by the effectdure of regularizatioh justifying the formal manipulation
of hard core repulsion, with the attractive tail merely provid-would be rather harmless.
ing uniform backgrounds holding the liquid phase together.  On the other hand, for a formalism potentially aimed at
Low-order thermodynamic perturbation theories thus provideshort range correlations in dense liquids, neglect of the effect
excellent schemes of calculating structural and thermodyef highly singular hard core repulsion would be disastrous.
namic properties of dense liquidé As we go away from the An alternative avoiding such difficulties could be provided
triple point, such an approach becomes less and less ably constructinga functional integral expression on a heuris-
equate as the attractive part of the interaction plays increasic physical ground. The action of the field theory is assumed
ingly important roles in determining the structure of theto have the form of the mean field free energy expression,
fluid. Formalisms based on the diagrammatic expansions aind the average of the field coincides with the physical
the Mayer cluster serié$“ have been developed to account density! Although physically more appealing and transpar-
for long-range perturbation effects. ent, a proper justification based on the original configura-
In contrast, close to the critical point, conceptual undertional integral would be needed.
standing of the critical phenomena of classical fluids is pro-  In Sec. Ill, it is shown that a mapping from a discrete
vided by the renormalization group study of the Landau-representation of the configurational integral to a functional
Ginzburg(LG) free energy functional. Aormal argument of integral form naturally leads to such an expression, provided
the relevance of the Ising-type LG functional to the classicathat a coarse-graining procedure to obtain the continuum
fluids can be made for universal properties such as criticdimit is assumed. We therefore argue that the resulting den-
exponents,and is supported posterioriby the close agree- sity field theoretic expression, as opposed to the Ising-type
ment of the exponents with experimental data. Functionaform, is the natural and well-defined platform for studies of
integral formulations involved in this context are generallylong range density fluctuations.
not suitable for studies of short range properties of dense However, the inherent coarse-graining inevitably limits
liquids. In the present paper, we explore and compare varithe utility of the functional integral formalism obtained to the
ous different functional integral formulations, with the aim structures with length scales larger than the particle size. To
of developing a unified treatment of both the universal andaddress short range correlations, a different approach is ex-
specific properties of the classical simple liquids. plored in Sec. IV, where the hard core part of the interaction
Existing formalisms of reducing the configurational in- is separated out, and the effect of the remaining attractive
tegral to a functional integral expression are based on th#teraction is treated in the field theoretic methods. The re-
analogous reduction of Ising model into LG functioi@ec.  sulting functional integral expression requires the correlation
I1).>% The average of the field variable of the functional in- functions of the hard sphere as the inputs, and is shown to
tegral is conjugate to the average density, and the interactionclude the conventional results such as the random phase
part is proportional to the “inverted potential.” The univer- approximation of the diagrammatic methods as special cases.
sality of critical phenomena implies that the long range cor-
relations near the critical point giving rise to the second ordl- ISING-TYPE FUNCTIONAL INTEGRALS
der phase transition in fluids are insensitive to much of the  For completeness and comparison, we briefly reexamine
details of interaction potentials. Mathematical subtleties inthe existing formalism of reducing the grand canonical par-
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tition function of a classical fluid to a functional integral From Egs.(6) and (7), we identify ig(r) as the “mean

expressior:>® The configurational integral expression of the field” at r produced by the external field and the average
grand canonical partition function of a classical fluids with density in the neighborhood,

pairwise interaction potentiat(r) and external fieldu(r)
can be written as

) iE(r)=ﬁu'(r)+fdr'ﬁv(r—r')?(ry ®)
AN B
:éomf dNrieXF{_ngj v(ri—rj)—ﬁzi: u(ry |,

I

The “density functional”’Q[p], defined as the the Legendre
transform

where 1B=kgT is the Boltzmann constant times tempera-
ture, A\=eP#/A® is the fugacity defined in terms of the

chemical potential, and the thermal de Broglie wavelength
A. The configurations of thé&l particles are represented by
the set of vectorgr;}. The average of a continuous density is obtained under the stationary-phase approximation as
field p(r) would have to agree with the expectation value of
the local density operator,

Q[pT:Q[U]—J drp(r)Bu(r), (€)

1
Q[pjzzf drf dr’Buv(r—r")[p(r)p(r’)

N
pr=2 8r—r. (2) B B B
1 —p(r)é‘(r—r’)]—ﬁuf drp(r)+fdrp(r)
To construct a continuous field theory, an auxiliary fig¢lis o
introduced through the identity, X[In'p(r)A°-1]. (10

The functional integral expression given by EdS) is a
complete analogue of the corresponding result for the Ising
model obtained by the Hubbard—Stratonovich transforma-
tion. A LG-type functional can be derived by making func-

=1. (3

ff Dqﬂ?pexr{ifdfqb(r)[/)(r)—ﬁ(r)]

Inserting Eq.(3) into Eq. (1) and summing oveN,

B tional expansions with respect to the fieldr) in Eq. (5).
E=J ngprexr{—EJ er drv(r—r’)
X[p(r)p(r")—p(r)d(r—r")]—pB f dru(r)p(r) lll. DENSITY-FIELD THEORY
For any realistic interaction potential possessing a hard
+i f dré(r)p(r)+X\ f drei‘ﬁ(”} (4)  core repulsion part, the inversion of the potential involved in
Egs.(5) is not well-defined. As far as one is interested only
Assuming that the interaction potentia{r) has a well- in the critical propertie_s of the quuid_—ga_s_ transitior_m how-
defined inverse, as well as finitg(0), Gaussian integrals €VeT» EAs(5) can be quite adequately justified by noting that
over p can be done to yield the long range correlations observed in the critical region is

dominated by the attractive part of the interaction, and there-
= [ pye-sen 5 fore the nonessential effect of the repulsive interaction can
= pe ' (53 be absorbed into the wave vector cutoff of the field theory. In
this viewpoint, the interaction potential(r) in Egs. (5)
should be interpreted as a coarse-grained attractive part of
1 the original interaction. The microscopic length scale associ-
S p;ul= ﬁf drf dr'o Y r=r")[(r)+iBu’(r)] ated with the wave vector cutoff would necessarily be re-
quired to be larger than the particle size.

where

) _ An alternative formulation which does not require the
><[¢(r’)+|,8u’(r’)]—)\f dre”' ", (8b)  jnversion of potential could be considered on a heuristic
physical argument. The physical significance of the mean

andu’(r)=u(r) —v(0)/2. The stationary-phase approxima- fie|d density functional expressiofL0), consisting of the

tion to Egs.(5) leads to mean energy and the ideal entropy associated with the con-
o _ tinuous density fielgh(r), obviously transcends the apparent
P(r)= —ilgu'(r)—i)\f dr’Bu(r—r’)e "), (6) limitations imposed by the current derivation. Therefore, one

might construct a density field theoretic expression,
and the grand potentiall[u]=—InZE is given by Q

=9 ¢;u]. Denoting the average density a®(r) ::J’D . "
=6Q[ul/sBu(r), we have = pe~rl (11a

F(r)=)\e“g(”. (7)  where
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1 '_1_
S[p]=§f drf dr’Bu(r—r")[p(r)p(r’) i H P(n;)

—P(f)5(f—r’)]—ﬁﬂf drp(r) Xexp{%ﬁz > [Ny =08 Joe o — B Ny,

+f dr,Bu(r)p(r)Jrf drp(n)[Inp(r)A3-1]. (15

where
(11b
1 (= —
P(n,):—f deo explipn,+re '), (16)

In contrast to the formulation described in Sec. I, the 27 )7

density field itself instead of the fieleb(r) serves as the
variable in the functional integral, and the nonlinearity of the
field theory, renormalizing the interactian(r), is seen to
arise from the entropy term in the action. In fact, the density ::2 o AHIN] (173
field theoretic expressiofil) can bederivedfrom the origi- = ) '
nal configurational integral. One abandons the Gaussian in-
tegration over the density field(r) in Eq. (4), which is, ~Where
although formally exact, ill-defined. Applying the stationary- B
phase approximation to the auxiliary fielp(r) with fixed BHIN =8> > [nrnr'—nr5r,r']vr,r'+§2 neu,
. . . 9 r r’ r
p(r) immediately yields Eqs(11).
Physically more transparent and free of inverted poten- 303
tial, Egs.(11) are expected to be a more advantageous func- +Z Inn ! —=[Bu+In(@’/A )]Er nr.
tional integral representation of the classical fluids compared
to the Ising-type form(5). However, due to the stationary- (17b
phase approximation used in its derivation, it is not clear  To take the continuum limit of Eq$17), the nature of
what its range of applicability and limitations are. In this the interaction potential(r) has to be considered carefully.
section, we explore a rigorous reformulation of the func-The lattice spacing underlies any definition of continuous
tional integral form(11) from the original configurational field theory as the microscopic length scale associated with
integral without using the stationary-phase approximation. the wave vector cutoff itk-space. If we assumee> o, where
It is convenient to start with a discrete version of the 4 is the characteristic length scale of the repulsive interac-
configurational integrafl), tion, the hard core part of the interaction potential can effec-
tively be replaced by the wave vector cutoff and the density
3 N field fluctuations would be governed by the attractive part of
E= Z —2 ex;{ - = Uy, ,r.—,BE Uy |, (12 the interaction only. In this case, taking the continuum limit
27 0 TE a%y,— [dr andn,/a%— p(r) with Stirling’s approximation
o to the factorial term in Eq(17b), we arrive at the density
where\ =a3\ is the reduced fugacity, ang ,., u, are the field theoretic expression, Eqd.1). However, it is also clear
discrete counterparts of the interaction potential and the exthat in this case it would be necessary to interpie) in Eq.
ternal field. The lattice spacing is yet arbitrary, so that (11) as the coarse-grained attractive part of the original in-
continuum limit could be taken later after suitable manipula-teraction potential.
tions. The set of lattice vectofs;} specifying the center of Our derivation shows that the approximation involved in
particles, represent each configuration. We define a micrathe reduction of the configurational integral into the density
scopic occupation number operafgras field theory (11), which is only seen as the mathematical
manipulation of the stationary-phase approximation in the
N continuous representation, can in fact be interpreted as the
ﬁrzz S v s (13 coarse-graining over the microscopic length scales. Further-
i=1 more, for studies of long range density fluctuations in the
classical fluid, the representatighl), without any ad hoc
where §, ; is the Kronecker delta. The continuum counter-features other than the necessary coarse-graining, is now

The integral(16) can be done{P(n)zﬁ‘/n!] (Ref. 10 to
yield

part, Eq.(2), can be obtained bg—0 with A, /a3— p(r). seen as a natural platform as opposed to the Ising-type rep-
Field theoretic expression is constructed by utilizing theresentation5).
identity, If we instead assuma= o, replacement of the total in-

teraction potential with its long range part remains to be a

crude approximation of the effect of hard core repulsion, but
=1. (14)  the configurational summation in EGL7a is now restricted

to n,=0,1. In this case, the factorial term in EL7b) is

identically zero for any configuration, and Ed47) reduce
Inserting Eq.(14) into Eg.(12), we get to the standard lattice gas partition function.

- T dé, . o
l_r[ (anO _sz)ex%lg ¢r(nr_nr)
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IV. SHORT RANGE CORRELATIONS
2 Vr,r’ﬂv(r:rl?rrr: O e (22)
The necessary coarse-graining implicit in the density r’
field theoretic expressiofill) makes the formalism still in- andA:(Zw)M’zl(det\l)l’Z is the normalization factor, where
appropriate for studies of short range correlations in densgy is the number of lattice sites. It is seen that the second
liquids. In fact, the mean field density obtained by minimiz- ¢5tor involving the configurational summation in E@1)

ing Eq. (11D), has the form of the hard sphere grand canonical partition
ehu function with the auxiliary fieldy(r) serving as the “exter-
p(r)= Tgex;{—ﬂf dr'v(r—r")p(r')—pBu’(r) nal field.” The continuum limita— 0 can now be taken to
(18) give
@s unable to support spatiglly smooth de_nsity prd[fE_Eq. (2 == E] Dy exp{ — }f drj dr'V(r—r’)
is the only form allowedl if the interaction potentiab(r) A 2

contains the hard core part. Highly singular nature of the

hard core interaction makes its treatment within a continuous Xy(r)g(r')—Qol ¥]
field theoretic formalism difficult, if not impossible. Instead,

the Percus—Yevick solutidhwith its empirical correctiot? where Q[ 4] is the grand potential of the hard sphere with
provides accurate thermodynamic and structural propertieghe external field(r).

of hard sphere fluids. We take the approach of treating hard  The functional integral expressid@3) can be used as a
sphere fluid as the given reference with known propertiesyell-defined starting point for a treatment of the short range
and develop field theoretic treatment of the deviations fromhermodynamic and structural properties of dense fluids. The
the hard sphere properties. Such a separation of potentiauilibrium densityp(r) is given by
forms the basis of the simple thermodynamic perturbation _

theories, and the Mayer cluster diagram methbdsarola (r=— §In= =_< 590[¢]>
and Reattt® also have used similar approach to develop a opu(r) oY(r) |’

hierarchical theory of integrodifferential equations of Class"where the brackets represent the functional integral average.

cal fluids. . T .
We begin with the discrete representatitiy) of the Stationary-phase approximation to g3) yields

functional integral. Regardless of the feasibility of the direct () ) ,

calculation of hard sphere properties, E4S) formally con- <//(r)=f dr’ vt (r=r")p(r’). (29
tains full information resulting from the original interaction . o o i

potential, if the lattice spacing is sufficiently small com- 1he equation of state is given within the stationary-phase
pared to the particle size. The interaction potential is sepa2PProximation by

rated into the repulsive hard core parﬁo) and the remain- 1

'

ing attraction,—v‘*) BP=PBPo~ 5y dff dr’ Bo(r—r")p(r)p(r’),

rr!

© _ (1) (26)

r,r’ vr,r’ ' (19)
wherep and p, are the pressures of the total and the hard
A concrete definition of the two terms can be provided by thesphere system, respectively, avids the total volume. Equa-
Weeks—Chandler—Andersen separation scheMé& com-  tion (26) has the usual form of the mean field theory, and the
bine the hard core interacti f)r), , with the remaining terms  generalized van der Waals-type equatfoof state is readily
in Eq. (17b to define the hard sphere Hamiltoniédy[ n,], obtained for the homogeneous liquid. Corrections to the

; (23

(24)

Upyr=V0

whereupon, mean field result are obtained through the functional expan-
1 sion of the hard sphere grand potential,
E=2 exp{ —BHolN ]+ 52 Bvﬁ}r),nrnr, . (20 n s
nd [I = Qd¢l=—p"(r1,...00), (27)
m=1 5¢(rm)

In Eq. (20), the term proportional t®§’1,) has been absorbed

into the chemical potential term idy[ n,]. With the singular wherepgn) is thenth order connected correlation function of
repulsive part separated out, the inverse of the interactiohe hard sphere fluid. Within the second order, correction to
matrix v*), is well-defined, and the Hubbard—Stratonovich the stationary-phase resiz6), 5(8p) can be written as

rr’
transformation can be applied to yield 1 1
eé(Bp)V:_f Dby ex ——j drf dr'[V(r—r")
A 2
—p@(r,r)18%(r) sy(r')

1 1
E:Kf DweXF{_EE Vr,r’wr‘/’r’}
o . (28)

: (21)

X{Z} eXF{ _BHO[nr]+ 2 ‘r/’rnr

The second-order expansion coefficient is given by

whereV, ., is defined by p(r,r)=p2(r,r")=p(r)p(r')+pd(r), (29)
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wherep is the bulk density, ang®)(r,r’) is the two-point It was shown that such a density field theory can in fact be
correlation function of the hard sphere. For homogeneousegarded athe correctplatform of studying the density fluc-
liquids, p(r)=p, andp®@(r,r")=p?g(Jr—r']), whereg(r) tuations on a length scale larger than particle size, as op-
is the pair correlation function. In this case, Gaussian inteposed to the conventional Ising-type methods, which is at
gration yields best formally justifiable.
1 dk Qn the other hand, the coarsg-graining over the micrp-
8(Bp)V=— _f ——In[1—pS(k) B P (K)], (30) scopic length sca_lles, seen t_o be inherent in such a den_3|ty-
2) (2m) field theory, entails the inevitable loss of any structural in-
whered (M(k) is the Fourier transform aof (Y)(r), andS(k) formation arising from the hard core repulsion in the dense
is the structure factor of the hard sphere fluid. In the randonfiquid. By separating out the hard core part of the interaction
phase approximation within the Mayer cluster diagrammatigootential and treating the hard sphere reference fluid proper-
formalism, a resummation of the “ring diagrams” yields an ties as given by independent methods, a modified version of
expression corresponding to E@0).'°® The dependence of the density field theory can be constructed. It was seen that
Eq. (30) onv)(r) for r<¢ is an artifact of the approxima- the field theory requires correlation functions of the hard
tion. The arbitrary nature of the core part of the attractivesphere fluid as the inputs. The results of the generalized van
interaction can in fact be exploited to enforce the excludedler Waals-type theory, and the random phase approximation
volume constraint on the correlation functibh. of the Mayer cluster series method are recovered simply as
Unlike the cluster diagram methods, however, it is clearthe stationary-phase approximation, and the Gaussian fluc-
within the current functional integral formalism how one tuation corrections.
could obtain higher order corrections systematically, al-
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