
C
h
a
p
t
e
r
5

O
t
h
e
r
P
a
ra

m
e
t
ric

D
is
t
rib

u
t
io

n
s

W
illia

m
Q

.
M

e
e
k
e
r
a
n
d

L
u
is

A
.
E
s
c
o
b
a
r

Io
w
a

S
ta

te
U
n
iv

e
rsity

a
n
d

L
o
u
isia

n
a

S
ta

te
U
n
iv

e
rsity

C
o
p
y
rig

h
t

1
9
9
8
-2

0
0
8

W
.
Q

.
M

e
e
k
e
r

a
n
d

L
.
A
.
E
sc

o
b
a
r.

B
a
se

d
o
n

th
e

a
u
th

o
rs’

te
x
t
S
t
a
t
is
t
ic

a
l
M

e
t
h
o
d
s

fo
r
R
e
lia

b
ility

D
a
t
a
,
J
o
h
n

W
ile

y
&

S
o
n
s

In
c
.

1
9
9
8
.

J
u
ly

3
0
,
2
0
0
9

8
h

3
m

in
5

-
1

O
t
h
e
r
P
a
ra

m
e
t
ric

D
is
t
rib

u
t
io

n
s

C
h
a
p
t
e
r
5

O
b
je

c
t
iv
e
s

•
D

e
sc

rib
e

th
e

p
ro

p
e
rtie

s
a
n
d

th
e

im
p
o
rta

n
c
e

o
f
th

e
fo

llo
w

in
g

p
a
ra

m
e
tric

d
istrib

u
tio

n
s

w
h
ic

h
c
a
n
n
o
t

b
e

tra
n
sfo

rm
e
d

in
to

a
lo

c
a
tio

n
-sc

a
le

d
istrib

u
tio

n
:

G
a
m

m
a
,
G

e
n
e
ra
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=
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=
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>
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>
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>
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=
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Γ
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=
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<
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≤
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=
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=
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b
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) √
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θ √
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) √
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=
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=
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.
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=
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+

√
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=
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=

1t
φ
lb

isa
[ lo

g
(t/

θ
);
β
]

w
h
e
re

Φ
lb

isa
( z

;
β
)

=
Φ
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=
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e
rs

D
is
t
rib

u
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:

•
If
T

∼
B
IS

A
(θ
,β

)
a
n
d
c
>

0
th

e
n
cT

∼
B
IS

A
(cθ
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e
n

1
/
T

∼
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T
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e
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n
c
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A
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∞
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p
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h
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)
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l.
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u
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e
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c
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c
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–
M
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k
e
h
a
m

D
is
t
rib

u
t
io

n

•
A

c
o
m

m
o
n

p
a
ra

m
e
te

riz
a
tio

n
fo

r
th

is
d
istrib

u
tio

n
is

P
r(T

≤
t;
γ
,κ
,λ

)
=

1
−

e
x
p

[−
λ
κ
t
+
γ
e
x
p
(κ
t)−

γ

κ

]

,
t
>

0
.

γ
>

0
,κ

>
0
,λ

≥
0

a
n
d

a
ll

th
e

p
a
ra

m
e
te

rs
h
a
v
e

u
n
its

th
a
t
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th
e
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c
ip

ro
c
a
l
o
f
th

e
u
n
its

o
f
t.

•
T

h
is

d
istrib

u
tio

n
o
rig

in
a
te

d
fro

m
th

e
n
e
e
d

o
f
a

p
o
sitiv

e
ra

n
-

d
o
m

v
a
ria

b
le

w
ith

a
h
a
z
a
rd

fu
n
c
tio

n
sim

ila
r

to
th

e
h
a
z
a
rd

o
f
th

e
S
E
V
.

It
c
a
n

b
e

sh
o
w

n
th

a
t

P
r(T

≤
t;
γ
,κ
,λ

)
=

1
−


1
−

Φ
se

v

(

t−
µ
σ

)

1
−

Φ
se

v

(−
µσ

)



e
x
p
(−
λ
t)

w
h
e
re

µ
=

−
(1
/
κ
)
lo

g
(γ
/
κ
),
σ

=
1
/
κ
.

•
W

h
e
n
λ

=
0
,
o
n
e

g
e
ts

G
o
m

p
e
rtz

–
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istrib

u
tio

n
w

h
ic

h
c
o
rre

-

sp
o
n
d
s

to
a

tru
n
c
a
te

d
S
E
V

a
t

th
e
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rig
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G
o
m

p
e
rt

z
–
M

a
k
e
h
a
m

C
o
n
t
in

u
e
d

T
h
e

p
a
ra

m
e
te

riz
a
tio

n
in

te
rm

s
o
f
[θ
,ψ
,η

]
=

[1
/
κ
,lo

g
(κ
/
γ
),λ

/
κ
]

iso
la

te
s

th
e

sc
a
le

p
a
ra

m
e
te

r
fro

m
th

e
sh

a
p
e

p
a
ra

m
e
te

r
a
n
d

w
e

sa
y

th
a
t
T

∼
G

O
M

A
(θ
,ψ
,η

),
if

F
T
(t;

θ
,ψ
,η

)
=

Φ
lg

o
m

a
[lo

g
(t/

θ
);
ψ
,η

]

f
T
(t;

θ
,ψ
,η

)
=

1t
φ
lg

o
m

a
[lo

g
(t/

θ
);
ψ
,η

]

h
T
(t;

θ
,ψ
,η

)
=

ηθ
+

e
x
p
(−
ψ
)

θ
e
x
p

(

tθ

)

,
t
>

0

h
e
re

θ
is

a
sc

a
le

p
a
ra

m
e
te

r,
ψ

a
n
d
η

a
re

u
n
itle

ss
sh

a
p
e

p
a
-

ra
m

e
te

rs,
a
n
d

Φ
lg

o
m

a (z
;
ψ
,η

)
=

1
−

e
x
p
{
e
x
p
( −
ψ
) −

e
x
p
[ e

x
p
(z

)−
ψ
] −

η
e
x
p
(z

)}
φ

lg
o
m

a (z
;
ψ
,η

)
=

e
x
p
(z

){
η
+

e
x
p
[ e

x
p
(z

)−
ψ
] }

[ 1
−

Φ
lg

o
m

a (z
;
ψ
,η

)
]

a
re

,
re

sp
e
c
tiv

e
ly,

th
e

sta
n
d
a
rd

iz
e
d

c
d
f
a
n
d

p
d
f
o
f
Z

=
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g
(t/

θ
).
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m

p
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rt
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a
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e
h
a
m
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is
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rib

u
t
io
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o
n
t
in

u
e
d

N
o
t
e
s
:

•
h
T
(0

;
θ
,ψ
,η

)
=

(1
/
θ
)[η

+
e
x
p
(−
ψ
)].

•
h
T
(t;

θ
,ψ
,η

)
in

c
re

a
se

s
w

ith
t
a
t

a
n

e
x
p
o
n
e
n
tia

l
ra

te
.

•
If
T

∼
G

O
M

A
(θ
,ψ
,η

)
a
n
d
c
>

0
th

e
n
cT

∼
G

O
M

A
(cθ

,ψ
,η

).
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h
ird

M
o
m

e
n
t

V
e
rs

u
s

C
o
e
ffi

c
ie

n
t

o
f
V
a
ria

t
io

n

C
oefficient of V

ariation

0.0
0.5

1.0
1.5

2.0

-2 0 2 4 6

Standardized Third Moment

W
eibull

Lognorm
al

Loglogistic

G
am

m
a

Inverse G
aussian

B
IS

A

G
N

F
κ ,r=

.1 G
N

F
κ =

.1, r=
100

G
N

F
κ =

100, r=
.1

B
urr X

II, r=
2

•

5
-
3
3

C
o
m

p
a
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f
S
p
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S
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e
w
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s

P
a
ra

m
e
t
e
rs

•
T

h
e

s
t
a
n
d
a
rd

iz
e
d

th
ird

c
e
n
tra

l
m

o
m

e
n
t

o
f
T

d
e
fi
n
e
d

b
y

γ
3

=

∫∞0
[t−

E
(T

)] 3
f
(t;

θ
)
d
t

[ V
a
r(T

)
]
32

is
a

m
e
a
su

re
o
f
th

e
sk

e
w

n
e
ss

in
th

e
d
istrib

u
tio

n
o
f
T
.

T
h
is

p
a
ra

m
e
te

r
is

u
n
itle

ss
a
n
d

it
h
a
s

th
e

th
e
se

p
ro

p
e
rtie

s:

I
D

istrib
u
tio

n
s

w
ith

γ
3
>

0
w

ill
te

n
d

to
b
e

sk
e
w
e
d

to
th

e

rig
h
t.

I
D

istrib
u
tio

n
s

w
ith

γ
3
<

0
w

ill
te

n
d

to
b
e

sk
e
w
e
d

to
th

e

le
ft

(e
.g

.,
th

e
W

e
ib

u
ll

d
istrib

u
tio

n
w

ith
la

rg
e
β
).

•
T

h
e

u
n
itle

ss
c
o
e
ffi

c
ie

n
t
o
f
v
a
ria

tio
n

o
f
T
,
γ
2

=
√

V
a
r(T

)/
E
(T

),

is
u
se

fu
l
fo

r
c
o
m

p
a
rin

g
th

e
re

la
tiv

e
a
m

o
u
n
t

o
f
v
a
ria

b
ility

in

th
e

d
istrib

u
tio

n
s

o
f
ra

n
d
o
m

v
a
ria

b
le

s
h
a
v
in

g
d
iff

e
re

n
t

u
n
its.
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u
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=
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D
is
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u
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s

w
it
h

a
T

h
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t
e
r

•
S
o

fa
r
w
e

h
a
v
e
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u
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n
o
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n
e
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a
tiv

e
ra

n
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m

v
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b
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s
w
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c
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th
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t
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e
g
in

in
c
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a
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g
a
t
t
=
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•
O

n
e

c
a
n

g
e
n
e
ra

liz
e

th
e
se

a
n
d

sim
ila

r
d
istrib

u
tio

n
s
b
y

a
d
d
in

g

a
t
h
re

s
h
o
ld

,
γ
,

to
sh

ift
th

e
b
e
g
in

n
in

g
o
f

th
e

d
istrib

u
tio

n

a
w
a
y

fro
m

0
.

•
D

istrib
u
tio

n
s

w
ith

a
th

re
sh

o
ld

a
re

p
a
rtic

u
la

rly
u
se

fu
l
fo

r
fi
t-

tin
g

sk
e
w
e
d

d
istrib

u
tio

n
s
th

a
t
a
re

sh
ifte

d
fa

r
to

th
e

rig
h
t
o
f
0
.

•
T

h
e

c
d
f
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r
lo

c
a
tio

n
-sc

a
le
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g
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a
se

d
th
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sh

o
ld
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u
tio

n
s
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F
(t;
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,γ

)
=

Φ

[

lo
g
(t−

γ
)−

µ

σ

]

o
r

F
(t;

η
,σ
,γ

)
=

Φ



lo
g

(

t−
γ

η

)

1
/
σ


,
t
>
γ

w
h
e
re
η

=
e
x
p
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∞
<
γ
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∞
,−

∞
<
µ
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∞
,
σ
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,
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a
n
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e
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is
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t
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n
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w
it
h

a
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re
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h
o
ld

P
a
ra

m
e
t
e
r

•
T

h
re

e
-p

a
ra

m
e
te

r
lo

g
n
o
rm

a
l
d
istrib

u
tio

n

F
(t;

µ
,σ
,γ

)
=

Φ
n
o
r

[

lo
g
(t−

γ
)−

µ

σ

]

,
t
>
γ
.

•
T

h
re

e
-p

a
ra

m
e
te

r
W

e
ib

u
ll

d
istrib

u
tio

n

F
(t;

η
,β
,γ

)
=

1
−

e
x
p

−
(

t−
γ

η

)

β


=
Φ

se
v

[

lo
g
(t−

γ
)−

µ

σ

]

,
t
>
γ

w
h
e
re

σ
=

1
/
β

a
n
d
µ

=
lo

g
(η
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P
ro

p
e
rt

ie
s

o
f
D

is
t
rib

u
t
io

n
s

w
it
h

a
T

h
re

s
h
o
ld

•
W

h
e
n

th
e

d
istrib

u
tio

n
o
f
T

h
a
s

a
th

re
sh

o
ld

,
γ
,

th
e
n

th
e

d
istrib

u
tio

n
o
f
W

=
T
−
γ

h
a
s
a

d
istrib

u
tio

n
w

ith
0

th
re

sh
o
ld

.

•
T

h
e

p
ro

p
e
rtie

s
o
f

th
e

d
istrib

u
tio

n
o
f
T

a
re

c
lo

s
e
ly

re
la

te
d

to
th

e
p
ro

p
e
rtie

s
o
f
th

e
d
istrib

u
tio

n
o
f
W

.

•
In

g
e
n
e
ra

l,
E
(T

)
=
γ

+
E
(W

)
a
n
d
tp

=
γ

+
w
p ,

w
h
e
re

w
p

is

th
e
p

q
u
a
n
tile

o
f
th

e
d
istrib

u
tio

n
o
f
W

.
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h
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ifts
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u
tio
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e
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a
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e
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e
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n
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e
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u
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’s
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re
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d
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r
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p
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.
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h
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s

V
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=
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a
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).
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e
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o
w
e
v
e
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m

e
v
e
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e
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ifi

c
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e
s

in
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e
e
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m
a
tio

n
o
f
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b
e
c
a
u
se

th
e

p
o
in
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a
t

w
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ic

h
th

e
c
d
f
is

p
o
sitiv

e

d
e
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n
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s
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n
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.
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E
m

b
e
d
d
e
d

M
o
d
e
ls

•
F
o
r

so
m

e
v
a
lu

e
s

o
f

(µ
,σ
,γ

),
th

e
m

o
d
e
l
is

v
e
ry

sim
ila

r
to

a

tw
o
-p

a
ra

m
e
te

r
lo

c
a
tio

n
-sc

a
le

m
o
d
e
l,

a
s

d
e
sc

rib
e
d

b
e
lo

w
.

•
E
m

b
e
d
d
e
d

m
o
d
e
ls
:
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sin

g
th

e
re

p
a
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m
e
t
e
riz

a
t
io

n
,
α

=

γ
+
η
,
ς
=
σ
η
,
th

e
m

o
d
e
l
b
e
c
o
m

e
s

F
(t;

α
,σ
,ς)

=
Φ

[

lo
g

(

1
+
σ
×
t−

α

ς

)

1
/
σ
]

=
Φ
[lo

g
(
1

+
σ
z
)
1
/
σ
]

,
fo

r
z
>

−
1
/
σ

w
h
e
re

z
=

(t−
α
)/
ς.

W
h
e
n
σ
→

0
+

,
(
1

+
σ
z
)
1
/
σ
→

e
x
p
(z

),
a
n
d

th
e

lim
it
in

g
d
is-

trib
u
tio

n
isF

(t;
α
,0
,ς)

=
Φ

( z
)
,

fo
r
−
∞
<
t
<

∞
.

•
F
o
r

e
x
a
m

p
le

,
if

Φ
=

Φ
se

v
th

e
lim

itin
g

d
istrib

u
tio

n
is

th
e

S
E
V

a
n
d

if
Φ

=
Φ

n
o
r
th

e
lim

itin
g

d
istrib

u
tio

n
is

n
o
rm

a
l.

5
-
3
9

S
o
m

e
C
o
m

m
e
n
t
s

o
n

t
h
e

E
m

b
e
d
d
e
d

M
o
d
e
ls

•
T

h
e

lim
itin

g
d
istrib

u
tio

n
a
rise

s
w

h
e
n

a
.

1
/
σ

a
n
d
η

a
re

g
o
in

g
to

∞
a
t

th
e

sa
m

e
ra

te
,
a
n
d

b
.
γ

is
g
o
in

g
to

−
∞

a
t

th
e

sa
m

e
ra

te
th

a
t
η

is
g
o
in

g
to

∞
.

•
P
re

c
ise

ly,
if
F
(t;

η
i ,σ

i ,γ
i )

is
a

se
q
u
e
n
c
e

o
f
c
d
fs

su
c
h

th
a
t

σ
i

→
0

ς
=

lim
i→

∞
(σ
i η
i )

w
ith

0
<
ς
<

∞
α

=
lim
i→

∞
(γ
i
+
η
i )

w
ith

−
∞
<
α
<

∞

th
e
n
F
(t;

η
i ,σ

i ,γ
i )

→
Φ

(z
),

w
h
e
re

z
=

(t−
α
)/
ς

5
-
4
0

G
e
n
e
ra

liz
e
d

T
h
re

s
h
o
ld

S
c
a
le

(
G

E
T

S
)

M
o
d
e
ls

•
T

h
e

o
rig

in
a
l
th

re
sh

o
ld

p
a
ra

m
e
te

r
sp

a
c
e

(α
,σ
,ς)

(w
ith

σ
>

0
)

d
o
e
s

n
o
t

c
o
n
ta

in
th

e
lim

itin
g

d
istrib

u
tio

n
s.

•
It

is
c
o
n
v
e
n
ie

n
t

to
e
n
la

rg
e

th
e

p
a
ra

m
e
te

r
sp

a
c
e

su
c
h

th
a
t

th
e

lim
itin

g
d
istrib

u
tio

n
s
a
re

in
te

rio
r
p
o
in

ts
o
f
th

e
p
a
ra

m
e
te

r

sp
a
c
e
.

•
T

h
is

is
a
c
h
ie

v
e
d

b
y

a
llo

w
in

g
σ

to
ta

k
e

v
a
lu

e
s

in
(−

∞
,∞

).

•
T

h
e

fa
m

ily
o
f

d
istrib

u
tio

n
s

c
o
rre

sp
o
n
d
in

g
to

th
is

e
n
la

rg
e
d

p
a
ra

m
e
te

r
sp

a
c
e

is
k
n
o
w

n
a
s
th

e
g
e
n
e
ra

liz
e
d

th
re

sh
o
ld

sc
a
le

(G
E
T

S
)

fa
m

ily
.

5
-
4
1

S
E
V
-G

E
T

S
,
N
O

R
-G

E
T

S
,
a
n
d

L
E
V
-G

E
T

S
p
d
fs

w
it
h

α
=

0
,
σ

=
−
.7

5
,0
,.7

5
,
a
n
d
ς
=
.5

(
L
e
a
s
t

D
is
p
e
rs

e
)
,

1
,

a
n
d

2
(
M

o
s
t

D
is
p
e
rs

e
)

-3
-2

-1
0

1
2

0.0

0.4

0.8

σ
 =

 -.75

-3
-1

0
1

2
3

0.0

0.2

0.4

0.6

σ
 =

 0

-2
-1

0
1

2
3

0.0

0.4

0.8

σ
 =

 .75

-2
-1

0
1

2
3

0.0

0.4

0.8

-4
-2

0
2

4
0.0

0.2

0.4

0.6

0.8

-3
-2

-1
0

1
2

0.0

0.4

0.8

-3
-2

-1
0

1
2

0.0
0.2
0.4
0.6
0.8

-3
-1

0
1

2
3

0.0

0.2

0.4

0.6

-2
-1

0
1

2
3

0.0
0.2
0.4
0.6
0.8

LEV                        Normal                      SEV

5
-
4
2



G
E
T

S
M

O
D

E
L

•
T

h
e

c
d
f

fo
r

th
e

G
E
T

S
m

o
d
e
l
is

F
(t;

α
,σ
,ς)

=



Φ
[lo

g
(
1

+
σ
z
)
1
/
σ
]

,
fo

r
σ
>

0
,
z
>

−
1
/
σ

Φ
( z

)
,

fo
r
σ

=
0
,
−
∞
<
t
<

∞
1
−

Φ
[lo

g
( 1

+
σ
z
)
1
/|σ|

]

,
fo

r
σ
<

0
,
z
<

−
1
/
σ

w
h
e
re

z
=

(t−
α
)/
ς.

•
T

h
e

c
o
rre

sp
o
n
d
in

g
p
d
f

is

f
(t;

α
,σ
,ς)

=



φ
[lo

g
( 1

+
σ
z
)
1
/|σ|

]×
1

ς(
1
+
σ
z
) ,

fo
r
σ
6=

0

φ
( z

) ×
1ς
,

fo
r
σ

=
0
,−

∞
<
t
<

N
o
t
e
:

fo
r
σ
>

0
,z
>

−
1
/
σ

a
n
d

fo
r
σ
<

0
,z
<

−
1
/
σ
.

•
If
T

∼
G

E
T

S
(α
,σ
,ς)

a
n
d
a
6=

0
th

e
n

(a
T

+
b)

∼
G

E
T

S
(a
α

+
b,a

σ
/|a|,ς|a|).

5
-
4
3

S
o
m

e
S
p
e
c
ia

l
C
a
s
e
s

•
T

h
e

G
E
T

S
m

o
d
e
l
in

c
lu

d
e
s

a
ll

th
e

lo
c
a
tio

n
-sc

a
le

s
d
istrib

u
-

tio
n
s.

T
h
e
se

a
re

o
b
ta

in
e
d

w
h
e
n
σ

=
0
,
a
s

F
(t;

α
,0
,ς)

=
Φ

[(t−
α
)/
ς].

T
h
is

in
c
lu

d
e
s

th
e

n
o
rm

a
l,

lo
g
istic

,
S
E
V
,
L
E
V
,
e
tc

.

•
T

h
e

G
E
T

S
in

c
lu

d
e
s

a
ll

th
e

th
re

sh
o
ld

,
lo

g
-b

a
se

d
lo

c
a
tio

n
-

sc
a
le

d
istrib

u
tio

n
s.

T
h
e
se

a
re

o
b
ta

in
e
d

w
ith

σ
>

0
w

h
ic

h

g
iv

e
s

F
(t;

α
,σ
,ς)

=
Φ
{
[lo

g
(t−

γ
)−

µ
]/
σ}
,

t
>
γ

w
h
e
re

γ
=
α
−
ς/
σ
,
µ

=
lo

g
(ς/

σ
).

I
W

ith
Φ

=
Φ

n
o
r
th

is
g
iv

e
s
th

e
lo

g
n
o
rm

a
l
w

ith
a

th
re

sh
o
ld

.

I
W

ith
Φ

=
Φ

se
v

th
is

g
iv

e
s

th
e

W
e
ib

u
ll

(a
lso

k
n
o
w

n
a
s

W
e
ib

u
ll-ty

p
e

fo
r
m

in
im

a
)

w
ith

a
th

re
sh

o
ld

.

I
A
n
d

w
ith

Φ
=

Φ
le

v
o
n
e

o
b
ta

in
s

th
e

F
ré
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