Stat 643 Exam 1
Spring 2010

| have neither given nor received unauthorized assistance on this exam.
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This exam is comprised of 10 equally weighted parts. Write answers for as many of those parts as
you can in the 2 hours available for this exam. (You will surely NOT come close to finishing. Find
things that you can do easily and completely.) Put your answers on the pages that follow, not on
separate sheets.



1. A first order version of Taylor's Theorem for real-valued functions of a single real variable says
that if a function f (x) has a continuous 2" derivative f”(x) onan interval | containing a point

X, , then for any other x € |
()= F () +(x=%) /() + [ 7(0)(x-t)ee

(f'(x) here is, of course, the first derivative of f (x)).

Use this fact about real-valued functions of a single real variable to prove the (complex number)

bound used in class that says for any real number « ,
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2. Argue carefully that if Y,,Y,,... are iid random variables with EY, =0 and EY,? = 6% < o0, then
the double array {Xij} defined by n; =i and X; =Y, satisfies the Lindeberg condition.



3. Suppose that {X;} are independent Bernoulli( p,) random variables and let S, =>" X, . Let

i=1
O<c <% and suppose further that each p, € [c,l— c] . Argue carefully that

5B ., N(0,1)
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4. Use a probabilistic argument to evaluate

[sm (t/2)

" j exp(Acost—A)cos(Asint) dt

lim Zﬂf

T >

Hints: You may use the fact that for real a >0
e’ —e™™ = 2isin(at)
Further,

ﬁ(eit—l)

Ree = exp(Acost—A)cos(Asint)



5. Consider the space & =[-1,1] with Borel sigma-algebra, and probability measure P uniform on
X . Further, consider the sets of subsets of &

A:{(a,b)l —1<a<b<—%}
B:{(c,d)| %<C<d <1}
C={(—c,—d)U(c,d)| %<c<d <%}

and let @ be the o-algebra generated by AUBUCUD . Identify a statistic T : & —» R that
generates ¢. Then for X (x) = X, identify a function of x e & that is a version of E(X |C}).



6. Suppose that X, X,, X, are iid with marginal probability density on (0,1)

f(xlﬁ):il[0<x<6’]+ﬁl[9£x<l]

for 8(0,1). Argue carefully that the order statistics Xay X2 X
Hint: The likelihood is not continuous.

(3 are minimal sufficient for 4.



7. Consider the set of distributions & on a finite set L ={x,,X,,..., X} with k elements
specified/parameterized by probability vectors p =(py, p,...., p,) With P,(x)=p; 20 Vi and

k
Z p, =1. The "entropy" associated with distribution P, is

£(p)=-3pInp

Relate entropy to K-L information for distributions on & and identify the maximum-entropy
element of & . (Explain your choice.)



8. Consider the measure x2=A+y on R where 4 is Lebesgue measure on the interval (0,1) and
y is counting measure on Z* ={0,1,2,...} . For 7€ R such that
jexp(nx)dy(x) <o .
let
f

= ! exp(nx
"(X)_Iexp(nx)dy(x) P(7x)

be an RN derivative with respect to 4 of a probability distribution P on R . ldentify the natural
parameter space for this family of distributions, and find the Fisher Information 1 (7).



9. Consider the small family of four distributions % ={P,,P,,P,,P,} on the interval & =(1,2) with
densities with respect to Lebesgue measure

f(x)=1[1<x<2]

fz(x):gx- I[1< x<2]

fg(x):gxz-l[1<x<2]

1

f, (X) —2(%jl[l< X< 2]

" In

Identify a one-dimensional sufficient statistic in a statistical problem involving n iid observations,

each P, distributed. (That is, the observation space is £" =(1,2)" and the family of possible

distributions is {P", P/, P/, P} )
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10. Consider an FI regular model for a continuous real-valued random variable X , say & ={P9},
with probability densities f,(x) (for, say, #>0). Let

[ X ] = the integer closest to X
You may assume that the family of distributions for [X] inherits FI regularity from the model for
X. Let I, (0) and I[X](H) be Fisher Information about & in respectively X and [X]. Givea
necessary and sufficient condition on the densities f, (x) under which the integer rounding of X to
[X] does not reduce the Fisher Information (that is I[X](H)z I (0)).
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