Stat 643 Mid Term Exam

Fall 1996
October 22, 1996 Prof. Vardeman

1. Consider amodel P = {Fy}, where©® = {1,2,3}, X = {x1, 22, z3, x4} and the distributions
Py are specified in the table below.

r1 T T3 X4
=116 .1 .2 .1
0=2|3.1].2].4
6=3|0 (2|44

a) Find aminimal sufficient statistic 7' : X—7 , where 7 has 3 elements. Give the distribution
of T in atabular form similar to that used above for specifying the distribution of X.

Suppose that one is to make a decision about §, where A = © = {1, 2,3} and
L(0,a) = I[a # 0].

b) Consider the behaviora decision rule ¢ defined by
o ({1 =8 6n({2) =2 6,({3}) =0
¢r,({1}) =6 ¢2,({2}) =3 ¢2,({3}) = 1
or({1) =3 0,({2) =6 o,({3}) =1
¢, ({1}) =0 ¢2,({2}) =2 ¢,,({3}) = 8
Find arulethat isafunction of your sufficient statistic from a) and isrisk equivalent to ¢.
c) Arguedirectly from the definition of admissibility that 6; (z) = 1isadmissible.
d) Show that

{3} =

e N R R

a(z) = 1 fe=x10rz =129
713 ifr=a30rx =14

isBayesversusaprior G that placesmass 2 on 6§ = 1 and mass § on 6 = 3.

€) Show that 6, defined in d) isadmissible.

f) Consider arandomized rule ¢ in this decision problem defined by ({6, }) = 4 and
¥({62}) = 4. Find abehavioral decision rule ¢’ that is risk equivalent to 1.

2. Consider the family of distributions? = { Py} on X = [0,00) indexed by the parameter
0=(01,0,) € © C R?, dominated by the o-finite measure u = A + X for A aunit point mass at
0 and )\ Lebesgue measure on X', where

_dn

fo(z) i

() < exp(b1I[z = 0] + 6yx)

a) What are the natural parameter space and "normalizing constant” K'(8) for this family of
distributions?

b) Use K (@) to find the moment generating function for X ~ Py, Egexps X.

c) ldentify the UMVUE for v(0) = Pp[X; = 0] based on X1, X5, ..., X, iid P, for 8 in the
natural parameter space. Argue very carefully that your estimator is UMV U.



3. Consider squared error loss estimation of the binomia parameter "p."

a) Write out (and to the extent possible simplify) the risk function for alinear estimator of p,
8'(r) = Ax + B.
:1;—&-4

Using the result from a) it is possible to show that 6 () = SV has constant risk. (Don't bother

to show thishere.) Itisalso the casethat if conditional on p, X ~ Binomial (n, p) and p ~ Beta

(a, B), E[p| X = z] = aj_?gjfrn. (Again, you need not show this here.)

b) Argue carefully that ¢ isan admissible estimator of p.
c) Taketheresult in b) asgiven and prove that 6 isthe uniqueminimax rule for this estimation
problem.



