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Homework 2 Keys

1

Ans:

(a) X1,...,Xn ~ Poisson(\;),i = 1,....N. M ~ U{l,...N}, uy1 ~ Ezp(l) and pa ~ Ezp(l). Let
Sm=>11X;, T=_58y and X = (X1, ..., Xn). Since,

(M, p1, po|X) o< f(X[M, pr, po) x w(M)m(pa)m(p2)

oc ,ufme—(m+1)u1M2T—5me—(N—m+1)u2’
and N
m(X) = Z / / pym e s S g (N=mt iz gy
B Z [(Sm+1)  D(T = Sp +1)
- A (m+1) m+1(N m + 1)T=Sm+1"
Then 7(M, p1, p2| X) = ﬁ x pime (mADu  T=5m o=(N=m+1)p> where M € {1,..., N} and py, p2 € (0, 00).
Hence,

w0 =mix) = [ [ w00 el X)ddi
17 D(Sw+l)  D(T—-Su+1)
m(X) ~ (m+ 1)+t (N —m + 1)T—Sm+1"

(b) The joint posterior distribution for (M, u1, u2) is f(f|z) ,ufme_m“lug_s’”e_(]v_m)m X g1, p2)
So M, 1, pe have conditional (posterior) distributions

F(Mpy, prg, @) o< pim e o Smemiz — (%)Smem(“r“l) < mazx(eNH2—rm), (%)T), Me{1,2,..,N}
F(pa | M, g, ) oc g™ e ™™ X g(pua, p2), > 0

FpalM, g, @) oc pg = "me= W=z g(puy, j19), piz > 0

If T know how to sample from these conditional distributions, then I could use the SSS algorithm.
Algorithm (SSS):

Step 1. Given initial value (m © ),,ug ),,uéo)) and j = 0.

Step 2. Generate MUt from f(M|M§]),,u2 ), x).

Since the density f(M|u1, pe,z) is bounded, I could use the rejection method with M* ~ Unif(1,...,N)
to generate from it.

Step 3. Generate u( I from f(,ul\M(jH),,ugj),a:) .

Step 4. Generate u(ﬁ from f(ul\M(j“),yng),x) .

Since the form of g(u1, p2) is unknow, I may choose 2 ”standard distributions” like exponential which has

the same or larger support for (u1, p2) to be the ”proposal” distributions and then use Metropolis-Hastings
algorithm to generate data from each of these conditional distributions.

Step 5. Set U+ = (MUH),,ung) u;ﬁ )) and j =7+ 1.

Repeat step 2 to 5 to get N1 samples, and thin for every Ny samples to collect N samples.
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Let X = (X1,...,X5) ~ fx o h(z) = exp[—(z1 — 22)? — (z2 — 23)? — (x5 — 24)? — (24 — 35)? — (x5 — 11)?]
itd

and let U = (Uy,Us,...,Us) and U; ~ U(0,1). P(U=u)=1for0<w; <1,i=1,...,5.

(a) Rejection algorithm

0 < i = h(w) <e©@ =1=M, when 0 <w; <1,i=1,...5.
Algorithm:

Step 1. Generate x,g*),i =1,...,5 from 5 independent Uniform(0,1) .
Step 2. Generate u ~ U(0, 1).

Step 3. If (é((:)) = h(x*) > u, set & = x*). Otherwise, return to Step 1.

Repeat step 1 to 3 to get N samples.

(b) Gibbs Sampler / Successive Substitution Sampling(SSS) algorithm
The conditional distribution of x1|Xa, ..., X5 is

:U2—|—3:5 1

f(X1|X2,...,X5)O(h(l‘l,...,l'g,)O(N( 9

) [0, 1](331)

and f(Xo|X1, X3, Xy, X5), f(X3]X1, Xo, X4, X5), f(X4|X1, X2, X3,X5), and f(X5]|X1, Xo, X3, Xy) have

similar conclusions.

Algorithm:
Step 1. Start at initial point 2(®) = (l'go), . ,:véo)), 0< xEO) <1
Step 2. For j =0,1,2,...,N. Do

. (4)
sample Ji(j—H) from N( +m g %)I[O,I] (z1)
( +1) ( )
sample xé I from N ’ +$ ' 7i)I[0,1] (z2)
( +1) (5)
sample xéﬁ ) from N( ' +x ' 7%)1[0,1] (z3)
. ( +1) ()
sample xiﬁl) from N( ' +x g %)1[0,1] (24
(41) <;+1>+$<;+1>
sample z¢/ " from N(&

—

Step 3. Set Ut = (x53+1)7 gjﬂ), é]H) x4' 1),x5j+1)), and set j = j + 1.

Repeat step 2 to 3 to get N; samples, and thin for every N» samples to collect N samples. The
x1,T2,...,xN could be viewed as (dependent) sample from fx and could be used to approximates prop-
erties of h(x).

(c) Gibbs / M-H hybrid algorithm
F(X1|Xs, X3, X1, X5) o exp(—2[w1 — Z25222) Ijg 1y (1) and let JOD (a2 ) = 1, for 0 < af” < 1.
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Algorithm:
Step 1. Start at initial point x(®) = (:cgo) ,méo)), 0<z2¥<1.
Step 2. For j =0,1,2,...,N. Do

e generate ZL‘Z(*) from U(0,1) fori=1,...,5.

(]+1) f( <)|~T(]) (J) (J) (J)) ()
F@D o) 2k (z) m NON then generate Y,

and set 2 = v,W2() 4 (1 _ Y( 2,

~ Bernoulli(min(rgjﬂ) 1)),

e calculate 7}

(]+1) flz *)|cc(j+1> () (]) (J))
£( (J)‘m(]‘i'l) (J) (J) (J))

G+ _ ), <>+(1_Y2< o).

) (5+1) 1))

then generate Y(] ~ Bernoulli(min(rsy

e calculate 75
and set x5

(]+1) F(al *)|$(3+1) (J+1) (J) (J))
((J)‘x(JJrl) (J+1) (J) (J))’

(G+1) _ Y3(J) :()’) +(1 —Y3(]))x(3]),

() G+D) 4

e calculate 73 ~ Bernoulli(min(ry ", 1)),

then generate Y

and set x3

(%),,(G+1) (J+1) (J+1) (]) :
e calculate T(JH) J;Ex :z<]+1> (J+1) (y+1> 7 , then generate Y4(j) ~ Bernoulli(min( A(LJ+1)7 1)),
5
and set w(ﬁrl) ( ) )+ (1- ( ))xij)’
(G+1) (xé*)|Z§j+l):$éj+1)am(3j+1):xij-'—l) ()

e calculate ¢

(J+1) 1))

then generate Y5’ ~ Bernoulli(min(ry" ",

= FDT G oD Gy
+1 » .
(J+1) _ (J) ( ) +(1— Yf)(]))xéJ).

set Ty

Step 3. Set zUtl) = (fcgjﬂ),:L'gjﬂ),:L':(,)jﬂ),mfljﬂ),azéjﬂ)), and set j = j + 1.

Repeat step 2 to 3 to get N samples, and thin for every N samples to collect N samples. The

M 2@ x0) could be viewed as (dependent) sample from f x and could be used to approximates

properties of h(x).

(d) Metropolis-Hastings algorithm
h(x) = exp(—(x1 — 22)? — (z2 — 23)% — (3 — 24)? — (24 — 25)® — (x5 — 21)?) and
J(j+1)(a,(*)‘x(j)) =1

Algorithm:
Step 1. Start at initial point (@ = (:cgo), .. ,a:éo)) for 0 < xgo) <1.
Step 2. For j =0,...,N. Do

select candidate x*) = (mg*) , é*)) l( )~ U(0,1),

h(x*))/JG (x(*)|;c(3 DYy  p@®™)
(:1:(] 1))/](])(;]3(] 1) \m( )) - h(;z:(jfl))’
generate YU) ~ Bernoulli(min(r), 1)),

take () = YWg™ 4 (1 - Y0))20) — 1, and set j = j + 1.

calculate () =
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Repeat step 2 to get Nj samples, and thin for every Ny samples to collect N samples. The (M), 2@ ... xN)

could be viewed as (dependent) sample from fx and could be used to approximates properties of h(x).

X ~ N(50p,50), Y ~ N(Mpu, M), X,Y € R, and X,Y are independent. u ~ N(0,(1000)?), M — 1 ~
Poisson(100), u € R, M € N, and M, i1 are independent.

The posterior distribution of M, u|X,Y is
FOM,plXY) oc f(XYIM, ) x f(M p) = f(X ) x fF(YIM, pr) x () x (M)

(I*50M)2 (y—mu)2 K
- 1 - 2 1 (m—1)
2x50 —_— 2x1000
X e x X —F=€ 2m X e X X (m 1)'100

Then the conditional distributions are
(z=501)% _ (y—mp)? 2

w
- - 1
J(pu|M,X,Y) xe 2x50 I 2x1000% o N(50+g;x10*6’ 50T T0-F)

WER and

_ (y=mp)?

M. X.Y) o« —Lt— e " 2m  x100(m=1 The first one is a normal density and the second one
f( |M7 ’ ) \/ﬁ(m_l)l
could be generated by the M-H algorithm with JU+D(M®|MU)) = f(m) (mil)!l(]()(m_l)
—m (), ($))2 —m@) (52 —
Then r = exp(—(y T;m(f) S 4 W Zlni(;; ) ) X T;(*)l
Algorithm:
Step 1. Start at initial point (M, 4(0)) € N x R, and j = 0.
Step 2. Generate pUth ~ N(50+nsz;rf10,6, 5O+mj1+10*6)

Step 3. Genertate M*) ~ Poisson(100), and compute 7.
Step 4. Generate u; ~ U(0,1). If u; < min(r, 1), then set MUY = pr6),
Otherwise, MUY = MU) and set j = j + 1.

Repeat step 2 to 4 to get IV samples. The posterior mean of M could be approximated by % Zfi M (@),

Ans:
(a) A rejection algorithm.

Use X)) i Exp(1), then P(z,y) = e * Y for 0 <z and 0 <y. and 0 < ]};((ﬁz)) = sin?(x)e”™ < 1=
M.

Algorithm:
Step 1. Generate ug, ug i U(0,1), then X*) = —log(uy) and Y*) = —log(us).
Step 2. Generate u ~ U(0,1). If % > u, set (X,Y) = (X(*),Y(*)). Otherwise, return to step 1.

—4 —
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Repeat step 1 to 2 to collect N samples.

(b) A Gibbs algorithm
h(z|y) = % o sin?(z)exp(—(1 + y)x) = h'(z]y),» > 0. To update x useing a rejection algorithm,
let P(z|y) = (1 +y)e — (1 + y)x which implies ,}:((;C"g)) <(1+yt=M.

h(zy)

h(y|z) = Thiz)dy = (1 +x)exp(—(1 4+ z)y) ~ exp(l + ),y > 0.

Algorithm:
Step 1. Start at initial point (X(O),Y(O)), and set j = 0.
Step 2. Sample uq, us i U(0,1), then set X*) = — log(u1)

_ (1+Y7)"
Step 3. If % > Mus, then set XUTD = X ¢lse goto step 2.
; !
Step 4. Sample u ~ U(0,1), set YU+ = —1;;?821).

Step 5. Set j = j + 1, goto step 2.
Repeat step 2 to 5 to get N1 samples, and thin for every Ny samples to collect N samples.

(c) A hybrid Gibbs/M-H algorithm
Let J(j+1)(g;(*)|x(j)) .

Algorithm:
Step 1. Start at initial point (X(O),Y(O))7 and set j = 0.

Step 2. Sample u ~ U(0,1), then X*) = —log(u).

Step 2 Calculate T(j+1) _ h(x(*)‘(x(j)7y(j)))/J<j+1)(x(*)‘x(j)) Sm2(x<*))(ezp(,y(j>(x<*),;,;(j)))

h(g;(])‘(z(])’y(J)))/,](]“'l) (x(])|x(*)) sin2(;p(j)) :
Step 4. Generate Y U+ ~ Bernoulli(min(rU+1), 1)), Set 20+ = yU+hgr 4 (1 — Y +D)z0),
Step 5. Sample u ~ U(0,1), set YU = — 13%21).

Step 6. Set j = j + 1, goto step 2.
Repeat step 2 to 6 to get N1 samples, and thin for every Ny samples to collect N samples.

(d) A M-H algorithm
Let J(]+1) (m(*)7y(*)‘m(.7)’ y(])) — e_m('j)_y(j).

Algorithm:
Step 1. Start at initial point (X(O),Y(O)), and set j = 0.

Step 2. Sample uq, uz i U(0,1), and set X = —log(u;), Y™ = —log(us).

G+1) _  hEO) IGO0 sin? (XO)eap(-X O Y®)
Step 3. Calculate r = R@O)JTTD O D) — sin?(X0)eap(—XDY D)

Step 4. Generate YU ~ Bernoulli(min(rU+1), 1)).
Step 5. Set zUFD = YUtz 4 (1 — yU+1)0)
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Repeat step 2 to 5 to get N1 samples, and thin for every No samples to collect N samples.

(a)

X1, Xo,. .., X5 ©N(p,02). 7 =3,52 = 0.5,tg.972.4 = 2.7765.

95% two-sided confidence limits for p: [2.1220, 3.8780].

95% two-sided confidence limits for o2: [0.1795,4.1287].

95% two-sided confidence limits for o: [0.4237,2.0319].

95% two-sided prediction limits for an additional value from this normal distribution: [0.8494,5.1506].

(b) Bayes analyses

(i) The "history” plot and "bgr diag” plot of the first 1,000 iterations
From the "history” plot, the simulated data seem to converge, but from the ”"bgr diag” plot shows that
the chains do not appear yet adequate as a burn-in. (The red line is close to 1, but the blue and green

lines are not stable, some chains may be not converge yet.)

B4 Time series !Elm
mu chains 1:3 HA
1001
oot L e R L B i e .'—.'f'.-.\.' e
-10.0F
-200F
-30.0F
-40.0F
T T T T T
1 230 =00 a0 1000
iteration

sigma chains 1.3

soor
200r
100}
ook eeeds --—.qu b it an e i bbb bt e b vt i oot Ao -.f.|l.--’.ll_'..l sk
T T T T T
1 230 200 a0 1000
teration
v chains 1.3
s00f
ook B T T L T T i
=500 F ‘
-100.0F
-150.0F
T T T T T
1 250 200 Ta0 1000
tteration
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B4 Gelman Rubin statistic !Elm
mu chains 1:3 sigma chains 1.3 3‘
L = —— 0 ——————
0ar 05t
0op 0.0f
T T T T T
1 s00 s00
iteration iteration
y chainz 1:3
1581
A S e e — ]
0ar
0.0t
T T T
1 500
iteration

(ii) The "history” plot and ”bgr diag” plot of the first 10,000 iterations

From the "history” plot, the simulated data seem to converge, and from the ”"bgr diag” plot shows that

the chains have appeared adequate as a burn-in.

200

on

-200

-40.0

=00
on
-500
-1o0a
-1500

L Bl i i s S S L L e
T T T T T
1 2500 5000 7500 10000
iteration
sigma chaing 1;3
. dalbidsiiabioonopstpslabad oot sl
T T T T T
1 2500 5000 7800 10000
iteration
y chains 1:3
L T st = s = sk s
T T T T T
1 2500 5000 7500 10000
iteration

B Time series = |0] x|

AI
mu chains 1:3
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E.d Gelman Rubin stabisthic !Elm

mu chains 1:3 sigma chains 1:3 3‘

1.0F e 1.0r
0sr 0.ar
0op 0.0p
T T
1 000
iteration
y chains 1:3
1.0
0sr
0.0¢
T T
1 000
iteration

i

T
000
iteration
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(iii) The ”density” plot and ”stats” results for samples form the 100,000 iterations after 100,000 updated

and appered as a "burn-in”.

B:d Kemel density

151
101
05
oog

mu chains 1.3 sample: 300000

L

T T T T
200 0o 100 200

06
04
02r
00t

y chaing 1:3 sample: 300000

T T
200 250 i} 250

zigma chains 1.3 sample: 300000

M[=1k3

[ |

node mean =d MC error 2.5%
mu 30 04537 SA87TE4 242
sigma 08559 04694 o017y 04228
ki 25995 1.101 0002026 05491

Eﬂ Mode statistics M (=1E3

start

100001
100001
100001

median 97.5%
30 3885
0.yras 2021

29495 2144

sample
300000
300000

300000 lI

The 95% credible intervals are from the ”stats” results compared with the 95% confidence intervals

from (a). They are close.

95% credible interval

95% confidence interval

" [2.12, 3.885]
o [0.4228, 2.021]
y [0.8491, 5.144]

[2.1220, 3.8780)]
[0.4237, 2.0319)]
[0.8494, 5.1506]
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(c) Bayes analyses

(i) The first 1,000 iterations
From the ”history” plot, the simulated data seem to converge. From the ”bgr diag” plot shows that the
chains do not appear yet adequate as a burn-in, but it shows that they are in convergence. (The red line

is close to 1, but the blue and green lines are not stable, some chains may be not converge yet.)

B4 Time series !Elm

‘I
mu chaing 1.3

4000
2000+
)
aor
20001 MF
-400.0
T T T T T
1 250 a00 750 1000
iteration

sigma chains 1.3

400.0
3000 F
2000
1000 F
oof — mamimsnmin = e —n
1 250 500 TS0 1000
iteration
y chainz 1:3
1.00E+3
sooal |
oor | m
-500.0 ¢
-1 OE+3
1 250 500 70 1000
iteration
=
B4 Gelman Rubin statistic !Elm
mu chains 1:3 sigma chains 1:3 3‘
15F 10F w
1.0F E e
05t ’
oog 0.of
T T T T T T T T
501 BOO &o0 s01 GO0 aoo
teration iteration
y chaing 1:3
1.0F
0ar
oot
T T T T
501 BOO 800
iteration
[

,10,
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(ii) The first 10,000 iterations
From the ”history” plot, the simulated data seem to converge, and from the "bgr diag” plot shows that

the chains have appeared adequate as a burn-in.

B Time series =1kl

FY
mu chains 1:3 3

4000
20001 l
oor
-2000F ‘
-400.0 -
T T T T T
1 2500 5000 7500 10000
iteration
sigma chainz 1.3
4000
3000 F
20001
1000 F
oor =
T T T T T
1 2500 S000 F500 10000
iteration
y chains 1:3
1.00E+3 |
sooof \
oor
-500.0F ‘
-1 0E+3
T T T T T
1 2500 5000 7500 10000
iteration

[

10F
05t
oor
T T T T T
501 2500 5000 7500
teration
y chainz 1.3
101 =
osr
0.0k
T T T T T
s01 2500 5000 7500
iteration

10
0s
oo

-

T T
s000 7500

fteration

T T
a01 2500

B3 Gelman Rubin statistic !Elm

mu chains 1.3 sigma chains 1.3 3‘
145

— 11 —
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(iii) The ”density” plot and ”stats” results for samples form the 100,000 iterations after 100,000 updated

and appered as a "burn-in”.

By Kernel density

mu chainz 1:3 sample: 300000
15¢F

10r
0sr
0.0t

0EF

04r
0z2r
0.0k

T
=200 oo

M=1E3

sigma chains 1:3 sample: 300000
20r
1.5
1.0F
0sr
00p

T T T T
on 100 200

[

node mean =d MC error 2.5%
I 30 0.4465 G.303E-4 2125
sigma 0.5a68 04615 0001297 0423
W 3.001 1.092 0003 08475

Eﬂ Mode statistics —|O] x|

median 97.5% start sample
24999 3883 100001 300000
07713 2.046 100001 300000

3.001 5154 100001 F00000 ;I

The 95% credible intervals are from the ”stats” results compared with the 95% confidence intervals

from (a). They are close.

95% credible interval

95% confidence interval

Py [2.125, 3.883]
o [0.4231, 2.046]
[0.8478, 5.159)

[2.1220, 3.8780]
[0.4237, 2.0319]
[0.8494, 5.1506]

(d) Using a ”diffuse” proper prior for (i, o?), e.g. u~ N(0,1/0.0001) and o2 ~ G(1,100), for inference of
i, o and y, the results should be robust enough, and also close to parts (a), (b), and (c).

node mean sd MCerror 2.5% median 97.5%  start  sample
mu 2.998 0.4456 0.002769 2.106 2.998  3.881 100000 27000
sigma 0.8875 0.4635 0.00284 0.4231 0.7721  2.048 100000 27000
y 3.0 1.094 0.007197 0.8499 3.006  5.171 100000 27000

model {

for (i in 1:5) { x[i] dnorm(mu, tau) }
y~dnorm(mu, tau)

mu~dnorm(0,0.0001)
tau~dgamma(0.01,0.01)

sigma<-sqrt(1/tau) }

- 12 —
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6  Censoring

Ans:

(i) The first 1,000 iterations

From the "history” plot, the simulated data seem to converge, but from the ”"bgr diag” plot shows that
the chains do not appear yet adequate as a burn-in. (The red line is close to 1, but the blue and green

lines are not stable, some chains may be not converge yet.)

Y
mu chainz 1:3 3

10001
s00F
-50.0 F
T T T T T
1 250 S00 750 1000
teration

sigma chains 1.3

3000
2000
100.0 -
o0F L L. A . . ... .. L S .S S L. ... A, . . .8 L ML e A Lo
T T T T T
1 230 200 a0 1000
iteration
y chains 1:3
100.0 -
500+ l
nor s b - - e ] - TR s At Ao ybmpmicn g g
=500 [
oo
1 250 00 750 1000
teration ;I
B4 Gelman Rubin statistic !El m
mu chains 1:3 sigma chains 1:3 3"
] [ e —— Tor sc:
0sr asr
0ot ook
T T T T T T
1 500 1 =00
teration iteration
v chainz 1.3
151
10F
0sr
0o
T T T
1 200
fteration
[
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(ii) The first 10,000 iterations
From the "history” plot, the simulated data seem to converge, but from the ”"bgr diag” plot shows that
the chains of o do not appear yet adequate as a burn-in. (The red line is close to 1, but the blue and green

lines are not stable, some chains may be not converge yet.)

N
mu chains 1:3 3

1000
0.0
ook prramer e S S — = e Fra g —— - S
-500F
T T T T T
1 2300 S000 7500 10000
iteration

sigma chains 1.3

0001
20001
1000
0of k
T T T T T
1 2500 S000 7500 10000
iteration
v chains 1.3
1000
S00 - l
ool st gl e il b e oottt ety
=500 ‘
1000
1 2500 5000 7500 10000
iteration
||
B:4 Gelman Rubin statistic _ O] x|
mu chains 1:3 sigma chainz 1:3 3‘
1.0 # 1.0F 0=
0ar 0.sf
0op 0.0f
T T T T T T
1 000 1 5000
iteration iteration
v chainz 1:3
1.0r
0sr
0.0t
T T T
1 5000
iteration
[
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(iii) The "density” plot and ”stats” results for samples form the 100,000 iterations of each 3 chains after

100,000 updated and appered as a ”burn-in”.

B4 Kemel density M=1E3
mu chains 1:3 sample: 300000 sigma chains 1:3 sample: 300000
151 20F
10} 15F
1.0F
uar 05t J\
0.0p 0.0
=50 oo a0 100 0.0 50 100
v chains 1:3 sample: 300000 v chainz 1.3 sample; 300000
06 06
o4t | o.af f'|
0z2r 0.2f
uop T __lll L_"_ 0ok T T T T T
=20 0 20 =200 100 [In] 100
|
Eﬂ Hode stahistics !EI m
e
node mean sd MC error 2.5% median 97.5% start sample
i 3.001 0.4275 S484E-4 2157 3.0 384 100001 300000
Sigma 0.795 0.4545 0.00125 0.325 0.6329 18354 100001 300000
i 3.004 1.045 00071921 1.0 30 5.0 100001 300000
b 3.004 1.007 0001837 1.004 3.002 5014 100001 300000 j

The 95% credible intervals are from the ”stats” results compared with the 95% credible intervals from

5(b) and the 95% confidence intervals from (a).

They are close, and it also shows that ¢ has smaller

interval in this problem.

95% credible interval

95% credible interval 5(b)

95% confidence interval

[ [2.157, 3.841]
o [0.325, 1.934]
y [1.004, 5.014]

[2.12, 3.885)
[0.4228, 2.021]
[0.8491, 5.144]

[2.1220, 3.8780]
[0.4237, 2.0319]
[0.8494, 5.1506]

,15,
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7  Consider the context of Problem #1

(a) Data set 1

Ans: Use 6 chains, update with 1 million iterations, and thin to every 1000th iteration. The estimated pos-
terior mean for the changing position is K = 3.131, and the posterior mean of the rate A are mu[1] = 1.901
and mu[2] = 4.072. The picks 1 and 10 in the histogram of K do not close to truth.

B4 Hode ztatistics M=
| node mean sd MC error 2.5% median  97.5% start sample 3‘
K 313 3027 0.04197 10 20 100 1 EOO0
mu[1] 1.801 13 001732 01877 1626 4769 1 EO00
mul2] 4.072 1.409 0.01535 0.2312 4.352 5.082 1 EO00 ;I
Ed Kemnel denszity !Elm
K chainz 1.6 sample: G000 mu[1] chaing 1.6 sample: G000 3"
0EF 04F
04f 03r
0z2r
0zr o1t
oo Hmllm___ = oot
T T T T T T T T T
1] ] 10 20 oo 20 40 6.0

mu[2] chains 1.6 sample: G000
a6
o4t
a2F
a0t
25 00 25 50 7A

hd

k4 Time series !Em

rFY
K chains 1.6 3
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| .|||l i ‘ i u LR l'f"\"':" lll

0ok

T T T
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iteration
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i |
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- | vl e S R Ll
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iteration

mu[2] chains 1:6

g0 |
(] \ |

6O ks el il L | | . |
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1 250000 S00000 780000

iteration ;I

,16,



STAT544 2008-02-17
Homework 2 Keys

(b) Data set 2

Ans: Use 6 chains, update with 1 million iterations, and thin to every 1000th iteration. The estimated
posterior mean for the changing position is K = 7.999 and the posterior mean of the rate A aremu[1] = 12.66
and mu[2] = 22.65. In the histogram of K, the two pikes at 6 and 10 correspond to 2 picks in the
distributions of u’s. There seem to have 2 island in the joint distribution and the initial values of K will

cause the whole chain stay in one of these two islands.

32 Hode ztatistics !Elm
: node mean =d MC error 2.5% median  97.5% start sample
K 78499 2002 0.1462 B.0 10.0 10.0 1 00|
muf1] 1268 9463 06565 2.255 177 24 47 1 G000
mul2] 2265 276 1.581 0.04344 26249 4939 1 E000 j
3 K.ernel density !IEIB!
K chains 1:6 sample: 8000 mu[1] chainz 1:6 sample: BO00 3‘
06 03F
o4afF 0.2r
azf 01p
onf o0p
T T T T T T T T
2 4 g -10.0 oo 100 200

mu[2] chainz 1:6 sample: G000

015
01F
oosf
0o
T T T T T
-20.0 on 200 400
=
E.a Time senies !Elm
AI
k. chains 1.6
100
g0
B0
40 |
201
T T T T
1 250000 00000 750000
ftetation
mul1] chains 1:6
3001
200
1001
it aneinmd et ot et s i i b i e
oot
T T T T
1 250000 00000 750000
iteration
mul2] chains 1:6
E0OF
in fLpl, it Ll |
anolk rﬂwl{u @-TE-LFM;.L ,1’I‘th,'h rw,',-,l‘;‘wn,ll-im*‘“‘f.{'HL ..IJ,Q}\';“.’\ i ﬂﬁllﬁ"“ﬁnl. la.*,"r’lrgie
200+
" G e . . . 4 FRUT AP Kol szt
oor
T T T T
1 250000 00000 750000
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The stats, density and history results from WinBUGS. Use the first 4 chains, update with 1 million
iterations, and thin to every 1000th iteration. The results of using the first 4 initial shows that the estimated

distribution dependends on the initial values. Both approximated distribution is not true.

32 Hode ztatistics !Elm
: node mean =d MC error 2.5% median  97.5% start sample
K £.995 1.735 0.155 6.0 60 100 1 4000
mu[1] 7994 5179 0.7265 2153 3558 24.m 1 4000
mul2] 3339 18.86 1671 01077 4289 49 65 1 4000 ;I
g K.emel density !EIE!
K chains 1:4 sample; 4000 mu[1] chainz 1:4 sample: 4000 3‘
05 04f
0G| 0sf
04 0.z2r
02f o1f
oof . o.of
T T T T T T T
2 L) g -10.0 0.0 100 200
mu[2] chainz 1.4 sample: 4000
01
0.07ar
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00k
T T T T T
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=
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2001
oot MQMMMMMWMMMW
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(c) Use a Metropolis-Hastings algorithm
The following are histograms for K, mu[1] and mu[2] computed from a M-H algorithm for data set 2 in

part (b). They are closer to true values and the chains won’t be stuck in an island.

For initial value (10,25,1)

K mul mu2
— — ° — ° —
8 g g
5 S S
S S
g - 2y oy
c — = c
[} 1o} (0] o [} o
> o =] o =] o
o ¥ T O T o
L o L g 2 8
[ N LL puur] —‘ L p]
o | J_
o
o - o o
o I T T T T 1 I T T T T 1 I T T T T T 1
0 2 4 6 8 10 0 5 10 15 20 25 0 10 20 30 40 50 60
K mean mean
3.24018197191705 44.3067445437292

For initial value (1,25,1)

K mul mu2
o
_ _ S _ - _
g -
3 g g |
¥ <3
o - Yol
N
<
> =~ 3 > n
[3) - o 5 o o
c c 5 c 5
@ o B3 s 8
S S5 9 S &
T O T T B
g 3 8 g 35
r ¢ i ] i |
N o
_ S 3
3 S 7
8 © M
3 - o - o -
o [ T T T T 1 [ T T 1 [ T T T 1
0 2 4 6 8 10 0 5 10 15 0 20 40 60 80
K mean mean
3.28481176938950 44.1229720326761

The ratio of the posterior probability that M=10 to the posterior probability that M—=6

And the ratio of the posterior probability that M = 10 to the posterior probability that M = 6 is
I'(Sio+1) T —Sip+1)
7(M =10[X) (10 + 1)Sw0+] (10 — 10 + 1)T—510+1
(M =6|X) [(S¢+1) T(T—S6+1)
(64 1)%+1 (10 — 6 + 1)T—Se+1
T +1) ['(Se+1)T(T — Se+1)
117+1 7S6+1 5T—Se+1
For part (a), T = S19 = 44, S¢ = 22 and the ratio is 9.4180. For part (b), T' = S19 = 242, Sg = 22 and the
ratio is 6.561 x 10749
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