STAT544 2008-02-05

Homework 1 Keys
GCS&R 2.1
Ans:
Suppose that the prior distribution for 6 is § ~ Beta(a = 4, 3 = 4), with pdf
F014,4) = sppm (1 - 0%, 0< 0 < 1.

The conditional distribution for Y is Y'|6 ~ Binomial(10, §) with pmf
P(Y =y|0) = (g))eyu — )Y, 4y =0,1,..,10
Then we have the Joint distribution for § and Y,
F0,Y)=P(Y|0)f(6) = () 550 ¥(14+6)* ¥ ,for 0< 9 <Tandz=0,1,...,10

After knowning that Y < 3, the posterior density for 0|(Y < 3) is :

)y <3) = <?5§3) f0.Y =0)+ f(0,Y =1) + £(0,Y =2)
= (1 —60) +100*(1 — 0)'? 4 456°(1 — )M
(1-

= 31 -0)1(360%+80+1),0<0<1

Figure 1: The curve proportion to the posterior density for 6.
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R code for plot:

x = seq(0, 1, 0.01)
y=(x"3) * ((1 -x)711 x (36 * x"2 + 8 x x + 1))
plot(x, y, type = "1")

GCS&R 2.2

Ans:

Suppose that ¢ has prior distribution P(¢ = 0.6) = 3 and P(§ = 0.4) = 1 . Suppose that the conditional
distribution of X;|0 is P(X; =1) =60 =1— P(X; = 0) for i=1 or 2. So, the joint distribution function for
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(X1, X2,0) is P(z1,22,0) = 26%1772(1 — §)>~®1772 and the marginal distribution for X1, X (also called

the prior predictive distribution) is
1 1
P(:El, :EQ) = §P($1,x2, 06) + §P(ZIJ1,CCQ, 04)
After observing X; = Xy = 0, the posterior distribution of 0|(Y1,y 2) is

P(O]X; =0,X, =0) =

P(X1 =0,X3 =0,0) (1-0)%/2 a—op
P()lfl—O,Xz—O) 00622100072 o5 orfe{06,04n

Consider a new sequence of trials Y; with the same distribution of X; . Let Y = the smallest i such that
Y; = 1. Then Y|§ ~ Geometric(f) and P(Y = y|0) = 0(1 — 0)Y~! for y =1,2,...

The posterior predictive distribution for Y| X5, X is

P(Y =k|X1=0,X3=0) = Yy g406PY =kl0)P0]X; =0,X,=0)
2
= 355(0.4)(0.6)F 1 + 3242(0.6)(0.4)F !
- 0.52(0'6)k+1 + 53 (0-4)°H

So the expectation of Y| X7, Xy could be calculated by the following summation
EY|X1=X2=0) = Y2 kPY =k|X1 =X2=0)

553 2ohe1 (0.6 - 0,45 k0.4 0.6 - ]
= 5530047 g5 +0.62 - 5]

0.4
2.2436
[
GCS&R 2.5
Ans:
Consier Y'|0 ~ Bin(n, 6), with pmf P(y|0) = (Z)Gy(l -0 Y, y=0,1,...,n
()
If the prior distribution of # is Uniform(0, 1), the prior predictive distributoin is
P(Y =k = [LP(Y =klo)- 1do
Iy T
— (Z) k}r}jk—i_l 6)"— k|0+f1 Z+11€9k+1( G)n_k_ldﬁ]
= () G Jy 0o
1
= =
(b)
If the prior distribution of § ~ Beta(c, ) with pdf f(#) oc #%71(1 — #)%~! | then the posterior distribu-
tion O|Y ~ Beta(y+a, n—y+ ) with pdf f(8]Y) o< ¥F2~1(1—-0)"¥+A~1 and mean vt =t

(n—y+B)+(y+a) =~ nta+p
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cb—ad

If ¢ > ¢ and a,b,¢,d > 0, then $£5 — § = gd-—ch > 0 and &£ b(b+d)

a
b+d  d — d(b+d) b+d b

and d = a + 3, then min(}, ;95) < nfgiﬁ < max(2, ;3)

>0.So,leta=y,b=n,c=«

(c)
If the prior distribution of @ ~ Uniform(0,1) with Var(d) = 4. The posterior distribution is 6]Y ~
Beta(y + 1,n —y + 1) with pdf fgy o< 6¥(1 —0)"7¥

Var(dly) = W) ifa+b=n+2=ab< (5 +1)
1
S Iy
1
(d)
If the prior distribution of # ~ Beta(«, 3) with Var(0) = % . Then the posterior distribution
is 0]Y ~ Beta(y + a,n —y + ) with Var(0|Y) = (n+g:[%)2(&1y;fﬁ)+1) Leta=3,8=1,n=1,and y =0,
then Var(0) = & < Var(d|Y) = 2. |
GCS&R 2.8
Ans:

Suppose that the prior distribution of § ~ N(180,40?%) and the conditional distribution of Yi,...,Y,|0 i

N(#,202). Average j = 150 is observed. Let Y = (Y1,...,Y},).

()

The posterior distribution of 6|Y:

FOY) = FO.V)/FY)
) 50)/5(Y)
= [T e ] | e 5 O ()

_ Lidn g 180+dng )
xX e 2.402 14+4n

. e . _ 18044ng _ 180+600n . 2 _ 402
i.e. 0]Y ~ Normal distribution with mean Koy = xin. =~ 1tdn and variance T5ly = T+an-

(b)

The posterior predictive distribution for a new student’s weight  is

YY) =[5 F(Y10)£(6]Y)do

*ﬁ(eﬁuew)z

— [ 1 5z @0° 1
- f—oo \/%206 02 \/ﬂo'g‘ye o
By Textbook page 48, Y|Y ~ N(uy‘y, 0}2~,|Y) where
o > 180 + 6007
pgyy = BIYIY] = BEV|Y,6] = EB)Y] = ——— =" = gy
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and )
- 40
0}2~,|Y =Var(Y|Y) = 20> + Var(0]Y) = 400 + T a, = 400+ Thy
(c)
For n = 10,
95% posterial interval for @ is 18946000 4 1 9640 _ — 138 163].

1+40 V1440
95% posterial predicted interval for Y is 18?1# +1.964/20% + 1%820 = [110,192].

(d)

For n = 100,

95% posterial interval for 6 is % + 1.96\/142740 = [146,154].

95% posterial predicted interval for Y is % +1.96,/202 + 11%0 = [111,189]. |
GCS&R 2.12

Ans:

Jeffrey’s principle: define the noninformative prior density p(6) o [J(6)]"/2.

Suppose Y| ~ Poisson(f) with mean 6 and variance §. The pmf of Y0 is P(y|f) = iﬁye*‘) for y =
0,1,2,..., and # > 0 Then the log of pmf log(P(Y|6)) = —log(y!) + ylog(6) — #. Take the first and 2nd
derivative of log-pmf

dlog(P(Y10))
dé

d*log(P(Y1]9))

Y _
0 L, do?

Y
02

So J(0) = —E[—HXQW] = HE[Y|f] = 9% = 4. Therefore, p(f) o % — §~1/2. This distribution closely
matchs Gamma(a, §) with o = 1/2 and 8 = 0. |
GCS&R 2.21

Ans:

()

Suppose the conditional distribution is Y7,...,Y,|0 u Exp(0), fy,o = Be~¥% for y; > 0 and the prior

distribution is § ~ Gammal(a, 8), fs = %ea—le—ﬁe for > 0. Let Y = (Y7,...,Yp).

foy o< TIizi frie - fo

o< 9a+n_16_(2iyi+ﬁ)0

This is Gamma(o +n, 3+ > ., y;). So the gamma prior distribution is conjugate for inference about 6

given an iid sample of y values.

(b)

For the mean ¢ = 7,

=
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fo(8) = Fo(0)1 %] = a5 (3)°7 1679 — J| = s etDeplo,

This is the distribution function for IG(a, ).

(c)
Suppose the length of life of a light bulb V|0 ~ Exp(f) and the prior distributio § ~ Gamma with

mSe]gn 0.5 = ‘af/éﬁ = ﬁ = a = 4. A random sample Y7,...Y, drawn from Exp(#). The posterior

distribution for 6|Y" is:

FO1Y) o T2y J(Yi[60)£(0) ox 6me0 % w . go=1e=h0 — grra=i=0(3+3u)

=0.1=n=96.

ie. Y ~ Gamma(n + o, 8+ > i1 yi). So the CV = \/7
(@)

Since ¢ ~ IG(a, ), the coefficient of variation refers to ¢ is (a —2)" /2 =c=a =2+1/c.
Further, ¢|Y ~IG(n+a,B+ 37 4i), CVof ¢lY = (n+a—-2)"2=d=n=1/d*> -1/

If c=0.5,d = 0.1 as settings in part (c), then n = 96. [ |
GCS&R 2.22

Ans:

(a)

Suppose the conditional distribution Y'|§ ~ Exp(f), P(Y > y) = —e 07| )= =% 6 > 0. and the prior

distribution 6 ~ Gamma(c, 3), fp = ﬂa LA le=00

FOIY >100) = f(6,Y >100)/P(Y > 100)
P(Y >100/6)£(8)/P(Y > 100) .

x  fo—le—(B+100)0

0]y > 100 ~ Gamma(a, 3 4+ 100) with mean = 5955 and var = Bri002

(b)

Suppose Y = 100 is observed. fgy—100 o< e~

0]Y =100 ~ Gamma(a + 1, 5 + 100) with mean = B(ﬁ(l)o and var = (ﬁi—li_olo)2

1006 Ho— 1 6—60

(c)

Var(0) = E[Var[0|Y]] + Var[E[0]Y]] = Var(8]Y > 100) > E[Var[8]Y = y]]. The right hand side is an

average. Var[f|Y = 100] may or may not smaller than the left hand side. So the equition is not violated.
|
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Question 2

Ans:

(a) )

Suppose Y7, Y5 iid Poisson(A), f(Y =y|\) = i)\ye_)‘, A>0,y=0,1,2,3,....

and the prior distribution A ~ G(a, 3), f(M«, 8) = %z\‘“le*m, A> 0.

The posterior distribution for A|Y" is:

FAYr=y1) o f(Yi=u|N)f(Ae,B)
— i)\yle—)\xﬂi)\oc—le—,@)\

! I(a)

o Avta—l —(B+DA

~ Gy +a,0+1).

The prior predictive probability for Y5 (marginal of Y3) is:

J(¥) = /0°°f<Y2\A>f<Ara,ﬁ>dA

= / L omer i P2 jam1mmagy,
0 y%! o [(a)

_ LL Av2ta—1=(B+DA 1y

y2! T'(a) Jg

1 B T'(y+a)

! T(a) (B + 1)yt

- ("GRG

~ Neg-bin(a, ).

Posterios predictive distribution for Y3|Y; = y:

foavi=p) = [ ~ F(ValA Y FAY)dA
= /OO J(Y2|A) f(A[Y1)dA (Y1, Y3 are independent)
0

— /OO 7)\:1;26—)\ > (B + 1)y1+oz )\yl—l—a—le—(,@-i-l))\d)\
0 Yo . £(y1 + )

i (ﬁ + 1)y1 / )\y2+y1+a—1e—(ﬂ+2))\d)\

yo! T(y1 + @)

B ) Tl + g+ 0)

yo! T(yr +a) (B+2)ptyite

_ <yz+y1+a— 1) <ﬁ+1>y1+“ ( 1 >y2

B Y2 B+2 B+1

~ Neg-bin(y; + o, B+ 1).
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Figure 2: The solid line and dash line represent the prior and posterior density function
for A when (o, 8) = (1,1). The dot line and dot-dash line represent densities for A when
(o, B) = (10, 10), respectively. Both posterior distributions are lightly pulled to left when

observed Y = 0.

Figure 3:

Dist for Lambda, par=(1,1)

Dist for Lambda, par=(10,10)
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f(Y2), and 2nd row shows the posterior predictive distribution f(Y2|Y;

Dist for Y2, par=(1,1)

Dist for Y2, par=(10,10)
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The two figures in the first row show the prior predictive distribution of
0) for Yo =
0,1,2,3,4,5,6,7,8,9,10 with (o, 8) = (1,1) and (o, 3) = (10, 10), respectively.
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(b)
Now consider another prior distribution for A : A ~ U(0,10), f(A) = 15, A € [0,10].
The posterior distribution for A\|Y; = y;:
1 _ 1
fOM =) o f(=nINfO) = GA%e™ x 1
o AVe 0 <\ < 10.
After observing Y; = 0, the posterior distribution of A|Y; = 0is e /(1 — e~ 19).
Figure 4: The solid line shows the prior distribution and The dash line shows the posterior
distribution for A.
e
S T — Posterior with Y1=0
2 _| --- Prior
(2]
& <
A o
= : """""""""""""""""""
© T T T T T T
0 2 4 6 8 10
X
R code for plot:
x = seq(0, 10, 0.01)
plot(x,exp(-x)/(1-exp(-10)) , type = "1")
plot(x,rep(1/10,length(x)))
|

(c) Use WinBUGS to show the approximated posterior distribution.
i. The densities f(Y2|Y1 = 3) and f(A|Y1 = 3), using the gamma prior for A and («, 5) = (1, 1).

B4 Kemnel density !Elm
%2 zample; 100000 lambda sample: 100000 3
03r 06F
nz2r 04r
oif I Il ozt
0ot e 0.0t
T T T T T T T T T T T
-1 g 10 15 25 0o 25 50 TS5
|
B:d Node statiztics !Dm
! node mean =d MC error 2.5% median  97.5% start sample HA
2 2,002 1.734 0005326 00 20 6.0 1 100000
lambica 2,002 1.002 000514 0.5451 1.835 4377 1 100000 LI
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ii. The densities f(Y2|Y1 = 3) and f(A|Y: = 3), using the gamma prior for A and (a, 3) = (10, 10).

B:d Kemnel density !Elm
%2 zample: 100000 lambida sample: 100000 HA
04 1.5F
03 10F
nz2r
| I nst
' |
00t - 0.0
T T T T T T T T
<0 5 0o 10 20 30
hd
B4 Node ztatishics !Em
! node mean =d MC error 2.5% median  97.5% start sample 3‘
W2 1181 1.134 000376 00 1.0 4.0 1 100000
lambica 1152 0.3285 0001053 0628 1.152 1.909 1 100000 ;I
iii. The density for the posterior f(Y2|Y1 = 3) and f(\|Y1 = 3), using the prior U(0,10) for A.
B4 Kemnel density !Eﬂ
%2 sample: 100000 lambca sample; 100000 3‘
02F 0.3F
015 02k
IR
a5t Wi,
0ot =— nop
TT T T T T T
-1 10 20 n.o S0
=
B Node statistics !Dm
node mean =d MC error 2.5% median  97.5% start sample =
W2 2.985 2415 0007741 00 20 9.0 1 100000
lambica 2.981 1.652 0005026 O0EME 2668 7 1 100000 ﬂ

(d)

i. The density for the posterior f(Y2|Y:1 = 7) and f(A|Y1 = 7), using the gamma prior for A and («, 5) =

(1,1).

B:d Kemnel density !Elm
%2 zample: 100000 lambida sample: 100000 =
02r UBc]
045 I ootk
01
st Al
oot B I 0ot
TT T T T T T T
-1 10 20 oo a0 100
=




STATH44
Homework 1

2008-02-05

Keys

B:a Node statistics

node mean =d MC error 2.5% median 97.5% =tart
Y2 4.006 2451 0005953 00 4.0 10.0 1
lambicls 4.004 1.411 0004236 1728 3.541 T.209 1

sample
100000
100000

=13

ii. The density for the posterior f(Y2|Y:1 = 7) and f(A|Y1 = 7), using the gamma prior for A and (o, 8) =

(10, 10).
B4 Kemnel density !EIE!
%2 sample: 100000 lambca sample; 100000 =
0dr 1.8
0arp 10
02F
oA F I I. 05 k
0ot I i 0.0
T T T T T T T T
-1 0 3 10 oo 1.0 20 jepn|
=
B:d Node stahistics !Elm

node mean =d MC error 2.5% median  97.5% start sample 3‘
Y2 1.545 1.297 000342 00 1.0 5.0 1 100000

lambids 1.547 03763 oooi159  0.8993 1517 2367 1 100000 LI
iii. The density for the posterior f(Y2|Y1 = 7) and f(A|Y1 = 7), using the prior U (0, 10) for A.
B:-d Kemnel density !Elm
%2 zample: 100000 lambida sample: 100000 =
oiaf 02r
ot alll
ank . | IIII--_ ootk
TT T T T T T T T
- 10 20 0.0 25 50 75 100
|
B3 Node statiztics !Em

node mean =d MC error 2.5% median  97.5% =tart sample HA
2 §.281 3146 ooosess 1.0 6.0 13.0 1 100000

lambcla 5.273 1.891 ooosnte 2737 6.245 963 1 100000 ;I




