Stat 543 Spring 2005
Assignment 6 Solutions (Mar. 3™, 2005)

1. Suppose that I am interested in a continuous distribution with pdf f(z) = K¢(x)sin*(z)
for ¢(x) the standard normal pdf and K some appropriate normalizing constant (that
to my knowledge can not be evaluated "in closed form" but that MathCad indicates
is no more than 2.32).

(a) Carefully and completely describe a rejection sampling algorithm for generating
X from this distribution.

(b) Then consider the matter of finding the mean and variance for this distribution,
and P[.3 < X < 1.2]. Describe how you would use 10,000 values simulated as in
a) to evaluate these.

Solution:

(a) As K <2.32, take M = 2.32 then M¢(x) > f(z) = K¢ (z)sin’*z
The rejection algorithm
(1) Generate X** ~ N (0, 1)
(2) Generate U ~ N (0,1)
(3) If MU (2**) < K¢ () sin® **, set o* = z**
otherwise, return to step (1).
This algorithm generates z7, 23, ...

(b) By LLN, as n — 00, ji = &, — p1, 8% = Lo 0 (2 — 7)° 5 0?

and P03 <z <12 =13" T(03<x<12)5P03<z<12
We will use ﬂ = T1000

3 1000 2
5% = (nil) >im (T —T)

and P03 <z <12]= o5 SO T(0.3 < < 1.2) toevaluate y, 02 and P[0.3 < z < 1.2].

2. A 10-dimensional random vector X has a complicated (joint) pdf that is proportional
to the function.

10
ex sin? (x; > if each x; € (0,1
= { o (1o 00

0 otherwise

Notice that h (z) < e’

(a) Carefully describe an algorithm (using only iid Uniform (0, 1) random for gener-
ating a (10-dimensional) realization of M.

(b) Describe a simulation-based method of approximating F X Xs.

Solution:
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10
(a) Ash(z) <e'-1,take M =e! | then M -1 > exp (H sin? ml)
i=1

The rejection algorithm
(1) Generate X;* ~ U (0,1),j=1,...,10
(2) Generate U ~ U (0,1).

10

(3) If MU < exp Hlsin2 m;‘*> set o = 2, at = (2}, ..., T5,)
]:

otherwise, return to step (1).

This algorithm generates z7, 73, ...

(b) As =20 P pxix, By LLN.
We use fi;y = + >, @} 2}, to evaluate EX;X,.

. Consider the following model. Given parameters A, ..., \y variables Xi,...,. Xy are
independent Poisson variables, X; ~ Poisson()\;). M is a parameter taking values in
{1,2,...., N} and if i < M, \; = py, while if i > M, \; = py. (M is the number of
Poisson means that are the same as that of the first observation.) With parameter
vector 0 = (M, uq, pi5) belonging to © = {1,2,..., N} x (0,00) x (0,00) we wish to
make inference about M based on X1, ...,. Xy in a Bayesian framework. As matters of
notational convenience, let S,, = > ", X; and T = Sy.

(a) If, for example, a prior distribution G on © is constructed by taking M uniform
on {1,2,..., N} independent of p; exponential with mean 1, independent of i,
exponential with mean 1, it is possible to explicitly find the (marginal) posterior
of M given that X; = x1,..., Xy = xy . Don’t actually bother to finish the
somewhat messy calculations needed to do this, but show that this is possible
(indicate clearly why appropriate integrals can be evaluated explicitly).

(b) Suppose now that G is constructed by taking M uniform on {1,2,..., N} indepen-
dent of (y1; y15) with joint density g (-,-) on (0,00) x (0,00). Describe in as much
detail as possible a “Gibbs Sampling” method for approximating the posterior of
M, given X; = z1,..., Xy = xy. (Give the necessary conditionals up to multi-
plicative constants, say how you’re going to use them and what you’ll do with
any vectors you produce by simulation.)

Solution:

(a)

N
m x; x;
AL AL —A2A%° 1 ,-A1,—A2
<H € ;! € ;! ) Ne €
=1 i=m+1
oo oo n )\ )\ 1
1o Js H el H eA222 ) . LemMemA2d )\ d )y

g(m, A1, )‘2‘37) =

i=m-+1
(m+1 A1 )\Sm (N—m+1)X2 )\SN Sm

J“OO foo —(m+1)A )\Sm (N=m+1)Az >\SN Sm g\ 1dA2
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We can see that there are two Gamma integrals in the denominator, which can
be calculated explicitly and so is the summation.

Then [ [7° g (m, A1, As|z) dAidXs is actually the product of two Gamma integral
multiplies some scalar, which surely can be evaluated explicitly.

(b) Let © = (m, )\1,)\2) ,VH €0

g0|z) = AP e )\gNiSme_(N_m)/\z g (A1, Ag)

M

SO AT emma NN TEme=(Nmm)da L g (A, Ag) dAyd g
m=1

Gibbs Sampling algorithm:

(1) Generate mg ~ U (1,..., M), (Ao1, Ao2) ~ g (A1, A2), and let 8y = (mo, Ao1, Aoz) -
(2) With 6 = (m}, A4, )\;"2) we generate 07, = (m}, A\f,; 1, A\f,; ) in the follow-
ing way:

* Sm * *
e Generate m; , from g (m|/\Z 12 Afg, ). Since g (m|A]}, Af,, @) o <ii1> e m(AA)

m

fact : 1 A\ o —m(Af =A%)
Use rejection algorithm: h (M) = 17, My,; = M - max (A?z) e 1A
—m(Xis

* Sm
Hence M,, ;h (M) > <Ai’1> X2). So we can use rejection algorithm to

>\*
generate M ; from g (m|/\1 1 Ai2s )

e Generate A}, from g (/\1|mz+1, )\:2, ) .
Since g (Ai|mfy, Ajp, ) )\ e g (M]A,)
Sm’?‘
h(M\) =g ()\1|)\;2) My, = max ()\1 1 mmih

So My - h (M) > Ay e Mg (Ar|A )
So we can generate )‘i+1,1 frorn g (MmN, x)

e Generate A/, , from g (As|m} A4, 7).

N —Om* *

e (Vg (A0 )
SN—Sp, 4

h ()\2> =g ()\2’)\1_,_1, ) M/\g i = maX ()\21\’ 1 e_(N—mHl)M)

Since g (Aa|miy, Aip11,2) < A -e

_S'm’.k
S0 My,i- h(A2) > )\2 e (N i) 9 (N2l Apr)-
So we can get A7, from g (As|m}, /\z‘+1,17$)
Sequentially, we can get (m’{, A1 12) e (mn, s )\22)

We will use mf,m5,...,m},... and the Ecdf is converge to g (m|x)

4. Consider the simple two-dimensional discrete (posterior) distribution for 6 = (6, 605)
given in the table below.
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2
1 2 3 4
47070 2] 1
370]0].05].05
0, 22117010
1[2]1] 070

(a) This is obviously a very simple set-up where anything one might wish to know or
say about the distribution is easily derivable from the table. However, for sake of
example, suppose that one wished to use SSS to approximate @) = P[01 < 2] = .6.
Argue carefully that Gibbs Sampling will fail here to produce a correct estimate

of (). In qualitative terms, what is it about this joint distribution that causes this
failure?

(b) Consider the very simple version of the Metropolis-Hastings algorithm where for
each i, J;(0p|0) is uniform on the 8 vectors 6, where the posterior probability in the
table above is positive. Make out an 87 table giving the conditional probabilities
that (under the Metropolis-Hastings algorithm) 67 = ¢’ given 6 ; = 0. If infact
07 , has the distribution in the table, show that 6 also has this distribution.
(This is the important fact that the algorithm has the target distribution as its
“stationary distribution.”)

Solution:

(a) We may compute P (61]|02) and P (65]60,) .

91 91
1 2 3 4 1 2 3 4
A0 10 [2/3]2/3 A[0]0] 8 [2/3
300 5|5 3[0lo0] 2 [1/3
0, 2[2/3[1/3] 0 | 0 6 2[ 5[5 0 | 0O
1[2/3]1/3] 0 | 0 1[5]5] 0 |0
P(leg) P(92|€1)

The state space is transient, that is the state 1 is communicate only to state
2 and state 3 is communicate only to state 4. So if we use Gibbs sampling to
produce the simulated values, WLOG, assume we generate 67 first and then gen-
erate 05 based on P (0,]67) value, then if ; was in state 1 or 2 then 05 can never
get to state 3 or 4, vice versa. Then p (0; < 2) is either 1 or 0. Hence, the Gibbs
Sampling does not work in this case.

(b) Look at the following table-
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!/

¢ (1,1) (1,2) (2,1) (2,2) (3,3) (3,4) (4,3) (4,4)

164 (2,2) 1/8

I will specify J (0/|¢9> = %11' . i.e. all jump probability equals to 1/8.
Under these J («9l|6’>

0, 05 03 04 05 0g 0; 0Os
4 5 1 5 25 25 1 .5 0,
1 2 1 1 5 5 1 1 0,
1 1 5 4 5 25 26 1 b 05
R  F RN R
5
1 1 1 1 1 1 1 1 O
1 5 1 5 256 25 4 b 0,
1 1. 1 1 5 25 1 2 g

denote the matrix éT.
If 67, ~ P then

P0:=0) = P(0:_,=06,) P(0:=0,10;_, =0,
= (2,.1,2,.1,.05,.05,.2,.1) - %T

= (.2,.1,.2,.1,.05,.05,.2,.1)

So, 07 ~ P.

5. Suppose thatX;, X, ..., X, are iid N(6,1) and that () = EsX? = 6* + 1 is of inter-
est. In class Vardeman Rao-Blackwellized a method of moments estimator of 7 (6) and

—2 1
obtained the estimator " (X) =1+ X g Argue that this (silly) estimator of v (6)
n
is the UMVUE. Argue carefully that the estimator

(X)X
is strictly better than 6*(X) (that is, MSEg(c** (X)) < MSEg(c™*(X) V60.) (Hint: What

can you say about the random variable (6*(X) —~(6))* — (6" (X) —v(0))? ?) Is 6**(X)

5
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unbiased?

Solution:
As By X7 =60 +1, EgX? =var (X) + (EX')2 =146 then
E@0 (x)=E(Q1+X*—21)=1+ 6> — §* (x) is unbiased est. of ~ ().
As x is exponential family and the natural parameter space contains interior.

Thus X is a sufficient & complete statistics.
By Lehman-Scheffé theorem, ¢ (x) is UMVUE.

E (0" (2) — 7 (0)) — (60 () — v (8))? )
= E(E{(" (x) =7(0)* = (6" (x) =7 (0))*|X})
E

0-1 (22> L)+ [ @ - 0F ~ - 0P (k2= 1) b <o

1 1
as 0" (r) < 1Whenx2<—andP(x2<—) >0
n n

= E (0" (2) =7 (9))° < E(6" (2) =7 (9))" = MSEy (6" (6)) < MSE, (5" (6))
Then 6™ (0) is strictly better than 6™ (6) .

6. (Gartwaithe, Jolliffe and Jones) Suppose that X, X, ..., X,, are iid with marginal pdf

f(z|0)=T[1 <x<0]02°7"

for 8 > 0. —1In (X;) is an unbiased estimator of #. Find a better one (one with smaller
variance). Is your estimator UMVU? Explain.

Solution:
f)=0-27% Lety=—Inz, = f(y) =0-exp(—yd) ~ exp(1/6)
E(—Inz;) = 3 = —Inz; is unbiased.
As f(z) =exp{—(1+0)> Inx; + nln} then x belongs exponential family and
natural parameter space contains interior, we have —» " | Inz; is sufficient and
complete.

And also <—Zl%> =0' By Lehmam-Scheffé theorem, —% is UNVUE.

This estimator is better than —Inz; as P (—Zl% # —1In x1> > 0.

7. As an example of an ad hoc (non-exponential-family) application of the Lehmann-
Scheffé argument, consider the following. Suppose that Xi, X, are iid with marginal
pmf on the positive integers

Flf) =T <z <
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for 6 a positive integer.

(a) Show that the statistic Y = max (X, X3) is both sufficient and complete. (Look
on the handouts for Bahadur’s Theorem and the Lehmann-Scheffé Theoremfor a
definition of completeness.) (Think about this problem in geometric terms (on

the grid of integer pairs in the (z1, z3)-plane) in order to work out the distribution
of Y .)

(b) Then argue that

is a UMVUE of 0.

(c) Note that I[X; = 1] is an unbiased estimator of . Rao-Blackwellize this using
Y . Is your resulting function of ¥ a UMVUE of §~'?

Solution:

(a) f(z1,2200) = 5 {1 <min(zy,22)} I {max (1, 22) < 0} . By factorization theo-
rem, Y = max (X, X») is sufficient for 6.
Suppose Egh (max (z1,22)) = 0,V0. = h(x1) P (1 > x3) + h(22) P (21 < x3) =

0.

for V6 > 1, P( > x5) = 4l > 0.
P($1<$2) 0 > 0.
=h(x))=0& h(zy) =0V0 > 1
for@zl,h( )Pg( 1 =22=1)=0
Then h (max (xl, mg))

=0. w.p.lVe
ie. Py(h(max(zy,22)) =0)=1 =Y =max (X, Xsy). is complete.

(b) P(maX(Xl,Xg):t):P(Xlgt,ngt)—P(Xl_t—l X2 t—l)
— 2 (=D e

Rk 0>~ 67 -

Consider § = 2X; — 1, which is an unbiased estimator.
E(2X1 — 1|Y = max (X17X2) = t) =2F (X1|Y = t) —1
=2{t-P(Xi=t]Y =t) + S, kP (X1 =k[Y =1)} — 1

X Xo< 1 kP(X1=k,X2=
:2{t. (1;5 t)+zt 1Y t)2 t)}_l

_ t/6* w2 _ 2 t(t—1) _ 3t2-3t+1
=2 {t' @@ T (32 1>92 —1=2 {2;1 + 2(27%1)} —1l= tztler :
2_ 3_(y—_1)3
= E(2X; —1]Y = max (X;, X,)) = 330 = ;gigz — ¢(Y),By Rao-
Blackwell theorem, g (Y') is UMVUE.

(c) E(I(X;=1)]Y =max(X,X)) =
of 7', by Rao-Blackwell theorem

. As I(X; = 1) is an unbiased estimator
is a UMVUE of 6.

’2Y1
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8. (Knight) Optional (not required but recommended) Suppose that X;, X5, ..., X,, are
iid exponential with mean [, i.e. with marginal density

falf) = 110 < a] 5 exp (—%)

Let

7(8) = exp (—g)

for some fixed number, t.( v (/) is the probability that X; > ¢ .)

(a) Show that for every 3, ", X; and X;/Y ., X; are independent random vari-
ables.

(b) Rao-Blackwellize 1| X1 > t] using the natural sufficient statistic here. Is the result
a UMVUE of v (8)? Explain.

Solution:

(a) X ~exp(f). = > X; ~ Gamma (n, 5) = > 5 X; ~ Gamma (n — 1, 5)
Also X7/ > 7 X; ~ Beta(1,n — 1), which is an ancillary statistic. And > 7 X is
a sufficient and complete statistic.
By Basu’s Theorem Y X; and X;/> 7 X, are independent.
Details for showing X/ ] X; ~ Beta(1,n — 1):
Let Y = XI/Z?XmX = X1

Xl = X 6<X1:ZSX2) B x
SIX, =X x0T axy] Ty
Then
fxy (z,y) = lengXi (aj, % — x) . %
_z(=y)

_1la/plafy—2)"%e ¥ a1 2 l1y)"? -
= g€ T(n—1)8""1 vZ = Tm-1)p" "o e vB
oo Z.nfl n—9o _ T

jf(y):fg Wy—n(l—y) e vBdx

- —P(njl)ﬁn St (1 - Y)" e tBdt = (n—1)(1—y)"
=Y ~ Beta(l,n —1)
(b) By exponential family, we have ) X; is complete and sufficient for 6 .

6(T) = E{I (21> 1) | Saik = Ploy > | L) = P (s > sl Do =T)

As ¥ follows Beta (1,n — 1) dsn

— [ L (=) Pde = (1— )"
T

T

=6(T)=(1- %)n_l is UMVUE for v (8) = exp (—é)

As I (z; > t) is an unbiased estimator of 7 (53), and T is complete & sufficient
statistics, then by Lehmann-Scheffé theorem 6 (T') = (1 — %)n_l is UMVUE.



