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STAT 543 Homework 5 Solution

1.
Problem 2.2.30
In the multinomial Example 2.2.8, suppose some of the n; are zero. Show that the MLE

n.

of 0,isOwithd, =, j =1,....k.
n
Hint: Suppose without loss of generality thatn, =n, =...=n, =0,n, , >0,...,n > 0.
Then
Kk
p(x.0)= ] 6"

j=0+1

, which vanishes if ¢, =0forany j=qg+1,...,k.

Solution:
Suppose without loss of generality that
n=n,=--=n,=0,n,,>0,..,n >0.
Then,
Kk
px.0)=1]6".
j=g+1
Then,
k
L (@)=, ..nlogd, 0e0={0:6,>0, Z, 0=
, With
_1 Zj =q+1 J (1)
Bysetting
n o6
x() (quﬂ,lg@) zjqﬂe 69 =0,j=q+1..k-1
n é. n
:>—’—n—":0:>T‘:—‘,j:q+l, k=1
0, 6 0, N
k-1 é n
=) ==—-1 2
Zl_q+19k nk ( )
~ n. -~ n.
Then, (1) & (2) :>0 LN =60,=—6,=—,j=0q+1...k
n v n
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Problem 2.2.35
Letg(x) = ;2 x € R, be the Cauchy density, let X, and X, bei.i.d. with
7(1l+Xx%)

density g(x—6),6 € R . Let x, and x, be the observations and setA = %(x1 —X,).

Letd = argmax L, (&) be “the” MLE.
(a) Show that if|A| <1, and then the MLE exists and is unique. Give the MLE
when|A| <1.
(b) Show that if|A| >1, and then the MLE is not unique. Find the values of &that

maximize the likelihood L, (¢) when|A| > 1.
Hint: Factor out (X — &) in the likelihood equation.

Solution:
Since Xy,Xz iid ~ g(z - 0) = ”(1+(1 - 9)2) , then
1 1
Lx(e): 2N\ 2
21+ (2, -0)) 7(1+ (2, -0))
I (0) = —log(ljt(scl -~ 9)2)—10g<1+(3c2 - 9)2)—210g(7z)
' 2(z, - 0) 2(z, - 0) _
O G or Tr(aor
= 2(z, - 0)+2(z, - 0)(x2—9) +2(:B2—9)+2(£E2—l9)($1—9)220
2(z, +x2—2<9)+2(x1 0)(z, — 0)(z, +z,—20) =
2(1+( )(z, —6)) (2, + 2, -20) =0 (1)
N 4{( 7y —iA}(m—&) 0

Where,

A=(:c1+sc2)2—4(:z:1:c2+1)
:(:131—:132)2—4
a) If|A|<1, ie. |z —2,|<2 then&z(xl—xQ)Q—élSO.
A<0 =1+(z,-60)(z,-0)=0 hasnorootin R
{A—O = 1+(z, —0)(z, —0) =0 has only root =7

(1) and (2) = I/ (8) = 0 has only one root 0= %(:171 +1,)=7
Check that
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Iy (0) = _2[1 + o - 9)2] +4(n - 0) ) —2[1+(x2 - 9)2] + 4(21-2 -0y

[1+(x1 _9)2] [1+(332 _.9)2]

C2(z -0y -2 2(z,-0) -2

e (e -0y ' [14(z, -0 ]

And

l;(é)z 2($1_é)2_2 + 2(%_9)2_2 _ (zl_x2)2_4

[1+(x1—é)2}2 [1+(g;2_g)2}2 {“WTQ

4
Hence, 6 = 7 is the MLE of 6 when|A| <1.

b)
If [A|>1ie. |z, —,|>2,thenA = (2, —2,) =4>0,
=  (6-z) _iA: 0 has 2 roots.
-7+ VA, 6, -7-1A
2 2
So, I} (@) = 0 has 3 roots.
é1=:f+%\/z, 4, =f—% A, O =7
Then,

(2, ~,) AY 1 2 =
Tl(xl,xQ) 1 +1 y - (2, —z,) -A
2
=[15+2j B CONy QIR COPY SRR O Gy gy
2 4 4 4
N 1 1 1
Ly (6) =
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T, (z,2,) =T, (2,2,) < T, (z,,,)
= Ly (6,) = Ly (,) > Ly (6,)

So, the MLE is not unique, andé,,,, = 7 + %\/Z and T — %\/Z .

Problem 2.2.39
Let X, denote the number of hits at a certain Web site on dayi,i =1,...,n. Assume

thatS = Z?:l X, has a Poisson, P(n4), distribution. On day n+1the Web Master decides

to keep track of two types of hits (money making and not money making).
LetV;andW, denote the number of hits of type 1 and 2on day j, j=n+1...,n+m.

Assume thatS, =" V,andS, = > " W, have P(m/) and P(m,) distributions,

where 4, + 4, = 4. Also assume that S, S, and S, are independent. Find the MLEs of
Aand 4, based onS,S;,andS, .

Solution:

5= z; z, ~ P(nk)

=2t~ P(mA) s =2 w, ~ P(mA,)
—-ni s —ma; 51 —mA, Sy

L, (1) = 2@ e mA )T e (md)

s! s, ! s, !
67(n+m)l (nﬂ)é _(mﬂl)sl ~(m/?2)52
- sls1s,!

(1) =—(m+m)A+slog(ni)+s log(ma )+ s,log(ma,) —log(s!) —log(s,!) —log(s,!)
ol s 5

L=—(+m)+ +—=0
04 A+
ol s s,

~=—(n+m)+ +—==0
04, A+ A



STAT 543 Homework 5 Solution Feb. 12”‘, 2005

Letjl—lzk:i—z =5 = Ak, s, = Ak
:>/11+ﬂ2:—81;282
= -(n+m)+ s =-k :>—8+31+32k=n+m
5‘1-|-82 81+82
:k:(81+52)(n+m)
8+81+82
:>,i1= 51(s+51+52)
(31+32)(n+m)
_ s(s+s +s,)
_(31+32)(n+m)
Check that
oL &, s s s
orr  ordk, | | (A+A) A (4 +4)
& o A R 8 85
0oL,  OA (4 +4) (A+4) 4
, satisfies:
(1)
Gzln__ S 8
or’  (M+A) A
62ln__ S S
0%’ (A +A) A
(2)
s T O I S
2 2
oA’ oAdA| | (A+A) A (4 +4)
ol || s I .
on01, 04 (4 +4) (A+4) 4

:L(M@)Z 7]'[(%”2)2 WJ_WM

2 5 3 7t —3,7 >0
A (A+A4) A (A+h) A4




STAT 543 Homework 5 Solution Feb. 12”‘, 2005

Problem 2
As in the first problem on Assignment 1, suppose that X,, X,,..., X, arei.i.d.exponential

with mean @. That is, suppose that the marginal pdf is
1 X
f(x]0)=1[x>0]=exp(——
(x|0)=1[x=0] ) n( 9)
Suppose further that what is observed is not the X, but ratherY,,Y,,...,Y,, for

Y, = X, rounded to the nearest integer
Write out an E-M algorithm for finding the MLE of #based on the available data.

Solution:
Let y, = [xl] = nearest integer number to z,

L(0|z)=f(z]6)=1I(minX(i)> 0)%@@(_ Z@xij

1(6) =-nlog(8)— % - log(I(minX(i) > 0))
ot olf) __n Xz

L —+—=0
o6 g 60
= =20
n
(E) Step:
y;+0.5
j‘ x ! exp(— v )dm
() (r)
E (:ZL' | )_ min(y;-0.5,0) 0 9
o \ L 1Y) = 7105
j ! exp(— v )dm
() (7)
min(y;-0.5,0) 0 0
(M) Setp:

0(7‘+1) — Zjlzl Eé‘” (xi |y1)

n

So the EM Algorithm is that choose initial value g, first, and then by repeating (E) step
and (M) step, we get a sequence of estimates 8°, r =1,2,--- until 8 satisfies some

convergence criterion, like |6 — 97| < 1077

Problem 3
Write out an E-M algorithm for finding the MLE of p based on all data collected
in the three studies mentioned in the 3™ problem of Assignment 1.

Solution:
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I;L?tz the # coutcome ++, n,, = # coutcome ++ in study ¢, 1=1,2,3
n, = the # coutcome +- n,, = # coutcome +- in study <, =123
n, = the # coutcome -+ n,, = # coutcome -+ in study ¢, =123
n, = the # coutcome -- n,, = # coutcome -- in study ¢, =123

My = MMy = DMy My = DMy, Ty = DMy,
Letp = (p,,,p,_,p_,,p_ ), then from example 2.2.8, and by pdf of multinomial,

n n n n
N _ 1 ~ _ 2 ~ _ 3 ~ _ 4

P = » Po = Py = » P_ = '
n

Observations we have:
study 1: n,, +n,, n, +n,

study 20 ny, + Ny, Mgy + 1y

study 3: nyy + Ny, Mg + 1y

(E) Step
For study 1:
)
E" (ny, | s =n, +ny)=(n, +n )p#
» 11 11 21 11 21) @™
Py T D
++p(r) +
) -
B (ny, | () = nyy +ny, ) = (nyy +1y)) o0 ;pm
+ +—
p(7‘)
B (ng | s(n) =nyg, +1ny,) = (ng, +1ny) o :pu-)
_+p(r) N
E;(;T) (n41 | s(n) =ny + n41) = (ng +ny) R _:pm
"+ pl
For study 2:
)
E" (ny, | sm)=ny, +ny) =(ny, +n )L
P 12 12 32 12 32 ) )
P, T D
Hp(r) ’
E(”(n‘ | s(n) =n,, +n. ):(n F Mgy )
» 32 12 32 12 32) ™
p,,. t D
Hp(r) :
By (ngy | () = Mgy + 15 ) = (Mg + 1) o0 :pm
+_p(r) -
B (nyy | 8() = Mgy +1myy) = (Mg + 1) T _:pm
o+ p

(M) Step:
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~A(r+1) _

E;()r) (7)) i)(r+1) Em (ny)

++ ) +-
n n
) )
~A(r+l) Ep, (nJ) A(r+l) Ep, (n4)
- - 9 p—— -
n n

So, the EM Algorithm is that choose an initial value p'® first, and then by repeating (E)
step and (M) step, we get a sequence of p™’, r=12,... until p” satisfies some

convergence criterion, like [p” — p"*™| <107 .

4,
Problem 3.2.1

Show that if X, ..., X is aN(@, c*) sample and r is the improper prior 7(8) =1,0 c ® =R,
then the improper Bayes rule for squared error loss is6 (X) =X .

Solution:
Given X,,.., X, ~i.i.d.N(8,5%), and the improper prior 7(9) =1,60 € ® =R , then

f (X X, | 0)7(0)

(01X, %) =
jo f (X, X, | 0)7(6)d6
@r0") exp{- 5 X, (% ~0)'}
[ "°(2w2)’g expfo—t 2> (% —6)%3do
0 lox !
(270?) 2 exp{— Z(x—x) +n(x-6)*}
. Z- (x, —X)*+n(X-6)*}do
S S —(9 _) B ~N0—
Ny exp{ } (ByX ~ N( )
So,

2

0%, X, ~ N(Y,%)

, and then the improper Bayes rule for squared error loss is
5" (X)=E(0]%,... %) =X.
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Problem 3.2.2
Let X,,..., X, be the indicators of n Bernoulli trials with success probability 6.

Suppose (6, a) is the quadratic loss (9 —a)* and that the prior z(6) is the beta, A(r,s),
density. Find the Bayes estimated éB of and write it as a weighted

average o, + (1— w) X of the mean 6, of the prior and the sample mean X = E Show
n

thatéB S+l for the uniform prior.

n+2

Solution:
Given X,,..., X, ~ i.i.d.Bernoulli(¢) , then
F (%o X |0) = 02" (1-6)" 2" 0< O <1.

And for the prior z(6) ~ Beta(r,s) ,

(X % | 0)7(0)
[ £ (%%, 10)2(6)d0

Z-Xi n—Z-Xi 1 r-1 s—1
0="(1-6 t——0""(1-0
-0y =" 550710

1 Zixi _ n—zixii r-1gq s—1
joe 1-0) B(r’s)e 1-60)"de

_ 1 Zixi+r—1 _ n+s—zix,—1
_B(Zixi+r,n+s—zixi)0 1-0)

O1%,... X, ~ Beta(Q X +r,n+s->" )
Then under the quadratic loss, the Bayes rule is

7(0] %1 X,) =

So,

. ~ X 4T
5 (x) =, = E0] )= 2Nt ST
n+r+S n+r+S

Let

r r+s
g,=——, and o=
r+s N+r+s

, then
5 (X) = 0w, + (1- w)X .
Especially, for uniform prior, since uniform is actually Beta(1,1) , then

. - X T
5 (0 =0, ~E(0] ) -2 S+
nN+r+s n+2
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Problem 3.2.3
In Problem 3.2.2 preceeding, five the MLE of the Bernoulli variance q(#) = #(1— ) and

five the Bayes estimate of q(&) . Check Whetherq(éB) =E(q(@)| X), where éB is the Bayes
estimate of 4.

Solution:

Op =T

E(q(@) | &) = q/(\H)MLE = éMLE (1 - 9MLE) =z (1-7)
q(93)=é3(1—93) 93=E(9|J;)

Since

0|z ~Beta(Xz, +r,n—s- ;)
E(0|z) =6, _mAr

n+s+r

)_ (le +T’)(ZIL’Y- +r+1)

C(n+s+r)(n+s+r+1)
E(q(0)|z)=E(0(1-0)|z)
=E(0|z)-E(0 | z)

Xz +r) o +r)(Xa, +r+1)

n+s+r (m+s+r)(n+r+s+1)

B Xz +r)(n+s— )

C(n+s+r)(n+r+s+1)

1(0) - (22 )1- 2ot
(Xa +r)(n+s=Faz) .

(n+s+1r)?

E(@2 | z

(¢(0)]z)

Problem 3.2.4
In the Bernoulli Problem 3.2.2 with uniform prior on the probability of success &, we

found thats—+:2lis the Bayes rule. In some studies (see Section 6.4.3), the
n+

parameter A = % , which is called the odds ratio (for success), is preferred to 4. If we

put a (improper) uniform prior on A, under what condition on S does the Bayes rule exist
and what is the Bayes rule?

-10 -
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Solution:
0X
By /v (y) = fy (® W‘ , We have
0 1
A=——&n(A)=1=7(0)= ——=,0<0<1
g ") =0y
f (510, 10)7(0) = 62" (1= 0) " 19)2 = 6% (1- )"

f(z),...x, | 0)7(0)
jf(xl,...xn\é’)ﬂ(@)dﬁ
Il () S 1

[ =0 T
=0|z,.z, ~ (X, +Ln-1-z)

f(0|z,...x,)z(0) =

. 02‘”1‘ (1 _ e)n—Q—Zw,

+1
B:E(e‘a:l’ n):Sn
in>0
That requiresy >z, +1>0 :>0<5<n—1,5=i:1;i
i=1
n—l—z.xi >0

Feb. 12", 2005
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