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1.
Problem 1.5.11
Let X;, X5..., X, be a sample form the uniform, U(0,8) distribution. Show that

X

(ny = Max {Xl.;l <i< n} 1s minimal sufficient for&.

Solution:
Since X}, X> ..., X, be a sample from the uniform, U(0,#) distribution, then

| 1
f(x|0)= ]:[51(0 <x <6f)= EI(O < xo ) (x,,, < 6).

Now, suppose 3k(x, ) >0, s.t.

JQ10)=k(x,y)f(x]0)
holds for V& ;
Le.
1 1
El(o < y(l))](y(n) <) = k(xay)ﬁl(o < x(l))[(x(n) <0)
holds for V& .
The above equality requires that x, =y, .Otherwise, if x, <y, , then

ford e (x y(n))andxl. >0&y,>0,i=1,..,n,LHS =0, but RHS:k(x,y)%>0; And if

(n)°

1
Xy > Vi 5 then when He(x(n),y(n)) and x,>0&y, >0,i=1,.,n , LHS:E>O ,
but RHS =0.
LetT(x) = X, , then the equality forces thatT(x) =T'(y) . So, T(x) = X, is minimal sufficient.

Problem 1.5.16
Let X, X5, ... X ; Y1.Y5,...,Y, , be independently distributed according to A (u,0°) and

N(n,7°) , respectively. Find minimal sufficient statistics for the following three cases:
(1) u,n,0,7 are arbitrary: —o < u,n < 0,0 < o, 7.

(i1) o=t and u,n,o are arbitrary.
(i11) u=n and u,o,7 are arbitrary.

Solution:
Since X,,..., X, ~iidN(u,6°),N(n,7°), and X,,..., X, &Y,,...,Y, are all independent, then
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1 ’ m m
Let 7 = (—2 r ) and T = () Y . 3 v Y ) then by
the property of exponential family, 7'(x) = (Z:il x7, ZZI X, Z:;l v, z; ¥,)'is the natural

AN N

sufficient statistics for7 = (— YTy R

: 1 1
Since —o< y,p< and o,7>0 , then 0<—,— <o, and oo<i2,i<oo , and
o T T
1 1 .
further —oo < Ryt < 0. We can see that the natural parameter space X of7 contains
o T

open rectangles, which implies that T(x)=(Q." x'.> " x,D>." y2,> " ) is also

minimal sufficient.

(ii)

1 m n m n
2 ’iz’%)’ - LetT(x) = (Zizl xiz + Zi:l yiz’zz‘:lxi’zz‘:l yi)' , then

by the property of exponential family, 7'(x) :(Z:;xf + ; ! ,Z;xl_,z; v,)'is the

. . - 1 ,
natural sufficient statistics for7 = (———; ,iz,iz
20 0" ©
. 1
Since —oo<u,p<oo and c>0 , then 0<— <o , and —oo<i2,l<oo , and
o oo

further

20
rectangles, which implies that 7(x)= (D" %/, >." x,>." yZ,>." ¥)'is also minimal
sufficient.
(iii)

- | 7}
Ifu=n, thenU:(—T‘z,?, pyeL 2) LetT(x)= (Z . l’z, 1 I’Z, Vi ,zl )
then by the property of exponential family, 7'(x) = (Z‘“:1 X; ,Zizl xi,zizl Yy, ,Zi:] v,) is

. . - I wu | 7]
the natural sufficient statistics for7 = (-——~,—,——,~)".
7=( 207 0* 217 72)

. . ’ !
Without loss of generality, forﬁz (X1 5eees X105 Vigoeees Vin) and&z (X 5evesXgps Varoeeos Vo) s
m m n n m m n n
2 2 2 2
DRI TEDNED NI 2, 2D
assumerM - ajm ’ yll - ym ’ xl/‘, - ajm and yh - ym :
=1 =1 =1 i=1 =1 =1 i-1 =1

Now suppose 3 k(z,,z,) > 0 s.t.
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f(wl ‘ 77) = f(% ’ﬁ)k(‘rla%)
hold for V. 77 = (i %,%,%)

, then

f(a 17) DI D WD IS ﬂ(Z%—Z%J ﬂ[Zyl —Z@/zj
= =exp| — i=1 i=1 _ =1 i=1 + i=1 i=1 + i=1 i=1

f(z, | 77) 20> 972 2 -

g e (Zy S )(1 ) ven

holds for V' z* > 0. This requlresZy = z Y,

i=1

holds for V&> > 0. This requiresz 5612 = Z If .

i=1 i=1

Further, known that i xi = i J:i and Zn: yi = Zn: yi
i=1 i=1
Z y - Z Y,

, let u=1, o’ —,;—,,L then

PRI
10 27
i=1 i=1

f(§1|77) ( _ j _J:
ety - HZn S ) rew
holds for ¥ 7° > 0. This requires Zy” zztyzi.

Zﬂ«“ —Z%,

Similarly, let u=1, A N - - , then

Z@/ —Zyb
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-l ) 2) e

holds for Vo? > 0. This requiresz“x1 => >z .
i=1

2i
i=1

3

From above, we see thatT(gl) = T(gz), and thus 1" = [Zn:Tl (XY.,),...,Zn:T,f (Xl.)j is minimal
i=1 i=1
sufficient.

Problem 1.6.2
Suppose X;, X, ..., X, is as in Problem /.5.3. In each of the cases (a), (b) and (c), show

that the distribution of X forms a one-parameter exponential family. Identify #, B, T, and
h.

Solution:

(a)

Since
p(x,0)=0"][x"" =exp{(6-D. Inx,+nln6},
i=1

let 7=60-1, T(x)=Y" Inx,, B(6)=-nln6,and h(x) =1, then

p(x,0) = h(x)exp{nT(x)+B(0)} .
So, X forms a one-parameter exponential family.

(b)

Since

p(x,0)= 9”61"1_[ x"" exp(—0x) = a”H x""exp {—02; x'+nlnb},
i=l i=1

let n=—-6, T(x)= 27 x‘, B(@)=—nIn@, and h(x)= a”l—[xi""l , then

=17

p(x,0) = h(x)exp{nT'(x)+B(0)} .
So, X forms a one-parameter exponential family.

(©)

Since

i=1

p(x,0)=0"a" /][ x“" =exp{~(0+1)D Inx,+nlnf+nblna},
i=1

Let n=—(0+1), T(x)=) " Inx,, B(f)=—-nIn@—-nblna,andh(x)=1, then

p(x,0) = h(x)exp{nT(x)+ B(0)},
So, X forms a one-parameter exponential family.
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Problem 1.6.5
Show that the following families of distributions are two-parameter exponential families
and identify the functions #, B, T, and A.

(a) The beta family.
(b) The gamma family.
Solution:
For Beta family,
1 a-1 -1
p(x,0)= x*1-x)"1(0<x<1)
B(a, p)

=exp{(a-DInx+(f-DIn(1-x)-InB(e, )} 1 (0 < x<1).
Let n=(a-1,5-1), T(x)=(nx,In(1-x))", B(n)=InB(a, ), andh(x)=1(0< x<1).
Considering that if 3¢y, c,,c,s.t.c/Inx+c, In(1-x)=c,1s true for allx €(0,1), then there
must existc, =c, =¢, =0, henceln x,In(l1 - x) are linearly independent. So, Beta family is
two-parameter exponential family.

(b)

For Gamma family,
1

I'(a)p*
= exp{(a—l)lnx—%lnx—lnl"(a)ﬂ“}l(x >0).

1
p(x,0)= x“ e PI(x>0)

Letn =(a —l,—%)' , T(x)=(nx,x)", B(n)=InT'(a)B*, and h(x) =I(x >0).

Considering that if 3c),c,c,st.c/lnx+c,x=c, is true for all x , then there must
existc, =c, =c, =0, hencelnx,xare linearly independent. So, Gamma family is two-

parameter exponential family.

Problem 1.6.6
Let X have the Dirichlet Distribution. D(a), of Problem 7.2.15. Show the distributions of

X form a n r-parameter exponential family and identify #, B, T, and A.

Solution:

For Dirichlet family,
- r o,

p(x,0) = exp{z,_] (a,=1)Inx, + ln%}I(O <X, < I,in =1).

i= ai

L ' ' F(Z ai)

et n=(o,-La,-1,..,a -1 , T(x)=(nx,..,Inx)" B(n):—lnH— ,
ai

andh(x)=1(0<x, <1,) x =1).
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Considering that if Elco,cl,...,crs.t.z ¢,Inx, =c, is true for all x , then there must
existc,=c¢, =---=c, =0, hencelnx, are linearly independent. So Dirichlet family is r-
parameter exponential family.

Problem 1.6.34
Let (X}, X5, ..., X,) be a stationary Markov chain with two states 0 and 1. That is,

P[Xi =& | X, =¢,., X, = 81'—1] = P[Xi =& | X, = g¢—1] =D e

1—

Do P
, Where ( » ] is the matrix of transition probabilities. Suppose further that
10 11
(i) pow=pu=p, so that pjp=po;=I-p.
1

(i1) P[Xle]:P[Xlzl]:E
(a) Show that if 0<p<I is unknown this is a full rank, one-parameter exponential
family with 7=Nyy+N;; where N =the number of transitions from i to j. For

example, 01011 has Ny;=2, N;;=1, Nyp=0, and N;p=1.
(b) Show that E(T)=(n-1)p (by the method of indicators or otherwise).

Solution:
(a) Introduce indicator series /,,k =1,...,n -1,

; {1 if x,,, has the same status with x,
k =

0 otherwise
Then by (1), we see that
P, =)=p
, and
P, =0)=1-p.

Let T'= Ny +N,, , N; = numbers of transition from 7 to ;.

ThenT = Ny, + N, =D I, ~ Bin(n—1,p);
And by the property of Markov Chain,

P(Xn7Xn—17"'7X1) = P(‘Xn |Xn—17Xn—2?"'7Xl)‘P(Xn—l?Xn—Z?"'?Xl)
= P(Xn | Xn—l)P(Xn—UXn—Q?""Xl)
= P(Xn | Xn—l)P(Xn—l | Xn—?) T P(XZ | Xl)P(Xl)’

,where X, =0,0rl i=1,...,n.As we know that P, = P,,=p, P,,= P,y =1 — p,
P(X X Xl) — pN()()+N11 (1 _ p>”—1—N00—N11 P(Xl)’

n? < tn=17"""

, where P(X, = 0) = P(X,= 1) = 1/2 is given.
So forx =(x,,...,x,)",
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P =0 (= py ™ 42 p (= py 1 0.1

= p" (1= py ] 1(x € 0.1)

= exp{Tln(l P )+(n—l)ln(1—p)}H](xi €{0,1})
4 i

Lety :1n(1L), T=T, B=—(n—1In(l- p), andh(x) = [ I(x, € {0,1}) .
-p i

So X is a full rank, one-parameter exponential family.
(b)
ET)=E(Y,1)=(n-DEI,)=(n-1p.

2. For the set-up of problem 1.6.34, drop assumption (i) so that this becomes a 2
parameter problem. Identify a minimal sufficient statistic here (argue that it is minimal
sufficient and describe it in simple terms).

Solution:
Drop assumption (i), then

n=1=Ngy =Ny =N,

1 1
S (x| Poo> D11) = (E"‘E)poonpuNn (l_poo)Nol (I-py)

Noo )”*I*NOO*NH*Nm

Ny Noi
=Py P (= pg) (A= pyy
Now suppose that JFk(x,y) >0 s.t.
S P> 1) =k(x,¥) [ (x| P> P11)
1.e.
l)()ONUO(x)l)1 ]N11 (x) (1 _ poo )NOI (x) (1 _ pl 1 )n—l—NOU(x)—N“(x)—NOl (x)
— k(x y)pOONOO(y)pllNH(y) (1 _ pOO)Nm(}’) (1 _ pll)”—I—NOO(Y)—NH(Y)—NM )
holds for Vp,,, p,, €(0,1).
This equality requires that Ny, (x) = Ny, (¥), N,,(x) = N,,(¥), Ny, (x) = N, (») .
(Otherwise, it is easy to give a counter-example.)
LetT(X) = (N, (X), N, (X),N, (X)), then T(X)1is minimal sufficient.

3. (Optional)

Suppose that®" = ® . Prove or give a counter-example for each of the following (where
you need a counter-example, a simple discrete one with finite parameter space like the
example Vardeman used to illustrate the Dynkin-Lehmann-Scheffe Theorem will be fine):

(a) T(X)is sufficient for # € ® = T(X)is sufficient ford € @
(b) T(X)is sufficient for § € ® = T(X)is sufficient for & € ®
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(c) Suppose that7'(X) is sufficient ford € ®
i) T(X)is minimal sufficient for € ® = T(X) is minimal sufficient for@ € ®"
ii) 7(X)is minimal sufficient for € ®" = T(X)is minimal sufficient for@ € @

Solution:
(a) T(X) is sufficient for & € ® means X|T = ¢ does not depend on all & € ®, obliviously, does

not depend those @ € ®,SoT (x) is sufficient for @ e Q.
(b) Not holds, look at an example. Consider X, ..., X, iid N(uo°), then the natural parameter

space is
H 1 j 2
O=<,- rueRo >0
{(0'2 20" # }

Then, the sufficient and minimal sufficient statistic isl" = (z %, Z x; J Now we are interested

inX, ---,X, i.i.d, N(u, 1), so the interested parameter space is
© ={(u-1):peR},
And the sufficient and minimal sufficient statistic are 7' = Z:IJZ . So T is sufficient for

0 € ® does not imply T'is sufficientd € O .
(c)

i) Not holds, consider the example in (b), T :(z :1;2,251;7) is minimal sufficient

for & € O does not imply 7T is sufficient ford € O .
i) Not holds, consider the example in (b), T = Zx7 is minimal sufficient for & € ®  does not

imply T'is sufficientd € © .

4.
Problem 1.5.12 (Optional)

Dynkin.Lehmann, ~Scheffés Theorem. Let P ={F,:6 € ®} where P, is discrete
concentrated on A={x; ,x,,...}. Let p(z,0) = P,[X =z]=L,(0) >0 on X. Show that
Ly ()

Ly (6,)
Hint: Apply the factorization theorem.

1s minimal sufficient.

Solution:

Since Vx €X, 6 € ©,L (0) > 0,s0 R(X,.) = Ly () is well defined.
Ly(6,)

UX0) = 2 Eh 10(6) 1) = 14(6)

, then by factorization theorem, R(X,.)is sufficient.
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For any other sufficient statistic 7, by factorization theorem, (X, 8) = g(T,0) h (z
Rxy ST _ olT)
9(T,0)h(z) ¢(T.6,)

L (.
So R(X,.)is a function of 7, and thus R(X,.) = x () is minimal sufficient.

Problem 1.6.15 (Optional)
Let P ={F,:0c®} where B, is discrete and concentrated on X={x,x,...}. And

let p(z,0) = P,[ X = z]. Show that if P is a (discrete) canonical exponential family
generated by (T,%) and &” # &, then T is minimal sufficient.

Hint: 861 51 x(n)=T,(X) - E,T,(X). Use Problem 1.5.12,

J
J

Solution:

The exponential family generated by (7% %) is h(x)e Tn=Aln ) by problem 1.5.12,
o7 n=Am)
R(X,n) = ———«

T'ro—Al1no)
e
is minimal sufficient, and Z(Y< ) is a function of 77

Sincez " # @, by corollary 1.6.1,

OLogL (m) _ pxy - p 1(x)
on
, and so
L X
on
L X
, thenT = OLogh (X,7) + E,T(X), which means that 77is a function of 2/ ¥ ).

So, 7Z’and Z(X< ), are equivalent, and hence 7’is minimal sufficient.

1.6.22 (Optional)
Let X, X,,...,.X, be a sample from the k-parameter exponential family distribution (1.6.10). Let

T :(ZT(X)ZJ;(X)j and let

S = {(771 (6),...,n,(0)):,0 € G)}

Show that if S contains a subset of k+1 vectors v, ..., v+, so that v, — v,,1 <7 < k, are not collinear

(linearly independent), then T is minimally sufficient for &
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Solution I:
As X< [.X, be sample from 4-parameters exponential family ,we have

p(X]6)=nX) exp{T'n - B(&’)}

Suppose S is a sufficient statistic for the sample exponential family> Then by factori
zation theorems

p(X | 0) = g(S | O)h(X)>
Thuse
p(X10) _ g(516) _ exp(Tn-B(0)) |
. - ool = exp(T'(n - n,) - BO) + B6,))
p(X|6) 9516, exp(Tn,—-B(b,)) ( ’ ’ )
by taking log of the above equation,
T (n-mn,)—B(6)+ B(6,) =log{g(S,0)/ g(S,6,)}. If S contains a subset of 4+ I

vectors ¢,</ /< v,,,, such that ,— ¢, I <7< £ are linearly independent, which means there
exist u, =m, —n, <1 < 75 fare linearly independent.. Then we can solve T =

(7]< 73<7< 7]) by & from the linear equation established. Thus 7" is minimal sufficient foré.

Solution II:
What we need to do is to show there is an open rectangle is & if such rectangle exists,

Then by theorem, the natural sufficient statistic is minimal sufficient. Since

v,c v, v, &S and S'is convex, then the convex combination of #, #,< [J< #,should still in

1 k
Slet A =—— Y vES
g k+1 ,Z(;
We will build an rectangle .4 with one acme is A4, and with length & > 0 but £is small

k

enough. The acme of 4is 4. = (@, [/ <a)l< a,= (For & j= 1/ 4 and 4, = 2/1].1)]..
7=0

We will show that such A > Qexists for every A, So there is an open rectangle in ¢ so

Z’is minimal sufficient.

To show A exists, we need to solve the linear function system,

1
1 1 .. 1)\(4A 1 0
Vi Ve U || A E+1 Vit O
= : -
Vo Vi Ut Um )| A, 1 y ay,
k+14

Since v,7— v,c [ < v, — w,0are linear independent ,so,

1 1 - 1 1 1 1
rank = rank =k+1
Uy U e Y 0 v,-v, ... v,—1,

10
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1 1 1
,s0 M = is invariable, so
0 v —v, Uy =Y
1
1 0
k+1 a7 4 '
A=M" . T M7 :L(, , 1)+M’1(0 a,
k+1
1 y Qy,
k+1~ "

Since ¢ is small enough, so 4 > 0 exists for all 4.

Feb. 2" 2005
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