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STAT 543 Homework 3 Solution 
 
 
 
1. 
Problem 1.5.11  
       Let X1, X2,…, Xn be a sample form the uniform, (0, )U θ  distribution. Show that 
 { }( ) max ;1n iX X i n= ≤ ≤  is minimal sufficient forθ . 
 
Solution: 
Since X1, X2 …, Xn be a sample from the uniform, (0, )U θ  distribution, then 

                           (1) ( )
1

1 1( | ) (0 ) (0 ) ( )
n

i nn
i

f x I x I x I xθ θ θ
θ θ=

= < < = < <∏ . 

Now, suppose ( , ) 0k x y∃ > , . .s t  
                           ( | ) ( , ) ( | )f y k x y f xθ θ=  
holds for θ∀ ; 
 i.e.  

                          (1) ( ) (1) ( )
1 1(0 ) ( ) ( , ) (0 ) ( )n nn nI y I y k x y I x I xθ θ
θ θ

< < = < <  

holds for θ∀ . 
The above equality requires that ( ) ( )n nx y= .Otherwise, if ( ) ( )n nx y< , then 

for ( ) ( )( , )n nx yθ ∈ and 0 & 0, 1,...,i ix y i n> > = , 0LHS = , but 1( , ) 0nRHS k x y
θ

= > ; And if 

( ) ( )n nx y> , then when ( ) ( )( , )n nx yθ ∈ and 0 & 0, 1,...,i ix y i n> > = , 1 0nLHS
θ

= > , 

but 0RHS = . 
Let ( )( ) nT x x= , then the equality forces that ( ) ( )T x T y= . So, ( )( ) nT x x= is minimal sufficient. 

 
 
 
Problem 1.5.16  
Let X1,X2,…,Xm ; Y1,Y2,…,Yn , be independently distributed according to N (µ,σ2) and 

2( , )N η τ  , respectively. Find minimal sufficient statistics for the following three cases: 
(i) µ,η,σ,τ are arbitrary: , , 0 ,µ η σ τ−∞ < < ∞ < . 
(ii) σ=τ and µ,η,σ are arbitrary. 
(iii) µ=η and µ,σ,τ are arbitrary. 
 
Solution: 
Since 2

1,..., ~ ( , )mX X iidN µ σ , 2( , )N η τ , and 1 1,..., & ,...,m nX X Y Y are all independent, then 
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2 2
2 2 1 12 2 2

1 1 2 2

( ) ( )
( ,..., , ,..., ) (2 ) ( ) ( ) exp{ }

2 2

m nm n m n
i ii i

m n

x y
f x x y y

µ µ
π σ τ

σ τ

+
− − −

= =
− −

= − −∑ ∑  

2 2
2 22

2 2 2 2 2 21 1 1 1

1 1(2 ) exp{ } exp{ }
2 2 2 2

m n
m m n n

i i i ii i i i

m n x x y yµ µ µ µπ
σ τ σ σ τ τ

+
−

= = = =
= − − ⋅ − + − +∑ ∑ ∑ ∑
(i) 

Let 2 2 2 2

1 1( , , , )
2 2

µ ηη
σ σ τ τ

′= − −� , and 2 2
1 1 1 1

( ) ( , , , )m m n n
i i i ii i i i

T x x x y y
= = = =

′= ∑ ∑ ∑ ∑ , then by 

the property of exponential family, 2 2
1 1 1 1

( ) ( , , , )m m n n
i i i ii i i i

T x x x y y
= = = =

′= ∑ ∑ ∑ ∑ is the natural 

sufficient statistics for 2 2 2 2

1 1( , , , )
2 2

µ ηη
σ σ τ τ

′= − −� .  

Since ,µ η−∞ < < ∞ and , 0σ τ > , then 2 2

1 10 ,
σ τ

< < ∞ , and 2 2,µ η
σ τ

−∞ < < ∞ , and 

further 2 2

1 1, 0
2 2σ τ

−∞ < − − < . We can see that the natural parameter spaceΣ ofη contains 

open rectangles, which implies that 2 2
1 1 1 1

( ) ( , , , )m m n n
i i i ii i i i

T x x x y y
= = = =

′= ∑ ∑ ∑ ∑ is also 
minimal sufficient. 
(ii) 

Ifσ τ= , then 2 2 2

1( , , )
2

µ ηη
σ σ σ

′= −� . Let 2 2
1 1 1 1

( ) ( , , )m n m n
i i i ii i i i

T x x y x y
= = = =

′= +∑ ∑ ∑ ∑ , then 

by the property of exponential family, 2 2
1 1 1 1

( ) ( , , )m n m n
i i i ii i i i

T x x y x y
= = = =

′= +∑ ∑ ∑ ∑ is the 

natural sufficient statistics for 2 2 2

1( , , )
2

µ ηη
σ σ σ

′= −� . 

Since ,µ η−∞ < < ∞ and 0σ > , then 2

10
σ

< < ∞ , and 2 2,µ η
σ σ

−∞ < < ∞ , and 

further 2

1 0
2σ

−∞ < − < . In this case the natural parameter space Σ ofη contains open 

rectangles, which implies that 2 2
1 1 1 1

( ) ( , , , )m m n n
i i i ii i i i

T x x x y y
= = = =

′= ∑ ∑ ∑ ∑ is also minimal 
sufficient. 
(iii) 

If µ η= , then 2 2 2 2

1 1( , , , )
2 2

µ µη
σ σ τ τ

′= − −� . Let 2 2
1 1 1 1

( ) ( , , , )m m n n
i i i ii i i i

T x x x y y
= = = =

′= ∑ ∑ ∑ ∑ , 

then by the property of exponential family, 2 2
1 1 1 1

( ) ( , , , )m m n n
i i i ii i i i

T x x x y y
= = = =

′= ∑ ∑ ∑ ∑ is 

the natural sufficient statistics for 2 2 2 2

1 1( , , , )
2 2

µ µη
σ σ τ τ

′= − −� . 

Without loss of generality, for 1 11 1 11 1( ,..., , ,..., )m nx x x y y ′= and 2 21 2 21 2( ,..., , ,..., )m nx x x y y ′= , 

assume
= =

≥∑ ∑1 2

2 2

1 1
i i

m m

i i

x x ,
= =

≥∑ ∑1 2

2 2

1 1
i i

n n

i i

y y , 
= =

≥∑ ∑1 2
1 1

i i

m m

i i

x x and 
= =

≥∑ ∑1 2
1 1

i i

n n

i i

y y .  

Now suppose 1 2( , ) 0k x x∃ >  s.t.  
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               ( ) ( ) ( )1 2 1 2| | ,f x f x k x xη η=� �   

hold for 2 2 2 2

1 1, , ,µ µη
σ τ σ τ
⎛ ⎞∀ = ⎜ ⎟
⎝ ⎠

�   

, then  
 

( )
( )

µ µ
η
η σ τ σ τ

= = = == = = =

⎛ ⎞⎛ ⎞ ⎛ ⎞
− −− −⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎜ ⎟= − − + +
⎜ ⎟
⎜ ⎟
⎝ ⎠

∑ ∑ ∑ ∑∑ ∑ ∑ ∑�
�

1 2 1 21 2 1 2

2 2 2 2

1 1 1 11 1 1 1 1
2 2 2 2

2

|
exp

| 2 2

i i i ii i i i

m m n nm m n n

i i i ii i i i

x x y yx x y yf x
f x

Let µ=0, 
1 2

1 2

2 2

2 1 1

2 2

1 1

i i

i i

n n

i i
m m

i i

y y

x x
σ = =

= =

−
=

−

∑ ∑

∑ ∑
, then 

( )
( )

( )
1 2

1 2 2
2

1 12

| 1exp 1 ,
| i i

n n

i i

f x
y y k x y

f x
η
η τ= =

⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + =⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠
∑ ∑

�
�

 

holds for 2 0τ∀ > . This requires
1 2

2 2

1 1
i i

n n

i i

y y
= =

=∑ ∑ . 

Similarly, let µ=0, 
1 2

1 2

2 2

2 1 1

2 2

1 1

i i

i i

m m

i i
n n

i i

x x

y y
τ = =

= =

−
=

−

∑ ∑

∑ ∑
, then  

( )
( )

( )
1 2

1 2 2
2

1 12

| 1exp 1 ,
| i i

m m

i i

f x
x x k x y

f x
η
η σ= =

⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + =⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠
∑ ∑

�
�

 

holds for 2 0σ∀ > . This requires
1 2

2 2

1 1
i i

m m

i i

x x
= =

=∑ ∑ . 

Further, known that 
1 2

2 2

1 1
i i

m m

i i

x x
= =

=∑ ∑ and
1 2

2 2

1 1
i i

n n

i i

y y
= =

=∑ ∑  

, let µ=1, 
1 2

1 2

2 1 1

1 1

i i

i i

n n

i i
m m

i i

y y

x x
σ = =

= =

−
=

−

∑ ∑

∑ ∑
, then 

( )
( )

( )
1 2

1
2

1 12

| 1exp 1 ,
| i i

n n

i i

f x
y y k x y

f x
η
η τ= =

⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + =⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠
∑ ∑

�
�

 

holds for 2 0τ∀ > . This requires 
1 2

1 1
i i

n n

i i

y y
= =

=∑ ∑ . 

Similarly, let µ=1, 
1 2

1 2

2 1 1

1 1

i i

i i

m m

i i
n n

i i

x x

y y
τ = =

= =

−
=

−

∑ ∑

∑ ∑
, then  
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                                  ( )
( )

( )
1 2

1
2

1 12

| 1exp 1 ,
| i i

m m

i i

f x
x x k x y

f x
η
η σ= =

⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + =⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠
∑ ∑

�
�

 

holds for 2 0σ∀ > . This requires
1 2

1 1
i i

m m

i i

x x
= =

=∑ ∑ . 

From above, we see that ( ) ( )1 2T x T x= , and thus ( ) ( )1
1 1

,...,
n n

i k i
i i

T T X T X
= =

⎛ ⎞
= ⎜ ⎟
⎝ ⎠
∑ ∑ is minimal 

sufficient. 
 
 

 
Problem 1.6.2  
Suppose X1, X2, …, Xn is as in Problem 1.5.3. In each of the cases (a), (b) and (c), show 
that the distribution of X forms a one-parameter exponential family. Identify η, B, T, and 
h. 
 
Solution: 
(a) 
Since   

                  1
1

1

( , ) exp{( 1) ln ln }
n

nn
i ii

i

p x x x nθθ θ θ θ−
=

=

= = − +∑∏ , 

let 1η θ= − , 
1

( ) lnn
ii

T x x
=

= ∑ , ( ) lnB nθ θ= − , and ( ) 1h x = , then 

                        ( , ) ( ) exp{ ( ) ( )}p x h x T x Bθ η θ= + . 
So, X forms a one-parameter exponential family. 
(b) 
Since 

                        1 1
1

1 1

( , ) exp( ) exp{ ln }
n n

nn n a a n a a
i i ii

i i

p x a x x a x x nθ θ θ θ θ− −
=

= =

= − = ⋅ − +∑∏ ∏ , 

let η θ= − , 
1

( ) n a
ii

T x x
=

=∑ , ( ) lnB nθ θ= − , and 1

1

( )
n

n a
i

i

h x a x −

=

= ∏ , then 

                        ( , ) ( ) exp{ ( ) ( )}p x h x T x Bθ η θ= + . 
So, X forms a one-parameter exponential family. 
(c) 
Since 

                       ( 1)
1

1

( , ) / exp{ ( 1) ln ln ln }
n

nn n
i ii

i

p x a x x n n aθ θθ θ θ θ θ+
=

=

= = − + + +∑∏ , 

Let ( 1)η θ= − + , 
1

( ) lnn
ii

T x x
=

= ∑ , ( ) ln lnB n n aθ θ θ= − − , and ( ) 1h x = , then 

                       ( , ) ( ) exp{ ( ) ( )}p x h x T x Bθ η θ= + , 
So, X forms a one-parameter exponential family. 
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Problem 1.6.5  
Show that the following families of distributions are two-parameter exponential families 
and identify the functions η, B, T, and h. 
(a) The beta family. 
(b) The gamma family. 
 
Solution: 
For Beta family, 

                   1 11( , ) (1 ) (0 1)
( , )

p x x x I x
B

α βθ
α β

− −= − < <  

                                     exp{( 1) ln ( 1) ln(1 ) ln ( , )} (0 1)x x B I xα β α β= − + − − − < < . 
Let ( 1, 1)η α β ′= − − , ( ) (ln , ln(1 ))T x x x ′= − , ( ) ln ( , )B Bη α β= , and ( ) (0 1)h x I x= < < . 
Considering that if 0 1 2 1 2 0, , . . ln ln(1 )c c c s t c x c x c∃ + − = is true for all (0,1)x∈ , then there 
must exist 0 1 2 0c c c= = = , hence ln , ln(1 )x x− are linearly independent. So, Beta family is 
two-parameter exponential family. 
(b) 
For Gamma family, 

                           
1

11( , ) ( 0)
( )

p x x e I xα β
αθ

α β

−
−= >

Γ
 

                                       1exp{( 1) ln ln ln ( ) } ( 0)x x I xαα α β
β

= − − − Γ > . 

Let 1( 1, )η α
β
′= − − , ( ) (ln , )T x x x ′= , ( ) ln ( )B αη α β= Γ , and ( ) ( 0)h x I x= > . 

Considering that if 0 1 2 1 2 0, , . . lnc c c s t c x c x c∃ + = is true for all x , then there must 
exist 0 1 2 0c c c= = = , hence ln ,x x are linearly independent. So, Gamma family is two-
parameter exponential family. 
 
 
 
Problem 1.6.6  
Let X have the Dirichlet Distribution. D(α), of Problem 1.2.15. Show the distributions of 
X form a n r-parameter exponential family and identify η, B, T, and h. 
 
Solution: 
For Dirichlet family, 

                        
1

( )
( , ) exp{ ( 1) ln ln } (0 1, 1)r i

i i i ii
i

p x x I x x
α

θ α
α=

Γ
= − + < < =∑∑ ∑∏

. 

Let 1 2( 1, 1,..., 1)rη α α α ′= − − − , 1( ) (ln ,..., ln )rT x x x ′= , 
( )

( ) ln i

i

B
α

η
α

Γ
= − ∑

∏
, 

and ( ) (0 1, 1)i ih x I x x= < < =∑ . 
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Considering that if 0 1 0, ,..., . . lnr i ic c c s t c x c∃ =∑ is true for all x , then there must 
exist 0 1 0rc c c= = = =" , hence ln ix are linearly independent. So Dirichlet family is r-
parameter exponential family. 
 
 
 
Problem 1.6.34  
Let (X1, X2,…,Xn) be a stationary Markov chain with two states 0 and 1. That is, 

[ ] [ ]
11 1 1 1 1 1 ,| ,..., |

i ii i i i i i i iP X X X P X X pε εε ε ε ε ε
−− − − −= = = = = = =  

, where 
00 01

10 11

p p
p p
⎛ ⎞
⎜ ⎟
⎝ ⎠

 is the matrix of transition probabilities. Suppose further that 

(i) p00=p11=p, so that p10=p01=1-p. 

(ii) [ ] [ ]1 1
10 1
2

P X P X= = = =  

(a) Show that if 0<p<1 is unknown this is a full rank, one-parameter exponential 
family with T=N00+N11 where ijN ≡ the number of transitions from i to j. For 
example, 01011 has N01=2, N11=1, N00=0, and N10=1. 

(b) Show that E(T)=(n-1)p (by the method of indicators or otherwise). 
 
Solution: 

(a) Introduce indicator series , 1,..., 1kI k n= − , 

                             k+1 k1 if  x  has the same status with x   
0kI

otherwise
⎧

= ⎨
⎩

 

Then by (i), we see that  
                             ( 1)kP I p= =  
, and 
                             ( 0) 1kP I p= = − . 
Let 00 11T N N= +  , ijN ≡ numbers of transition from i to j.                             

Then 00 11 ( 1, )kk
T N N I Bin n p= + = −∑ ∼ ; 

And by the property of Markov Chain, 
 

1 1 1 2 1 1 2 1

1 1 2 1

1 1 2 2 1 1

( , ,..., )  ( | , ,..., ) ( , ,..., )

 ( | ) ( , ,..., )

 ( | ) ( | ) ( | ) ( ),

n n n n n n n

n n n n

n n n n

P X X X P X X X X P X X X

P X X P X X X

P X X P X X P X X P X

− − − − −

− − −

− − −

=

=

= ⋅ ⋅ ⋅
 

, where 0, 1iX or= 1,...,i n= .As we know that P00 = P11 = p, P10 = P01 = 1 − p, 

     00 11 00 111
1 1 1( , ,..., )  (1 ) ( ),N N n N N

n nP X X X p p P X+ − − −
− = −  

, where P(X1 = 0) = P(X1 = 1) = 1/2 is given.  
So for 1( ,..., )nx x x ′= , 
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              1 11 1( | ) { (1 ) (1 ) } ( {0,1})
2 2

T n T T n T
i

i

f x p p p p p I x− − − −= − + − ∈∏  

                            

1(1 ) ( {0,1})

exp{ ln( ) ( 1) ln(1 )} ( {0,1})
1

T n T
i

i

i
i

p p I x

pT n p I x
p

− −= − ∈

= + − − ∈
−

∏

∏
 

Let ln( )
1

p
p

η =
−

, T T= , ( 1) ln(1 )B n p= − − − , and ( ) ( {0,1})i
i

h x I x= ∈∏ . 

So X is a full rank, one-parameter exponential family. 
(b) 
               ( ) ( ) ( 1) ( ) ( 1)k kk

E T E I n E I n p= = − = −∑ . 
 
 
 
2. For the set-up of problem 1.6.34, drop assumption (i) so that this becomes a 2 
parameter problem. Identify a minimal sufficient statistic here (argue that it is minimal 
sufficient and describe it in simple terms). 
 
Solution: 
Drop assumption (i), then 

               00 01 00 11 0111 1
00 11 00 11 00 11

1 1( | , ) ( ) (1 ) (1 )
2 2

N N n N N NNf x p p p p p p − − − −= + − −  

                                     00 01 00 11 0111 1
00 11 00 11(1 ) (1 )N N n N N NNp p p p − − − −= − −  

Now suppose that ( , ) 0k x y∃ > . .s t  
                  00 11 00 11( | , ) ( , ) ( | , )f y p p k x y f x p p=  
i.e. 
                  00 01 00 11 0111( ) ( ) 1 ( ) ( ) ( )( )

00 11 00 11(1 ) (1 )N x N x n N x N x N xN xp p p p − − − −− −  
               00 01 00 11 0111( ) ( ) 1 ( ) ( ) ( )( )

00 11 00 11( , ) (1 ) (1 )N y N y n N y N y N yN yk x y p p p p − − − −= − −  
holds for 00 11, (0,1)p p∀ ∈ . 
This equality requires that 00 00 11 11 01 01( ) ( ), ( ) ( ), ( ) ( )N x N y N x N y N x N y= = = . 
(Otherwise, it is easy to give a counter-example.) 
Let 00 11 01( ) ( ( ), ( ), ( ))T X N X N X N X= , then ( )T X is minimal sufficient. 
 
 
 
3. (Optional) 
Suppose that *Θ ⊂ Θ . Prove or give a counter-example for each of the following (where 
you need a counter-example, a simple discrete one with finite parameter space like the 
example Vardeman used to illustrate the Dynkin-Lehmann-Scheffe Theorem will be fine): 
(a) ( )T X is sufficient for θ ∈Θ ⇒ ( )T X is sufficient for *θ ∈Θ  
(b) ( )T X is sufficient for *θ ∈Θ ⇒ ( )T X is sufficient for θ ∈Θ  
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(c) Suppose that ( )T X is sufficient forθ ∈Θ  
   i) ( )T X is minimal sufficient for θ ∈Θ ⇒ ( )T X is minimal sufficient for *θ ∈Θ  
   ii) ( )T X is minimal sufficient for *θ ∈Θ ⇒ ( )T X is minimal sufficient forθ ∈Θ . 
 
Solution: 
(a)  T(X) is sufficient for θ ∈ Θmeans X|T = t does not depend on all θ ∈ Θ , obliviously, does 
not depend those *θ ∈ Θ , So T(x) is sufficient for *θ ∈ Θ . 
(b) Not holds, look at an example. Consider X1, …,Xn, i.i.d, N(µ,σ2), then the natural parameter 
space is 

   2
2 2

1, : , 0
2

Rµ µ σ
σ σ

⎧ ⎫⎛ ⎞Θ = − ∈ >⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

 

Then, the sufficient and minimal sufficient statistic is 2,
i iT x x⎛ ⎞

= ⎜ ⎟
⎝ ⎠
∑ ∑ . Now we are interested 

in X1, · · · ,Xn, i.i.d, N(µ, 1), so the interested parameter space is      
   { }* ( , 1) : Rµ µΘ = − ∈ , 

And the sufficient and minimal sufficient statistic are iT x= ∑ . So T is sufficient for 
*θ ∈ Θ does not imply T is sufficientθ ∈ Θ . 

(c)  

i) Not holds, consider the example in (b), 2,
i iT x x⎛ ⎞

= ⎜ ⎟
⎝ ⎠
∑ ∑  is minimal sufficient 

forθ ∈ Θ does not imply T is sufficient for *θ ∈ Θ . 
ii) Not holds, consider the example in (b), iT x= ∑  is minimal sufficient for *θ ∈ Θ does not 

imply T is sufficientθ ∈ Θ . 
 
 
 
4. 
Problem 1.5.12 (Optional)  
Dynkin.Lehmann, Scheffés Theorem. Let { }θ θ= ∈ Θ:P P  where Pθ  is discrete 

concentrated on X={x1 ,x2,…}. Let [ ]( , ) ( ) 0xp x P X x Lθθ θ≡ = ≡ >  on X. Show that 

0

(.)
( )
X

X

L
L θ

 is minimal sufficient. 

 Hint: Apply the factorization theorem. 
 
Solution: 

Since ∀ x ∈X, , ( ) 0xLθ θ∈ Θ > , so 
0

(.)( ,.)
( )
X

X

LR X
L θ

=  is well defined. 

                                         0 0
0

(.)( , ) ( ), ( ) ( )
( )
X

X X
X

LL X L h x L
L

θ θ θ
θ

= =  

, then by factorization theorem, ( ,.)R X is sufficient. 
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For any other sufficient statistic T,  by factorization theorem, ( ) 1( , ) , ( )L X g T h xθ θ= , so 

   1

0 1 0

( ,.) ( ) ( ,.)( ,.)
( , ) ( ) ( , )
g T h x g TR X
g T h x g Tθ θ

= = , 

So ( ,.)R X is a function of T, and thus 
0

(.)( ,.)
( )
X

X

LR X
L θ

=  is minimal sufficient. 

 
 
 
Problem 1.6.15 (Optional)  
Let { }θ θ= ∈ Θ:P P  where Pθ  is discrete and concentrated on X={x1,x2,…}. And 

let [ ]( , )p x P X xθθ = = . Show that if P is a (discrete) canonical exponential family 
generated by (T,h) and 0ε ≠ ∅ , then T is minimal sufficient. 

   Hint: log ( ) ( ) ( )X j j
j

L T X E T Xηη
η

∂
= −

∂
. Use Problem 1.5.12. 

 
Solution: 
The exponential family generated by (T/ h) is

' ( )( ) T Ah x e η η− , by problem 1.5.12, 

                                       

'

'
0 0

( )

( )
( , )  

T A

T A

eR X
e

η η

η η
η

−

−
= / 

is minimal sufficient, and R(X/.) is a function of T. 

Since 0 ≠ ∅∑ , by corollary 1.6.1, 

                                       
( ) ( ) ( )XLogL

T X E T Xη
η

η
∂

= −
∂

 

, and so 

                                      
( ),

( ) ( )XLogR X
T X E T Xη

η
η

∂
= −

∂
 

, then
( )

η
η

η
∂

= +
∂

,
( )XLogR X

T E T X , which means that T is a function of R(X/.). 

So, T and R(X/.), are equivalent, and hence T is minimal sufficient. 

 
 
 
 
1.6.22 (Optional)  
Let X1,X2,…,Xn be a sample from the k-parameter exponential family distribution (1.6.10). Let 

( ) ( )1
1 1

,...,
n n

i k i
i i

T T X T X
= =

⎛ ⎞
= ⎜ ⎟
⎝ ⎠
∑ ∑  and let 

( ) ( )( ){ }1 ,..., :,kS η θ η θ θ= ∈ Θ  

Show that if S contains a subset of k+1 vectors v0,…,vk+1 so that 0,1 ,iv v i k− ≤ ≤ are not collinear 
(linearly independent), then T is minimally sufficient for θ. 
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Solution I: 
As X1/ �Xn be sample from k-parameters exponential family ,we have 

                              ( ) { }'| ( )exp ( )p X h X T Bθ η θ= −  

Suppose S is a sufficient statistic for the sample exponential family1 Then by factori

zation theorem/  

                               ( | ) ( | ) ( )p X g S h Xθ θ= � 1  
Thus/ 

( )
'

'
0 0'

0 0 0 0

( | ) ( | ) exp( ( )) exp ( ) ( ) ( )
( | ) ( | ) exp( ( ))
p X g S T B T B B
p X g S T B

θ θ η θ η η θ θ
θ θ η θ

−
= = = − − +

−
/ 

by taking log of the above equation, 

( ) { }' ( ) ( ) log ( , )/ ( , ) .T B B g S g Sη η θ θ θ θ0 0 0− − + = If S contains a subset of k + 1 

vectors v0/�/ vk+1, such that vi − v0, 1 ≤ i ≤ k are linearly independent, which means there 

exist i iu η η0= − / 1 ≤  i ≤  k are linearly independent.. Then we can solve T = 

(T1/ T2/�/ Tk) by S from the linear equation established. Thus T is minimal sufficient forθ. 

 
Solution II: 
What we need to do is to show there is an open rectangle is S, if such rectangle exists, 

Then by theorem, the natural sufficient statistic is minimal sufficient. Since 

v0/ v1/�/ vk ∈S and S is convex, then the convex combination of v0/ v1/ �/ vk should still in 

S, let 0
0

1
1

k

i
i

A v
k =

=
+ ∑ ,vi∈S. 

We will build an rectangle A with one acme is A0�and with length ε > 0 but ε is small 

enough. The acme of A is Ai = (a1/ � / ak)�/ aj = 0/ or ε/  j = 1/�/ k. and 0
0

k

j j
j

A vλ
=

= ∑ . 

We will show that such 0λ > exists for every Ai. So there is an open rectangle in S, so 

T is minimal sufficient. 

To showλ  exists, we need to solve the linear function system, 

0

1
101 11 1 1

0 1

1
01 1 ... 1 1

... 1

1
1

j
k

kk k kk k
jk

v av v v k

av v v
v

k

λ

λ

λ

⎛ ⎞
⎜ ⎟⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟
⎜ ⎟⎜ ⎟ +⎜ ⎟ ⎜ ⎟= +⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎜ ⎟⎜ ⎟+⎝ ⎠

∑

∑

## # % # ##
"

 

Since v1�− v0/ � / vk − v0�are linear independent ,so, 

0 1 1 0 0

1 1 11 1 1
1

0k k
rank rank kv v v v v v v

⎛ ⎞⎛ ⎞⎛ ⎞⎛ ⎞
⎜ ⎟= = +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠

""
… …  
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, so 
1 0 0

1 1 1

0 k
M

v v v v
⎛ ⎞

= ⎜ ⎟⎜ ⎟− −⎝ ⎠

"
…  is invariable, so 

( ) ( )
1

' '11 1 1
1

1
01

1 1 1, , 1 0
1

1
1

j

k

k
jk

v ak
M M M a a

k
a

v
k

λ − − −

⎛ ⎞
⎜ ⎟ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎜ ⎟+ ⎜ ⎟= + = +⎜ ⎟ ⎜ ⎟ +⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟

⎝ ⎠⎜ ⎟⎜ ⎟+⎝ ⎠

∑

∑

" "
##

 

Since ε  is small enough, so 0λ >  exists for all Ai. 
 


