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STAT 543 Homework 4 Solution 
 
 
1. 
Problem 2.1.2 
Consider n systems with failure times 1,..., nX X assumed to be independent and identically 
distributed with exponential, ( )λΣ , distributions. 

(a) Find the method of moments estimate ofλ based on the first moment. 
(b) Find the method of moments estimate ofλ based on the second moment. 
(c) Combine your answers to (a) and (b) to get a method of moment estimate 

ofλ based on the first two moments. 
(d) Find the method of moments estimate of the probability that one system 

will last at least a month. 
1(P X ≥1)

 
Solution: 

, then Since 1,..., . . ( )nX X i i d λΕ
∼

                             1
1( ) xf x e λλ −= ,  0x >

, and  

                  1 0

(2) 1( ) xE X x e dxλλ
λ λ

∞ − Γ
= =∫ =  

, and 

                   2 2
1 2 2

(3) 2( ) xE X x e dxλλ
λ λ

− Γ
= =∫ = . 

(a) The method of moments estimate ofλ based on the second moment is 

                 
1

1
n

ii

n
x x

λ
=

= =
∑

�  

(b) The method of moments estimate ofλ based on the second moment is 

                 
2

1

2
n

ii

n
x

λ
=

=
∑

�  

(c) From 2 2 2
22 2

1λ λ λ µ µ= − = − , the method of moments estimate ofλ based on the 
first two moments is 

                 
2 2 2 2

1 1

1 1
1 1 1( )n n

i ii i 1

n
ii

x x x
n n n

λ

= =

= =
− −∑ ∑ ∑

�

x
=

. 

(d) Since 1 1
( 1) xP X e dx eλ λλ

∞ −≥ = =∫ −

1)

, then the method of moments estimate 

of that one system will last at least a month is 1(P X ≥

                 1( 1)
ii

x
x nP X e e

−−
∑

≥ = =� . 
 

 - 1 -



                                                         STAT 543 Homework 4 Solution     Feb. 10th, 2005 

 
 

Problem 2.1.3 
Suppose that . . .i i d 1,..., nX X have a beta, 1 2( , )β α α distribution. Find the method of 
moments estimates of 1 2( , )α α α= based on the first two moments. 
Hint: See Problem B.2.5. 
 
Solution: 
Known that for 1 2( , )Beta α α distribution, there exist 

                        1

1 2

( )E X α
α α

=
+

  

, and                

                        2( )E X =
1 1

1 2 1 2

( 1)
( )( 1)

α α
α α α α

+
+ + +  

, then by  

1

1

2 1 11
11 2

21 2

1 1 1 2 1
2 2 2

1 2 1 2 2

( )

( 1) ( )(
( )( 1)

µ µ µα αµ
µ µα α

α α µ µ µµ α
α α α α µ µ

−⎧⎧ == ⎪⎪ −+⎪ ⎪⇒⎨ ⎨+ 1)− −⎪ ⎪= =
+ + +⎪ ⎪ −⎩ ⎩

 

Then, plug in
1

1 n

ixn∑ , and 2

1

1 n

ixn∑  for 1µ  and 2µ , we get the method of moment estimate 

for 1 2( , )α α α= .as 

α

α

⎧ −⎪
=⎪

−⎪⎪
⎨
⎪ − −
⎪ =
⎪ −⎪⎩

∑ ∑ ∑

∑ ∑

∑ ∑ ∑

∑ ∑

�

�

2

1
2 2

2

1

2
2 2

1 1 1
( )

1 1
( )

1 1 1
( )(

1 1
( )

i i ii i i

i ii i

i i ii i i

i ii i

x x x
n n n

x x
n n

x x x
n n n

x x
n n

1)
. 

 
 
 
 
 
Problem 2.1.11 
In Example 2.1.2 with ( , )X α λΓ∼ , find the method of moments estimate based 
on 1µ̂ and 3µ̂ . 
Hint: See Problem B.2.4. 
 
Solution: 
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For (gamma , )α λ  distribution, 
( )

α
α λλ

α
− −= >

Γ
1( ) , 0xf x x e x  

( )
( )

αµ
λ

α α α αµ
α λ λ

⎧ = =
⎪⎪⇒ ⎨ Γ + + +⎪ = = =
⎪ Γ⎩

1

3
3 3 3

Ex

3 ( 1)(
Ex

2)
 

⇒     
µ µ µ µ

α
µ µ

− + +
=

−

3 6 3
1 1 1

3
1 3

3 8

2( )
3  

, and 
µ µ µ µ

λ
µ µ

− + +
=

−

2 4
1 1 1

3
1 3

3 8

2( )
3  

By plug in ∑
1

1 n

ixn
and ∑ 3

1

1 n

ixn
for 1µ and 3µ , we get the MOM estimates for α andλ as 

 

             α

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠=
⎛ ⎞

−⎜ ⎟
⎝ ⎠

∑ ∑ ∑ ∑

∑ ∑

3 6 3

3

1 1 1
3

3

1 1

1 1 1 1
3 8

ˆ
1 1

2( )

n n n

i i i

n n

i i

x x x
n n n n

x x
n n

1

( )
n

ix

 

, and 

             λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛
− + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝=
⎛ ⎞ ⎛ ⎞

−⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑ ∑ ∑ ∑

∑ ∑

2 4

3

1 1 1
3

3

1 1

1 1 1 1
3 8

ˆ
1 1

2( )

n n n

i i i

n n

i i

x x x
n n n n

x x
n n

⎞
⎟
⎠1

n

ix

. 

 
 
 
 
 
Problem 2.2.10 
Let 1,..., nX X denote a sample from a population with one of the following densities or 
frequency functions. Find the MLE ofθ . 
(a) (Exponential density) ( , ) , 0; 0.xf x e xθθ θ θ−= ≥ >
(b) ( 1)( , ) , ;f x c x xθ θθ θ − += c≥ c constant>0; 0.θ > (Pareto density) 
(c)  
 
Solution: 
(a).  
                         ( | ) ( )ixnf x e Lθθ θ θ− ∑= =  
                         θ θ θ= − ∑A( ) log( ) in x  
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                         θ
θ θ

= = − = ⇒ = ∑∑AA' ˆ0 i
i

xd n
x

d n
 

Check that 2 0n
θ

′′ = − <A , which indicates thatθ̂ reaches the maximum of A . 

Hence, ˆ ix

n
θ = ∑  is the MLE ofθ . 

(b). 
                           θθθ θ − +

= ∏ ( 1)
( | ) n n

if x c x  

                            θ θ θ θ= + − + ∑A
1

( ) log log ( 1) log
n

in n c x

                           
θ θ

θ

= = + − =

−
⇒ =

∑

∑

AA'

1

log log 0

log log
ˆ

i

n

i

d n
n c x

d

x n c

n

 

Check that 2 0n
θ

′′ = − <A , which indicates thatθ̂ reaches the maximum of A . 

Hence, ˆ ix

n
θ = ∑ is the MLE ofθ . 

(c) 
                     [ ]θ θ θ θ− +

= ⋅ ≥ >∏ ( 1)
( | ) 1 min( ) , 0; 0

cn nc
i if x c x x c >  

ˆ min( )ixθ⇒ = is the MLE of θ , since ncθ is an increasing function of θ . 
(d) 

         θθ θ −
= ∏ 1

2( | )
n

if x x  

                    θ θ= + − ∑A log ( 1) log
2 i

n
x  

                    
θ θ

= + =∑A' 1
log 0

2 2 i

n
x  

               θ
−

⎛ ⎞
⇒ = ⎜ ⎟⎜ ⎟

⎝ ⎠

∑
2

logˆ ix

n
 

Check that 32
2

1 log 0
2 4

ii

n x
θ

θ
′′ = − − <∑A . 

So, θ
−

⎛ ⎞
= ⎜⎜
⎝ ⎠

∑
2

logˆ ix

n
⎟⎟ is the MLE ofθ . 

(e) 

                    ( )
2

2
2

( | ) exp
2

in
i

x
f x xθ θ

θ
− ⎛ ⎞

= ⋅ −⎜ ⎟⎜ ⎟
⎝ ⎠

∑∏  
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                    θ
θ

= − − +∑ ∑A
2

2
2 log log

2
i

ii

x
n x  

                      
θ θ

= − + =∑A
2

'
3

2
0ixn  

                ⇒  
2

ˆ
2

i
x

n
θ = ∑  

Check that
2

2 4

32 ii
xn

θ θ
′′ = − ∑A and

2 2 2 2

2 2 22 4

32 4 12 8ˆ( ) 0ˆ ˆ
ii

i i ii i i

xn n n n
x x x

θ
θ θ

′′ = − = − = − <∑
∑ ∑ ∑

A . 

Hence, 
2

ˆ
2

i
x

n
θ = ∑ is the MLE ofθ . 

 (f). 
            ( )θ θ θ− −

= − ∑∏ ( 1)
( | ) exp

cn n c
i if x c x x  

             θ θ= − + − −∑ ∑log( ) log ( 1) logc
i ii

l n x n c c x

            θ
θ

= − = ⇒ =∑ ∑
A' ˆ0c

i c
i

n n
x

x
 

Check that 2 0n
θ

′′ = − <A . 

Hence, θ =
∑

ˆ
c
i

n
x

is the MLE ofθ . 

 
 
 
 
Problem 2.2.14 
If in Example 2.1.5 show that no maximum likelihood estimate of1n = 2( , )θ µ σ= exists. 
 
Solution: 

When
2

22

1 ( )1, ( , ) exp{ }
22

xn L x µθ
σπσ
−

= = − , 

2
2

2

1 ( )( , ) ln 2 ln
2 2

xx µθ π σ
σ
−

= − − −                  A . 

Since is an open set in , the maximum can not be attained at 
the bound of . 

2 2{( , ), , 0}u uσ σΘ = ∈ >\ 2\
Θ

       ( ) 2

2 2 2

, 1 1 ( ) 0
2 2

x xθ µ
σ σ η

∂ −
= − + =

∂
A

                                                    (1) 

       ( )
2

, ( ) 0
x xθ µ
µ σ

∂ −
= − =

∂
A

                                                                 (2) 
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From (2), it requires x µ= , however (1) cannot be solved if x µ= . So, there is no 
maximum in the interior of . Hence, there is not MLE of Θ 2( , )θ µ σ= if n=1. 
 
Or you can think this way: 

Let 1ˆ xµ = , the 1
( | )

2
f x θ

πσ
= → ∞  when 0σ → . 

So no maximum of likelihood function exists, so no MLE of 2( , )θ µ σ=  exists. 
 
 
 
 
Problem 2.2.17 Censored Geometric Waiting Times 
If time is measured in discrete periods, a model that is often used for the time X to failure 
of an item is 
                                      , where1[ ] (1 ), 1, 2,kP X k kθ θ θ−= = − = ... 0 1θ< < .  
Suppose that we only record the time of failure, if failure occurs on or before time r an 
otherwise just note that the item has lived at least ( 1r )+ periods. Thus, we 
observe which are independent, identically distributed, and have common 
frequency function, 

1,..., nY Y

           1( , ) (1 ), 1,...,kf k kθ θ θ−= − = r  

           ( )1
1

( 1, ) 1 [ ] 1 1r k r
k

f r P X rθθ θ θ−
=

+ = − ≤ = − − =θ∑ . 
 
(We denote by “r+1” survival for at least (r+1) periods.) Let M=number of indices I such 
that . Show that the maximum likelihood estimate of1iY r= + θ based on is 1,..., nY Y

     1

1

ˆ( )

n

i
i
n

i
i

Y n
Y

Y M
θ =

=

−
=

−

∑

∑
. 

Solution: 
1( 1 | ) ir yf r θ θ θ −+ = =  if 1iy r= + . Then the likelihood function Note that 

                               
1 1

1

( 1) ( 1)

( 1)

(1 )

(1 )

M n

i i
M

n

i

y y
n M

y
n M

L θ θ θ

θ θ

+

− −
−

−
−

∑ ∑
= −

∑
= −

                              θ θ
=

= − + − −∑A
1

( 1)log ( )log(1 )
n

i
i

y n M  

                              
θ θ

=

−
−

= +
−

∑
A' 1

( 1)
( )

0
1

n

i
i

y
M n

=  
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                        ⇒θ =

=

−
=

−

∑

∑
1

1

ˆ

n

i
i
n

i
i

y n

y M
 

Check that 2 2

( 1) ( )
(1 )

ii
y M n
θ θ

− −′′ = − +
−

∑A  

, and then

3

1
2 2

1

( )( 1) ( )ˆ( ) 0ˆ ˆ(1 ) ( )( )

n

i
ii i

n

i
i

y My M n

M n y n
θ

θ θ
=

=

−− −′′ = − + = <
− − −

∑∑
∑

A  

Thus, θ =

=

−
=

−

∑

∑
1

1

ˆ

n

i
i
n

i
i

y n

y M
is the MLE ofθ . 

 
 
 
 
 
Problem 2.2.23 
Let 1,..., mX X and be two independent samples 

from
1,..., nY Y

( )2
1,N µ σ and ( 2

2 ,N )µ σ populations, respectively. Show that the MLE 

of ( )2
1 2, ,θ µ µ σ= is 2ˆ ( , , )X Yθ σ= � where 

             

2 2

1 12

[ ( ) ( )
m n

i j
i j

X X Y Y

m n
σ = =

− + −
=

+

∑ ∑
�

]
. 

 
Solution: 

2 2
2

2 2

( ) ( ) 1
( , | ) exp

2 2 2

m n
i ix y

y
µ µ

θ
σ σ πσ

+
1⎛ ⎞− − ⎛ ⎞= − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

∑ ∑                L x

                
µ µ

πσ
σ σ

1− − +
= − − −∑ ∑2 2

2 2
2 2

( ) ( )
log(2 )

2 2 2
i ix y m n

l  

                1
1

ˆ0
l

xµ
µ
∂

= ⇒ =
∂

 

                2
2

ˆ0
l

yµ
µ
∂

= ⇒ =
∂
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( ) ( )

( ) ( )

µ µ
σ σσ σ

σ

1

+
− −∂

= ⇒ + − =
∂

⎡ ⎤− + −⎢ ⎥⎣ ⎦⇒ =
+

∑ ∑

∑ ∑

2 2
2

2 22 22 2

2 2

1 12

( ) ( ) 20 0
2 2

ˆ

i i

m n

i i

m n
x yl

x x y y

m n

 

'' 2ˆ ˆ| | 0 ( , , )l x yθ σ> ⇒ =  is the MLE of 2
1 2( , , )θ µ µ σ=  

 
 
 
 
 
2. (Zero-inflated Poisson model) 
Condsider a marginal pmf 

      exp( )( | ) [ 0] (1 ) 0,1,2,...
!

x

f x pI x p forx
x
λ λλ −

= = + − =  

(This is a Poisson distribution with s0me “extra mass” at 0 or alternatively, amixture of a 
Poisson distribution and a point mass at 0). Suppose parameters are [0,1]p∈ and 0λ ≥ . 
Find ,pE Xλ and . Then, for2

,pE Xλ 1 2, ,..., . . .nX X X i i d with this marginal distribution, find a 
mothod of moments estimator fro the parameter vector ( , )p λ based on the first two 
sample moments. 
 
Solution: 

                        1
1

Ex (1 ) (1 )
!

xe x
p p

x

λλ λ µ
−∞

= − = − =∑  

                        
2

2 2
2

1

Ex (1 ) (1 )( )
!

xe x
p p

x

λλ λ λ µ
−∞

= − = − + =∑  

Then,   

                       µλ
µ

= −2
1

1 , 
µ

µ µ
= −

−
1

2

2 1

1p  

And by plugging inµ = ∑1
1

1
ˆ

n

ixn
, andµ = ∑ 2

2
1

1
ˆ

n

ixn
, we get the MOM e of ( , )Pθ λ=  as 

                        

2

1 1

1

1 1

ˆ
1

n n

i i
i i

n

i
i

x x
n n

x
n

λ = =

=

−
=
∑ ∑

∑
 

, and  
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2
2

1 1 1

2

1 1

1 1 1

ˆ
1 1

n n n

i i
i i i

n n

i i
i i

ix x x
n n np

x x
n n

= = =

= =

⎛ ⎞
− − ⎜ ⎟

⎝ ⎠=
−

∑ ∑ ∑

∑ ∑
. 

 
 
 
 
 
 
3. (Optional) 
Problem 2.1.14 
When the data are not i.i.d., it may still be possible to express parameters as functions of 
moments and then use estimates based on replacing population moments with “sample” 
moments. Consider the Gaussian (1)AR model of Example 1.1.5. 

(a) Use to give a method of moments estimate of( )iE X µ . 
(b) Suppose 0µ µ= and bβ = are fixed. Use 2( i )E U , where 

                   0
1

2

0

( )i
i i

j

j

XU
b

µ
−

=

−
=

∑
 

, to give a method of moments estimate of 2σ . 
        (c) Ifµ and 2σ are fixed, can you five a method of moments estimate of β ? 
 
Solution: 
(a).   
           i iEX E Ee Eeiµ µ= + = +  
            1 1 0i

i i i iEe Ee E Ee Eeβ ε β β− −= = = =" 0 =
So, 
           , 1,...,iEe i nµ= =  

Plug in
1

1 n

i
i

x
n =
∑ for µ , and then get the MOM for µ is 

           
1

1ˆ
n

i
i

x
n

µ
=

= ∑ . 

 
(b).  

 ( ) ( )2 1

(1 ) ( 1)

1 (1 )

i i i

i i

x x

x x i

ε µ β β

µ β β µ β β ε− −

= − − − −

= − − − − + ⋅ +
=…

 

 2
1 1 2i i i ixε β ε β ε µ− −+ + + = −…  

           0,bβ µ µ= = , then 
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       ( ) ( )
1

2 2 4 2 2

1

VAR LHS 1
i

j

j

bσ β β σ
−

=

⎛ ⎞
⇒ = + + + = ⎜ ⎟

⎝ ⎠
∑"  

             So, ( ) 1
2

2
2 21

2 1
2

0
0

2

( )
i

ii
i j i

j
j

j

x
E xE U E

b
b

µ
µ σ−

−

=
=

−⎧ ⎫
−⎪ ⎪= =⎛ ⎞⎨ ⎬

⎛ ⎞⎜ ⎟⎪ ⎪ ⎜ ⎟⎝ ⎠⎩ ⎭
⎝ ⎠

∑ ∑
=  

 

, and the MOM estimates of 2σ  is 21
iUn

∑ . 

, where 

              
1
21

2
0

0

( )
i

j
i i

j

bU x µ
−

=

⎛ ⎞
= − ⎜ ⎟

⎝ ⎠
∑  

(c).  

Since ( ) ( ) ( )
( )
ˆ 1ˆ1 0
ˆ 0
γγ βγ β
γ

= ⇒ =  

( ) ( )
γ

−
=

− −
=

−

∑ 1
2

1̂ 2

n

i i
i

x x x x

n
, 2
0̂ ˆγ σ= . 

So, a MOM estimate ofβ  is 1
2

ˆ
ˆ
γ
σ

. 

 
 

 
 
Problem 2.2.15 
Suppose that is sufficient for( )T X θ and that ˆ( )Xθ is an MLE ofθ . Show thatθ̂ depends 
on X through only provided that( )T X θ̂ is unique. 
Hint: Use the factorization theorem (Theorem 1.5.1) 
 
Solution: 

By factorization theorem ( ) ( )( ) ( )| ,f x g T x xlnθ θ= , so  
( )
( )

( )( )
( )( )0 0

| ,
| ,

f x g T x
R

f x g T x

θ θ
θ θ

= =  

If θ̂  maximize L, then θ̂  also maximize R, from the above equation, we can see that θ̂  
depends on X only through T(X) by ( )( ),g T x θ . 
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Problem 2.2.16  
(a) Let ~ ,X Pθ θ ∈Θ and letθ̂ denote the MLE ofθ . Suppose that h is a one-to-one 
function fromΘ onto . Define( )h Θ ( )hη θ= and let ( , )f x η denote the density or 
frequency function of X in terms of η (i.e., reparameterize the model usingη ). Show that 
the MLE of η is ˆ( )h θ (i.e., MLEs are unaffected by reparameterization, they are 
equivariant under one-to-one transformations). 
(b) Let , be a family of models for . Let q be a 

map from ontoΩ , . Show that if 

{ : }, , 1pP P pθ θ= ∈Θ Θ ⊂ \ ≥ dX ∈ℵ⊂ \

Θ ,1k k pΩ⊂ ≤ ≤\ θ̂ is a MLE ofθ , then ( )ˆq θ is an 

MLE of ( )qω θ= . 
 
Solution: 
(a)  
Since h is one-to-one function fromΘ onto ( )h Θ , then h is inversable, i.e. exists.  1h−

And thus ( , )f x θ can also be written as a form of ( ) 1, ( , (ˆg x f x h ))η η−= .  

Suppose thatθ̂ is MLE, θ∀ ∈Θ , ˆ( , ) ( , )f x f xθ θ≥ , i.e. ( ) ( )( )1 1ˆ( , ) ,f x h f x hη η− −≥  

( ) ( ) (ˆ, , ,g x g x h )η η η θ⇒ ≥ ∀ ∈ , where ( )ˆˆ hη θ= . Soη̂ is the MLE. 

(b) 
Let ( ) ( ){ : q }ω θ θΘ = ∈Θ =ω , then ( ){ :ω ω }Θ ∈Ω is a portion ofΘ , and alsoθ̂ must in 

one ( )ωΘ , denote ( )ω̂Θ , that is, ( )( ) ( )ˆˆ ˆq qω θ ωΘ = = . 

Let         
              ( ) ( )ˆ arg supsup{ , }MLE X

w
w L θ θ ω

∈Ω
= ∈Θ  

, since  
              ( ) ( ) ( )ˆsupsup{ : }X XL w L

ω
θ θ θ

∈Ω
∈Θ =  

, then 
               ( )( ) ( )ˆˆˆ ˆMLEw q qω θ= Θ = = w

i.e.         ( )ˆˆˆ MLEw qω θ= = . 

 
 
 
 

Problem 2.2.19 
Let 1,..., nX X be independently distributed with iX having a ( ,1)iN θ distribution, 1 . i n≤ ≤
(a) Find maximum likelihood estimates of the assumption that these quantities vary freely. 
(b) Solve the problem of part (a) for 2n = when it is known that 1 2θ θ≤ . A general 
solution of this and related problems may be found in the book by Barlow, Bartholomew, 
Bremner, and Brunk (1972). 
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Solution: 
(a). 

( ) ( )21
| exp

2 2

n
i ix

f x
θ

θ
π

⎛ ⎞−⎛ ⎞= −⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∑  

So, MLE of θ  is . î ixθ =
(b). 
         The MLE of 1 2x x≤ ⇒ 1 2,θ θ  is 1 1

ˆ xθ = , 2 2
ˆ xθ = . 

If , since ; and the equality holds if a=b. 1x x> 2 b2 2 2a b a+ ≤

So, the MLE of 1 2,θ θ  is 1 2
1 2 2

x xθ θ +
= = . 

 
 
 
 
Problem 2.2.21 (Kiefer-Wolfowitz) 
Suppose 1( ,..., )nX X is a sample from a population with density 

                           ( )9 1( , )
10 10

xf x xµθ ϕ ϕ
σ σ

−⎛ ⎞= +⎜ ⎟
⎝ ⎠

µ−  

, whereϕ is the standard normal density and 

                     ( ) ( ){ }2 2, , : ,0θ µ σ µ σ µ σ= ∈Θ = −∞ < < ∞ < <2 ∞ .  

Show that maximum likelihood estimates do not exist, but that 
                       2 2

,ˆsup ( , , ) sup ( , , )p x p xσ µ σµ σ µ= σ  
if, and only if, µ̂ equals one of the numbers 1,..., nx x . Assume that i jx x≠ for and 
that . 

i ≠ j
2n ≥

 
Solution:

Let ˆ , 1ix i nµ = ≤ ≤  
(a).  
Consider across line2 0σ → ( )2 2

1{ , : 0}x σ σ= >A ⊂ Θ , then 

        ( )1 1
1 9 1 1,

10 102
f x θ

σπ
⎛ ⎞= +⎜ ⎟
⎝ ⎠

→ ∞  

, as . And also 2 0σ →

         ( )
( ) ( ) ( )2 2 2

1 1 1
22 2 21 9 1 1 1 1,

10 10 102 2

i i ix x x x x x

i if x e e eσθ
σπ π

− − −
− − −⎛ ⎞

⎜ ⎟= →
⎜ ⎟
⎝ ⎠

 

, as . So, 2 0σ →
 ( )|L x θ → ∞ , when 0σ → .  
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And thus the likelihood function is unbounded, which means that the MLE 
( ) inΘ doesn’t exist. 2,µ σ
(b).  

From above, we have  
    ( ) ( )σ σ µµ σ µ σ= = ∞2

,ˆsup , , up , ,p x s p x  

If , then( )sup , , 0p xσ µ σ = µ̂ must equal to some ix . 
If ,ˆ .st 1ix i i nµ ≠ ∀ ≤ ≤ , then by  

                  1 exp 0
M

σ σ
⎛ ⎞− →⎜ ⎟
⎝ ⎠

  

, as 0σ → , where 
                  ( ){ }2max i

i
M x µ= − , 

, and hence 
                  ( )σ µ σ < ∞ˆsup , ,p x , if ˆ ixµ ≠ . 

So, µ̂ must equal to some ix . 
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