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1.
Problem 2.1.2
Consider n systems with failure times X,,..., X  assumed to be independent and identically
distributed with exponential, (1) , distributions.

(a) Find the method of moments estimate of A based on the first moment.

(b) Find the method of moments estimate of A based on the second moment.

(c) Combine your answers to (a) and (b) to get a method of moment estimate

of A based on the first two moments.
(d) Find the method of moments estimate of the probability P(X, > 1) that one system

will last at least a month.

Solution:
Since X,,..., X, i.i.d E(4) , then

f(x)=1e",x>0

, and
E(X,)= J.: xAe dx = re_1
, and
_ix re 2
E(Xlz) :J- Xzﬂ,e 4 dX :7 :? .
(a) The method of moments estimate of A based on the second moment is
~ 1 n
/1 = —- = =
X i=1 %;

(b) The method of moments estimate of A based on the second moment is
2n

no,2
Zi=l %;

(c) FromA? =24% — A% = u, — 17, the method of moments estimate of A based on the
first two moments is

i 1 _ 1
1 _ 1< 1< '
\/nZi_lxiz_Xz \/nZi—lxiz_(nZi—lxi)z

(d) Since P(X, >1) =2 Lw e ”dx =e", then the method of moments estimate

A=

of P(X, >1) that one system will last at least a month is

B B 7Zixi
P(X,2)=e"=e
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Problem 2.1.3
Suppose that i.i.d. X,,..., X have a beta, f(a,,«,) distribution. Find the method of

moments estimates of = (¢, ,) based on the first two moments.
Hint: See Problem B.2.5.

Solution:
Known that for Beta(e,, «,) distribution, there exist
E(X) =—22
a1+a2
, and
cox) oy (aq+1)
(X%)= (oq+ay) (g +a,+l)
, then by
a My — )1
7 gy = o= 1)
o, +a, H — K
e +) T () - 1)
U, = 1\% a2:ﬂ1 Ho )\

(o, + o) (e, +a, +1) 1=
1 1, .
Then, plug in— >z, ,and => 27 for x, and u,, we get the method of moment estimate
n n

for o = (e,,a,) .as

1 1 1
(7Zix?_7zz’xi)izixi
G =1 . n - n
1 2 L 2
(nzz'xi) nzz'xi
1 1 oy, 1 .
(*zimil_*zi%)(*zizz_l)
G, =1 - n - n
1 2 1 2
(nzzxY) nzz'xi

Problem 2.1.11
In Example 2.1.2 with X ~T'(a, A), find the method of moments estimate based

on s and zz,.
Hint: See Problem B.2.4.

Solution:
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a
A :L,aflefﬂw

For gamma (a, A) distribution, f(z) =
['(a)

o
EXZM:I
_T(a+3) ala+1l)(a+2)

o = A PE

g = T A By

201 — 1)

and 4 = oM A+ By

204 = t4y)
1 1, .
By plug in— Yz, and— >z’ for 1 and 4, we get the MOM estimates for ¢ and 4 as
n n

Ex® =

=

o130 ] - 15
, and
(3o (i3] (15 25)
i ns n< nS n<

Problem 2.2.10
Let X,,..., X ,denote a sample from a population with one of the following densities or

frequency functions. Find the MLE of 6.

(@) f(x,6)=6e", x>0;0>0.(Exponential density)

(b) f(x,8)=6c"x" x>c;c constant>0; 8 > 0. (Pareto density)
(c)

Solution:

@).
f(z]6)=6"¢ =" = I(6)

2(6) =nlog(@) - 492 %



STAT 543 Homework 4 Solution

(= ac = :ci:():é:—zxi
a0 0 n
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Check that ¢" = —% <0, which indicates that @ reaches the maximum of ¢ .

Hence, 6 = & is the MLE of 4.

mn
(b).
fl@]6)=6"c"T """

/(0) =nlogb +nblogec— (0 + 1)Zlog$,;
1
: n
f =—=g+n10gc—zlog$i =0

Zlogazi —nlogc
=6=-

n

Check that ¢" = —% <0, which indicates thatéreaches the maximum of 7.

Hence, 0 = &is the MLE of 6.
n
(©
f(a;\@):c"ﬁ”cnx e 1[m1n )= 0],¢>0;0>0
= 6 = min(z,) is the MLE of 6, since 6™ is an increasing function of 6.

(@ n
f16) =6z
(= glogﬁ + (WO - I)ZIngi

'

n 1
=— +—SN'logz. =0
20 2\/520%

(2]

Check that ¢" = —%— 7> logx <0.

402
-2
1 .
= (mJ is the MLE of 4.
n
(e)

fa|6)- 0 ([T2)- exp(_%;jf}
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2
{=-2nlogf — %;‘ + zilogxi

2
£'=—2—n+zxi =0

0 o’
. D
= 0= f
2n
3 _X-2 R 3 _X-2 2 2 2
Checkthaté”zz—r;— Z"l ' andf”(@):ﬂ— N A = 12n2 - > <0.
0 0 &’ 6" Zixi Zixi iXi

2
Hence, 0 = Zx is the MLE of 4.
2n
().
flz]0)= 6?"0”1_[%7(671) exp(—ez xf)
[ =nlog(@) - Gfo +nlogec—(c— 1)Zilogxi
' n c _ A _ n
E—E—in—ﬂée Zx;

Check that ¢" = _n <0.

92
n

C
Z%

Hence, 0= is the MLE of 4.

Problem 2.2.14
Ifn=1in Example 2.1.5 show that no maximum likelihood estimate of @ = (1, o*) exists.

Solution:
1 (x—p)*
Whenn=1 L(x,80)= exp{— ,
(00)= —expl- 57}
_ 2
0(%,0) =—In27 — Sl g? - XA
2 20

Since® ={(u,c°),u e R, o > O}is an open set inR*, the maximum can not be attained at
the bound of ®.

or(x0) 11 (x-p) _,

P 2 2 2 (1)

o 20 2n

ag(x’9)=_(x_ﬂ)zo (2)
ou o’
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From (2), it requires x = &, however (1) cannot be solved if x = x. So, there is no
maximum in the interior of ® . Hence, there is not MLE of 6 = (u, o) if n=1.

Or you can think this way:

Letg =z, the f(x|¢9):;—>oo wheno — 0.

N2mo

So no maximum of likelihood function exists, so no MLE of & = (u,c”) exists.

Problem 2.2.17 Censored Geometric Waiting Times
If time is measured in discrete periods, a model that is often used for the time X to failure
of an item is

P[X =k]=60“"(1-6),k=12,.. , Where0< 6 <1.

Suppose that we only record the time of failure, if failure occurs on or before time r an
otherwise just note that the item has lived at least (r +1) periods. Thus, we

observeY,,...,Y, which are independent, identically distributed, and have common
frequency function,

f(k,0)=60""(1-6),k=1,...

f(r+1,0)=1-P[X <r]=1- }: 07 (1-0)=0".

(We denote by “r+1” survival for at least (r+1) periods.) Let M=number of indices I such
thatY; = r +1. Show that the maximum likelihood estimate of @based onY,,...,Y, is

ZY—n
oY)="—22——.
Zm—M

Solution:
Note that f(r +1|60) =0 ="' if y, = r + 1. Then the likelihood function
S () 3 (1)
L= (1-9 ™Mo~
i(?l 1)
_o™" oy
(= Z( —1)log @+ (n— M)log(1-0)
i=1
(v, —1)
= +(M_n>:0
0 1-6
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2.y -
_ _i=l

Z% -M

=1

(y, -1 -
Check thaté”z—z'(yz' )+ (M nz)
0 1-6)

s

=

. Sy, -MY’
,and thenf”(é)z—z‘i(}/i D LMo s <0

Fa0 Moy -

n

X Zyz -n
Thus, 8 = =L is the MLE of 4.
Zyi -M
i=1

Problem 2.2.23
Let X,,..., X,,andY,,...,Y, be two independent samples

Feb. 10", 2005

from N (4,0 Jand N (u,, o ) populations, respectively. Show that the MLE

of 0 = (1, 1,0°) isd = (X,Y,52) where

30X = XY + X0, -V

6% =
m+n
Solution:
- 2 L= 2 m+n
Loy | 0) = exp| - 2 =) 2= ) (L)
20 20 2o
Z(:pi—lu)? Z(%—ﬂ)Q m+n
[ =— 20-2 | 20-2 2) ; 10g<272'0-2>
ol ) B
_:Ojﬂlzx
&
ol R B
——=0=un=y
Oty
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m+n
8[2 2022(%;/;0 +Z<yi_2/;12> _ 22 =0
oo 2(0-) 2(0) o
=9 = m+n

1I'[> 0= 6 =(z,7,6”) isthe MLE of 8 = (1, 1,,5")

2. (Zero-inflated Poisson model)
Condsider a marginal pmf

exp(—A)A*
|

f(x|]A)=pl[x=0]+1-p) forx=0,12,...

(This is a Poisson distribution with sOme “extra mass” at 0 or alternatively, amixture of a
Poisson distribution and a point mass at 0). Suppose parameters are p € [0,1]and 4 >0.
FindE, , X and EMXZ. Then, for X, X,,..., X, i.i.d.with this marginal distribution, find a

mothod of moments estimator fro the parameter vector (p, A) based on the first two
sample moments.

Solution:
© e—ilzz
Bx=2 (-p)——=(1-pi=pn
1 .
0 B_AZZQF )
Bx* =Y (1-p) = =(-n)(+2) = 1
1 .
Then,

2
A=t g o1 A
M Hy — 1y

And by plugging in i, = lz:v ,and i, = lz:f , we get the MOM e of @ = (4, P) as

n

Iyxztyy

N Nz

A=

, and
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2
1, 15, (1N
L b2

13 1
*inz_* X
L) N5

p=

3. (Optional)

Problem 2.1.14

When the data are not i.i.d., it may still be possible to express parameters as functions of
moments and then use estimates based on replacing population moments with “sample”
moments. Consider the Gaussian AR (L) model of Example 1.1.5.

(a) Use E(X;)to give a method of moments estimate of . .
(b) Suppose i = i, and B = b are fixed. Use E(U,?), where
U (XI _/uo)

i-1

S

j=0
, to give a method of moments estimate of o2.
(c) If  and o are fixed, can you five a method of moments estimate of 5 ?

Solution:
().

EX,=Eu+Ee =u+Ee

Ee = BEe _,Ee, = fEe , =---= f'Ee, =0
So,

Ee, =x,i=1..n

Plug inlz x, for 2, and then get the MOM for u is
NI

~ 1
a==3"x .
)
(b).
g =z, —u(l-p)- Pz, - 1)
:Ii_ﬂ(l_ﬂ)_ﬂ(ﬂ<1_ﬂ)+ﬂ'xi—2+gi—1)
& ;él.‘c"i—l + B, =

p =0, U= 4,,then
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= VAR(LHS)=c*(1+ f + ' +--) = 0" (ib“]
2

X —H )
_ E(Xi — 1) — o2

i gl e

, and the MOM estimates of o~ is lZUf :
n

, Where
i-1 %
UL' = (% - IUU)/(ZZ)ZJ]
(c). )
Since (1) = 7 (0) = f =7 8
Z(I7 - f)(xH - f)
7;1=Z=2 ’7;0:62'

n—2

So, a MOM estimate of g is{/—g.
o}

Problem 2.2.15
Suppose thatT (X)) is sufficient for #and thaté(X) is an MLE of #. Show that & depends

on X throughT (X) only provided that Qis unique.
Hint: Use the factorization theorem (Theorem 1.5.1)

Solution:
By factorization theoremf(x | 9) =g(T@),0)In(x), so
_f(=]9) _ g(Tw@,0)
B f(=16,) ) 9(T @),6,)
If & maximize L, then & also maximize R, from the above equation, we can see that &
depends on X only through T(X) by ¢ (T (2),6).

-10 -
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Problem 2.2.16

(@) LetX ~P,,6 e®and let @denote the MLE of 6. Suppose that h is a one-to-one
function from ® ontoh(®) . Definen = h(#) and let f (x,7) denote the density or
frequency function of X in terms of 7 (i.e., reparameterize the model using# ). Show that

the MLE of nis h(é) (i.e., MLEs are unaffected by reparameterization, they are
equivariant under one-to-one transformations).
(b) LetP ={P,:0 € ®},0 c R?, p>1, be a family of models for X e X c R". Letqbe a

map from@®onto Q, Q= R*, 1<k < p. Show that if fis a MLE of 6, thenq(é)is an
MLE of o=q(6).

Solution:
(@)

Since h is one-to-one function from ® onto h(®), then h is inversable, i.e. h™exists.
And thus f (x,0) can also be written as a form of g (x,7) = f (x,h™ (7)) .

Suppose that @is MLE, Y0 e©, f(x,0)> f(x,0), ie. f(x,h™ (7)) > f(xh™*(n))
= g(x7)=9(x7),vneh(8), where n = h(é). Sonis the MLE.

(b)
Let®(w)={0©:q(8)=w}, then{®(w): w € O}is a portion of ® , and also & must in

one®(w), denote ®(a), that is, q(O(@))= q(é) =0.

- Wy e =argsupsup{L, (¢),0 €O (w)}
, since -
f,‘i!?s”p{LX (6):0eO(W)}=L, (é)
, then
Wye =0(0(d))= q(é) =W
ie WMLEzézq(é)

Problem 2.2.19

Let X,,..., X, be independently distributed with X, having a N (&,,1) distribution, 1<i<n.
(@) Find maximum likelihood estimates of the assumption that these quantities vary freely.
(b) Solve the problem of part (a) forn =2when it is known thatg, <6, . A general

solution of this and related problems may be found in the book by Barlow, Bartholomew,
Bremner, and Brunk (1972).

-11 -
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Solution:

@).
1010)~( =) Xp[_2<2_-9>J

So, MLE of @ is@, =z, .
(b). ) )
z, < z,= The MLE of 6,6, is6, = z,, 0, =z, .
Ifz, > z,, sincea” +b° < 2ab; and the equality holds if a=b.

So, the MLE of 6,,0, is 6, =6, = %

Problem 2.2.21 (Kiefer-Wolfowitz)
Suppose (X,,..., X,) is a sample from a population with density

9 X— U 1
f(x,0)=— | —E |+—p(x-
(x.6) 1oo¢( - j 0?(x=#)

, Where ¢ is the standard normal density and
(9=(,u,02)e@={(,u,0'2):—oo<,u<oo,0<0'2 <oo}.
Show that maximum likelihood estimates do not exist, but that
sup,, p(x, it,6*) =sup,, , P(X, 4, 0°)

Feb. 10", 2005

if, and only if, zzequals one of the numbers x,..., X, . Assume that x, # x; fori = jand

thatn>2.

Solution:
Let 4 =z, 1<i<n
(@).

Consider o — 0across line / ={(x, 6% ): 6% >0} ©, then

P V27100 10
,asc? — 0. And also

2z

10 o 10

27 10

,aso” — 0. So,
L(z]0)— o, wheno — 0.

_M 7(X1_Xi)2 7(X1—><i)2
f.(w)i(gie 2 g el J% 11 ey

-12-
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And thus the likelihood function is unbounded, which means that the MLE
(1,0°)in® doesn’t exist.

(b).

From above, we have
sup, p(z, i1,0) = sup, , p(iL‘,,Ll,O'Q) =
Ifsup, p(x, u,0)=0, then z must equal to some ; .
Ifa#z, VvV ist 1<i<n,thenby

o)
—exp|—|—0
(o2 (o2
,aso — 0, where
M = max{(z, - )},
, and hence
sup, p(z, f,0) <o, if g # z,.
So, g must equal to somex; .

-13-



