Homework 7 Solution

1.
(Problem 3.3.15)

Jeffrey’s "Prior". A density proportional to /I, () is called Jeffery’s prior. It is often
improper. Show that in the N(0,02), N (p19,60) and B (n,0) cases, Jeffery’s priors are pro-
portional to 1,67, and 02 (1-— 0)_%, respectively. Give the Bayes rules for squared error
in these three cases.

Solution:

(i) For N (0,03), 1
L(0) = fo(x) = (2m05) * exp{—5z (z — 0)°},
Then,

log L () = —1log (2m03) — ﬁ (z —0)°,
- 2l _ 4o )
2
= 1,(0)=E (—31°gg< ) = LBE@-0 =%

So, the Jeffery’s prior den81ty of 6 is in the form of

g(0) x/I,(0) = JO, ie. g(0) x 1,
As 7 (0)z) "N (7, 02), the Bayes rule for squared loss is 7.
(if) For N (s, 0),

L(9) = fo(x) = (270)F expf—2 (& — o)},

Then,
log L (6) = — log (20) — g5 (z — 1o)”
jm%é(g):_z_le"'w (x_'“O)Q
= T = g — g (2~ o)’
= 1 (0) = ~B (?) = gt = 3

So the Jeffery’s prior density of # is in the form of
o< /1, (0) = §; ,
As T (0|x) o= (5+1) exp {_2:1(;—5—%)} , which indicates that 6|z follows an inverse gamma

n L 2
distribution. So the Bayes rule for the squared loss is MT%)

(iii) For B (n 9)

L () =M (1-09)"
Then,

log L () =log (") + zlog + (n — x)log (1 — 0),

OlogL(0) _ = n—
2‘22—9()5—1—

04 log L(0 x n—x
= ag92 T T2 T (1-0)?

?logL(O)\ (:z:) E(n— x) n n

:>Ip<9> E< (9%2 ) +( 0)? _9+ﬂ—9(179)

So the Jeffery S prior dens1ty of 0 is in the form of

x /L0 =
ie. g(0) x 6 2(1—9)

mo1
As 7 (0|z) "Beta (>~ xi + 3, mn — Y- x; + 3) , the Bayes rule is ZZ#T

M\'—'/-\



(Problem 3.4.11)

Suppose Y7, ..., Y, are independent Poisson random variables with F (Y;) = p, where p, =
exp{a + Bz} depends on the levels z; of a covariate; «, 5 € R. For instance, z; could be the
level of a drug given to the ith patient with an infectious disease and Y; could denote the
number of infectious agents in a given unit of blood from the ith patient 24 hours after the
drug was administered.

(a) Write the model for Y7, ..., Y, in two-parameter canonical exponential form and give the
sufficient statistic.

(b) Let 0 = (o, 3)" . Compute I () for the model in (a) and then find the lower bound on
the variances of unbiased estimators & and 3 of o and 3.

(c) Suppose that z; = log[i/ (n + 1)],7 = 1,...,n. Find limn~'7 (f) as n — oo, and give the
limit of n times the lower bound on the variances of & and B )

Hint: Use the integral approximation to sums.

Solution:

(a) As Y;” Poisson (u;) , with p, = exp{a + Bz},

fa,@ (yla . 7yn) =e it Hz 1 l;zl
e e I S ) eXp (v + Bzi) + 300, (o + Bzi) yi — 220, log il
=exp{ad v+ B3 yiz — D exp (o + Bzi) — 20, logyil}

= exp {7]1T1 (g) + 7]2T2 (g) - f (7717 772)} h (g)
Where,

= a1, =p,
T, (g) = ZZ Yi, Io (y) = Zl Yizi,
€ (m,mg) = D20, exp (o + Bz)
h(y) = exp{= 3 logui!}t = e
Hence, the sufficient statistics are Ty (y) = >, vi, T2 (y) = >, vizi.
(b) L(a,p)
=explad v+ B vz — i exp (o + Bz) — 3 0, logyi!}
= log L(a, ) = ) yi + B yizi — Doy exp (@ + Bz) — Y1 log y;!
= Iy (0) = — B (ZREHeD) = 57 exp (o + )

Lo (0) = =B (Z502) = S0 siexp (a + B2)
I (0) = — B (55422 ) = 370 22 exp (o + B2

B Sorexp(a+ Bz) o zz exp (o + Bz) \
=10 = (Fm ) E S ) )

So, the lower bound of the variance for & is == L t?z(?e(;w %) and for 3 is %

det (1 (8)) = (3, exp (@ + B2:)) (1, 27 exp (a+ Bz:)) — (7, zexp (@ + B2));
(c) n'1(0)
(CY + 6 1Og n+1) )
)

, Where

_ Zilexp (Oz+510gnil)A Z 110gn+1
i log iy exp (o + flog iy) 35 (log oty)° exp (o + Flog 7
As lim ZA—eXp(a—i—BlognH

11m Z 7 log s (o + Blog i5)

n—oo

) =exp« fo Pdr) = 5+1,




@

lim 37, & (log 1) exp (a + Blog )

— 1 2 __ _2e®

= expa (fo 2? (log ) d:v) = G

= limn~'1(0) = @ _(2[3;&1)2
e S B () X

So the limites of 7 times the lower bound for é& is (8 + 1) e~®, and for 3 is (8 + 1)* e=/2.

Y

(Problem 3.4.12)

Let Xj, ..., X,, be a sample from the beta, B (6,1), distribution.

(a) Find the MLE of #. Is it unbiased? Does it achieve the information inequality lower
bound?

(b) Show that X is an unbiased estimate of 9_‘21
lower bound?

Solution:

(a) L(0) = fo(X) =1[iLs B(é nLio-1 = 0" (I1i-, xi)e_l
= log L (f)=nlogf+ (8 —1)> "  logx;

Does X achieve the information inequality

By setting MLL() =2+> " loga; =0
= 9 = —m, 1e % = _7_17, Z?:l lOgZL’Z,

Since Beta distribution belongs to the exponential family
f(z|0) =exp{(6 —1)logz +logb},
= Flogzr = —%

A1
Then, 0,,; 5 is unbiased and it achieves the information inequality lower bound.

(b) Var (logz) =1(0) = =, and Ex =

92 ) 9+1 )
By the property of Beta distribution,
2
X\ 1 0 (=) _ e
Var (=7 ) = v emrer nI0) n(1+0)%

Then, z does not achieve the information inequality lower bound.

(Problem 3.4.22)

Regularity Conditions are Needed for the Information Inequality. Let X U (0,0) be the
uniform distribution on (0,6). Note that logp (x,0) is differentiable for all § > z, that
is, with probability 1 for each #, and we can thus define moments of Bloga+x9 Show that,
however,

(i) E (55 logp (x, 0)) = —5 #0;
(ii) Var ( logp (z,0)) = 0 and the information bound is infinite. Yet show
(iii) 2X is unblased for 6 and has finite variance.

Solution:
(i) P(x]0) = % (0<z<0)
— Olog P(x|0) _ _%

dlog P(z|0) )
= pOlEREld) _ 1,



90
So, the information bound is infinite;
(iii) £2X =2EX =40
= 2X is unbiased for 6.
Var2X =4VarX = % < 0.

(i) Var (22250 ) — Var (~3) =0

2. Suppose that X N (u,0?).
a) Consider the two-dimensianl parameter, § = (4, 0). Find the Fisher information matrix
IX ((90) .

b) Then consider the reparameterization in exponential family form with
[

m 01
n=(n)=(")=0%)
202 203
What is Ix (1,)?
c) If
o1
g(®)=("%)
202
and 0y = g~ (n,) , can one simply plug 6, into matrix from a) to get the matrix from b)?
The complete story hinted at here is told in Problem 3.4.3 of B&D.
Solution:
>%nWN<,>, ~ (1.0,
L(0) = fo(x) = (2m0%) 2 exp{—5m (z — )},
= log L () = —1log (2m) — log o — 555 (z — 1),

= 111 (0y) = —FE (8210gL(0)|9_00) = lza

90

2 O,

[12 (00) E (—(}95;7 |9:90> — %Eeo(x _ ,U()) — 0,
2 O,

Iz (60) = —E (%ﬁwbzeo)

—h+ AE - ) = -+ 3=

So the Fisher information matrix

Ly (60) T2 (6o)
Ix (6o) = ( L2 (60) 122 (69) ) -

b) After reparameterization in exponential family form with
I o1

n=(n)=(2)=( i)’

=) oqml’_'

0
=

M\»—'w

2
exp{ny (v+2%) 1,

L) = fy (@) = (~2m5%)
= log L (n) = —1log <——> Up <37+ 771)2’
= I (ng) = B (2542, ) = 3
Lo () = —E (%ln 770) - 277715’
I (o) = —E (angiL o= ’70) - ﬁ B %

So the Fisher information matrix

o Tu(ny) Lia(mg) \ _ _ﬁ 2”71%
Ix (o) = ( Lig (ng) 122 (mo) ) B ( o Lo )

2772



c¢) From the two information matrix above, we see that it is impossible to simply plug 6y
into matrix from a) to get the matrix from b).

3. What is the "Jeffery’s prior" for a model with X~ Poisson (A)? For this "prior", what is

the posterior distribution of A\|X?

Solution:

For X~ Pozsson (A,
LX) = fa(z) =

e A N>0,x€ 27,

z!?

Then,
log L (A\) = =X+ zlog A\ — log (z!)
dlog L(\)
= =a = 1%
= Ix(\)=F (—81"3;“)) — LE@-)\?=1

So the "Jeffery’s prior" for A is in the form of

g\ o /Ix (N) = 5.

For this "prior", the posterior distribution for A| X is like

ool
9 (M) o L () g () = e = e 5,
Where, e *\""2 is the kernel of Gamma (ac + %, 1) )

Hence, A| X Gamma (z + 1,1).

4. (Optional only, highly recommended but not required)
Suppose that X is a discrete random variable taking values in some finite set N and that
f(z|0) > 0 for all z for § € O (some open interval in R). Suppose further for each x € N
that f (z|0) is differentiable in 6§ at 6. Show that for any statistic 7'(X),

Irx) (60) < Ix (60) -
Solution:

L(0) = [ (x]0),

Ix (0) = B(Z5H0) = BB (M7 () = 1) }
> E{E (alOgL T (z) = )} ;  (by Jensen’s) (%)
As P(X = 2|T (z) = t) = %Ju €g), (1)
where, & = {z|T (z) = t},
then,

P(T(x)=1) =2, P(X =2)
= log L (0|T (X)) =log) ,cq P (X =12)

dlog L(0]T(X wvea ggP(X=1)
s Olog ((90\ X)) _ Z;;;(X:m) ’ (2)
By (1) & (2),

dlog L(0 S peg 28O p(x=1)
E( ST (X) = ) = TS P=n)
_ Dzes dGP(X z) _ Jlog L(O|T(X))
T S PX=n) T 90 ’

And by (%), )
Ix(0) > E {E (8logL(0)|T( ) = >}



2
_ 5 (amugyT(X))) = Ipx) ().

As f (z|0) is differentiable in 6 at 6y, then we can finish the proof by giving 6 = 6.

5. (Optional only, recommended but not required)
(Problem 3.4.3)
Equivariance. Let X p(z,0) with § € © C R, suppose that assumptions I and II hold and
that h is a monotone increasing diffrentiable function from © onto h(©). Reparametrize
the model by setting n = h () and let ¢ (z,17) = p(z,h™ " (n)) denote the model in the new
parametrization.
(a) Show that if I, (#) and I, (f) denote the Fisher information in the two arametrizations,
then
— / _ 2

I (n) =1, (h=* () / [h" (R ()]
That is, Fisher information is not equivariant under increasing transformations of the para-
meter.
(b) Equivariance of the Fisher Information Bound. Let B, (#) and B, (n) denote the infor-
mation inequality lower bound (¢)* /I as in (3.4.12) for the two parametrizations p (z, 0)
and ¢ (z,n). Show that B, (n) = B, (k™' (n)); that is, the Fisher information lower bound
is equivariant.
Solution:
(0) 1, (6) = B (e},

6 = h~' (n) is monotone, and q (z,n) = p (z,h™* (n)).

q(ﬁ)=E<W)

_ g dlogp(z,h~1(n)) dh‘l(n))2

dh=1(n) dn
(k)
(W)
(dEje(ac))Q
(b) V@TH((S (x)) > L,O) B, (9)
(dE&(z))2

B0 (x) =3 [ o (x)p (2, ™" (n)) dz

dn dn
= [0 (x) gop (x,h7" (n)) da
_ dh—1
= [d(2) g=igyp (v, h ™" () P dx
o dEé(z)
— W) do |9:h*1(n)
_ () _ 1 (2 omn=10p) _ (T lomn-1()
Iq(n) (h’(hfl(n)))2 Iq(n) Iy(h=1(n))

= By (n) = B, (h™ (1))

(Problem 3.4.20)
Suppose X is distributed according to {Fp : # € © C R} and 7 is a prior distribution for 6
such that F (92) < 00.



(a) Show that ¢ (X) is both an unbiased estimate of # and the Bayes estimate with respect
to quadratic loss, if and only if, P [§ (X) = 0] = 1.

(b) Deduce that if Py = N (6,03), X is not a Bayes estimate for any prior 7.

(c) Explain how it is possible if Fj is binomial, B (n, ), that il—( is a Bayes estimate for 6.
Hint: Given E (6 (X)|0) = 6, E (6| X) = 6 (X) compute E (§ (X) — 6)°.

Solution:

(a) 7 =7

P(6(z) = 0) =1 = 0(x) is both unbiased estimates for ¢, and Bayes estimates w.r.t
qundratic loss.

V=T

By definition of unbiased estimates and Bayes estimates w.r.t quadratic loss, we have
E((x)]0) =0 and E (8z) = (x).

E(0 (x) - 0)?

:E(52(x)+92—25( )9)
:E(52(x)—5( )0+02 o (z )9)
=E{E(6*(z)—6(x)0) |z} + E{E (6* — 0 (z)0) |z}

= Var(6(x)) =0
=P(z)=1
(b) As EX =6, if X is Bayes estimate for some prior 7, then
by (a) = P(X =0) =
which is contradict with Py (z) = N (0, 02)
So, X is not a Bayes estimate for any prior 7.
(c) If 0|X~Beta(x n — x), then 2 is Bayes estimates for 6.
Consider 7 o< O] , then
f0)z) < 6” (1 9)” Pt —0) =01 —0)
= 0| X" Beta(z,n — x),
, So, in the case that prior distribution 7 is proportional to (1 7 ; is Bayes estimates for

6.
(Problem 4.1.1)
Suppose that X7, ..., X, are independently and identically distributed according to the uni-
form distribuion U (0, 0) .
Let M, =max(Xq,...,X,), and let

d. (X)=1if M, > ¢

= 0 otherwise.

(a) Compute the power function of d. and show that it is a monotone increasing function of
6.
(b) In testing H : 0 < 1, what choice of ¢ would make . have size exactly 0.057
(c) Draw a rough graph of the power function of d. specified in (b) when n = 20.
(d) How large should n be so that the 4. specified in (b) has power 0.98 for 6 = 37
(e) If in a sample of size n = 20, M,, = 0.48, what is the p-value?
Solution:
(a) The power function of §, is



Besl9  6eld  deddd  2eld 0 edd

de=0(0)=DPy[0(X)=1] = Py[max (Xyq,...., X,,) >
T ogde =1-(5)";

— 1
B 0
As 20 _ (g) 5z > 0, then 5 (A) is a monotone increasing function of 6.

=1-095(%)" >0.98
log 0.02—log 0.95
>N > W =9.52
Take n = 10, then the é. specified in (b) has power at least 0.98 for § = 2
(e) The p-value is
Xy, Xp) > M,) :0€0,}

%/\
I/\

= ><
——

(Problem 4.1.3)

Let X1, ..., X,, be a p(0) sample.

(a) Use the MLE X of # to construct a level a test for H : 0 < 0y versus K : 6 > 0.

(b) Show that the power function of your test is increasing in 6.

(c) Give an approximate expression for the critical value if n is large and 6 is not too close
to 0 or oo. (Use the central limit theorem.)

Solution:

(a) For X1, ...X,, i.i.d.Poisson (), there exists
>, Xi"Poisson (nf) .

Take the simplest case n = 2 as example:

Let Y = X; + X5

X=X;
Then,
Xl = X



Xo=Y-X

_ 00" —6 0"
€ oy
_ ,—20__0Y
— ¢ Ay
__—200Y __ y!
o y! zl(y—x)!
— Yy
= fr (y) = > 5o fxv (2,9)
e—200Y N\ !
o y! =0 z!(y—=x)!
_ ,—200Y Yy Yy
e y! =0 (x)
—2600Y

= Y~ Poisson (20)
Under the similar argument, we can get
Y~ Poisson (nf) .

Then, by using the MLE Z of 8, we can construct a level « test for Hy : 0 < g vs. Hy : 0 > 6
as

1 7>kt
0 z<=2
Where, v = %W, and k is determined by
S e <a <y et

) —nf (nO)” e~ "0 (nh)*
(b) B(0) = Epd (z) = Yoy e "0 4y fn)

=130 Pas () + (v = 1) Pag () .
If 6 is not too Small(ﬁ > l) , then

L=t (ng)* < 0, = B (0) >0,
Hence, /3 (0) is increasing in 6.

(c) By the central limit theorem, if n is large and 6 is not too close to 0 or oo,

/(T—80) ~
o N0

:>C:90+\/i—021,a.

(Problem 4.2.1)
Consider Examples 3.3.2 and 4.2.1. You want to buy one of two systems. One has signal-
to-noise ratio v/ = 2, the other has v/oy = 1. The first system costs $10°, the other $10°.
One second of transmission on either system costs $10% each. Whichever system you buy
during the year, you intend to test the satellite 100 times. If each time you test, you want
the number of seconds of response sufficient to ensure that both probabilities of error are
< 0.05, which system is cheaper on the basis of a year’s operation?
Solution:
Suppose n seconds are needed in each test, and

X = (21, ...,7,) "N (u,0?), with 0% known.
Consider testing

Hy:p=vwvs. H:p=0,
Where v is a known signal.
Let



1 fz<cec
50(96)_{0 ifz>c
Then,
P (6. (x) = 1|Hy) < 0.05
P (6. (x) =0|H;) <0.05
N YIS < gy = —1.645
Y1 > 210 = 1.645

L] v =320%

Vvne > 1.6450
n > (3.202)

= ¢ > L6450,

=~

So, for the first system, n > (329) = 2.7, take n = 3;

and for the seconde system, n > (T9)2 = 10.8, take n = 11.

Then, the cost for system 1 is 108 + 3 x 10% x 10® = 1.3 x 106;

and the cost for system 2 is 105 4+ 11 x 10% x 103 = 1.2 x 106,
Thus, the second one is much cheaper.

(Problem 4.2.3)

A gambler observing a game in which a single die is tossed repeatedly gets the impression
that 6 comes up about 18% of the time, 5 about 14% of the time, whereas the other four
numbers are equally likely to occur (i.e., with probability 0.17). Upon being asked to play,
the gambler asks that he first be allowed to test his hypothesis by tossing the die n times.
(a) What test staitstic should he use if the only alternatve he considers is that the die is
fair?

(b) Show that if n = 2 the most powerful level 0.0196 test rejects if, and only if, two 5's are
obtained.

(c) Using the fact that if (Ny, ..., Nx) "M (n, 0, ...,0%), then a1N1 + -+ -+ a; N, has approxi-
mately a N (nju, no?) distribution, where = 3> a,6; and o2 = Zf_l 0; (a; — p)*, find an
approximation to the critical value of the MP level « test for this problem.

Solution:

(a) To test
Hy:0,=0.18,0,=0.14,03 =0, = 05 = 05 = 0.17
vs. Hi: 0, =0,=03=0,=05=05 ==

use the LR test,
L(ZL’ ‘90,81) Pla.61)

P(z,02)
_ gt (1/6)" B (1/6)"
TTar gt 0-18710.1472(0.17)" 172 T 0.18%10.1472(0.17)" 7172
(b) For n =2,

P (two 5's are obtained | Hy) = £0.14% = 0.0196
and P (L (x,00,01) > k|Hy) = 0.0196.
Then, the largest value of L (, 6, 61) is (5;)?, which corresponds to {two 5’s are obtained}.

0.84
The second largest L (z,60o,61) is (557)(763) -

10



As we need k between the above two values for the desired power,thus no other possible
outcomes of two experiments can reject the null bypothesis with power 0.0196 other than
two 5’s.
()

L = 15gwsosams o0 s

log L = —nglog 1.08 — n5log0.84 — (n — ng — ns) log 1.02
Then, under Hy,

(6, sy >opy mi) “M (n,0.18,0.14, 0.68)

= log L™ N (nu,no?)
Where,

np=mn Zle aif;, a; = —1log1.08,ay = —1log0.84

no® =nYr 0 (a;—p)?, p=3,a;
So, the critical value is exp {\/ no?Zi_q + n,u} .

7. (Optional only, recommended but not required)
(Problem 4.1.5)
Show that if H is simple and the test statistic 7" has a continuous distribution, then the
p-value « (T") has a uniform, U (0, 1), distribution.
Hint: See Problem B.2.12.
Solution:
As H is simple,
a(k) = Sup{Pg(T> k)} = Py, (T () > k)=1— Fr (k).

And also T 1s continuous, by problem B.2.12,
Fr (k) U (0,1),

Then, p-value o (T') has a uniform, U (0, 1), distribution.
(Problem 4.1.6)
Suppose that 771, ..., T, are independent test staitstics for the same simple H and that each
T; has a continuous distribution, j = 1,...,r. Let o (T};) denote the p-value for 7}, j = 1,....,r
(a) Show that, under H,T = —2 > i_iloga(T;) has a x3, distribution.
Hint: See Problem B.3.4.
Solution:
By conclusion from 4.1.5,

a (T;) has U (0, 1) distribution,

—log a (7)) has an Exp (1) distribution,

= —2log o (T}) has a Gamma (1, 1) distribution,
= =235 loga(T}) has a Gamma (r,3) distribution,

-2 Z "_1loga (Tj) has a x3, distribution.

(Problem 4.2.4)
A formulation of goodness of tests specifies that a test is best if the maximum probability
of error (of either type) is as small as possible.
(a) show that if in testing H : 0 = 0y versus K : § = 0, there exists a critical value ¢ such
that

P90 [L(X,QO,Ql) Z C] =1- Pgl [L(X,‘go,gl) Z C],

11



d lcl

then the likelihood ratio test with critical value c is best in this sense.
(b) Find the test that is best in this sense for Example 4.2.1.
Solution:
Type I error «a(¢) = Py, (L (x,600,01) > ¢) is decreasing in c;and Type II error 1 — 5 (c) =
1 — Py, (L(z,600,01) > ¢) is increasing in c.
The curvatures corresponding to two types error will cross at cg,i.e. ¢y is the solution of the
equation
P@Q (L($a90791) 2 C) =1- P91 (L<:U790791) 2 C)-
And then,
max (a (c),1— B(c)) = { 13[(5)(6) Eigg
= mcinmax (a(c),1—=p3(c)) = alc).

Hence, the likelihood ratio test with critical value ¢j is best in this sense.
(b) _
Pyo (L (2,00,01) > ) = Py, (ﬂ > ﬂ)

P91 <L<x760791> ZC) :PQ
From

P90 <L<$760761> Zc) :1—P91 (L(x,«%,@l) ZC)’
= —Cc=cCc—V

—v
=>c=1

ié(x):{ 0 %f:z-g

(Problem 4.2.5)
A newly discovered skull has cranial measurements (X,Y’) known to be distributed either
(as in population 0) according to N (0,0,1,1,0.6) or (as in population 1) according to
N (1,1,1,1,0.6) where all parameters are known. find a statistic 7'(X,Y) and a critical
value ¢ such that if we use the classification rule, (X,Y") belongs to population 1 if 7' > ¢,
and to population o if T' < ¢, then the maximum of the two probabilities of misclassification
Py [T > ], P [T < ] is as small as possible.
Hint: Use Problem 4.2.4 and recall (Proposition B.4.2) that linear combinations of bivariate
normal random variables are normallly distributed.
Solution:
As

Hy:(X,Y)"N(0,0,1,1,0.6),

[NIANINIEN

12



& Hy:(X,Y)"N(1,1,1,1,0.6);
Let T'= X 4 Y, then

T|Hy"N (0,3.2) & T|H\"N(2,3.2)
And thus,

_(T-2)?

2(3.2)

L(T,0,6,) =«
e 2(32)

2
= log L (T, 00,0,) = — L2 4 T _ 71

V=0 T<16c+1
Let k = 1.6¢c + 1, then

a(k)=Pp, (T>k)=1-Py, (T >k
Sa(E) (el
=10 (ohs) =@ (35)
=k=—(k—2)
=k=1
So, |

5(1’721):{(1) %;i}
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