Homework 8 Solution

1. If X" Poisson () and a Bayesian uses a prior for A that is Exponential with mean 1,
what is the Bayesian’s (0-1 loss) Bayes test of Hy : A < 2 versus Hy : A > 27

Solution:
For prior g (\) = e *I (A > 0), the posterior distribution is
e~ AT e~
g (Alz) o¢ =35

X =
= Mz~ Gamma (a: +1,3).
Then the Bayesian’s (0 1 loss) Bayes test is:
1 PA<z)<05
ow={y =2

0 0.W.

T ,—2)
P(a+1 >(% ) Joxreza

where, P (A < 2) =
2. If X" Binomial (5,p) and a Bayesian uses a prior for p that is Beta (2,1), what is the
Bayesian’s (0-1 loss) Bayes test of Hy: 0.4 < p < 0.6 versus Hy : p < 0.4 or p > 0.67
Solution:

For prior g (p) = mpl (1-p)°I(0<p< 1) =2pI (0 < p < 1), the posterior distribution
is

B R U —
g (p|x) - fol (i)p”(l—p)57m2pdp T B(z+2,6— :Jc) (1 o )

= plz”~ Beta(x + 2,6 — x)

Then the Bayesian’s (0-1 loss) Bayes test is
1 P(04<p<06)<05

¢ (@)= { 0 ( 0.w. )

where, P (04 < p < 0.6) = grgo—s Joy 77 (1=p)" " dp.

3.

(Problem 4.3.1)

Let X; be the number of arrivals at a service counter on the ith of a sequence of n days. A
possible model for these data is to assume that customers arrive according to a homogeneous
Poisson process and, hence, that the X; are a sample from a Poisson distribution with
parameter 6, the expected number of arrivals per day. Suppose that if < 6, it is not worth
keeping the counter open.

(a) Exhibit the optimal (UMP) test statistic for H : 0 < 0y versus K : 0 > 6.

(b) For what levels can you exhibit a UMP test?

(c) What distribution tables would you need to calculate the power function of the UMP
test?

Solution:

(2) P(X = a|0) = hqe 02" = gy exp {3, 2 log§ — nb}

= LR = exp {Zz Z; (10g 62 — log 01) —-n (92 — 91)}
L is increasing in 7' = ) . z;, and thus the poisson model is an MLR family in 7.
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So, the UMP test statistic is
1 Zz x; >k

op (@) =4 v 2,mi=k

0 Zz r; < k

(b) Consider P (>, z; > k|0o) +vP (>_, ;s = k|fy) = o, we see that by choosing v appropri-
ately, any level UMP test can be exhibited.
(c) As

> xi—nb ~
N N(0,1),
we can use normal table to calculate the power function of the UMP test.

(Problem 4.3.2)

Consider the foregoing situation of Problem 4.3.1. You want to ensure that if the arrival rate
is < 10, the probability of your deciding to stay open is < 0.01, but if the arrival rate is > 15,
the probability of your deciding to stay open is < 0.01. How many days must you observe to
ensure that the UMP test of Problem 4.3.1 achieves this? (Use the normal approximation.)
Solution:

As 22200 N(0,1), and P (0 < 10) < 0.01,

we can construct our test as
1 Zz r; > 10n + Zl—O.Ol\/ 10n
¢(z) = 0 o0.w. '
And also Py,—15 (ZZ x; > 10n + Zgg9V 10n) < 0.01

= 10n + Zo,gg\/m < 15n — Zo.gg\/ﬁ
= 10n + 2.326v/10n < 15n — 2.3261/15n
=n >10.71

Then, take n = 11.

(Problem 4.3.5)
Show that if X, ..., X,, is a sample from a truncated binomial distribution with
p(z,0)= ( Z ) *1-0)""/1-1-60)"],x=1,...n,

then Z?Zl X, is an optimal tetst statistic for testing H : 6 = 6y versus K : 0 > 0.
Solution:

p(z.0) =1L ( )fzzzxz L= 0= - (1 -0
i

021 n “fz) 1—(1—6)""
= LR - 921 Z(i 0 ; n— rl);% El 9))11]71
0 0

1—
- (8) ()™ ()’
— \ 4 1—06, 1—(1—-0)"
L is increasing in ), z;, and thus the truncated binomial model is MLR family in 7". So,
T =), z; is an optimal test statistic for testing H : 6 = 6, versus K : § > 0.

(Problem 4.3.6)
Let X,...,X,, denote the incomes of n persons persons chosen at random from a certain
population. Suppose that each X; has the Pareto density



f(2,0) =c0x= 04 2 > ¢
where # > 1 and ¢ > 0.
(a) Express mean income p in terms of 6.
(b) Find the optimal test statistic for testing H : = i, versus K : pu > py.
(c) Use the central limit theorem to find a normal approximation to the critical value of test
in part (b).
Hint: Use the results of Theorem 1.6.2 to find the mean and variance of the optimal test
statistic.

Solution:

(a) EX = [~ xceﬁx_“”)dme— A0 [T o bde = 0999” ]OO = 2
Cl 1 .

then

i.e. the mean income u =

(b) By p =
()= T
= LR = <“(‘Z+3> exp{(ﬁ_&c—F)(nlnc—zilog:ci)},/z>uo

As - M“O ,» and the Pareto family is MLR in T = ) log z;.
So Y. logz; can be used as an optimal test statistic for testing H : p = p, versus K : p > pu.

(c) As f (@|9) =1z exp{—0,logx; + nflogc+ nlogd},
By Theorem 1.6.2

= E () ;logx;) =—n (logc—I— 5) = 1o

Var (>, logx;) =

As T\/U—g“o N (0,1), the critical value is jiy + Z1-a+/03.
(Problem 4.3.9)
Let Xi,..., X, be iid. with distribution function F'(x). We want to test whether F is
exponential, F'(z) =1 — exp (—z),z > 0, or Weibull, F' (z) =1 —exp (—2%) ,z > 0,0 > 0.
Find the MP test for testing H : 6y = 1 versus K : § = 6; > 1. Show that the test is not
UMP.

Solution:
For exponential distribution, f (x) = exp (—x),z > 0; and for Weibull distribution, f (z) =
2% exp (—2) ,2 > 0,6 > 0. The likelihood ratio is

L(x,600,0,) = @: 02~ exp (—x9 + m) ,x > 0.

(z,00)

For any #; > 1, by Neyman-Pearson Theorem, there exists an MP test for testing H : 6, = 1
versus K : 6 = 0, in the form of

¢ ( ) 1 L(JJ 90,01) 2 ]{Zl
! 0 L (ZL’ 6o, 6 ) < ky
Then for any other 65 > 1, 65 # 0, there also exists an MP test as

1 L(x 90702)>k2
¢y (7) = 0 L(x,00,02) < ko

If there exist a UMP test, then it should be MP test for both K : § = 6,
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& K : 60 = 0, simultaneously.
Since both likelihood ratio test statistics above are with 6 involved, they can not be simul-
taneously MP for both tests. So there is no UMP test for H : 6y = 1 versus K : 6 > 1.

(Problem 4.3.11)
Show that under the assumptions of Theorem 4.3.1 and 0-1 loss, every Bayes test for H :
0 <6y versus K : 0 > 6, is of the form ¢, for some t.

>
Hint: A Bayes test rejects (accepts) H if fe (x,0)dr ( )/f_eooop(x, 0) dm (0) (<)1.
) 152 L(x,6,60)dm(6)
The left-hand side equals 5 :
199, L(,0,60)dr(6)
The numerator is an increasing function of 7" (x) , the denominator decreasing.

Solution:

The Bayesian’s (0-1 loss) Bayes test is in the form of

P(0>01]x)
& () = { L pozam = 1

0 0.W.
As
P(9>91|CC) . feoloP(9|$)d9 o feoloL(a;ﬁ)dw(H) f@olo [?(ELIOQO))d (9) o feofL(x,G,eo)dw(G)
P(0<folz) — [P0 P(G\x)d@ % L(z,0)dr) [0, LL(gfe"O))dn(e) T %0 L(2,0,00)dn(6)

J52 L(w.0,00)dm(0) -
= ¢(z) = fﬁ’o L(z,0,00)dr(0)
0 0.W.

feolo L(z,0,00)dm(0) .

And since the numerator of 3} is an increasing function of 7' (z), and the de-
ffoo L(x,0,00)dm(0)

feolo L(x,0,00)dn(0)
170 L(2,0,00)dn(0)
1 T(x)>t

¢ (@) :{ 0 ouw.

nomintor of

is a decreasing function of T (x), then the above test equals

4.(Optional)

Prove the following "folling-in" lemma:

Suppose that gy and g; are two distinct, positive probability densities defines on an interval
in R!. If the ratio g;/go is nondecreasing in a real-valued function 7' (x), then the family of
densities {g.|a € [0, 1]} for g, = agi + (1 — @) go has the MLR property in 7" (x).

Solution:
As for Vay, an € [0,1], ag > oy,
gag _ azgit(l—as)go _ O‘2ZT1)+(1—0¢2)

Joq argi+(l-a1)go ~ a1 %-I—(l—m)’

then
d (@) -
dT Jaq (a1%+(1_a1)> 9
where,
() = o (2) [n 2+ (1= )] =1 g (8) o2t + (1= a2)]

=loe(1—ay) — oy (1 —as)] & o



:[QQ—al]%@—;) >0

d g
= (52) 2 0
= ¢, is MLR in T'(z) .

5. (Optional)

Two possible definitions of "UMP size a" are:

Definition 1 A test ¢ of Hy: 0 € ©g vs. H, : 0 € ©1 is UMP of size a provided

(i) it is of size a, and

(ii) for any other test ¢ of size o, my (0) > wy(0),V0 € O.

Definition 2...as in Definition 1, except in ii), let ¢’ be of size < a.

At first glance, it may seem that Definition 1 is weaker than Definition 2 (it might appear
that ¢ could satisfy Definition 1 and fail to satisfy Definition 2). But, in fact, these two
definitions are equivalent. Show the equivalence.

(Hint: If ¢ were to satisfy Definition 1 but not Definition 2, there would need to be a test

¢ with o/ = esué)m)/ () < a, such that for some 0* € ©; > m,(6%). Consider the test
S

¢ () = (=) &' (0) + (1= (=) 1)
Solution:
Suppose 3 ¢ satisfying Definition 1 but not Definition 2, there should 3 a test ¢’ with
o = supmy (0) < a such that for some 0* € ©1, my (0%) > 7y (67) .
[ASCH
Consider the test ¢" (z) = (+=%) ¢/ (z) + (1 — (=%)) 1.
The size of ¢ is

o' = supmy (0

[USCH

) =
= (i) o+ (1=

<:s,>;uw 0+ (- (=)
))_1—( )(1—04) a

And,

=7y (07) > my (07).
So, ¢" is of size v and 30" € Oy, s.t.m, (67) > m, (07), which is contradictive to the fact
that ¢ satisfies Definition 1. Therefore, the two definitions are equivalent.



