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1.
(Problem 1.5.1)
Let X,,..., X, be a sample from a Poisson, P(9) , population where 8 >0.

(a) Show directly that »"" X, is sufficient for 6.
(b) Establish the same result using the factorization theorem.

Solution:

(a)
Since X, ..., X, i.i.d Poisson(0),

P(X,=x,..X, =x,|6)
n 6’9)6
_H .
*"99271‘ n
H](x >0)
[To =

And also Z;Xi ~ Poisson(n@) , then

I(x >0)

P(Z X, _t|9)_m

So
P(Xl :xl""'Xn =X, |Z:'1:1Xi :[,0)

_P(X,=x,..X,=x,>" X,=1]6)

P X, =t]0)
_"‘gé’tHI(x >O)/Hx !
Ilg(ne)t /t'
t!HI(xl. > 0)
i=1
n'[]x!
i1
, which is independent on 6. So, »" X, is sufficient for 6.
(b)
Since P(X,=x,..X,=x,6)
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n —90}(

:H /(x, > 0)
i=1 xj'
,ngez X p
Hl(x >0)

[To
Let7(X)=) " X,,then
P(X,=x,..X, =x,]6)
=g(T(x) | 0)h(x)

, Where
g(T(x),6)=e"0"®
,and
H I(x,20)
h(x) =-=———

ll[xl.!
i=1
, Which is independent of 4.
Then by the factorization theorem, Z;Xi is sufficient for 9.

2.
(Problem 1.5.2)
Let n items be drawn in order without replacement from a shipment of N items of which

NOare bad. Let X, =1if the i item drawn is bad, and =0 otherwise.
Show that " X, is sufficient for &directly and by the factorization theorem.

Solution:
if X, is bad

Since P(X, = x,,... X, =x, X, =t ,
Xy =x 12 )= if X, is good

)

, which is free of 6, thenT = >"" X, is a sufficient statistics of 0

1
where X, = {
0

On the other hand, »_" X, is in a hyper-geometric distribution, so
P(27:1Xi = t | 0)
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NO\(N-N6
_ t n—t
B N
n
P(X,=x,..X,=x,)
=P(X,=x,.. X, =x,,> " X, =1)

=P(X,=x,.. X, =x, 12" X, =0)PQ" X =t)
NO\(N-N6
Y1)
- n N
0 C)
=g(T(x),O)h(x)
(NGJ(N—NG]
1 t n—t
- ~ ,and a(x) =1.
[ C)

So, by factorization theorem, 7=%"" X, is a sufficient statistics of 6.

Then,

, Where g(T'(x),0) =

3.
(Problem 1.5.3)
Suppose X}, ..., X, is a sample from a population with one of the following densities.

a). p(x,0)=6x"",0<x<1,6>0 .This is beta, 3(0,1), density.

b). p(x,68) = Oax""exp(-6x*),x >1,8 >0,a > 0. This is known as the Weibull Density.
). p(x,0)=6a’Ix"? x>a,6>0,a>0. Thisis known as the Parto density.

In all cases, find the real-value sufficient statistic for #and a fixed.

Solution:
a) Since
P(X,=x,..X,=x,10) =ll[P(Xi =x,|0) =ﬁ9xf‘11(0 <x, <1)
1 i1

= H"ﬁxf‘l[(o <x, <1)

Let h

T =] x,
, then -
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P(X, =%, X, =x,10)=g(T(x)]0)h(x)
, Where

g(7(x)16)=0'T(x)"
,and

h(g):ﬁl(0<xl. <1)

Then by factorization theorem, 7(X) = HX,- is sufficient foré.

i=1

b) Since

P(X,=x,..X,=x,16)

=fUMﬁ4wppﬂﬁ)u%>o)

i=1
a-1
=0"a" (Hxl. j exp(—Hfo)(H[(xi > O))
i=1 i=1

Let

T(X)=> X/
, then

P(X, =%, X, =x,10)=g(T(x)]0)h(x)
, Where

g(T(x)16)=0"a"exp(-0T (x))
, and

m@ =[x 16 >D.

Then by factorization theorem, 7'(X) = ZX,.“ is sufficient foré.

c).
P(X,=x,..X,=x,|0)

= ﬁ@ae/xiw”) I(xl. > a)
i=1
n _n6 n
- 15> a)
O0+1 =1
Let
T =[x,
i=1
, then

P(Xl =Xy X, =X, |‘9):g(T(E)|0)h(E)

Jan. 24" 2005
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, where
Hnang
T O0)=—+
g(7(x)10) T

, and

) =[] 105> a).

Then by factorization theorem, 7(X) = HX,. is sufficient foré.

i=1l

4.
(Problem 1.5.7)
Let X;,...,X, be a sample form a population with density p(x,8) given by

Lexpl-[ £
p(x.0) = aexp{ ( - )} s

0 otherwise
Here 9:(/1,0) with—o< <0 ,0>0.

a) Show that min(X;,...,X,) is sufficient for x when o is fixed.
b) Find a one-dimensional sufficient statistic for ¢ when is x fixed.
c) Exhibit a two-dimensional sufficient statistic foré.

Solutions:
a)
P(X1 =X, X, =X, |<9)
— . 1 _ X, —H x
[12e0] (224|120
- exp{ [Z ;”ﬂﬂli[[(xlz/z)
Let
T(X)=min(X,,...,X,)= X,
, then
P(X, =%, X, =x,10) = g(T(x)) ()
, Where
L ol 4\ 1(1(x
g(T(x))= g GXp( ~ jI(T(_)zﬂ)
,and

h(x) = exp (_Z—XJ o is fixed.
o
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Then by factorization theorem, 7'(X) =min(X,,...., X, )= X, is sufficient for zzwhen ¢
is fixed.

b).
Let
T =T1x
y then i=1
PG5 2 10) 1))
, Where
g(T(x))= %exp(_@%’wj
, and

h(x) :ﬁl(x[ > ).

Then by factorization theorem, 7(X) = HX,. is sufficient for o when is u fixed.

i=1l

C).
Let
T(X)=(G(X), T(X)=(2 X, Xy)
, then
P(Xl =X,.aX, =X, |0)=g(T(§))h(§)
, Where
2(7(x)) =§exp(—@%nﬂjl(%(1) > u)
,and

h(x)=1.
Then by factorization theorem,
T(X)=(LX), T,(X)=(X X, Xy)

is sufficient statistics for € = (,u, a) .

5.
(Problem 1.5.9)
Let X7,...,X, be a sample from a population with density

() = {a(@)h(x) if0 <x<6

0 otherwise
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-1
, Where A(x) 20,60 =(6,,6,) with—0 <6, <6, <o, anda(d = U:Z h(x)dx} is assumed

to exist. Find a two-dimensional sufficient statistic for this problem and apply your
results to the u[6,,6,] family of distributions.

Solutions:
£ (x)=TTa(0)h(x)1(6 <5 <0))
—a(0) T]h(x)1(6,<x<6,)
Let )
TOO=(R). T,10) = min X, max X, |= (X, X,
, then N N
fy(x)=g(T(x))h(x)
, Where
g(T(x))=a(0) 1(6,<T,(x)<0,)I(6,<T,(x)<6,)
, and

() =T1h(x)
Then by factorization theorem,

7(X) = (5,(Y), Q(X))z(minx,»,maxxijz(Xm,X(n))

1<i<n 1<i<n

is sufficient statistics for 6=(6,,6,).
Especially foru[4,,6,],

0) =
a(0) )

,and h(x)=1.
So
T(X) = (LX), Tz(z)):(minxi,maxXi]=(X(1),X(n>)

1<i<n 1<i<n

is sufficient statistics for 6=(6,,6,).

6.
(Problem 1.5.5)
Let & =(6,,0,) be a bivariate parameter. Suppose that 7, (.X) is sufficient for 6 whenever

6, is fixed and known, whereas 7, (X) is sufficient for &, whenever g, is fixed and known.
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Assume thaté, , €, vary independently, 6, € ®,, 6, € ®,and that the set
S ={x: p(x,6) > 0}does not depend on 6.
(a) Show that if 7;and 7, do not depend on &,and 6, respectively, then
(T,(X),T,(X))is sufficient for 6.
(b) Exhibit an example in which (7,(X), 7, (X)) is sufficient for 8, 7,(.X) is sufficient
for 6, whenever 6, is fixed and known, but 7, (X) is not sufficient for 8,, when
6, is fixed and known.

Solution:

(a)

Since 7, (X) is sufficient for 6, whenever 6, is fixed, there should exist
f(X16,,6,)
= gl(Tl(X), 011 92)}10 (X’ 92)

And also since 7, (.X) is sufficient for &, whenever 4, is fixed, then
hy(X,0,) = b (T,(X), 0,)h(X)

And also since 7;(X') does not depend on &, , then

g (T (X),6,6,)
= g(T,(X),0)h(6,,6,)
So
/(X16.,6,)
= g(1,(X), T,(X),6,,6,)h(X)
, Where N
g(TL,(X) T,(X),6,,6,)
= g(T,(X),0)h(6,,0,)1,(T,(X),06,)
Then, by factorization theorem, 7'(X) = (7,(X), T, (X)) is sufficient statistics
for6=(6,,6,).

(b) See bivariate normal distribution

),—00< y<o,0>0.

101 .0) = onp(- LA

T
It is not difficult to prove that 7(X) = (1,(X), (X)) = (3 X,, > X?)is sufficient
statistics for (u,0°) .
Further, when o?is fixed, 7,(X) =" X, is sufficient statistics for z .

But when s fixed, 7,(X) =" X?is not sufficient statistics for .



