STAT542 HW7 SOLUTION 1

4.7

We will measure time in minutes past 8 A.M. So X~uniform(0,30),Y~uniform(40,50) and
the joint pdf is 1/300 on the rectangle (0,30) x (40, 50).

50 60—y 1
P(arrive before 9 A.M.) = P(X +y < 60) / / ﬁdxdy =3

4.10

a. The marginal distribtion of X is P(X =1) = P(X =3) =1/4 and P(X =2) =1/2.
The marginal distribution of Y is P(Y 2)=P(Y =3)=P(Y =4)=1/3. But

P(X=2Y =3 )_07&(1)( )= P(X = 2)P(Y = 3).

b. The distribution that satisfies P(U = 2,V =y) = P(U = 2)P(V =y)
where U~X and V~Y is

Distribution of U and V

U
1 2 3 pV)
2 [1/12 1/6 1/12 1/3
Vo3 |1/12 1/6 1/12 1/3
4 112 1/6 1/12  1/3
p(U) | 174 172 1/a

4.11

The support of the distributionof (U,V)is {(u,v) :u=1,2,3,.;v=u+ 1L, u+2,u+3,...}.
This is not a cross-product set. Therefore, U and V are not independent. More simply, if
we know U = u, then we know V > wu.

4.22

Fav(u,v) = Fav(U S U,V S ’U)
= Fyy(aX +b<u,cY +d<w)

u—2>b v—d
= Fxy( : . )
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= fxy ( : > - |J
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= —fX,Y< , )
ac a c
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4.30
a.
! 1
EY = E[E(Y|X)| = E[X] :/ vdr =
0
1 1 5
VarY = Var[BE(Y|X)]+ E[Var[Y|X)] = Var(X) + E(X?) ot 371
1
EXY = E[B(XY|X)] = E(XE(Y|X)) = EX* =
1 1\° 1
Cou(X,)Y) = EXY—-FEXEY==-—-|=] =—
3 2 12
b.let U=Y/X and V=X. Then X =V | Y =UV and |J| = v.
1 _w-n)?
fxy(x,y) = fxyWlr)fx(z) = 27r:p€ 2?2 <<l —oo<y<oo
fov(w,v) = fey(v,un)lJ] L o o Lt
u,v = v, uv =17 - e 2v = e 2
o wr 2mv V2

Since fyv(u,v) is free of v, U and V are independent, that is, Y/X and X are inde-
pendent.The conditional distribution of U|X = x is n(1,1).

4.58
Cov(X,Y) = EXY — EXEY
— BE(E(XY|X)) — EXE(E(Y|X))
= FE(XE(Y|X))—- EXE(E(Y|X))
= Cov(X,E(Y|X))
b.

Cov(X,Y —E(Y|X)) =Cou(X,Y) - Cov(X,E(Y|X)) =0 (bya)



4.59

4.43

Var(Y — E(Y|X)) = E(Var((Y — E(Y|X))|X)) + Var(E((Y — B(Y]X))|X))
E(Var(Y|X)) + Var(E(Y|X) — E(Y]X))

EWVar(Y|X))

E(Cov(X,Y|2)) +Cov(E(X|Z),E(Y|Z))

E(E(XY|Z) - E(X|2)E(Y|2)) + E(E(X|2)E(Y|2)) - E(E(X|2))E(E(Y|Z))
E(XY) - E(X|Z)E(Y|Z) + E(X|Z)E(Y|Z) — EXEY

E(XY) -~ EXEY

Cov(X,Y)

o2 0 0
VarX = 0 o2 0 | =02l
0 0 o2

1
Cov(X1+ X2, X1-X2)=(1 1 0O)VarX ( -1 ) =0
0



