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Throughout this question f(z) > 0 will stand for a probability density function (pdf) on ! and
F(x) will stand for the corresponding (strictly increasing) cumulative distribution function (cdf).

First, suppose that X ~ F and for t € R!, define
1 ifX<t

Yie) = {0 if X > ¢
a) What is the distribution of Y'(¢)? What are EY'(¢) and VarY (¢)?
b) For s < u, evaluate Cov(Y(s),Y (u)). (It may be useful to note that Y (s) - Y (u) = Y (s).)

c) Fors < u, evaluate E(Y (u) — Y (s)) and Var(Y (u) — Y (s)).

Now suppose that X, X», ..., X,, are iid F and for ¢t € R!, define

1 X, <t
Yilt) = {0 if X; > ¢

and Y, (1) = 1°i(1).
=1

d) Fors < u, Y,(u) — Y,(s) converges in probability. Identify the limit and argue carefully
that this variable converges to that value.

e) Suppose that s < u are such that F'(u) — F'(s) = .5. For n = 400 approximate
P[|Y,(u) — Y,(s) — .5] < .05] and justify your approximation.

f) Evaluate P[minX; < F~1(.5) < maxX;] . (This is the probability that the interval
(minX;, maxX;) covers the distribution median.)

g) Suppose that W ~ F independent of X, X, ..., X,,. Evaluate
PlminX; < W < maxXj]

(You may use a simple symmetry argument.)



