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Stat 542 Final Exam
December 18, 2001                                 Professor Vardeman

1. If ( )2~ N ,X µ σ  it is common to say that ( )exp X  has the "lognormal" distribution with parameters 2 and µ σ .

Suppose that 1 2, ,W W …  are iid lognormal ( )2,µ σ .

a) Argue very carefully that 2 1 2V W W= ⋅  has a lognormal distribution and identify the parameters for that
distribution.

b) Let 1 2n nV W W W= ⋅ ⋅ ⋅L .  Both ( )
1

n
nV  and  ( ) 2

1

n nV  converge in probability to constants.  Identify those

constants.

( )
1

______________P
n

nV → ( ) 2
1

______________P
n nV →

2. Suppose that ~X tν .  What is the distribution of 21/ X ?  (Name a standard distribution including the values of
any parameters and argue carefully that your answer is correct.)
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3. Suppose that 1 2, , , nX X X…  are iid ( )E xp β .

a) Temporarily suppose that 1β = , and write out completely (but don't try to evaluate) a double integral giving the

expected range of these n variables, ( )( ) (1)E nX X− .  (Alternatively, you may write out an appropriate difference

in 1-dimensional integrals.)

b) For  100n = , approximate 
100

1

85 115i
i

P Xβ β
=

 < <  
∑  (and carefully justify your answer).

c) Suppose that ( ) 1: 0,g ∞ →ℜ  is differentiable.  What must be true about g  in order that

( ) ( )( )nn g X g β−  have the same approximate (large n) distribution for all β ?  What is a function that

satisfies your condition?
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4. One measure of the “information” in a distribution with pdf f  about a distribution with pdf g is

( ) ( )ln ( )I g x f x f x dx= −   ∫ .  Assume that ( ){ } ( ){ }| 0 | 0x f x x g x> = >  and argue carefully that 0I ≥ .

(Hint: For ~X f , and ( ) ( )Y g X f X=  what is EY ?)

5. A 10-dimensional random vector X%  has a complicated (joint) pdf that is proportional to the function

( ) ( )( ) ( )
10

2

1
exp sin if each 0,1

0 otherwise

i i
i

x x
h x =

 ∈∏= 


%
       Notice that 1( )h x e≤% .

a) Carefully describe an algorithm (using only iid Uniform ( )0,1 random variables) for generating a (10-

dimensional) realization of X% .

b) Describe any simulation-based method of approximating 1 2E X X .  (Whether or not you could do part a), you
may if you wish presume that you have such an algorithm at your disposal.)
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6. Eight perfectly matched teams enter a single-elimination tournament where the teams are placed into the brackets
at random.  (In any game played, both teams have the same chance of wining.  Only teams that win continue to
play games.  Purely for the sake of absolute clarity, example tournament brackets are attached as a 7th page on this
exam.)  Name the teams #1 through #8.

a) What is the probability that teams #1 and #2 meet in a first round game?

b) What is the probability that teams #1 and #2 meet in either a first round game or in a second round game?

7. Suppose that 1 2 1 2 3, , , ,X X Y Y Y  are independent normal random variables with 2E  and Vari iX Xµ σ= =  and
2E 0 and Varj jY Y η= = .  What is the joint distribution of 1 1 1 2 1 2 3 2 3,  and W X Y W X Y W X Y= + = + = + ?

(Describe it completely, but you don’t need to multiply matrices out.)
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8. Suppose that [ ] [ ]1 .3 and 2 .7P Pλ λ= = = =  and that conditional on λ , ( )~ PoissonX λ .

a) Evaluate [ ]1| 0P Xλ = = .

b) Find both ( )Var  and Cov ,X Xλ .

c) Find the moment generating function of X, ( )XM t .
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9. Random variables X and Y are jointly continuous with pdf

( ) ( )2 23
if 0 1 and 0 1

, 2
0 otherwise

x y x y
f x y

 + < < < <= 


a) For 0 1 and 0 1x y< < < <  find the value of the (joint) cdf ( ),F x y .

b) Find a marginal pdf for X.  (Be careful to specify it completely.)

c) Are X and Y independent?  Explain.

d) Find a pdf for 2W X= .
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