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A Useful Probabilistic
Approximation

Here we present the general “delta method” or “propagation of error” approx-
imation that stands behind several variance approximations in these notes as
well as much of 85.4 of V&J. Suppose that a p x 1 random vector

Xq
Xo
X = .
XIJ
has a mean vector
EX; K1
EX, Ho
K= : - :
EX, Hop
and p x p variance-covariance matrix
VarX; Cov (Xy,X5) -+ Cov(Xy,X,-1) Cov(Xy,X,)
Cov (X1, X5) Var X, -- Cov(Xg,Xp,—1) Cov(Xg, X))
® = : : : :
Cov (leprl) Cov (Xz,prl) s VaI'Xp,1 Cov (prl,Xp)
Cov (X1, X,) Cov (Xs,X,) --- Cov(X,_1,X,) VarX,
ot P120102 “tt P1p-1910p—1 P1p010p
P120102 3 T P2p—1020p-1 P2p020p
P2p020p P2 p_1020p—1 *** 012;71 Pp—1,p0p—10p
P1pT10p P2p020p " Pp—1,p9p—19p 012)

(pijoi0;5)
(Recall that if X; and X; are independent, p,; = 0.)
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128 A USEFUL PROBABILISTIC APPROXIMATION

Then for a k x p matrix of constants
A = (aij)

consider the random vector
Y =A X

kx1 kxppx1

It is a standard piece of probability that Y has mean vector

L£Y,
EY;
: =Ap
EY:
and variance-covariance matrix
CovY=AXA’

(The £ = 1 version of this for uncorrelated X; is essentially quoted in (5.23)
and (5.24) of V&J.)

The propagation of error method says that if instead of the relationship
Y = A X, | concern myself with k functions g1, go, ..., g (each mapping R? to
R) and de..ne

gk(X)
a multivariate Taylor’s Theorem argument and the facts above provide an ap-
proximate mean vector and an approximate covariance matrix for Y. That is,
if the functions g; are dicerentiable, let
/"'17/"’2:'-'7Np>

D = ( 9gi
kxp al‘j

A multivariate Taylor approximation says that for each z; near p;,

g1(z) g1(p)
y— 92@) ~ 92(.H) +D(z—p)
gr(x) gr (1)

So if the variances of the X; are small (so that with high probability Y is near
u, that is that the linear approximation above is usually valid) it is plausible
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that Y has mean vector

EY; g1(p)
EY, g2(p)
EY), 9k (1)

and variance-covariance matrix

CovY~DXD’



