Stat 511 Exam 1
February 24, 2003 Prof. Vardeman

1. In the calibration of a scientific instrument, “true” values x are known and produce experimental
readings y on the instrument. Suppose that we are willing to assume that the mean value of y is

proportional to x, so that
y, =xb +e

d

where fore = (el,ez, .. .,en) , Ee =0. A particular calibration experiment produces n = 4 data points as per

X 3] 4 5 6

y 31 6] 11| 14

Initially suppose that Vare =s °I .

a) Find a matrix Pyso that Y =P,Y .

b) By the criterion of “size of the hats, /4,” which of the 4 observations is “most influential” in the fitting
of the linear model here?

c) Give 90% two-sided confidence limits forS in the normal version of this model. (No need to
simplify.)



d) Give 90% two-sided prediction limits for a new y forx =10. (No need to simplify.)

Now suppose that it is plausible that not only is the mean value of y is proportional to x, but that so too is
the standard deviation of y. That is, suppose that Vare =s * diag(9,16,25,36) .

e) Give a matrix T such that TY follows a Gauss-Markov model. What is the model matrix for TY ?

T: Model Matrix:

f) Evaluate an appropriate point estimate of b under these model assumptions.

g) Give a standard error (an estimated standard deviation) for your estimate of b in part f) under these
heteroscedastic model assumptions.



2. So-called “mixture experiments” are run to investigate how the composition of a substance (as
measured by fractions of it that are of "pure component" types i =1,2,...,r ) affect some physical

property y . For example, y might be an octane rating for a gasoline blended from » “pure” components
like butane, alkylate, cat cracked, etc. Notice that in a mixture study
x tx,+--+x =1

In this problem, we consider an 7 =4 component mixture problem. Consider the linear model

for
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a) For an arbitrary composition vector (xl,xz,x3,x4) (with each x; 3 0 and é x, =1) argue carefully that

the corresponding mean response b, + é b,x, is estimable.

b) The parameter b, is not estimable in this model. Argue this point carefully.



Now consider a full rank restricted version of the original mixture model of the form
&g, 0
: S,
Y=X"?=(x|x,[x,]x,)? +e for 2=6"7
¢o; ~
T
gg4 (%]
¢) In this restricted model and the mixture context, what is the interpretation of the parameterg, ? What is

g - gz?

g: -0,

d) Give a matrix C and a vectord so that the hypothesis that “pure component #1 has mean response 3 and
simultaneously an ‘equal parts mixture of components’ has mean response12” in the form H,:C? =d.

C: d:

e) Is the hypothesis in d) testable? Explain.

There is some R output attached to this exam. The first part of it concerns this mixture problem. Use it to
help you answer the following questions.

f) For which of the (xl, xz,x3,x4) mixtures in the data set is the mean of y most precisely estimated? Say

why your answer agrees with intuition.



g) Give 90% two sided confidence limits forg, - g,. (Plug in, but you need not simplify.)

h) Notice in this model that ifH,:9, =g, =9, =0, 1s true, then the fact that in the mixture context
é x, =limplies that EY =g1 for some g, that is, the mean response is constant. Give the value of and
degrees of freedom for an F statistic for testing this hypothesis.




\4
b
N~ N S NS N S S N~ N~~~

~

T SV T S
oleoNeoNoNeoNoNoRolNololNoloNoln

~ ~

b WNDE OWOWwWJo Ul dx WP

P RPRPRPRPRPRPRPRP—————— — — —

(@)

V Ve e e e

~

~ N 0~ 0~

~

~ N N~ 0~

~

~ N~ 0~

G WNE O WOWwWJo) U b whN -

~

PFRPrRRPRPRPRPRPRPRP—
S S S S T S R S S

G WNEFE O WOWwW-Jo U WN
N N SN NS S S S S S S S S S S~ o~

| | |
OO O OO OO OOOOoooo

b L L b b L L e b e L e e

i e B e e e e I e R e B B M

(,1]
.0000000 0.00
.0000000 1.00
.0000000 0.00
.0000000 0.00
.5000000 0.50
.5000000 0.00
.5000000 0.00
.0000000 0.50
.0000000 0.50
.0000000 0.00
.3333333 0.33
.3333333 0.33
.3333333 0.00
.0000000 0.33
.2500000 0.25

V<-ginv (t (X) $*%X)

[,1]
.53218391 -0.
08850575 0.
08850575 -0.
08850575 -0.

X$*SVS*3t (X)

[,1]

.53218391 -0.
.08850575 0.
.08850575 -0.
.08850575 -0.
.22183908 0
.22183908 -0.
.22183908 -0.
.08850575 0
.08850575 0
.08850575 -0.
.11839080 0.
.11839080 0.
.11839080 -0.
.08850575 0
.06666667 0.
[,7]
.22183908 -0.
.08850575 0
.08850575 0
.22183908 -0.
.06666667 0.
.06666667 0.
.22183908 -0.
.08850575 0
.06666667 O
.06666667 O
.01494253 0
.11839080 0
.11839080 0
.01494253 0
.06666667 O

[,2] (,3] [,4]
00000 0.0000000 0.0000000
00000 0.0000000 0.0000000
00000 1.0000000 0.0000000
00000 0.0000000 1.0000000
00000 0.0000000 0.0000000
00000 0.5000000 0.0000000
00000 0.0000000 0.5000000
00000 0.5000000 0.0000000
00000 0.0000000 0.5000000
00000 0.5000000 0.5000000
33333 0.3333333 0.0000000
33333 0.0000000 0.3333333
00000 0.3333333 0.3333333
33333 0.3333333 0.3333333
00000 0.2500000 0.2500000
[,2] (,3] [,4]
08850575 -0.08850575 -0.08850575
53218391 -0.08850575 -0.08850575
08850575 0.53218391 -0.08850575
08850575 -0.08850575 0.53218391
[,2] [,3] [,4]
08850575 -0.08850575 -0.08850575
53218391 -0.08850575 -0.08850575
08850575 0.53218391 -0.08850575
08850575 -0.08850575 0.53218391
.22183908 -0.08850575 -0.08850575
08850575 0.22183908 -0.08850575
08850575 -0.08850575 0.22183908
.22183908 0.22183908 -0.08850575
.22183908 -0.08850575 0.22183908
08850575 0.22183908 0.22183908
11839080 0.11839080 -0.08850575
11839080 -0.08850575 0.11839080
08850575 0.11839080 0.11839080
.11839080 0.11839080 0.11839080
06666667 0.06666667 0.06666667
[,8] [,9] [,10]
08850575 -0.08850575 -0.08850575
.22183908 0.22183908 -0.08850575
.22183908 -0.08850575 0.22183908
08850575 0.22183908 0.22183908
06666667 0.06666667 -0.08850575
06666667 —-0.08850575 0.06666667
08850575 0.06666667 0.06666667
.22183908 0.06666667 0.06666667
.06666667 0.22183908 0.06666667
.06666667 0.06666667 0.22183908
.11839080 0.01494253 0.01494253
.01494253 0.11839080 0.01494253
.01494253 0.01494253 0.1183%9080
.11839%080 0.11839080 0.1183%9080
.06666667 0.06666667 0.06666667

eNoNoNoNoNololNolololNoleololNolNo)

eBoNoNoNoNoNoRolololNolololNolNel

[,5]

.22183908
.22183908
.08850575
.08850575
.22183908
.06666667
.06666667
.06666667
.06666667
.08850575
.11839080
.11839080
.01494253
.01494253
.06666667

[,11]

.11839080
.11839080
.11839080
.08850575
.11839080
.11839080
.01494253
.11839080
.01494253
.01494253
.11839080
.04942529
.04942529
.04942529
.06666667

eNoNoNoNoNololNolololNoleololNolNo)
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[,6]

.22183908
.08850575
.22183908
.08850575
.06666667
.22183908
.06666667
.06666667
.08850575
.06666667
.11839080
.01494253
.11839080
.01494253
.06666667

[,12]

.11839080
.11839080
.08850575
.11839080
.11839080
.01494253
.11839080
.01494253
.11839080
.01494253
.04942529
.11839080
.04942529
.04942529
.06666667
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(,13]
.11839080
.08850575
.11839080
.11839080
.01494253
.11839080
.11839080
.01494253
.01494253
.11839080
.04942529
.04942529
.11839080
.04942529
.06666667
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116.4872
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[,14]

.08850575
.11839080
.11839080
.11839080
.01494253
.01494253
.01494253
.11839080
.11839080
.11839080
.04942529
.04942529
.04942529
.11839080
.06666667

ag(rep(1,15))-H)%*
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[,15]

.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667
.06666667



