Generalized Linear Models:

A subclass of nonlinear models with a “linear”
component

Data:

(v1,XD)

(Y2, X%)

/ N
response explantory
variable or regression,

variables
where

T _
X; = (X5, Xoj, -+, Xpj)

describe the conditions under which the re-
sponse Yj was obtained.

3. (Systematic part of the model)

There is a link function h() that links
the conditional mean of Y; given X; =
(Xij,---, Xp))T to a linear function of un-
known parameters, e.g.

WEY;X;) =XIB=p1X1,+ ...+ BpXy,

Members of the exponential family of dis-
tributions available in

S-PLUS: glm() function
SAS: PROC GENMOD

Basic Features:

1. Y7,Y5,---,Y, are independent

2. Y; has a distribution in the exponential
family of distributions, j =1,2,---,n.

The joint likelihood has the form (canoni-
cal form):

where

—b(6;)

Y.0.
f(Y;:0;¢) = exp {-Z Ja(¢) }

for some functions

a(),b(), and c().

Here, 0]- is called a canonical parameter.

Normal distribution: ¥ ~ N(u,o2)

oy 1 —(Y —p)?
f(Y,G,qﬁ)—Wexp{ 552 }

2
Y-t 1{}/2 }

— 2
= exp T—E ? + IOg(27TU )

1O, ¢)

Here

E(Y)=pn=0 b(o) = &
and

Var(Y) =02 =¢ a(¢) =¢




Binomial Distribution: Y ~ Bin(n, )

f(Y; 9,¢) = (;)ﬂ-y(l _ ﬂ.)an

(=) a-or

= exp {Ylog <1 iﬁ) + nlog(l — )+ log (;)}
1T CY, ).
Here
of
p=r09(;25) > =i
and

b(8) = nlog(l — ) = nlog(l + €%).

There is no dispersion parameter, so we will
take ¢ =1 and a(¢p) == 1.

Two parameter gamma distribution:Y ~ gamma(a, 3)

. __ Yelexp(=Y/B)
f(Yr 07 ¢) - BT ()

= exp {F + (a—1)10g(Y) — alog(8) - log(I"(a)) }

— exp {L(2)+0s ()

+[(e—1)log(Y) + atlog(a™t) — log(I"(a))] }
1T C(Y, ¢)

_ -1
Here, 6 = a5

=o', b0)=—log(-0), a(¢)=2¢

Poisson distribution: Y ~ Poisson(u)

Y
J(¥i0.9) = Cret
= exp {Ylog(u)fuf log(Y!)}
1T C(Y, 9).
Here

0 =log(u) = p = exp(0)
and
b(8) = p = exp(0)

and there is no additional dispersion parameter.
We will take ¢ =1 and a(¢) = ¢ = 1.

Then,

F(Y;0,¢) = exp{Yp — exp(#) — log(I'(Y + 1))}

Inverse Gaussian Distribution: Y ~ IG(u, 02)

1 —(Y = p)?
Y;0, = ex
1300 = oo Sy
for Y > 0,u>0,02>0
also E(Y) = pu, Var(Y) = o243

—1y_1
eXp{Y(Q,ﬂ) iy {2 1 llog(27r02Y3)}}

o2 a2y 2
1T C>Y,¢)
Here,

-1

0 = —5

2u2

b(f) = =+v-20
2

a(p) = ¢p=o07




Canonical form of the log-likelihood:

00,9;Y) = log(f(Y;6,9))

_ Yo—b(6)
= o Tewe)

paratial derivatives:

M) 20(0,4:Y) __ Y-b()
00 a(¢)

oy 920(0,0Y) _ —b'(0)
(i) =552 = @)

Apply the following results

066, 5 Y) _
d( ¢ >_o

. . 2
5 (826(0,¢,Y)> 4B {ae(e,qs, Y)} —0

862 06
to obtain
_ (000,60 Y _ E(Y) =¥ (6)
O_E< o0 )‘ a()

Normal distribution: ¥ ~ N(u,o2)

[~
N
cc
—
I
SN

= uwu=EXY)=20

') = 1 } —
_ 2= Var(Y) = b"(0)a(¢)
a(¢) = ¢=o — (1)¢
1 the vari-

ance does not depend on the parameter that
define the mean
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which implies
E(Y) =1V(0)
Furthermore, from (i), (ii) and (iv) we have

_ L (9%(6,4;Y) 00(0,6;Y)\?
° = E<T>+E< 06 )

Y — b’(9)>
a(0)

_bll(o)

a(0) + Var (
—b"'(0)  Var(y)

a()  [a($)]?

which implies

V() = a(4) b"(6)
T T

function of the dispersion called the
parameter variance function
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Binomial distribution: Y ~ Bin(n,w)

0 = log(:=)
b(o) = (n)log(1+e")

Vo) = 25 = B(Y) = +99—n7r
b//(e) —_ nee
T [14€%? Var(Y) = 1
a(@) ~ 1 } ar) 1—+ee:(>1
= ”(1-1-@0)(@
= nr(l-—m)

1+ Var(Y)
is completely determined by the parameter that
defines the mean.
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Poisson Distribution: Y ~ Poisson(u)

b(0) = exp(0)
V() = exp(8) = p=E() =exp(f)

b'(0) = exp(h) N
a(p) = =1 } var(y) = eEi"é)a)
= u
Gamma Distribution:
b)) = 71109(79) .
V(o) = 75:>E(Y):—5
v'(6) = L _ "
) = gf} Var(Y) = a(@)(0)

92
P[E(Y)]?
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Binomial distribution:

0 = X
6
nr = E(Y)=b’(0)=%
_ ™ _~T
= 0—log(1_7r)—X,8

Hence, the canonical (default) link is the logit
link function

h(r) = log(i) =X73

Other available link functions:
Probit: h(r) = o 1(x) =X13
where

XT3
r=oXB) ="
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Canonical link function:
is the link function h(p) = X783 that corre-
sponds to
9 = X'
ob(0)
p = EY)= T80 =1b'(0)

Normal (Gaussian) distribution:

6 = X'

po= v)=20
then E(Y) =p=0=XTg
and the canonical link function is the identity
function

h(p) =pn=X"p
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Complimentary log-log link (clog log):
h(m) = log[—log(1 — m)] = XT3
The inverse of this link function is

7 =1—exp[—exp(XTA3)]

The gim( ) function

glm(model, family, data, weights, control)
family = binomial

family = binomial(link=logit)

family = binomial(link=probit)
family = binomial(link=cloglog)

16




Poisson regression (log-linear models)

Y ~ Poisson(u)
6 = XTg
p = EY)=1(0) =exp(h)
and the canonical link function is
0 =log(n) = X1

This is called the log link function. Other avail-
able link functions:

identity link: h(p) =p = XT3

square root link: h(p) = /u = XT3

glm(model, family, data, weights, control)

family = poisson

family = poisson(link=log)
family = poisson(link=identity)
family = poisson(link=sqrt)
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Inverse Gaussian Distribution

9 = X
b)) = —/—20
/ — 1 — —

The canonical link is
-1
0 = h = — = XT
(1) 2,2 B

This is the only built-in link function for the
inverse gaussian distribution.

glm(model, family, data, weights, controls)

family = inverse.guassian

family = inverse.guassian(link=1/yu2)
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Gamma distribution:

o = X'
-1
E(Y) = =g

the canonical link function is

-1
h(p)=—=X'p
w
This is called the “inverse” link.
glm(model, family, data, weights, control)
family = gamma
family = gamma(link=inverse)

family = gamma(link=identity)
family = gamma(link=log)
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Normal-theory Gauss-Markov model:
Y ~ N(XB,0°I)

or Y1,Ys,...,Y, are independent with Y; ~
N(X}’ﬁ,a%. Then

—(Y; -X7p)?
f(Yj;ﬂf’Q):mazexp{ EE }

(xX13)?

NXTB) — =i \5

_ o] 'i)z 22 L_g + zog<2w2>}
1 0(Yj,02)

Here,

T 2
b(B) = (XJQﬂ)
¢ =02 and a(¢) = ¢
B(Y)) = p; =X]

20




The link function is the identity function

h(p;) = py
_ T
= Xjﬁ
The class of generalized linear models includes
the class of linear models:

(i) Systematic part of the model (identity link
function)

pj=E(Y;) = X]p
= B1X1+ ...+ BpXp;

(ii) Stochastic part of the model

Yj ~ N(uj,0?)

and Y1Y5...Y, are independent.
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Logistic Regression:

e Y1,Y5,...,Yg are independent random
counts with

Y~ Bin(nj, ;)

5

o log(12h) = fo + PLX;

Comments:

* Here the logit link function is the canonical
link function

* Use of the binomial distribution follows
from

(i) Each beetle exposed to log-dose X; re-
sponds independently

(ii) Each beetle exposed to log-dose X; has
probability T of dying
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Example 13.1 Mortality of a certain species of
beetle after 5 hours exposure to gaseous car-
bon disulfide (Bliss, 1935).

Number

Number of Number

Dose Log(Dose) Kkilled  survivors exposed
(mg/1) (X3) &)  (n;—-Y)) n;
49.057 3.893 6 53 59
52.991 3.970 13 47 60
56.911 4.041 18 44 62
60.842 4.108 28 28 56
64.759 4.171 52 11 63
68.691 4.230 53 6 59
72.611 4.258 61 1 62
76.542 4.338 60 0 60
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Maximum Likelihood Estimation: Joint likeli-
hood for Y1,Yo,...,Y;

L(B;Y,X) = nb_1f(V}:6;,0)

Y;0; — b(6;
= mi_jexp {7jaj(phi)( : +C(Yj,¢)}

= wle exp {Yj(ﬂo + 51X;)

—njlog(1l + ePotB1X5) 4 1og (;2)}

Since ¢ =1
a(@)=¢=1
6; = log(125:) = fo + P1X;

b(8;) = njlog(1 + ePoTF1Xj)

C(¥;,0) =log ()

24




log-likelihood function:

{ - ()
a(¢)

up) =

]:

+ C(Y},9)

k
= Z [¥i(Bo + B1X;) — njlog(1 4 ePotP1 )

s
k k
= Bo Y. Yj+5 ) YiX;
j=1 j=1
k
— Z njlog(1 + ePotB1Xjy 4 Z log(Y)
j=1 j=1 J

To maximize the log-likelihood, solve the sys-
tem of equations obtained by setting first par-
tial derivatives equal to zero.

The likelihood equations (or score function)
can be expressed as

0:[8]=XT(Y—m)=

1 score function where

1 X3 Y1 nqm
x=|1 x|y :YQ m = 2127?2
1 X, Yy, ngmg

and from the inverse link function
- = &PBo + FiX;
T 14 exp(Bo + B1X;
We will use Q, m, and m; to indicate when these
quantities are evaluated at 8 = 3.
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Second partial derivatives of the log-likelihood
Estimating Equations (likelihood equations): function:
SN —0% —0%
0 = 82([3) Z Z eXD(ﬂ:i-ﬂlAXl i 8ﬁ(ﬂ) 3/306%?
2 "1t exp(B+ A1 X1) B =1 s —o2p)
0Bo0B1 B3
= XXW—W@) = xXTvx
j=1
01?(ﬂ) exp(B + B1Xa R, called
0 = X;Y; — T S —
Z Z " Jl+exp(6-|—,6’1X1) the Hessian
matrix
ZXJ'(YJ' = ;) where
_ _ nim1 (1l —mq)
e Generally no closed form expression for the solution vV =

e If a solution exists in the interior of the parameter
space (0 < mj < 1 for all j = 1,...,k) then it is
unique.
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ngmp(1 — m,)
= Var(Y)

We will use H = XTVX and V to denote H
and V evaluated at 8 = 3.

28




Fisher Information matrix:

_E (L@ﬂ)) _E (—a2e<ﬁ))

H — B3 0Bo0p1
T | _p(2224B)) g (=9%UB)
0Bo0B1 op3
= EXTvX)

Since the second partial derivatives do not de-
pend on Y = (Y1,..., V)T
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e Fisher scoring algorithm
~(S+1 (S ~ 1A
R R e
1 for the
logistic regression
model with

binomial counts
I=AH

Modification:

- Check if the log-likelihood is larger at
B(S+1) than at B(S)

- If it is, go to the next iteration

- If not, invoke a halving step

2(S+1) _ (B(S) +,6(S+1))

new
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Iterative procedures for solving the likelihood
equations:

e Start with some initial values
0
3O { A(E;l) } _ {Iog(l p)}
where
Zk
Z] 17y

P =

e Newton-Raphson algorithm

B(S—H) — B(S) + A Q

1 these are
evaluated at B(S)
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Large sample inference: (see results 9.1-9.3)

From result 9.2,
BAN@B, (xTvix)™h
when nq,no,...,n; are all large

“large” is n;m; > 5
nj(l—m;) >5

Estimate the covariance matrix as
Var(3) = (xXTv—1tx)-1

where V is V evaluated at B

32




For the Bliss beetle data:

5 | B | _ | —60.717
B= B1| | 14.883

Approximate (1 — a) x 100% confidence inter-
vals

BO + Za/ZSﬁO

with Br £ Zy283
L 52 Sa A _ from the standard
Var(B) = | o Bofy | _ | 26:84 —6.55 T e stand:

Sa a S5 —6.55 1.60 normal distribution

Bosb1 “

Z go5 = 1.96
33 35

Wald tests:

Test Hy: Bo=0vs. Hy:Bg#0
s 2
Po-0

560

2 _ {—60.717

2
] = 137.36
5.18

p-value = Pr{x7;y > 197.36} < .0001
Test Hy: 81 =0vs. Hy:681#0

2
_ {14.883

1.265

B1—0

S,

X2 =

2
} = 138.49

p-value = Pr{x{;y > 138.49} < .0001
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Likelihood ratio (deviance) tests:

Model A: log (%) = Bo and Y; ~ Bin(nj, ;)

Model B: log (1?@) = Bo+B1X; and Y; ~ Bin(n;, ;)

Model C: log (13‘%_) = Bo + a; and Y; ~ Bin(nj, ;)

Model C simply says that 0 < m <1, 5=
1,...,k

36




Null; Deviance residual

Devianceny = —2[log-likelihoodpodel A
—-log-likelihoododel C]

k
= 2[ > Yjlog(P;/P)

Jj=1
3 (- ¥log (L2
j=1 K 97809 1-pP
with (k — 1)d.f.
where
Y; |
PJ = 7‘7:17.”’]4;
nj
k
P — Z}/]:ZJ lanj

an Z] 1My
are the m.l.e.’s of T under models C and A,
respectively.
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LOOSE: DEV (Lack-of-fit test)

109(1 i ﬂ]) Bo + B1X;

(model B)

’/T
log(l K 7rJ) Bo+a; (model C)
G? = deviance|yck-of-fit = devianceny L
—devianceLOOSE
k P
= 2|3 vioo(2)
=1 7T]
+ Xk: (nj — Y')log(:L — Pj)
P ] J 1— 7.
j=1 J
= 11.42
on
[((k—1)—1] = k-—2d.f.

(= 8—2=06d.f.)
(p-value = 0.762)
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LOOSE: deviance residuals

Deviance| oosg = —2[Iog—|ike|ihoodMode| A
—-log-likelihoody el B]

k 7

[];1 ! Og(P)

k 1-7;
+j§1(nj—n>log(lflg)]

= 272.7803 with (2 — 1) = 1d.f.

where
- exp(Bo + B1X;)
! 14 exp(Bo + F1X;
5 ep(B XY
1+ exp(B} Z;?:l n
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Pearson chi-square test:

£ (Y =)

X2 =
j=1 nymj
i Z (nj —Yj;—n;(1— %j))Q
; 1 ”J(l_”J)
~ 1\2
_ Zn 7r]) +Z - Pj—[1-7;])
J 7?] = 1—7,

= 10 223

withdf=k—-2=6
p-value = .1155
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Estimates of expected counts under Model B.

j nj?rj nj(l — ?rj)
1 3.43 55.57
2 9.78 50.22
3 22.66 39.34
4 33.83 22.17 Cochran’s rule:
5 50.05 12.95
6 53.27 5.73
6 59.22 2.78
8 58.74 1.26

e All expected counts should be larger than
one.

e At least 80% should be larger than 5.
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Define
or; OF; ~ = 7 0
Gj = [ 9o 90 } = [7;(1 = 7)) Xj7;(1 — ;)]

Then, S%j = Gj[ﬁr(ﬁ)]G]T and an approxi-
mate standard error is

Sz, = /G [Var(BIGT

An approximate (1 — a) x 100% confidence in-
terval for m; is

43

Estimate mortality rates:
- exp(Bo + B1X;)
7 14 exp(Bo + B1X;
Use the delta method to compute an approxi-
mate standard error

o7 _ exp(Bo + B1X;

B0~ [1+exp(Bo+ B1X,)]12
= 7;(1-7))

om; _ Xjexp(Bo+ FiX;

B0 [1+exp(Bo+ B1X))]?
= Xj?rj(l - 7AT]')

42

Estimate the log-dose that provides a certain
mortality rate, say mq.

log(12°) = o+ 1Xo =

_ lOg(lfgro) - Bo

Xo =
B1
The m.l.e. for Xg is
o log(77%)
Xo = 7(1 WO> - bo
b1

44




Use the delta method to obtain an approximate
standard error:

0Xo -1

dBo B1

BXO [109 (1 ﬂ-o) BO]
831 51

Define G = [

B
=G [Var(ﬂ)] GT

8—XQ] and compute

X?I:i) Q)Lgﬁ
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The m.l.e. for the does is

doseg = exp(Xp)

Apply the delta method

dexp(Xo) o
9%, p(Xo)
Then
— V2V ar( X
Sdoseo = [exp(Xp)]“Var(Xp)
SdBEe = [exp(Xo)]Sj(O = (doseo):S’X,0

and an approximate (1 —a) x 100% confidence
interval for doseg is

exp(Xo) £ Zo 2lexp(X0)1Sg,

a7

The standard error is
AT o.ay AT
Sg, = G[Var(ﬂ)}G

and an approximate (1 —a) x 100% confidence
interval for Xg is

XO + Za/2SXO

Suppose you want a 95% confidence interval
for the dose that provides a mortality rate of
.

doseg = exp(Xp)
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Fit a probit model to the Bliss beetle data:

o1 (n)) = Bo + F1X;

where
X; = log(dose)
Y; = Bin(nj, ;)
i=1,2,...,k
Note that

Pot+b1X; 1 _1,2
= [T 1 ey
—o0 27
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Fit the complimentary log-log model to the
Bliss beetle data

log[—log(1 — m;)] = Bo + B1X;
where
X; = log(dose)
Y}' == BZ’[’L(’I’L],ﬂ'])
Note that

m;=1—exp[-ePt1X] j =112 . k&
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Independent Poisson counts:

Yji ~ Poisson(m;) j=1,...,5 k=1,...,3

where
mY
PriViy =y} = ~ e
fory=20,1,2,...
E(j, = m;

Var(ij) = my
Log-link function:

log(m; = Bo + B1X;

51

Poisson Regression (Log-linear models)[.2in]
Example 13.2:

Y]- = number of TA98 salmonella colonies on
the k-th plate with the j-th dosage
level of quinoline

X; = logip(dose of quinoline(ug))
X;=0
X5 =1.0
X3=1.5
X, =120
X5=25

and k= 1,2,3 plates at each 77

50

Joint likelihood function

L — 5_ 3_ J —m;
(B) = mj=17=1 Y €
Log-likelihood function
5 3
«p) = [Yjrlog(m;) — mj; — log(Yji!)]
j=1k=1
5 3
= > > WirlBo+B1X;] — PothX;
j=1k=1
—log(Yjh)]
5 5
= BoYoo+F1 Y. X;Yj0—3 Y fothX;
Jj=1 Jj=1
3
- > > log(Yjr)
j=1k=1
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Likelihood equations:

5
0 = oL(B) -Y -3 Z ePotB1X;

(B _ > X,
9b1 j=1 j=1
Use the Fisher scoring algorithm:
BZE! 1 X3
Y= [Nt
| Y53 1 Xs
[ 2¢(B3) -
Q= | 2B |=x"(Y-m)
L 031
where
m1
m=| " | =exp(XP)
ms
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Fisher information matrix

—024(B) —0%(B
8,802 0B00p1

H =Bl _2up —o2p
0Bo0pB1 o3
YiXemy o X rEXmy
205 2k Xjmy ZjZkazmj
= XT'AmX
where
my
my
Var(Y) = Am = m
mp
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Second partial derivatives of £(3)

820(8) 5 .
852 = -3 Z ePotbrX; — szj
0 j=1 j ok

82¢(B) 5 _
= -3 PothXy — X;m;
0Bo051 j;l %:Xk: 7
926(B) > 2 X; 2
T -3 }_: XZePothXi = =3 XFm;
1 j=1 Jj k
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Iterations:

I@(S-i-l) — I@(S) + H_lQ

e Use halving steps as needed

e Starting values: Use the m.l.e.s for the

model with 81 =0, i.e.,
Y;; ~ Poisson(m)
are i.e.d. with m = e%. Then,
m® = ¥, and
—~ o —_
B = log(Y.)
~(0
B = o
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Large sample normal approximation for the dis-
tribution of B

B~N@B,H Y
" estimate this by

substituting B for 3 in
H to obtain 3

Define

~ O O _ _
6=[ %5 %] =mxam
Then the estimated variance of

Ty = ePotBLXe

S,%* = GA'GT
= GIXTagXx]"1GT
The standard error is Sz, = */572%* and an ap-
proximate (1 — a) x 100% confidence interval
is

o % Z oS,
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Estimate the mean number of colonies for a Four kinds of residuals:
specific logig(dose) of quinoline, say X ]
Response residuals:
The m.l.e. is v R Y;
S s = | = — 7
e = ePoTP1Xx ? ? ni ¢
Apply the delta method: Pearson residuals:
~ Yi — Y; — nm .
OMs 348 Xe _ = L = (binomial)
8o = VVar(v;) Vi (1 — 7))
O Bo+8 Yi— i .
X, ePotbXs — x5, = ——— (Poisson)
961 ' o Vi
60
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Working residuals: Poisson family

Y 77 Y _ .
Za 'M = mrﬁ (binomial) G2 = (deviance)
(%) n;7i(1 — 7;) A
" Y- i 2 vl <Y’>
o _ 1og [ 1i
= —H  (poisson) = g i
i
For the binomial family with logit link where
o T\ — o n;m; _XTg fi; = exp(Bo+ B1X1+77)
= T ) T =) T log(p;) = Bo~+BiX1i+ ...
exp(X7B) exp(n;)
i = nimp=mny L =y : then
1+ exp(XI'3 1+ exp(n;) -
ou; e ; C— i . . 2
i = ni%z"liﬁi(l_ﬂi) 61—Slgl"l(Y; ;U'z) 2Y;log (ﬁz)
on; [1 4 exp(n;)]
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Deviance residual:

e; = sign(Y; — f;)y/|d;l
where d; is the contribution of the i-th case to
the deviance

binomial family

k
o : Y; v n; —Y;
G = 2;:1 |:Yzl09 <nﬁrl> + (n; — Yj)log <—ni(1 — ﬁi)>:|

and

e; = sign(Y; —n7;)

e (o 5

X
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