Stat 511 Exam 1
February 23, 2004 Prof. Vardeman

1. Consider an instance of the linear model for n =5 observations,
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4@ a) This is a full rank model. One way to easily see this is to argue that rows 1, 2, and 3 of the model
matrix are linearly independent (and so the rank is at least 3). Put these three rows into a 3x3 matrix

M and show this matrix is non-singular by arguing that Mc =0 implies that ¢=0.
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0 b) In a Gauss-Markov version of this model, which of the parameters f3,,,, or 3, can be estimated

with the greatest precision? Explain carefully. _g o o A {AA
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& ¢) Compute a matrix P, that projects any element of R° onto C(X) (in a perpendicular fashion).
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ﬁ d) In a Gauss-Markov version of this model, which row of the X matrix represents a set of conditions
under which Ey can be estimated with the best precision? Explain carefully
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For the next two parts of this question (parts €) and f)), suppose that Y is such that SSE =3 and

bi,s =(5,6,2). Consider an analysis under the normal version of the Gauss Markov model.

ﬁﬁ e) In the future, two new observations, y,,, andy,.,, are going to be observed under the conditions
described respectively by the 1* and 2" rows of the X matrix. Give 95% two-sided prediction limits
fOr ... — Voewa - (Plug correct numbers into correct formulas, but do not take time to do arithmetic.)
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/D&f) Write the hypothesis H, :E y, =E y, and E y, =E y; in testable form H, :Cp =0 for an appropriate
matrix C (write out such a matrix) and compute an F statistic for testing this (you need not do the
arithmetic, but plug correct numbers into a correct formula).
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%g) Consider an Aitken version of the model on page 1, where V =digg(1,6,L1], or 6 small.
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2. Attached to this exam is a printout of an R session for a time series analysis (via an ordinary linear
model) of 6 years worth of quarterly retail sales data (for the JC Penney Company). For consecutive 3-
month periods that we will simply label as £ =1,2,...,24 we’ll model

y, =sales in perlod t
as roughly linearly increasing in ¢, but with different “effects” for the 4 quarters of the year. That is,
with

1 ifperiod ¢ is from the ith quarter of the year
q,(1)=
0 otherwise

for i=1,2,3,4 we consider a model

v, =B+ B+ 14 (t)'*'?’z‘b(t)‘*'}’sqa (t)+74‘I4 (t)+<91
for t=1,2,...,24 the values f,./,.7,,7,» s+ unknown constants and the £,,&,,...,€,, iid normal
(0,0'2 ) (Period 7 =1 is a first quarter period.) You may use the printout to answer the following

questions. Refer very carefully to where you find anything you take from the printout (give page and
location on the page).

I_O_E a) Is the parametric function 7, -y, estimable in this model? Argue this very carefully. (erte the X

matrix for the first 5 periods below and use it in your argument.)
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- Since the model as originally posed is not full rank, a call to R’s 1m () function introduces a restriction
in order to produce a full rank version. The restriction used by R in this case is to set to O the
coefficient for the last column of the model matrix entered in the function call. That is, R fits the |

model
v, =B+ Bt+7iq, (1) + 720, (1) + 7395 (£) + &,

b) In this model, find 90% two-sided confidence limits for o. (No need to simplify after plugging

in.) —
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¢) Give 95% two-sided confidence limits for 7 —7,. (No need to simplify after pluggmg in)
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ﬁ d) Give 95% predlctlon limits for y,, (the retail sales in the 4t quarter of the year after the end of the |
data in hand) based on this model. (Plug correct numbers into a correct formula, but you need not do j
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