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Example 7

We �nish up with a couple of interesting multi-sample examples of Bayes
analyses. The �rst is a "one way random e¤ects analysis" example.

In a 2006 Quality Engineering paper "Calibration, Error Analysis, and
Ongoing Measurement Process Monitoring for Mass Spectrometry,"
Vardeman, Wendelberger, and Wang discuss a Bayes analysis of 44
measurement of a spectrometer�s sensitivity to Argon gas, made across 3
days. With

DStj = the device sensitivity computed from specimen j on day t

they used a decomposition

DStj = µS + δt + εtj

for µS a �xed unknown "true" device sensitivity, δt a random "day t"
deviation in sensitivity, and εtj a random specimen deviation.
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Example 7 (Data)

Here are the data for the study (device sensitivities, where units are
mol/ A s).
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Example 7 (Data Model)

Assuming that the δt are independent draws from a normal distribution
with mean 0 and standard deviation σδ, independent of the εtj that are
independent random draws from a normal distribution with mean 0 and
standard deviation σ, this is a problem with parameters µS, σδ, and σ.

The model can be rephrased as

µt � µS + δt = the day t sensitivity � N
�
µS, σ

2
δ

�
for t = 1, 2, 3

and given the values of µt , the specimen sensitivities are

DStj = µS + δt + εtj � N
�
µt , σ

2�
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Example 7 (Prior)

We considered the speci�cation of a prior for the parameters µS, σδ, and σ,

µS � N
�
0, 106

�
independent of

1
σ2δ

� Gamma (.001, .001) independent of

1
σ2

� Gamma (.001, .001)

These were intended to be relatively non-informative (but nevertheless
proper) priors for the parameters.

The WinBUGS code used in the paper is in the �le

BayesASQEx7.odc

and listed on the next two panels.
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Example 7 (WinBUGS Code)

list(sens=c(31.3,31.0,29.4,29.2,29.0,28.8,28.8,27.7,
27.7,27.8,28.2,28.4,28.7,29.7,30.8,30.1,29.9,32.5,32.2,
31.9,30.2,30.2,29.5,30.8,30.5,28.4,28.5,28.8,28.8,30.6,
31.0,31.7,29.8,29.6,29.0,28.8,29.6,28.9,28.3,28.3,28.3,
29.2,29.7,31.1),ind=c(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,
2,2,2,2,2,2,2,2,2,2,2,2,2,2,3,3,3,3,3,3,3,3,3,3,3,3,3),
N=44)

list(mu=c(3,3,3),tau=1,muS=0,taudelta=1)
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Example 7 (WinBUGS Code cont.)

model {
for(i in 1:N) {
sens[i]~dnorm(mu[ind[i]],tau)
}
for(i in 1:3) {
mu[i]~dnorm(muS,taudelta)
}
tau~dgamma(0.001,0.001)
sigma<-1/sqrt(tau)
muS~dnorm(0.0,1.0E-6)
taudelta~dgamma(0.001,0.001)
sigmadelta<-1/sqrt(taudelta)
}

The next �gure shows some summaries from a WinBUGS session based on
the code.
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Example 7 (cont.)

Figure: Summaries of a Bayes analysis of a spectrometer�s sensitivity to Argon gas
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Example 7 (cont.)

Notice that the mean(s) in this problem are far more precisely determined
than are the standard deviations. That is a well known phenomenon. It
takes a very large sample size to make de�nitive statements about
variances or standard deviations ... and in the case of σδ, the appropriate
"sample size" is 3! (Tests were made on only 3 days.)
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Example 8

Two versions of an industrial process are run with the intention of
comparing e¤ectiveness. (There is an "old/#1" and a "new/#2"
process.) Six di¤erent batches of raw material are used in the study. For

yij = the yield of the jth run made using raw material batch i ,

process data are below.

i j process yij i j process yij i j process yij
1 1 1 82.72 4 1 1 87.77 5 7 2 78.23
1 2 1 78.31 4 2 1 84.42 5 8 2 76.40
1 3 1 82.20 4 3 1 84.82 6 1 2 81.64
1 4 1 81.18 5 1 1 78.61 6 2 2 83.04
2 1 1 80.06 5 2 1 77.47 6 3 2 82.40
2 2 1 81.09 5 3 1 77.80 6 4 2 81.93
3 1 1 78.71 5 4 1 81.58 6 5 2 82.96
3 2 1 77.48 5 5 1 77.50
3 3 1 76.06 5 6 2 78.73
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Example 8 (Data Model)

We�ll consider an analysis based on the model

yij = µprocess(ij) + βi + εij

where process(ij) takes the value either 1 or 2 depending upon which
version of the process is used, µ1 and µ2 are mean yields for the two

versions of the process, the βi are N
�
0, σ2β

�
independent of the εij which

are N
�
0, σ2

�
, and the parameters of the model are µ1, µ2, σβ, and σ.

This is (by the way) a so-called "mixed e¤ects model." (The µ�s are
"�xed e¤ects," of interest in their own right. The β�s are "random
e¤ects" primarily of interest for what they tell us about σβ, that measures
random batch-to-batch variability.)
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Example 8 (Priors)

What was presumably a fairly "non-informative" choice of prior
distribution for the model parameters was

µ1 � N
�
0, 106

�
independent of

µ2 � N
�
0, 106

�
independent of

ln
�
σβ

�
� "Uniform (�∞,∞) "/"�at" independent of

ln (σ) � "Uniform (�∞,∞) "/"�at"

WinBUGS code for analysis of this situation is in the �le

BayesASQEx8.odc

and listed on the next panel two panels.

Steve Vardeman (ISU) Module 8 March 5, 2008 12 / 23



Example 8 (WinBUGS Code)

model {
for (i in 1:2) {process[i]~dnorm(0,.000001)}
diff<-process[2]-process[1]
logsigb~dflat()
taubatch<-exp(-2*logsigb)
sigmabatch<-exp(logsigb)
for (j in 1:7) {batch[j]~dnorm(0,taubatch)}
logsig~dflat()
tau<-exp(-2*logsig)
sigma<- exp(logsig)
for (l in 1:27) {mu[l]<-process[p[l]]+batch[b[l]]}
for (l in 1:27) {y[l]~dnorm(mu[l],tau)}
}
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Example 8 (WinBUGS Code cont.)

list(b=c(1,1,1,1,2,2,3,3,3,4,4,4,5,5,5,5,
5,5,5,5,6,6,6,6,6,7,7),
p=c(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,2,2,
2,2,2,2,2,2,1,2),
y=c(82.72,78.31,82.20,81.18,80.06,81.09,
78.71,77.48,76.06,87.77,84.42,84.82,78.61,
77.47,77.80,81.58,77.50,78.73,78.23,76.40,
81.64,83.04,82.40,81.93,82.96,NA,NA))

Note that the code calls for simulation of new responses from a 7th batch
under both of the possible process conditions (the 26th and 27th y�s).
These come from posterior predictive distributions.
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Example 8 (cont.)

Here is WinBUGS output that shows clearly that not enough has been
learned from these data to say de�nitively how the processes compare.
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Example 8 (cont.)

Steve Vardeman (ISU) Module 8 March 5, 2008 16 / 23



Example 9

As a �nal example of the power of Bayes analysis to handle what would
otherwise be quite non-standard statistical problems, consider the
following situation.

A response, y , has mean known to increase with a covariate/predictor, x ,
and is investigated in a study where (coded) values x = 1, 2, 3, 4, 5, 6 are
used and there are 3 observations for each level of the predictor. Suppose
the form of the dependence of the mean of y on x (say Eyxj = µx ) is not
something that we wish to specify beyond the restriction that

µ1 � µ2 � µ3 � µ4 � µ5 � µ6

(So, for example, simple linear regression is not an appropriate statistical
methodology for analyzing the dependence of mean y on x .) We consider
an analysis based on a model

yxj = µx + εxj

where the (otherwise completely unknown) means µ1, µ2, . . . , µ6 satisfy
the order restriction and the εxj are independent N

�
0, σ2

�
variables.
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Example 9 ("Data")

Here are some hypothetical data and summary statistics for this example.

x yxj�s y x
1 0.9835899,�0.5087186, 1.0450089 .51
2 0.6815755,�2.1739497, 1.0464128 �.15
3 1.3717484, 1.1350734, 0.3384970 .95
4 6.5645035, 5.0648255, 6.0209295 5.88
5 6.5766160, 5.8730637, 7.4934093 6.65
6 7.8030626, 8.2207331, 6.7444797 7.59

and
p
MSE = .99.
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Example 9 (Prior)

One way to make a simple WinBUGS analysis of this problem is to set

δi = µi � µi�1 for i = 2, 3, . . . , 6

and use priors

µ1 � N
�
0, 104

�
independent of

δi � Uniform (0, 10) for i = 2, . . . , 6 independent of

ln (σ) � "Uniform (�∞,∞) "/"�at"

WinBUGS code for analysis of this situation is in the �le

BayesASQEx9.odc

and is listed on the next two panels.
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Example 9 (WinBUGS Code)

model {
mu1 ~dnorm(0,.0001)
mu[1] <- mu1
for (i in 2:6) {
delta[i] ~dunif(0,10)}
for (i in 2:6) {
mu[i] <- mu[i-1]+delta[i]}
logsigma ~dflat()
sigma <- exp(logsigma)
tau <- exp(-2*logsigma)
for (j in 1:N) {
y[j] ~dnorm(mu[group[j]],tau)}
}
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Example 9 (WinBUGS Code cont.)

list(N=18,group=c(1,1,1,2,2,2,3,3,3,4,4,4,5,5,5,6,6,6),
y=c(0.9835899,-0.5087186,1.0450089,0.6815755,-2.1739497,
1.0464128,1.3717484,1.1350734,0.3384970,6.5645035,
5.0648255,6.0209295,6.5766160,5.8730637,7.4934093,
7.8030626,8.2207331,6.7444797))

list(mu1=0,logsigma=0)

Output on the next two panels shows how easy it is to get sensible
inferences in this nonstandard problem from a WinBUGS Bayes analysis.
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Example 9 (cont.)
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Example 9 (cont.)
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