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A Relatively Simple First Method for Separating Process

and Measurement Variation

In Module 2 we observed that
@ repeated measurement of a single measurand with a single device
allows one to estimate 0 geyice, and
@ single measurements made on multiple measurands from a stable
process using a linear device allow one to estimate
— ]2 2
Ty = U + U device

and remarked that these facts might allow one to somehow find a way to
estimate 0 (a process standard deviation) alone. Our first goal in this
module is to provide one simple method of doing this.

The next figure illustrates a data collection plan that combines the
elements 1. and 2. above.
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One Method of Separating Process and Measurement

Variation
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Figure: One Possible Data Collection Plan for Estimating a Process Standard
Deviation, oy
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One Method of Separating Process and Measurement

Variation

Here we will use the notation y for the single measurements on n items
from the process and the notation y’ for the m repeat measurements on a
single measurand. The sample standard deviation of the y's, 5., is a

.. . . _ 2 2
natural empirical approximation for o, = /0% + 04,,i.e and the sample

standard deviation of the y’’s, s, is a natural empirical approximation for
Odevice- T hat suggests that one estimate the process standard deviation
with

Ty = \/max (0,52 — s?) (1)

as indicated in display (2.3), page 20 of SQAME. (The maximum of 0
and sf — 52 under the root is there simply to ensure that one is not trying
to take the square root of a negative number in the rare case that s
exceeds s,,.)
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One Method of Separating Process and Measurement

Variation

0 is not only a sensible single number estimate of ¢, but can also be used
to make approximate confidence limits for the process standard deviation.
The so-called Satterthwaite approximation suggests that one use

_ 1 — 1 .
Oxy| =5— and 0y —— as limits for oy
upper lower

where appropriate "approximate degrees of freedom" are
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One Method of Separating Process and Measurement

Variation
Example 4-1

In Module 2, we considered m = 5 measurements made by a single analyst
on a single physical sample of material using a particular assay machine
that produced s = .0120. Suppose that subsequently, samples from

n = 20 different batches are analyzed and s, = .0300. An estimate of real
process standard deviation (uninflated by measurement variation) is then

Tx = \/max (0,52 —s?) = \/max (0, (.0300)2 — (.0120)2) = .0275

and this value can used to make confidence limits. The Satterthwaite
"approximate degrees of freedom" are

—~4

7y B (.0275)* B
s s (.0300)* N (.0120)*
n—1 m-—1 19 4

7=

11.96
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One Method of Separating Process and Measurement

Variation
Example 4-1

and rounding down to # = 11, an approximate 95% confidence interval for
the real process standard deviation, oy, is

/[ 11 [ 11 .
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One Way Random Effects Models and Associated Inference

One of the basic models of intermediate statistical methods is the
so-called "one-way random effects model" for / samples of observations

Yit, Y12, .- Yim
Y21.Y22, -+ Yon,

}/Ily}/I2y---v)/In/

This model says that the observations may be thought of as

Yij = M T €j

where the €;; are independent normal random variables with mean 0 and
standard deviation ¢, while the / values p; are independent normal random
variables with mean p and standard deviation o, (independent of the €'s).
(One can think of | means y; drawn at random from a normal distribution
of u;'s, and subsequently observations y generated from / different normal
populations with those means and a common standard deviation.)
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One Way Random Effects Models and Associated Inference

In this model, the 3 parameters are o (the "within group" standard
deviation), 0, (the "between group" standard deviation), and p (the
overall mean). The squares of the standard deviations are called "variance
components" since for any particular observation, the laws of expectation
and variance imply that

p,=pu+0=p and 0')2,:0"24—{—0'2

(ie. o2

u and 02 are components of the variance of y).

Two quality assurance/metrological contexts where this model can be
helpful are where

@ multiple measurands from a stable process are each measured
multiple times on the same device
@ a single measurand is measured multiple times on multiple devices

These two scenarios and the accompanying parameter values are
illustrated in the next two figures.
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One Way Random Effects Models and Associated Inference
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Figure: Cartoon lllustrating Multiple Measurands from a Stable Process Each
Measured Multiple Times With the Same (Linear) Device
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One Way Random Effects Models and Associated Inference

é‘lﬂgdevice
.4 f .............................................. » yll’y127""ylnl
52 H Gdevice
X 1 f ............................................... > Voo Vorseees y2n2

]sadevice
‘ f ............................................... | yll,,ylz,o-.,yln[

"o,on_ n " __ no_n _
H'=x+ps,"0,"=0s, and """ = 0

Figure: Cartoon lllustrating a Single Measurand Measured Multiple Times With
Multiple Devices
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One Way Random Effects Models and Associated Inference

There are well established (but not altogether simple) methods of inference
associated with the one-way random effects model, that can be applied to
make confidence intervals for the model parameters (and inferences of
practical interest in metrological applications). Some of these are based
on so-called ANOVA methods and the one-way ANOVA identity that says

Y-y ) =i -7) +Z Yi Vi)
1) ]
or

SSTot = SSTr 4 SSE

For example, with n =Y _ n;, the quantity

<
<
92}
m
I
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One Way Random Effects Models and Associated Inference

is a square root of a (weighted) average of the / sample variances and can
be used to make confidence limits for ¢ as

In—1 . n—1
o 5 and 0 5
Xupper Xiower

where the appropriate degrees of freedom are v = n— /. And, although
we won't illustrate them here, the Satterthwaite approximation can be
used to make approximate confidence limits for o,.

Operationally, the most efficient way to make inferences based on the one
way random effects model is to use a high quality statistical package like
JMP and rely on its implementation of the best known methods of
estimation of the parameters o, Ty, and . We proceed to illustrate that
possibility in a metrological application.
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One Way Random Effects Models and Associated Inference

Example 4-2

Consider the case of Problem 2.10, pages 50-51 of SQAME, and in
particular the two hardness measurements made on each of the /| = 9 parts
by Operator A. This is a scenario of the type illustrated on panel 10. The
following series of figures shows first a JMP data sheet for this example
(note that part is a nominal variable and hardness is a continuous
variable), then the dialogue box for a Fit Model procedure appropriate
here (the part effect has been made a random effect by using the menu
under the red triangle by "attributes" in the dialogue box), and finally a
JMP report for the analysis, showing confidence limits for 02 (= U’% here)
and for 03 ... (= 0 here).

What is clear from this analysis is that this is a case where part-to-part
variation in hardness (measured by o) is small enough and poorly
determined enough in comparison to basic measurement noise (measured
by O device) that it is impossible to really tell its size.
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One Way Random Effects Models and Associated Inference

Example 4-2
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Figure: JMP Data Sheet for Example 4-2 (Data From Page 51 of SQAME)
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One Way Random Effects Models and Associated Inf

Example 4-2
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Figure: JMP Fit Model Dialogue Box for Example 4-2
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One Way Random Effects Models and Associated Inf

Example 4-2
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Figure: JMP Report for Example 4-2
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One Way Random Effects Models and Associated Inference

Example 4-3

Consider the case of Problem 2.12, page 52 of SQAME, and in particular
the three weight measurements made on piece 1 by each of the / =5
operators. This is a scenario of the type illustrated in panel 11 and further
illustrates the concepts of "repeatability" (device) variation and

"reproducibility" (operator-to-operator) variation first discussed in Module
3.

The following series of figures shows first a JMP data sheet for this
example (note that operator is a nominal variable and weight is a
continuous variable), then the dialogue box for a Fit Model procedure
appropriate here (the operator effect has been made a random effect by
using the menu under the red triangle by "attributes" in the dialogue box),
and finally a JMP report for the analysis, showing confidence limits for (7§
(= o7, here) and for 05, (= 0 here)
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One Way Random Effects Models and Associated Inf

Example 4-3
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Figure: JMP Data Sheet for Example 4-3 (Data From Page 52 of SQAME)
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One Way Random Effects Models and Associated Inference

Example 4-3
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Figure: JMP Fit Model Dialogue Box for Example 4-3
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One Way Random Effects Models and Associated Inference

Example 4-3
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Figure: JMP Report for Example 4-3
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One Way Random Effects Models and Associated Inference

Example 4-3

Recognizing that although the JMP report lists a negative lower
confidence bound for (7(25, this quantity can never be smaller than 0, we
estimate with 95% confidence that

0<0s <V45x10-5 = .0067

and that
0057 = V3.2 X 1075 < Ogevice < V.0002014 = .0142

and this is a case where repeatability (device) variation is clearly larger
than reproducibility (operator-to-operator) variation in weight measuring.
If one doesn't like the overall size of measurement variation seen in the
data of panel 19, it appears that some fundamental change in equipment
or how it is used will be required. Simple training of the operators aimed
at making how they use the equipment more uniform (and reduction of
differences between their biases) has far less potential to improve
measurement precision.
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