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Abstract Phylogenetic relationships may be represented by rooted acyclic di-
rected graphs in which each vertex, corresponding to a taxon, possesses a genome.
Assume the characters are all binary. A homoplasy occurs if a particular charac-
ter changes its state more than once in the graph. A vertex is “regular” if it has
only one parent and “hybrid” if it has more than one parent. A “regular path” is
a directed path such that all vertices after the first are regular. Assume that the
network is given and that the genomes are known for all leaves and for the root.
Assume that all homoplasies occur only at hybrid vertices and each character has
at most one homoplasy. Assume that from each vertex there is a regular path lead-
ing to a leaf. In this idealized setting, with other mild assumptions, it is proved
that the genome at each vertex is uniquely determined. Hence, for each character
the vertex at which a homoplasy occurs in the character is uniquely determined.
Without the assumption on regular paths, an example shows that the genomes and
homoplasies need not be uniquely determined.

Keywords Phylogeny - Network - Phylogenetic network - Hybridization -
Homoplasy

1. Introduction

Phylogenetic relationships are most commonly represented by rooted trees. The
extant taxa correspond to leaves of the trees, while internal vertices correspond to
ancestral species. The arcs correspond to direct genetic inheritance, typically in-
volving genetic change such as substitutions, insertions, and deletions in the DNA.
Each site of the DNA is called a “character,” but there are more general notions of
character that include morphological data for a taxon or even entire genes. To be
of phylogenetic interest, a character should have more than one “state” or “allele”
present in different taxa.

*Corresponding author.
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Fig. 1 A phylogenetic network with X ={1,2,3,4,5,6,7, 8}.

For a given character, if the set of vertices with a particular state of the charac-
ter is connected, the character is called “compatible” with the tree. In a “perfect
phylogeny” on a tree, every character is compatible. Character compatibility is
treated in Semple and Steel (2003) (pp. 65-83) and Felsenstein (2006) (pp. 87-96).
A “homoplasy” in a tree is an event giving rise to incompatibility. In a tree with a
perfect phylogeny, there are no homoplasies. One kind of homoplasy could arise
in a rooted tree if a character has state a in taxon 1, which then changes to state
b in a speciation event at taxon 2, and then some descendent taxon 3 of taxon
2 again has the character in state a. Another type of homoplasy occurs if there
are two different speciation events in which the same new state of the character
arises.

There has been increased interest recently in phylogenetic networks that are
directed graphs but not necessarily trees. Such networks could include such addi-
tional events as hybridization, recombination, or lateral gene transfer. Basic mod-
els of recombination were suggested by Hein (1990, 1993). Some general frame-
works are found in Bandelt and Dress (1986, 1992), Baroni et al. (2004), Moret
et al. (2004), and Nakhleh et al. (2004). In such a network, a “hybrid” vertex can
arise which has more than one parental taxon.

For us, a phylogenetic network will be an acyclic directed graph with a set V of
vertices, a set Aof arcs, and a root. We assume that there are no “redundant” arcs.
(See Section 2.) Let X denote the set of vertices on which the characters are known.
We assume that X contains all the leaves together with the root. An example is
shown in Fig. 1. The problem is then to infer the characters at all vertices of the
network, given the network and the characters at each member of X.

The simplest model for reconstruction of ancestral genomes in a phylogenetic
tree was given by Camin and Sokal (1965) (see also Felsenstein, 2006, pp. 73-74).
This model assumes that characters are binary and that there are no homoplasies.
In this case, reconstruction of the genome at each vertex in a phylogenetic tree is
easy.
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Wang et al. (2001) consider rooted acyclic directed graphs that need not be trees.
They study a problem in which all recombination events are associated with node-
disjoint recombination cycles, and they present a sufficient condition to identify
such networks. Gusfield et al. (2004a) give necessary and sufficient conditions to
identify these networks, which they call “galled-trees,” and they add a much more
specific and realistic model of recombination events. In Gusfield et al. (2004b),
they give a more detailed study of these node-disjoint cycles.

Like Wang et al. (2001), this paper approaches phylogeny allowing hybridization
or recombination events. Like Camin and Sokal (1965) and Wang et al. (2001), we
assume that the characters are binary and that the states of the characters at all
leaves of the network (as well as the root) are known. In particular, we may as well
assume that all characters at the root are 0. (An outgroup can be used in place of
the true root, so we may realistically assume that the genome of the root is known.)
Our model does not require that the networks be galled-trees. Nor do we need the
special assumptions on the hybridization process given in Gusfield et al. (2004b).

Previous work by the author in Willson (2006a,b) also assumed binary characters
and allowed the possibility of hybridization. It, however, assumed that there were
no homoplasies. Since homoplasies appear to be likely at hybridization events, a
complete model should include that possibility. The models in Willson (2006a,b)
would apply most directly to the case of polyploidy, in which the genome of both
parents appears in the hybrid, so that homoplasies need not occur at the hybridiza-
tion. An alternative approach to polyploidy may be found in Huber and Moulton
(2006) and in Huber et al. (2000), utilizing multi-labelled trees.

The innovation in the current paper is a model allowing homoplasies at the hy-
brid vertices. We assume that a state can change from 0 to 1 only once in the
network. We also assume that, if a state changes from 1 to 0 (thus introducing a
homoplasy), such a change occurs at a unique hybridization event such that all
further descendents have state 0.

A list of assumptions Al through A4 is given at the beginning of Section 4.
We make two principal assumptions in this model. Assumption Al is that all ho-
moplasies occur at hybrid vertices. This assumption is justified in Section 2.2. A
vertex is called “regular” if it is not hybrid, and a directed path is “regular” if all
vertices on it, except possibly the initial vertex, are regular. The second principal
assumption (A4) is that for every vertex v there is a regular path starting at v and
ending at some member of X. The path may be trivial if v is already in X. This path
provides a direct connection between v and the known genome at some member
of X.

We also make mild assumptions (justified in Section 3) that there are no trivial
homoplasies. Assumption A2 is that any vertex of outdegree 1 lies in X. Typically
this means in terms of the initial data that the only such vertex, if any exist, is the
root. Without this assumption, there is no way to distinguish events at such a vertex
from events at its child.

Second, consider the phylogenetic network in Fig. 1. Note that vertex 16 has
children 2 and 3. An “immediate homoplasy” would occur if a character had state
0 at vertex 13, state 1 at 16, 0 at 2, and 1 at 3. The character would have mutated
to state 1 in vertex 16, then immediately had a homoplasy to revert to state 0 at
vertex 2. This is not distinguishable from the character having state 0 at vertices 13,
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16, and 2, but state 1 at vertex 3 since the characters are known only at vertices in
X. The possibility of an immediate homoplasy is instantly recognizable and hence
trivial. Assumption A3 is that there are no immediate homoplasies.

The main result (Theorem 4.9) asserts that, under these assumptions, when the
network is known and the genomes at the members of X are known, then the ver-
tices at which the various mutation events occur are uniquely determined and the
genomes at each vertex are uniquely determined. An example in Section 5 shows
that, when even one vertex has no regular path to a member of X, the locations
of the changes of state may not be determined, even when the network is itself
known. The fact that the genomes are not determined even in this idealized sit-
uation when some vertex has no regular path to a member of X shows that an
assumption analogous to the regular path assumption will need to be made in fu-
ture more realistic analyses.

The results in this paper assume knowledge of the network. A very interesting
question is the reconstruction of the network itself from knowledge of the genomes
at all members of X. For the monotonic case where there are no homoplasies but
with additional assumptions, a procedure was given in Willson (2006b) to perform
the reconstruction even in the presence of hybridizations. The analogous recon-
struction under the current hypotheses is the subject of further research.

The analysis in this paper is very sensitive to any small deviations from the ideal-
ized model and hence inappropriate for direct calculations with real data. Ongoing
research is directed toward modifying the assumptions to make the calculations
more relevant to real problems.

2. Fundamentals
2.1. Networks

A directed graph D = (V, A) consists of a set V of vertices and a set A of arcs. Each
arc is an ordered pair (x, y), where x € V and y € V, x # y , which we visualize
as directed from x to y. No multiple arcs or loops are allowed. A directed path o
given by xg, xi, ..., x, is a sequence of vertices x; € V such that fori =1,...,n,
(xi—1, x;) € A Such a directed path would be called a directed path from x to x,, of
length n. In particular, for every xj there is a directed path from x; to xy of length
0, called the trivial path at xy. D is acyclic if there is no directed path xo, x1, ..., X,
with n > 1 such that xp = x,,. We will assume D is acyclic; this assumption is natural
since each arc (x, y) should correspond to an event requiring a positive quantity
of time from x to y. D is rooted if there exists a root r € V such that forallx € V'
there is a directed path from r to x. Define a partial order < on V by a < b iff there
is a directed path from a to b. In particular, for alla € V, a < a by the trivial path.
We write a < bifa < banda # b.

The arcs of D are intended to describe the most fundamental transfer of ge-
nomic information between the taxa in V. Directed paths describe transfers that
are a consequence of these arcs. Accordingly, we assume that the arcs in D are
nonredundant in the sense that no arc (x, y) exists when there is a directed path
from x to y of length greater than 1. Equivalently, (x, y) is an arciff x < y, x # y,
and whenever x < z < ytheneither z=xor z=y.
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For any vertex v € V, a parent of v is u € V such that (u, v) € A, a child of v
is u € V such that (v,u) € A, a grandparent of v is a parent of a parent of v, a
descendent of v is any u € V such that v < u, and an ancestor of v is any u € V such
that u < v. The indegree of v is the number of parents of v; the outdegree of v is
the number of children of v. A vertex of outdegree 0 is called a leaf. The root is
the only vertex of indegree 0. A vertex is regular if its indegree is 1 and hybrid if
its indegree is greater than 1. We shall frequently use the following obvious fact:
suppose p is the parent of ¢ where c is regular; if x < ¢, then either x = corx < p.
If v is a vertex, a regular path from v to z is a directed path v = xo, x1, ..., x, = 2,
where fori =1,...,n, (x;_1, x;) is an arc and x; is regular. Note that x; need not
be regular. The trivial path at xy is also considered a regular path.

A base set for a rooted acyclic directed graph D is a subset X of V that includes
the root r and each leaf. In typical applications, X corresponds to the set of taxa
on which measurements can be made. The leaves are typically extant taxa, so that
their DNA is available. While the true root is usually only inferred, in typical appli-
cations an extant outgroup is utilized to locate the root, so its DNA is also typically
known.

If K is a nonempty subset of V, then a most recent common ancestor for K is a
vertex v such that

(1) forallk e K, v < k; and
(2) whenever u € V satisfies that for all k € K, u < k, then it follows u < v.

If a most recent common ancestor for K exists, it is easily seen to be unique; it will
be denoted mrca(K). It often happens that mrca(K) will not exist. The notation
may sometimes be simplified, so we might write mrca(a, b) for mrca({a, b}).

A phylogenetic network N = (V, A, r, X) is an acyclic directed graph (V, A) with
root r that has base set X, such that there are no redundant arcs.

2.2. Genomic assignments

Let N = (V, A, r, X) be a phylogenetic network. Let C = {1, ..., k} denotes a finite
set, called the set of characters. Each character i € C is assumed to be binary, pos-
sessing two states (0 or 1). Associated with each vertex v € V there is a binary string
G(v) = G(v)1, G(v)2, . .., G(v) called the genome, where G(v); is the state (0 or
1) of character i. Label each state so that for each character i, 0 is the state in the
root r. Then for each v € V define M(v) = {i € C: G(v); = 1}. Call M(v) the mu-
tated genome at taxon v since it is the set of characters at which v has mutated from
the root. Note M(r) = #J. We assume that eachi € C is relevant in that there exists
u € V such that i € M(u). For eachi € C, let K(i) = {v e V:i € M(v)}. Assume
that for each i € C, K(i) is nonempty; otherwise, i is irrelevant to our analysis.

A simplifying biological assumption is that changes of any character from one
state to the other state are sufficiently rare that the same change would never hap-
pen twice. For each character i € C, there must be a unique taxon u; € V where i
first appeared with state 1. It follows that i has state 1 in ; and for every v € V such
thati € M(v) we must have i; < v. Hence mrca(K(7)) exists, u; = mrca(K(i)), and
i € M(u;). Call u; the originator for i.
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For each u € V, define the originating set to be
O(u)={i € C:u; =u}.

Equivalently, O(u) is the set of characters for which u is the originator. It is
clear that the sets O(u) are pairwise disjoint. Moreover, since M(r) = ¢ it follows
o(r) =9.

Once a character i has first mutated in u; from the state at the root, we assume
that all descendents of u; carry the mutated version of the character unless there is
another taxon x; € V where a reversion occurs so that the character changes back
to the unmutated form in the root. Necessarily, u; < x;. Under the assumption
that no mutation ever occurs twice, it follows that every descendent of x; carries
the version of the character i at the root since the mutated version never reoccurs
in a descendent of x;.

Thus a complete description of where the mutated character i occurs is as fol-
lows: either

(1) there exists a unique vertex u; such thati € M(v) iff u; < v; or
(2) there exist unique vertices u; and x; such that u; < x; and

ie M) iff (y <v and x; £v).

Case (1) can be regarded as Case (2) where x; does not exist.
Referring to Case (2), define

H(u,x)={i € C:u=u; and x = x;}.

Call H(u, x) the homoplasy set from u at x. It follows that H(u, x) = unless
u < x. Note H(u, x) € O(u). In particular, H(r, x) = ¥ since O(r) = . It is now
immediate that for all v, the mutated genome M(v) is

M) =U[O() :u <v]—U[H(u,x):u<v,x £v].

If x is hybrid with parents p and ¢, then (except in the case of polyploidy) we
expect part of the genome to be inherited from p and part from ¢. If i € O(u) N
M(p)buti ¢ M(q),thenitis possible thati ¢ M(x) because the relevant portion of
the genome was inherited from g and not p and the mutated state of the character
is lost for the descendents of x. Thus we expect that frequently H(u, x) # ¢ when
x is hybrid.

By contrast, when x is regular with unique parent p, the entire genome of x is
inherited from p with some additional mutations. Suppose u < x and i € O(u) N
M(p). A reversion of character i from state 1 to state 0 in M(x) would correspond
to two independent mutations at the same site corresponding to i in u# and in x.
Under the assumption that mutations are rare, we expect such a coincidence of
mutations to be unlikely. We therefore will treat such mutations as not occurring
in the general case (and treat their occurrence in reality as a second-order effect
or perturbation). More specifically, we shall assume (Assumption A1) that regular
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vertices have no homoplasies: if u < x and x is regular, then H(u, x) = . This
assumption resembles the assumption of monotonicity in Willson (2006a), but only
applied to regular vertices.

A shortcoming of the model appears in the situation where x is hybrid with
parents pand g, u < p,u < q and there exists v withi € H(u, v),u <v < p,v £ q.
Then i € M(q) but i ¢ M(p). By our assumptions on homoplasy sets, i ¢ M(x)
since u < v < x. In the hybridization event at x, how does the genome “know”
that 7 is to be excluded from M(x) because it is not in M(p), even though it is in
M(q)? For example, consider Fig. 1. If i € H(9, 14), then it follows i € M(16), but
i ¢ M(15). Our assumption is thati ¢ M(3) since 14 < 3, even though the situation
between parents 16 and 15 appears symmetric. Our assumption must be based on
the expectation that such situations are to be treated as small corrections on the
model. An interesting problem would be to extend the current results to a more
general model, where in Fig. 1 we might or might not have such i in M(3).

We summarize the discussion above in the notion of a “genomic assignment.”
A genomic assignment (O, H, M) on a phylogenetic network N = (V, A,r, X) is a
collection of sets O(u) for each u € V, H(u, v) for eachu € Vand v € V, and M(u)
for each u € V such that

(1) the sets O(u) are pairwise disjoint;
(2) ifu £ vthen H(u,v) = @;
(3) for each u € V and for each v such that u < v, H(u, v) C O(u);
(4) for each fixed u € V the sets H(u, v) are pairwise disjoint;
(5) O(r) =1
(6) foreachv e V, M(v) =U[O(u) : u < v] —U[H(u,x) :u <v,x £ v].
We assume that for each x in the base set X, M(x) is known. This is natural since
X corresponds to the (usually extant) taxa on which measurements can be made.

A fundamental problem is to infer as much as possible about the phylogenetic
network and its genomic assignment given only information on X.

3. Special situations

In this section, we investigate some special situations where information in the
network N may not be uniquely determined by information on the base set. Each
situation will lead to a simplifying assumption for our analysis.

3.1. Vertices of outdegree 1

Let N=(V, A r, X) be a phylogenetic network. Suppose that the network N is
given, as well as M(x) for x € X.

Lemma 3.1. Suppose v has outdegree 1 with unique child w and suppose v ¢ X.
Then the situations (1) and (2) are indistinguishable, where

(1) i € O(v) —U[H(v,2):v < z], or
(2) i € O(w)—U[H(w,z):w < Z].
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Likewise situations (3) and (4) are indistinguishable, where
(3) i € H(v, ) for some z such that w < z, or
(4) i € Hw, z).
Finally, (5) and (6) are indistinguishable, where
(5) i € H(v, w), or
(6) i is omitted from C.

Proof: For each pair of situations M(x) will be unchanged between the two situ-
ations for every x € X. We see this by several cases. Note that for x € X we have
w < x iff v < x because v ¢ X. Moreover, in general, we have

(a) if w < zthenv < z;
(b) ifv < zand z # v, thenw < z.

If i € M(x) assuming (1), then v < x, whence w < x, so i € M(x) assuming (2).
The converse is symmetric. This shows that situations (1) and (2) are indistinguish-
able.

If i € M(x) assuming (3) then v < x and z £ x. Since x € X we have w < x and
z £ x, whence i € M(x) assuming (4). The converse is similar. This shows that (3)
and (4) are indistinguishable.

If (5) is assumed, then the only vertex x such that i € M(x) is x = v. Hence the
character i with state 1 is never observed in any member of X and may be omitted
from the analysis. O

It follows that if v ¢ X and v has outdegree 1, then all the characters in O(v) can
be transferred to its child w (or omitted in case (5)). Hence the situation is indistin-
guishable from that in which O(v) = #. In this situation, v can be omitted entirely
from V by removing v from V, removing the arc (v, w) from A, and replacing each
arc (u,v) € Aby a new arc (u, w). For simplicity, in Section 4, we shall assume
(Assumption A2) that no such v occurs.

3.2. Immediate homoplasies

Suppose p has exactly two children a and b. If i € H(p, a), then there is an imme-
diate homoplasy in that i € O(p) buti ¢ M(a), so character i first mutates to state
1in p but immediately reverts to state 0 in p’s child a. In general, it will be impos-
sible to distinguish this situation from that in which i € O(b), so i first appears in
b. This is shown in the following result.

Lemma 3.2. Assume that vertex p ¢ X and p has exactly two children a and b.
Suppose i € H(p, a) in one genomic assignment (O, H, M).

(1) If a and b have no common descendent, let another genomic assignment
(O, H, M) be the same as (O, H, M) except thati € O'(b). Then forall x € X,
M(x) = M'(x).

(2) If a and b have a common descendent, assume

c=mrcafv € V:a <v,b<v} exists.
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Suppose another genomic assignment (O', H', M") is the same as (O, H, M) except
thati € H' (b, c). Then for all x € X, M(x) = M'(x).

Proof: We show that M(x) = M'(x) for all x € X. Assume first that ¢ and b have
no common descendent. Suppose i € M(x) for some x € X. Then p <xanda £ x.
Since p # x, it follows that b < x, so i € M'(x). Conversely, suppose i € M'(x).
Then b < x whence p < x. Butif a < x, then x is a common descendent of a and
b, a contradiction. Hence p < x anda £ xsoi € M(x).

Now assume that @ and b have a common descendent and c is as described. It fol-
lows a < c and b < ¢ by the definition of mrca. Suppose x € Xandi € M(x). Then
p <xanda £ x. It follows b < x. Moreover, if ¢ < x then a < ¢ < x contradicting
a £ x.Hence ¢ £ x,and i € M'(x). Conversely,if i € M'(x),thenb < xandc £ x.
Hence p < b < x. Ifin addition a < x, then since @ < x and b < x it follows ¢ < x,
a contradiction. Hence a £ x, whence i € M(x). O

These two situations are indistinguishable in terms of the input data but in a
trivial way since the ambiguity is always present and always easily identified. In
Section 4, we will resolve this ambiguity by assuming (Assumption A3) that there
are no immediate homoplasies, even if the mrca(a, b) does not exist.

4. Results

The goal of this section is to show that, given a phylogenetic network N =
(V, A, r, X) with genomic assignment (O, H, M), and given M(x) for all x € X, we
can uniquely determine all the sets M(u), O(u), and H(u, v).

Let N = (V, A, r, X) be a phylogenetic network and(O, H, M) be a genomic as-
signment on N. The full results require the following assumptions, collected here
for convenience:

Al. Regular vertices have no homoplasies. More specifically, if x € V is regular
and u < x then H(u, x) = 0.

A2. If v has outdegree 1, then v € X.

A3. Nonimmediacy of homoplasies. Suppose that the vertex p ¢ X has exactly
two children a and b. Then H(p, a) and H(p, b) are both empty.

AA4. For every vertex v € V, there is a regular path from v to a member of X.

Assumption Al was justified in Section 2, A2 was justified by 3.1, and A3 was
justified by 3.2. Section 5 will contain an example of failure without A4.

Our first results culminate in Theorem 4.4, showing that if all M(u) are known,
then so are all O(u) and all H(u, v). For this purpose, we express O(u) and H(u, v)
in terms of various M(x).

Lemma 4.1. Assume Al. Suppose a € V is regular with parent p. Then

(1) M(a) = M(p) U O(a), where M(p) and O(a) are disjoint; and
(2) O(a) = M(a) — M(p).
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Proof: Recall M(a) =U[O(u) :u <a]l—U[H(u,v):u < v <al. Since a is regu-
lar, H(u,a) = ¢ for u < a. Hence

M(a) = O(a) U JIO() : u < a] = U[H(u, v) :u < v < a].
Since p is the unique parent of a, u < a iff u < p. Hence
M(a) = O(a) U JIO) : u < p] = U[H(u, v) :u < v < p].
But
M(p) = U[O) :u < p] = U[H(u,v) :u < v < p],
whence M(a) = O(a) U M(p). Since the O(u) are pairwise disjoint,
O(a) N M(p) = ¥. Hence O(a) = M(a) — M(p). O
Lemma 4.2. Assume Al. If z is hybrid with parents py, pa, ..., Pm, then

0(z) = M(z) = (M(p1) U - - - U M(pp))-

Proof: Recall M(z) =U[O(u) :u < z] —U[H(u,v) :u < v < z].
Suppose i € O(z). Then i ¢ H(u, v) for u < z, whence i € M(z). But, for j =
1,...,m,i ¢ M(pj) since otherwise z < p;. Hence

0(z) € M(z) — (M(p1) U ... U M(pu))-

Conversely, suppose i € M(z) — (M(p1)U---U M(py)). If i ¢ O(z) then there
exists u < zso i € O(u). Since u < z there exists j with u < p;. Since i ¢ M(p;),
there exists v with u < v < p; andi € H(u, v). But then i ¢ M(z). Hence M(z) —

(M(p1)U---U M(pm)) € O(2).
The lemma follows. O

Lemma 4.3. Assume Al. Suppose z is hybrid with parents p, pa, ..., pm- Letu €
Vwithu < z. Let K ={j :u < p;}. Then

H(u, 2) = O(w) N (\[M(p;) : j € K] — M(2).

Proof: Since u < z, note K is nonempty. Suppose

i€ Own(\[M(p)):jeK]-M(z).

Since u < zbuti ¢ M(z), there exists v withu < v < zandi € H(u, v). For j € K,
since i € M(p;), we cannot have u < v < p;. If j ¢ K, then u £ p; so we cannot
have u < v < p;. Hence there is no parent p; with v < p;, whence v =z and i €
H(u, ).
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Conversely, suppose i € H(u, z). Theni € O(u). For j € K,
M(p;) =U[O() :u < p;] —U[H(u,v) :u <v < pjl.

Since the sets H(u, v) are pairwise disjoint, and i € H(u, z), it follows that i ¢
H(u,v)foru <v < p;. Hence i € M(p;). Buti ¢ M(z). Hence

i€ (0w N[ \[M(p)):j e K])— M(z). 0

Theorem 4.4. Assume Al. If M(v) is known for all v € V, then O(u) and H(u, v)
are determined for all u and v.

Proof: If v is regular with parent p, then O(v) is determined by 4.1. If v is hybrid
with parents pi, pa, ..., pm, then O(v) is determined by 4.2. If v = r, then O(v) =
¢. Hence O(v) is determined for allv € V.

Suppose u and v are given. If u £ v then H(u, v) = @. If u < v and v is regular,
then H(u, v) = ¥ since regular vertices have no homoplasies. If # < v and v is hy-
brid with parents pi, ps, ..., pm,let K ={j :u < p;}. Since u < v, K is nonempty.
But then H(u, v) is determined by 4.3.

The determination of M(u) for all vertices u depends crucially on the use of
the regular paths. Lemma 4.5 gives the simple relationship between the mutated
genomes at the ends of a regular path. O

Lemma 4.5. Assume Al. Let xo, X1, ..., X, be a regular path. Then
n
M(x,) = M(xo) U|_J O(x).
i=1

Proof: Recall M(x,) =U[Ou):u < x,]—U[H(u,v):u <v < x,]. Since xi,...,
X, are regular, if u < x, it follows either u < xyp or u = x; for some i such that
1 <i < n.Hence

M(x,) = U[O) :u < x]U O(x1) U---U O(xy,)
—U[H(u,v):u<v<x)]—UHu,x):u< x|
—U[H(u,x):u<x]—-—UH@u,x,):u< x,]

=[UJlOW) : u < x] U O(x1) U+ U O(x)] = | J[H(u. v) 1 u < v < xo]

since the regular vertices x; for i > 0 have no homoplasies
=[JlOW) : u < xo] — U[H(u, v) s 1w < v < %] ] U O(x1) U+ U O(x,)
= M(x)) U O(x1) U ---U O(xy).

The next three results give the calculation of M(u) in different situations. O

Lemma 4.6. Assume Al. Suppose there are regular paths a = xy, xi, ..., X, and
a= Yo, Vi, ..., ym where x; # y1. Then M(a) = M(x,) N M(y).
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Proof: We first see that, if x; = y;, theni = j = 0. This is proved via several cases.

Case 1. Suppose i = 0.1f j > Othena = yy < y; = xo = a, a contradiction.

Case 2. Suppose j =0.If i > 0 thena = xy < x; = yp = a, a contradiction.

Case 3. Suppose i > 0 and j > 0. Then since x; and y; are regular, their parents
are unique, whence x;_; = y;_;. Repeating this argument it follows that we may
assume that either i =1 or j =1 and both i > 0 and j > 0. Without loss of
generality, assume i =1, j > 0, and x; = y;. If j =1, this contradicts x; # y;.
If j > 1then xo = a = yo < y; < y; = x; contradicts the nonredundancy of the
arc (xo, x1). Hence Case 3 cannot occur. Thus the points a, x1, ..., Xu, Vi, .-+, Ym
are all distinct.

By Lemma 4.5,

M(x,) = M(a) U J O(x;)

i=1

and
M(yn) = M(a)u_J O(»).
i=1
Since the points xi, ..., X, y1, ..., Vi are all distinct, the sets O(xy), ..., O(x,),
O(n), OO»),..., O(ym) are all pairwise disjoint. Hence M(x,) N M(yy,) =
M(a). O

Lemma 4.7. Assume Al and A3. Assume p is regular with parent p'. Suppose p
has at least two children. Suppose that the child c of p is regular and there is a regular
path from c to a. Suppose that all the other children z1, z,, ..., zx of p are hybrid,
and there is a regular path from z; to w;. Then

M(p) = M(p') U (M(a) N (U M(w))).

Proof: M(p) =U[O(u) :u < p]—U[H(u,v):u<v < pl.
If i € M(p') then there exists u < p’ such that i € O(u) and there isno v, u < v <
p', with i € H(u, v). Hence u < p. If i € H(u, v) for some v satisfying u < v < p,
then v = p since otherwise by regularity of p, v < p’; but H(u, p) = ¥ since regular
vertices have no homoplasies. Hence i € M(p). Thus M(p") € M(p).

Letc = xq,...,x, = a be aregular path from c to a. Then p = x¢, x1,...,x,1isa
regular path from p to a. By 4.5

M(a) = M(p)U O(x1) U--- U O(xy).

For jsuchthatl < j <k, letz; = yo, 1, ..., ¥m = w; be aregular path from z; to
w;. Then by 4.5,

M(wj) = M(z;) U O(y1) U -+~ U O(ym).
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As in the proof of 4.6, the vertices xi, X2, ..., Xu, V1, ..., Y are distinct, so their
originating sets are pairwise disjoint. Hence M(a) N M(w;) = M(p) N M(z;). It
follows that M(a) N M(w;) € M(p). This proves

k
M(p') | J(M(a) 0 M(w:)) € M(p).

i=1

Conversely, suppose i € M(p). Then there exists u < p with i € O(u) such that
thereisno v withu < v < pandi € H(u, v).

Ifu = p,theni € M(a) since M(p) € M(a) by 4.5. Moreover, if u = p and there
are exactly two children of p of which z; is one, then i € M(z;) since there are no
immediate homoplasies by Assumption A3, whence i € M(a) N M(w;) by 4.5. If
u = p and p has more than two children so k > 1 then since the sets H(p, z;) are
pairwise disjoint, there exists j such that i ¢ H(p, z;). Hence i € M(z;), whence
by4.5i € M(w;),soi € M(a) N M(w;). Thus in any event if u = p then

i € U (M(a) N M(w;)).

If u # p, then since p is regular with parent p/, it follows u < p’. If there were
vwithu <v<p andi € H(u,v), thenu <v < pandi ¢ M(p), a contradiction.
Hence no such v exists. It follows i € M(p’). Hence

k
M(p) < M(p') U J(M(a) N M(z:)).
i=1
The lemma follows. ]

Lemma 4.8. Assume Al and A3. Assume p is hybrid with parents p|, p, ..., D,
Suppose p has at least two children. Suppose that the child c is regular and there is a
regular path from c to a. Suppose that all the other children z1, 2o, . . ., zx are hybrid.
Suppose fori =1, ..., kthere is a regular path from z; to w;. Then

m k
M(p) = JM(a) n M(p))) U J(M(a) 0 M(wy)).

i=1 i=1

Proof: M(p) =U[O() :u < p]—U[H(u,v):u<v=<p].

Letc=cy,c,...,c, =a be aregular path fromctoa,so p=cy,ci,cz,...,¢cp =
a is a regular path from p to a since c is regular. For i =1,...,k, let z; = z,
Zi1s---,Zim = w; be aregular path from z; to w;.

By 4.5,

M(a) = M(p)U O(c1) U O(cz) U ---U O(cy),

and
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M(w;) = M(z;)) U O(zi1) U -+ U O(Zim,)-
Forj=1,...,m,
M(a) N M(p) = M(p) N M(p}) < M(p)

since O(c;) N M(p;) = ¥ because otherwise ¢; < p; and there would be a directed
cycle pi < p < ¢ = pj.

The points z; g, Zi1 - - -, Zim» Cl, - - - » Cp are distinct as in the proof of 4.6, so their
originating sets are pairwise disjoint. Hence

M(a) N M(wi) = M(p) N M(zi) € M(p).

It follows that

m k
UJ(a) 0 M(ph)) u | J(M(a) 0 M(wi)) € M(p).

i=1 i=1

Conversely, suppose i € M(p), whence i € M(a). Then there exists u < p with
i € O(u) and there isno v withu < v < pandi € H(u, v).

Ifu = p,theni € M(a) since M(p) € M(a) by 4.5. Moreover, if u = p and there
are exactly two children of p (so k = 1), theni € M(z) since there are no immedi-
ate homoplasies by Assumption A3, whence i € M(a) N M(z1) = M(a) N M(wy).
If u = p and p has more than two children so k > 1 then since the sets H(p, z;) are
pairwise disjoint, there exists j such that i ¢ H(p, z;). Hence i € M(z;), whence
i € M(a) N M(wj). Thus in any event, if u = p then

i € Us_ (M(a) N M(w))).

Ifu # p,thenu < p’; for some j. If there were v withu < v < p}andi € H(u, v),
thenu <v < pandi ¢ M(p), a contradiction. Hence no such v exists. It follows
i € M(p;), whence i € M(a) N M(p}). Hence

m k
M(p) < | JM(a) 0 M(p))) u | J(M(a) 0 M(w)).

i=1 i=1

The result follows.
We now have the tools available for our main result. O

Theorem 4.9. Let N = (V, A, r, X) be a phylogenetic network with a genomic as-
signment (O, H, M). Assume Al, A2, A3, and A4. Assume M(x) is known for each
x € X. Then forallv € V, M(v) is determined and O(v) is determined. For allu < v,
H(u, v) is determined.
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Proof: We prove the result by induction. Assume that M(u) is determined for
all u < v. We show that M(v) is determined. The base of the induction is that
M(r)=0.

Case 1. Suppose that v has outdegree 0 or 1. Then v € X, so M(v) is given.

Case 2. Suppose that v has two regular children ¢; and c;. There is a regular path
from ¢; to a member a of X, and there is a regular path from ¢, to a member
b of X. Hence there are two regular paths, one from v to a and one from v to
b, passing through different children of v. By 4.6, M(v) = M(a) N M(b). Since a
and b are in X, M(a) and M(b) are known, so M(v) is determined.

Case 3. Suppose v ¢ X and v does not have two regular children. Since there is a
regular path from v to a member of X, v must have one regular child c. All the

other children z, ..., zx must be hybrid. There is a regular path from c to some
vertex a € X, and for j =1,..., k there is a regular path from z; to a vertex
w; € X.

If v is regular with parent p’, then by 4.7

k
M(v) = M(p') u|_J(M(a) N M(w:)).
i=1

Since a, wi, ..., wy are in X, it follows M(a), M(wy), ..., M(wx) are known.
Since p’ < v, M(p’) is known by the inductive hypothesis. Hence M(v) is deter-
mined.

If v is hybrid with parents pj, ..., p,,, then by 4.8

m k
M) = |J(M(a) 0 M(p))) U J(M(a) N M(w))).

i=1 i=1

Since a, wy, ..., wy are in X it follows M(a), M(w1), ..., M(wy) are known. Since
p; < vforall j, M(p}) is known by the inductive hypothesis. Hence M(v) is deter-
mined.

Hence M(v) is determined in all cases. By induction, it follows that for allu € V,
M(u) is determined. From 4.4 it follows that for all v, O(v) is determined, and for
allu < v, H(u, v) is determined. O

5. Examples

Example 1 is shown in Fig. 1. Here X = {1, 2,3,4,5, 6,7, 8}. The hybrid vertices
are 12, 14, and 3. The network satisfies the hypotheses of Theorem 4.9, so all M(u),
O(u), H(u, v) are determined uniquely by M(x) for x € X. Note that the network is
not a galled tree as described in Gusfield et al. (2004b). On the other hand, suppose
(V, A)is a galled tree with root r, and suppose X consists of its root, its leaves, and
all vertices of outdegree 1. Since the cycles in (V, A) are node-disjoint, it is easy
to see that (V, A, r, X) is a phylogenetic network satisfying A2 and A4. Hence the
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2 3 4 5

Fig.2 The network in Example 2. O(9) and H(7, 4) are not determined by M(x) for x € X.

current results apply to any galled tree with a genomic assignment satisfying Al
and A3.

Example 2 is shown in Fig. 2. Here X = {1, 2, 3, 4, 5, 6}. This network fails the
hypotheses of Theorem 4.9 because there is no regular path from 10 to X since
both children 3 and 4 of 10 are hybrid. One cannot distinguish between i € O(9)
and i € H(7,4); either way the only members of X whose genomes contain i are
2 and 3. Hence O(9) and H(7, 4) are not determined.
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