Minimum evolution using ordinary least-squares
is less robust than neighbor-joining

Stephen J. Willson
Department of Mathematics
lowa State University

Ames, TA 50011 USA
email: swillson@iastate.edu

November 30, 2004

Proposed Running Head: Minimum evolution is less robust
FAX: (515) 294-5454

Abstract: The method of minimum evolution reconstructs a phylogenetic
tree T for n taxa given dissimilarity data d. In principle for every tree W with
these n leaves an estimate for the total length of W is made, and T is selected as
the W that yields the minimum total length. Suppose that the ordinary least
square formula Sy (d) is used to estimate the total length of W. A theorem
of Rzhetsky and Nei shows that when d is positively additive on a completely
resolved tree T', then for all W # T it will be true that Sy (d) > Sr(d). The
same will be true if d is merely sufficiently close to an additive dissimilarity
function. This paper proves that as n grows large, even if the shortest branch
length in the true tree 7' remains constant and d is additive on 7', then the
difference Sy (d) — Sr(d) can go to zero. It is also proved that, as n grows
large, there is a tree T' with n leaves, an additive distance function dy on T
with shortest edge €, a distance function d, and a tree W with the same n
leaves such that d differs from dr by only approximately €/4, yet minimum
evolution incorrectly selects the tree W over the tree T. This result contrasts
with the method of neighbor-joining, for which Atteson showed that incorrect
selection of W required a deviation at least €/2. It follows that, for large n,
minimum evolution with ordinary least-squares can be only half as robust as
neighbor-joining.

1 Introduction

Minimum evolution methods for identifying phylogenetic trees were first pro-
posed by Kidd and Sgaramella-Zonta (1971) and independently by Rzhetsky



and Nei (1992a, 1992b). A recent review of the varieties, strengths, and limi-
tations of such methods is given in Gascuel et al. (2001). Simulation studies
detailing some shortcomings of the use of minimum evolution in reconstruct-
ing trees include Saitou and Imanishi (1989), Gascuel (2000), and Desper and
Gascuel (2002).

Briefly, suppose that a dissimilarity function d(i,j) is given between each
pair ¢ and j in a set .S of taxa, and assume that d is approximately additive.
Some dissimilarity functions that are commonly used include the Jukes-Cantor
formula (Jukes and Cantor 1969), the Kimura 2-parameter formula (Kimura
1980), the HKY formula (Hasegawa et al. 1985) and the log determinant formula
(Lake 1994; Steel 1994). An excellent overview of dissimilarity formulas is found
in Swofford et al. (1996).

In principle, given such a dissimilarity function d, for each tree W with
the set S of leaves, one computes an estimate L(W) for the sum of the branch
lengths of all edges in W, assuming that d arose from the tree W. The minimum
evolution criterion selects the inferred phylogenetic tree T" to be the tree W for
which L(W) is minimal.

There are many formulas that can be used to estimate the sum L(WW) of the
branch lengths in a tree W from the dissimilarities d(,j). Rzhetsky and Nei
(1993) focus on the natural choice in which the ordinary least-squares (OLS)
estimate Sy (d) is utilized. Since the variance of a large distance d(i,j) is
probably larger than the variance of a small distance d(i,j), another natural
approach is to estimate the variances and utilize weighted least-squares approx-
imations to estimate L(WW). Recent algorithms for such weighted or generalized
least-square estimates have been given by Felsenstein (1997), Makarenkov and
Leclerc (1999), and Bryant and Waddell (1998).

Suppose that T is a completely resolved tree with the set S of leaves and W
is a completely resolved tree with the same set S of leaves but W # T. Suppose
that dr is additive on T in such a manner that each edge e of T has positive
branch length w(e) > 0. In this situation Rzhetsky and Nei (1993) proved that
the ordinary least-square estimates St (dr) for the length of T and Sw (dr) for
the length of W necessarily satisfy Sw (dr) > Sr(dr). This result guarantees
the correctness of minimum evolution when dr is in fact additive on T. A
complete proof of the consistency of minimum evolution in a more generalized
context appears in Denis and Gascuel (2003).

In practice, a measured dissimilarity function d is rarely additive on any tree.
If d is “sufficiently close” to such an additive function d7 on 7', then continuity
shows that Sy (d) > Sr(d) will also hold. An issue is what constitutes being
“sufficiently close”. This paper contains theorems concerning how close d must
be to an additive function dr so that it is guaranteed that Sy (d) > St (d).

This paper presents examples showing that Sy (d) — S7(d) can become ar-
bitrarily small as the number n of leaves grows, even if d is additive on T" and
the shortest branch length is bounded below. More precisely, we obtain the
following:

Theorem 1.1. For every n > 6, there is a tree T with n leaves, an additive



dissimilarity function d on T with minimum branch length € and a tree W
different from T but with the same n leaves such that

4(n — 2)e
Sw(d) — Sr(d) < NI

The resolution of the correct tree in the presence of errors is often hard. By
Theorem 1.1, as the number n of taxa increases, one is forced to distinguish not
by € but by eO(1/n). Hence the required distinction grows small purely as a
matter of geometry, making the problem even harder.

Suppose that dr is additive on 7. Consider the problem of using minimum
evolution with OLS approximations to determine 7" from a dissimilarity function
d which is an empirical estimate of dyr. A basic concern is when the use of
OLS approximations can lead to the selection of an incorrect tree W because
Sw(d) < St(d). Let ||d — dr||o denote the largest value of |d(i,j) — dr(, j)| as
i and j range over the taxa. The following result shows that ||d — dr||eo can be
disappointingly small and lead to the selection of an incorrect tree:

Theorem 1.2. For every n > 6, there is a tree T with n leaves, an additive
dissimilarity function dp on T with minimum branch length €, a dissimilarity
function d, and a tree W with the same n leaves such that

n?—1

d—drlls < erg s
ld=drlle < €304 13)

but Sy (d) < Sr(d).

Atteson (1999) defines the edge I, radius for a method of tree reconstruction
to be the largest number « such that, whenever dr is additive on a tree T with
shortest internal branch length s(dr) and d is a dissimilarity function such that,
for all ¢ and j, |d(4,4) — dr(4,5)] < as(dr), then the method selects T as the
correct tree. Thus the edge [, radius is a measure of robustness of the method.
Atteson shows that the largest possible edge l radius is 1/2. He also shows that
the commonly used method of neighbor-joining due to Saitou and Nei (1987)
has edge [ radius 1/2.

Let loo(n) denote the edge [, radius of the method in which minimum
evolution is utilized to select a tree given a distance function on n taxa, where
lengths are estimated using OLS formulas. Theorem 1.2 implies the following
result:

Theorem 1.3. limsup,, . loo(n) < 1/4.

Consequently, one may say that for large numbers of taxa, minimum evolu-
tion using OLS estimates can be only half as robust as neighbor-joining. Briefly,
Theorem 1.2 says that, for large n, when the correct tree T has shortest branch
length €, then use of minimum evolution can lead to the incorrect selection of
the tree W over the tree T when ||d — dr||~ is approximately €/4. In contrast,
for neighbor-joining, Atteson shows that incorrect selection of W requires that
this deviation be at least €/2.



The results of this paper apply only to the use of ordinary least-square
(OLS) estimates. In fact, Gascuel et al. (2001) give an example where weighted
least-squares estimates fy (d) for trees W are utilized, where the dissimilarity
function dp is additive on the tree T, but for which there exists a tree W
satisfying fw (dr) < fr(dr). Hence the method of minimum evolution is not
guaranteed to work in principle using weighted least-square estimates even for
additive dissimilarity functions.

2 Preliminaries

A good introduction to tree inference using distance methods may be found in
Semple and Steel (2003). Let S = {1,2,...,n} denote a set of distinct taxa. A
dissimilarity function on S is a function d : S x S — R such that d(i,4) = 0 for
all ¢ in S and d(i,7) = d(j,) for all ¢ and j in S. The collection of dissimilarity
functions on S will be denoted D(S).

A split A|B of S is a partition of S into two disjoint nonempty subsets A
and B; thus A|B = {A, B} where AUB =S and AN B = (. Given any edge e
of a tree T, removal of the edge e (but not its endpoints) disconnects T into two
components. Let A and B denote the sets of leaves from S in the two different
components, and call A|B = B|A the split corresponding to e. We say that the
split separates i and j if either (1) i € Aand j € B, or (2) i € B and j € A.

A branch length function w for the tree T is a function which assigns to
each edge e of T a real number w(e), called its length or branch length. The
branch length function w is positive if for every edge e it is true that w(e) > 0.
Any branch length function w for a tree T' with leaves labelled by S leads to a
dissimilarity function d on S such that if 7 and j are in S and P;; is the unique
path in T between nodes ¢ and j, then d(i, j) is the sum of the lengths of edges
on P;;: d(i,j) = ¥{w(e) : e is on P;;}, where for a multiset U of real numbers,
3U denotes the sum of the elements in U. Say that a dissimilarity function d
is additive on T if there exists a branch length function w on T such that d is
obtained in this manner. Say that d is positively additive on T if in addition w
is positive. The total length or treelength L of T is

L(T;d) = L(T) = X{w(e) : e is an edge of T}.
Given a split A|B of the set S of leaves, define a dissimilarity function d|p
by

1 if A|B separates ¢ and j

dap(i,j) = {

0 otherwise

Given a labelled tree T' and an edge e of T', form a branch length function
w by w(e) =1 and w(e’) = 0 for all edges e’ of T distinct from e. Let d. denote
the corresponding additive dissimilarity function, so
. 1 if e lies on the path P;; from i to j
de(i, j) =

0 otherwise



Note that L(T;d.) = 1. It is clear that the functions d. as e ranges over all
edges of T form a basis for the vector space of additive dissimilarity functions
on T. For any additive dissimilarity function d with the branch length function
w(e) it follows that

d=Y{w(e)d, : e is an edge of T'}.

Lemma 2.1. Suppose A|B denotes the split of S that corresponds to the edge
e of T. Then de = da|p-

Proof. For each i and j, the path P;; includes the edge e if and only if A|B
separates ¢ and j. O

Every linear functional f : D(S) — R has the form f(d) = Xe(i,5)d(i, §)
where d is a dissimilarity function, the summation is over all pairs (i, 7) with &
and j in S, and for each i and j, (i, ) is a real constant. Since d(i,7) = 0 we
will assume ¢(4,4) = 0 for each 4 in S; since d(i, j) = d(j, i) we will assume that
for each pair {i,j} of distinct elements of S at least one of ¢(4, j) or ¢(j,1) is 0.
For example, we may write f(d) = X{c(i,5)d(i,j) :i € S,j € S,i < j}.

Given a labelled tree T with the set S of leaves and a dissimilarity function
d, the ordinary least-squares (OLS) formula St(d) is a linear expression that
estimates the total length of T' given d. Briefly, for each edge e of T', an estimate
w(e) = Sr(d, e) is made for the branch length w(e) of e using OLS; then St(d) =
Y{Sr(d,e) : e is an edge of T}. See, for example, Rzhetsky and Nei (1992ab,
1993) or Gascuel et al. (2001).

It is well known that whenever d is additive on T', then St (d) tells the correct
value of the total length of T. More specifically, if

d =Y{w(e)d, : e is an edge of T},

then St(d) = Z{w(e) : e is an edge of T'}. Indeed, in this situation, Sr(d,e) =
w(e) for each edge e.

3 Estimates for errors in measured lengths

The minimum evolution criterion is based on comparison of the estimated
lengths of trees; hence it is desirable to study the errors in these measurements.
We shall typically study the situation where T' denotes the “true tree” and W
denotes the “wrong tree.”

Let T and W denote two different completely resolved trees for the same
set S of n taxa. Let the OLS formulas be written St(d) = Xe(i,5;T)d(i, j)
and Sw (d) = Xe(i, 7; W)d(4, j). Of special interest is the difference between the
estimates: Sy (d) — St(d).

Lemma 3.1. Suppose that d is additive on T. For each edge e of T, let w(e)
be the branch length and let e correspond to the split s(e) = A¢|Be of S. Then

(1) Sw(d) = Sr(d) = Zw(e)(Sw(da,|p.) = 1)-



(2) For each e, Sw(da,B.) —1>0.
(3) If A|B is a split of W, then Sw(dag) —1=0.
(4) If the edge e of T is the edge to a leaf j, then Sw(da, B, ) —1=0.

Proof. Since d is additive, d = Xw(e)d., whence Sy (d) = L{w(e)Sw(d.)} =
Yw(e)Sw(da, p,) by Lemma 2.1. Since St gives the correct total length of the
tree when d is additive on T, it follows that S7(d) = Zw(e). Hence

Sw(d) = Sr(d) = Xw(e)(Sw(da,8,) = 1)-

By Rzhetsky and Nei (1993), when each w(e) > 0, it follows that Sy (d) >
St(d). Hence Sy (d) — St(d) > 0 for all choices of positive branch lengths, and
so for each e, Sy (da,g.) —1 > 0. If A;|B. happens to be a split of W as
well as T' corresponding to some edge of W, then Sy (da, p,) = 1 since d4,|p,
is then additive on W with total length 1 and Sy tells the correct length for
dissimilarity functions additive on W. Hence in this case Sy (da, p.) —1 = 0.
If e is the edge in T to a leaf j, then the split A.|B. is {j}/(S — {j}) which is
also a split of W, so (4) follows from (3). O

Suppose that d is additive on 7" with nonnegative branch length function
w(e). Suppose W is any tree with the same set of leaves. From Lemma 3.1 it
follows that

Sw(d) — St(d) = Z{u(e)w(e) : e is an edge of T'}
where
u(e) = Sw(da,p,) —1>0
and the summation may be taken over all internal edges e of T since all other
edges e satisfy u(e) = 0 by 3.1(4). Define
M(T,W) = 3{u(e) : e is an edge of T'}.

Related quantities are

M(T) = min{M(T, W) : W # T}

and
M(n) = min{M(T) : T has n leaves}

There is an easier computation of M (T, W) as follows: Given the tree T, let
d. denote the additive dissimilarity function on S such that w(e) = 1 for each
edge of T. Thus d/-(7, ) is the number of edges on the path P;; in T' connecting
vertices ¢ and j.

Lemma 3.2. Assume that the trees T and W, T # W, have the same n leaves.

(1) M(T,W) = Sw (dy) — St(dp).
(2) M(T,W) > 0.



Proof. If w(e;) = 1 for all 4, then Sw(dy) — Sr(dy) = Xule;). Since df is
additive on T and each branch length is positive, Rzhetsky and Nei (1993)
showed Sw (d) > St (df), whence M (T, W) > 0. O

If d is additive on T with branch lengths w(e), let the shortest internal
edge length be s = s(d) = min{w(e) : e is an internal edge of T'}. The following
result shows that Sy (d)—St(d) > M (T, W)s(d) and equality is possible. Hence
M (T, W) measures the minimum separation between Sy (d) and Sy (d) when
the shortest branch length in 7" is controlled.

Theorem 3.3. Suppose that d is additive on the completely resolved tree T via
the positive branch length function w(e). Let s(d) be the shortest internal edge
length for T. Suppose W #£ T is a tree with the same set of leaves as T, and St
and Sw are the OLS functionals for the trees T and W respectively. Then

(1) Sw(d) — Sr(d) = M(T,W)s(d).

(2) There exists an additive dissimilarity function d on T such that

Sw(d) — St(d) = M(T,W)s(d).

Proof. Sw(d) — Sr(d) = Zu(e)w(e) > Xu(e)s(d) [since u(e) > 0 by Lemma 3.1]
= M(T,W)s(d). Note that equality is attained if w(e) = s(d) for each edge e
with u(e) > 0. O

Suppose St(d) = Xe(i, §;T)d(i, §) and Sw(d) = Xe(i, j; W)d(3, j), so
Sw(d) = St(d) = X[e(i, s W) — c(i, j; T))d(i, j). Define

K(T,W) = X{e(i, j; W) — c(i, j; T)| : i < j}-

The next lemma shows that a perturbation of an additive dissimilarity function
by an amount e can change | Sy (d) — S (d)| by at most K (T, W)e, and equality
is possible.

Lemma 3.4. Suppose that dr is positively additive on the completely resolved
tree T with shortest internal edge length s(dr), and € > 0. Suppose W is a tree
with the same set S of leaves, W # T.

(1) Suppose that d is a dissimilarity function (not necessarily additive on T')
such that for all i and j, |d(i,j) — dr(i,j)| < e. Then

Sw(d) — ST(d) > Sw(dT) — ST(dT) — K(T, W)E

(2) There exists a dissimilarity function d such that for all i and j,
|d(7’7]) - dT(laj)| Se and

Sw(d) - ST(d) = Sw(dT) — ST(dT) — K(T, W)G

Proof. For (1), Sw(d) — Sr(d) — (Sw(dr) — Sr(dr))
= Sw(d—dr) — Sr(d—dr)

(since both Sy, and St are linear)

= Z[C(ia.j; W) - C(l,],T)Hd(Z,]) - dT(Zvj)]

Hence



|SW(d - dT) - ST(d - dT)| < 2|C(i7j§ W) - C(ZvjvT)Hd(lmj) - dT(l7])|
< Xle(i, j; W) —e(i, 5;T)|e = K(T, W)e.
Now Sw (d) — St(d) = (Sw(dr) — Sr(dr)) + [Sw(d — d7) — Sr(d — dr)]
> (Sw(dr) = Sr(dr)) — |Sw(d — dr) = Sr(d — dr)|
> (Sw(dr) — Sr(dr)) — K(T,W)e > M(T,W)s(dr) — K(T,W)e
by Theorem 3.3. This proves (1).
For (2), define

di, ) = dr(i,j) —e ifc(i, ;W) —c(i,5;T) >0
D=V drli )+ e it eli, ;W) — eli, j; T) < 0.

Then for all ¢ and j it follows

[C(ivj; W) - C(lajaT)Md(Za]) - dT(Za])] = _|C(7;7j; W) - C(i7j§T)|6'

Hence

Sw(d) = Sr(d) — (Sw(dr) — Sr(dr)) = =Xlc(i, j; W) —c(i, j; T)|e = —K(T,W)e

Sw(d) — Sr(d) = (Sw(dr) — Sr(dr)) — K(T, W)e.

O

Corollary 3.5. Suppose that dp is additive on T such that for all edges e of
T the branch length satisfies w(e) = s(dr). Let € > 0. Then there exists a
dissimilarity function d such that for all i and j, |d(i,j) — dr(i,j)| < € and

Sw(d) — Sp(d) = M(T, W)s(dr) — K(T,W)e.

Proof. For the hypothesized dr, let d be as in 3.4(2). Then
(Sw(dr)—St(dr)) = M(T,W)s(dr) by Lemma 3.2, and the result follows. [

From Corollary 3.5, the balance between the quantities M (T, W) and K (T, W)
helps to control the possible sign of Sy (d) — Sr(d). Define

R(T,W) = M(T,W)/K(T,W).

Related quantities are
R(T) = min{R(T,W) : W is a tree with the same n leaves as T, but W # T'}
and R(n) = min{R(T,W) : T and W have the same n leaves, T' # W}.
Suppose that the additive dissimilarity function dp on the tree T is perturbed
to a new dissimilarity function d. The following theorem shows that if the
perturbation is less than R(T,W)s(dr), then it will still be guaranteed that
Sw(d) — St(d) > 0; while if the perturbation equals R(T, W)s(dr) then it is
possible that instead Sy (d) — Sr(d) < 0. Thus R(T,W) gives information
about how much an additive dissimilarity function dr on the tree T' can be
perturbed to a new dissimilarity function d without losing the basic inequality
Sw(d) — Sr(d) > 0. It thus measures the robustness of the method, while
controlling for short branch lengths.



Theorem 3.6. Let T and W be distinct completely resolved trees with the same
set of leaves.

(1) Let dr be positively additive on T with shortest internal branch length s(dr).
Suppose that d is any dissimilarity function satisfying that for all i and j,
d(i,j) — dr(i, j)| < R(T,W)s(dr). Then Sy (d) — Sr(d) > 0.

(2) There exists an additive dissimilarity function dp on T with shortest inter-
nal branch length s(dr) and a dissimilarity function d satisfying that for all i
and j, |d(i, j) — dr(i,j)| < R(T,W)s(dr) such that Sw(d) — Sr(d) = 0.

(8) For any € > 0, there exists an additive dissimilarity function dp on T with
shortest internal branch length s(dr) and there exists a dissimilarity function d
such that for all i and j, |d(i,5) —dr (3, j)| < (R(T, W)+ €)s(dr) and such that
Sw(d) — ST(d) < 0.

Proof. For (1), by Lemma 3.4(1)

Sw(d) — St(d) > Sw(dr) — Sr(dr) — K(T,W)R(T, W)s(dr)
> M(T,W)s(dr) — K(T,W)R(T,W)s(dr) (by Theorem 3.3)
= M(T,W)s(dp) — M(T,W)s(dr) = 0.

For (2), by Corollary 3.5 there exists an additive dr and a dissimilarity
function d such that for all ¢ and j, |d(¢, ) — dr(i,7)| < R(T, W)s(dr) and
Sw(d) — Sr(d) = M(T,W)s(dr) — K(T, W)R(T, W)s(dr)
= M(T,W)s(dy) — M(T,W)s(dr) = 0.

For (3), let dp be the additive dissimilarity function on T' for which each
edge has branch length s = s(dr) > 0. By 3.5, replacing € by (R(T, W) + ¢)s,
we see that there exists d such that for all ¢ and 7,
|d(la.7) - dT('Laj)l < (R(T’ W) + 6)57 and
Sw(d) — Sr(d) = M(T,W)s — K(T,W)(R(T,W) +¢)s
=M(T,W)s— KT, W)R(T,W)s — K(T,W)es
=M(T,W)s—M(T,W)s— K(T,W)es
=—K(T,W)es < 0. O

Given two dissimilarity functions d and d’, define the l-infinity norm or I
norm by ||d — d'||cc = min{|d(i, ) — d'(i,7)| : i and j are taxa}

Corollary 3.7. (1) Suppose T is a completely resolved tree having n leaves and
dr is an additive dissimilarity function on T for which the shortest internal
branch length is s(dr). If ||d — dr|lec < R(n)s(dr), then for all trees W # T
with the same n leaves, Sw(d) > St(d).

(2) There exists a completely resolved tree T with n leaves, a tree W with the
same set of leaves, an additive dissimilarity function dr on T, and a dissimi-
larity function d with ||d — dp||eo > R(n)s(dr) for which Sw(d) < St(d).

Atteson (1999) defines the edge I, Tadius for a method of tree reconstruction
to be the largest number « such that, whenever dr is additive on a tree T" with
shortest internal branch length s and d is a dissimilarity function such that, for
all i and j, |d(4, j) —dr (4, )| < as, then the method selects T as the correct tree.
Let I (n) denote the edge I, radius for the reconstruction of phylogenetic trees
with n leaves by the use of minimum evolution with OLS formulas to estimate
the lengths of trees.



Theorem 3.8. [ (n) = R(n).

Proof. Suppose dr is additive on the tree T" with shortest internal branch length
s. If |d(i,5) — dr(i, )] < R(T,W)s, then by Theorem 3.6(1), Sw(d) > Sr(d)
so T will be preferred by minimum evolution over W. Hence for any T, if dp is
additive on T' with minimal internal branch length s, and if |d(7, j) — dr (i, )| <
R(n)s then T will be preferred over any W and the method will select the correct
tree T'. Consequently, I (n) > R(n).

Conversely, suppose « > R(n). Choose T and W so R(T,W) = R(n). By
Theorem 3.6(3) there exists an additive dissimilarity function dr on T with
shortest internal edge length s and a dissimilarity function d satisfying that
|d(i,5)—dr (i, )| < asbut Sy (d) < Sr(d). It follows that even though |d(, j)—
dr(i,5)| < as, the method may not select T as the correct tree. Hence lo(n) <
a whenever « > R(n). It follows that the edge I radius is exactly R(n). O

4 Estimates for M (n) and R(n)

Let t(n) denote the number of labelled trees with n leaves. It is well-known
that ¢(n) = (3)(5)(7)...(2n — 5), so that t(n) grows rapidly as n increases. Note
t(4) = 3,t(5) = 15,¢(6) = 105,¢(7) = 945,¢(8) = 10395. For these values of n,
for each topological type of tree T' with n leaves, and for each tree W # T with
n leaves, a computer was used to find M (T, W), K(T,W), and R(T,W). It was
then easy to compute M (T") and R(T'). The results are shown in Tables 1 and
2.

n T M(T) %4

4*¥  ((12)(34)) 0.5 ((13)(24))

5% ((12)(3(45))) 0.5 ((13)(2(45)))

6%  ((12)(3(4(56)))) 0.444444  ((12)(4(3(56))))

6 ((12)((34)(56))) 0.555556  ((12)(3(4(56))))

7 ((12)(3(4(5(67))))) 0.416667  ((12)(3(5(4(67)))))

7 ((12)(3((45)(67)))) 0.5 ((13)(2((45)(67))))
8% ((12)(3(4(5(6(78))))))  0.375 ((12)(3(5(4(6(78))))))
8 (((12)3)((4(56))(78))) 0.5 ((23)(1((4(56))(78))))
8 ((12)(3(4((56)(78))))) 0.4 ((12)(4(3((56)(78)))))
8 ((12)((34)((56)(78)))) 0.5 ((12)((56)((34)(78))))

Table 1: The different topological types of tree T with n leaves, 4 < n < 8.
For each n, the table shows M (T) and a tree W which is closest to T in the
sense that M(T,W) = M(T). For each n, an asterisk marks the case where
M(n)=M(T,W).

For each topological type of tree T" with n leaves, 4 < n < 8, Table 1 shows
M (T) and one choice of W such that M(T) = M(T,W). Usually there are
several choices of W that yield the same M (T'). Note that M (n) appears from
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the table to decrease, at least for small n. It is noteworthy that different trees
T with n leaves may have different values of M (7).

Similarly, for each topological type of tree T with n leaves, 4 < n < 8, Table

2 shows the value R(T) as well as a choice of W such that R(T,W) = R(T).
Note that R(n) appears to decrease as n increases.

n T Count R(T) w

4% ((12)(34)) 3 0.5 ((13)(24))

5% ((12)(3(45))) 15 0.5 ((12)(4(35)))

6% ((12)(3(4(56)))) 90 0.45 ((12)((34)(56)))

6 ((12)((34)(56))) 15 0.5 (12)(3(4(56))))

7 ((12)(3(4(5(67)))) 630 0.428571  ((12)((34)(5(67))))

7 ((12)(3((45)(67))) 315 0.5 ((12)(3(4(5(67))))

8% ((12)(3(4(5(6(78))))) ~ 5040 0.4 ((12)(3((45)(6(78)))))

8  ((12)(3(4((56)(78))))) 2520 0.416667  ((12)((34)((56)(78))))

8 ((12)(3((4(56))(78)))) 2520 0.5 ((12)((3(4(56)))(78)))

8 ((12)((34)((56)(78)))) 315 0.5 ((12)(3(4((56)(78)))))

Table 2: For each topological type of tree T' with n leaves (4 <n < 8) R(T) is
given, together with a tree W so R(T) = R(T,W). An asterisk marks the pair
yielding R(n). Count tells the number of distinct trees of the same topological
type as T

It is noteworthy that not all trees T with n leaves have the same R(T'). Thus
for n = 8 there is a tree 77 with R(T}) = 0.4 and a tree To with R(T3) = 0.5.
As a consequence if it happens in a biological situation that the correct tree is
T1 with shortest internal branch length s and additive dissimilarity dz,, then
minimum evolution is guaranteed to work only when |d(%, ) — dr, (4, 7)| < 0.4s
for all ¢ and j. By contrast, if the correct tree is 75 then minimum evolution
is guaranteed to work when |d(i,j) — drp,(4,7)| < 0.5s for all ¢ and j. Hence
we expect greater tolerance of errors if T3 is the correct tree than if 7T} is the
correct tree.

For general n, this paper shows the following results:

Theorem 4.1. For n > 6 there exist labelled trees T™, W™, and V™ with n
leaves such that

(1) M(T"™,W™) = 4(n — 2)/n? if n is even and

M(T™,Wn) =4(n —2)/(n? — 1) if n is odd.

(2) R(T™,W™) =1/2.

(8) M(T™, V™) =1/2.

(4) R(T™, V™) = (n?)/[16 + 4(n — 2)?] if n is even and

R(T™, V") = (n? —1)/[16 + 4(n — 3)(n — 1)] if n is odd.

The proof is deferred until section 5. The trees have the form given in Fig-
ures 1, 2, and 3, in which H and J represent the same graphs in all three figures

11



Figure 1: The tree T. In the calculations, d will be additive on T. The length
of edge (2,3) is z.

Figure 2: The tree W. Here H and J are the same as in tree T shown in Figure
1.

and there are some constraints on the number of leaves in each section. The-
orem 1.1 follows immediately from (1) and Theorem 3.3. Theorem 1.2 follows

immediately from (4) and Theorem 3.6 since % is less than or equal

to both estimates in (4). The formulas in Theorem 4.1 have several interesting
consequences.

Theorem 4.2. lim,,_,,, M(n) = 0.

Proof. From the definition it is clear that 0 < M(n) < M(T™, W"). As n goes
to infinity, both expressions for M (T™, W™) in Theorem 4.1(1) go to 0. In fact,
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Figure 3: The tree V. Here H and J are the same as in tree T shown in Figure
1.

we see that M(T™, W") = O(1/n). O
Theorem 4.3. limsup,,_,. R(n) < 1/4.

Proof. By the definition of R(n), 0 < R(n) < R(T™, V™). As n goes to infinity,
both expressions for R(7™, V™) in Theorem 4.1(4) have limit 1/4. O

Theorems 3.8 and 4.3 combine to yield Theorem 1.3.

Of the trees in the theorem, the pairs 7™ and V"™ appear hardest to distin-
guish because R(T™, V™) is small. Nevertheless M (T™, V™) remains constantly
1/2 while M (T™, W™) gets arbitrarily small. It is surprising that the trees which
are closest together in terms of their dissimilarity estimates are not the trees
that are hardest to distinguish in the presence of errors. Note also that for
distinguishing particular families of trees (such as 7" and W™) the use of OLS
minimum evolution is just as good as neighbor-joining since the robustness is
0.5. Similarly, Table 2 exhibits some trees with 6, 7, or 8 leaves for which the
robustness is 0.5, so that again OLS minimum evolution would be as good as
neighbor-joining if the correct tree is one of these.

It is noteworthy that the formulas for R(7T", V") in Theorem 4.1 in fact yield
the exact value of R(n) for 4 < n < 8. The author does not know whether this
is true for all n > 4.

5 Proof of Theorem 4.1

Figure 1 shows, for n > 4 a tree T with n leaves. Here a and b are leaves; the
edge joining a to T is (2,a) and the edge joining b to T is (3,b). H represents
a rooted tree containing h leaves, whose root is at the vertex 1. Similarly J
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represents a rooted tree containing j leaves with root at 4. Assume h and j
are at least one and h + j = n — 2 so that there are exactly n leaves. If, for
example, h = 1, then H is identically the same as a single leaf 1. If h = 2 with
leaves p and ¢, then there are edges (1,p) and (1,q). There will be an additive
distance function on T, and the lengths of three edges are indicated as x, v,
and z. Figure 2 shows a corresponding tree W, also with n leaves. The trees
H and J are identical with those in T. The only difference between T and W
is that the leaves a and b have been interchanged. Similarly, Figure 3 shows a
tree V in which H and J are identical with those in T and W. The trees in
Theorem 4.1 are these trees with some additional constraints that make i and
Jj approximately n/2.

The heart of the calculations will be a formula of Desper and Gascuel (2002).
Suppose an arbitrary tree T has the clusters A, B, C, and D arranged as T =
((AB)(CD)), as shown in Figure 4. Let | X| denote the number of leaves in X,
and write d;; for d(i, 7). If U and V are disjoint subsets of leaves from the tree,
the average distance between U and V is defined as

1
Ayly = = dij.
vV |U||V|i€,%:€vj

Lemma 5.1. Suppose that T is the tree in Figure 4 and W is the tree from
Figure 4 in which B and C have been swapped. Then

St(d)—=Sw(d) = (1/2)[A=1)(Aajc+AB1p)—(N=1)(Aa+Ac1p) —(A=X) (A4 p+AB|C)]

where

5\~ __AlIDI+|Bl|C]
(|Al+ [BN)(C| + |D])
and
v — AP +BJ|C]

(Al +1en(Bl + D]
Proof. Desper and Gascuel (2002) prove this result as their formula (9). O

Lemma 5.2. Suppose that T and W are the trees of Figures 1 and 2 respectively.
Assume d is additive on T with branch length function w, and z = w((2,3)).

Then b
_ J
and

_ h+3j
M(T,W) = (h+1)(j+1)

where h = |H| and j = |J|.
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Figure 4: The arrangement of a tree T' for the formula of Desper and Gascuel
2002.

Proof. W is obtained from T by interchanging a and b. Hence by 5.1

St(d)—Sw(d) = (1/2) [A=1)(Agp+Aa ) =N =1 (Agja+2p17) —(A=N) (A g s+A0)]

where )
hj+1 ,

(h+1)(+1)

Now St (d) — Sw(d) = (1/2)[(A = 1)(Amp + Agpg) = (A = 1)(Amje + Apjs)]

= (1/2)(A=1)(Aup — Amja + ADajg — Appr)-

Moreover, since the distance function is additive on T it is clear from Figure 1
that Ay, = Agje +y + 2 —x while Ay, = Ay + 2 + 2 —y. Hence

St(d) —Sw(d)=1/2)AN-1D)((y+z—z)+ (z+z—y))

—h—3j
=z(A-1)=z2—"7F——.
D=2 GnG
The formula for M (T, W) then follows from Lemma 3.2. O

Lemma 5.3. Suppose that T and V' are the trees of Figures 1 and 3 respectively.
Assume d is additive on T with branch length function w, and z = w((2,3)).
Then Sy (d) — St(d) = z/2 and M (T, V) =1/2.

Proof. V is obtained from T by interchanging a and J. Hence by 5.1

Sr(d)=Sv(d) = (1/2)[A=1) (A s4+Aap)— (N =1)(Agja+2510) —(A=X) (A gp+Ag)0)]
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where ]
h+j

(h+1)(7+1)

and bt
’ J
Y=oraarn YR

Since d is additive on T, write Ay for the average distance in T from
a member of H to vertex 2 in T, while similarly write A 3 for the average
distance from a member of J to vertex 3 in 7. From Figure 1 it is clear that
Afla = Agjp + 1,
Agp=Agp+y+z,
Aja=Ay3+x+ 2,
Agp=As3+y,
Apgy=Apgp+ Ay + 2,
and A, =z +y + z. Hence
Sr(d) — Sy (d) = (1/2) [()\ — 1A +Ay3+ 2+ (@ +y+2))
— N =DAup+z+A3+y) —A=N)Agp+y+z2+ A3 +2+ 2)]
=2z(N —1) = —2/2. That M(T,V) = 1/2 follows from Lemma 3.2. O

Lemma 5.4. Let T and W be as in Figures 1 and 2 respectively. Then

2(h + )

KW = 030G+ D)

and R(T,W) =1/2.
Proof. From the proof of 5.2 we have
St(d)=Sw(d) = (1/2) [(A=1)(Agp+2q10) —(N =1)(A g0+ A1) —(A=N) (A g s+A0pp)]

where

hj+1
(h+1D)G+1)
Clearly A < 1. Each of the [H| terms dp, for h € H appears only in Agyp,
and hence has coefficient (1/2)(A — 1)/|H|. Each such term then contributes
(1/2)(1 = X)/|H| to K(T,W). Since there are |H| such terms, all the terms in
App contribute (1/2)(1 — ) to K(T,W). Similarly each term dj, for h € H
appears only in Ay, and with coefficient (1/2)(—(\" —1))/|H]|. Since there are
|H| such terms, all of them contribute (1/2)(—(A\ — 1)) to K(T,W). In this
manner we see that

A=N=

K(T,W)=1/2)[(1 =N)1+1)— (N —=1)(1+1)]

oy h+j
=2 2)\_2(h+l)(j+1)
From 5.2, R(T,W) = M(T,W)/K(T,W) =1/2. O
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Lemma 5.5. Suppose that T and V' are the trees of Figures 1 and 3 respectively.
Assume d is additive on T with branch length function w, and z = w((2,3)).
Assume h > 2 and j > 2. Then

o 2(hj+ 1)
K(T.V) = (h+1)G+1)
and )
RV = (h+1)(G+1)

4(hj+1)
Proof. From the proof of 5.3,

St(d)=Sy(d) = (1/2)[(A=1)(Ax+8q) —(N =1)(Axja+A510) = (A=X) (A g jp+2a15)]

where
_ h+3j
C(h+D(G D)
and .
N = L — 1/2.

(h+7)(1+1)

Clearly A < 1,80 A — 1 < 0. Moreover, if h > 2 and j > 2 it is easy to see that
hj+1>h+j,sothat 2(h+j) =2h+2j <h+j+hj+1=(h+1)(j+1)and
A < 1/2. Hence —(A — A') > 0. Trivially, —(A — 1) > 0.

Each term d;; for ¢ € H and j € J appears in this formula for Sr(d) —
Sy (d) only in the term Agy; hence with coefficient (1/2)(X —1)/(|H||.J|). The
absolute value of this coefficient is therefore (1/2)(—(X — 1)/(|H||J|)). Since
there are |H||.J| such choices for i and j, it follows that the contribution of all
such terms to K(T,V) is (1/2)[—(A — 1)(1)]. In like manner the contribution
of all terms d;, with i € H arise from Ap, and each such term has coefficient
(1/2)[-(N — 1)/|H]; since —(X — 1) > 0 and there are |H| such terms, the
contribution of all such terms to K(7T,V) is (1/2)[—(N = 1)(1)].

In this manner we see that
K(T,V) = (1/2)~(A\ = )1+ 1) = (N = (1 +1) = (A= X)(1 + 1)
=—(A-1)-N=-1)—A=N)=2-2x= 20D _ Fyom 5.3, M(T,V)=1/2,

‘ (h+1)(G+1)"
B _(h+DG+Y
R(T,V) = M(T,V)/K(T,V) = TAhj+1)

O

Proof. (Completion of the proof of Theorem 4.1.)

If n > 6, we choose trees T™, W™, and V" as in Figures 1, 2, and 3 respec-
tively. Then (2) and (3) from Theorem 4.1 follow immediately from Lemmas
5.4 and 5.3. If n is even, select h = j = (n — 2)/2. Then the total number of
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leaves is n. Moreover, in this case, by Lemma 5.2,

h+j n—2
M T?L n — — 4
(", W) (h+1)(G+1) n2

proving (1) when n is even. For (4), by Lemma 5.5,

woymy _ (DG +1) n?
R(T™, V) = 4(1+hj) 16 +4(n—2)%"

If n is odd, select h = (n —3)/2, and j = (n — 1)/2. Then the total number
of leaves is n. By Lemma 5.2,

h+j

M(T", W) = (h+1)(j+1)

n—2 n—2

= = 4
(n=1)/2)(n+1)/2)  n?-1
proving (1) when n is odd. For (4), by Lemma 5.5,

oy (BFDGFY _ nod
R(T,V)_ 4(hj_|_1) _164—4(71_3)(”_1).

6 Discussion

In summary, this paper shows that as the number n of leaves increases without
bound, the edge I, radius becomes at most 1/4. This contrasts with neighbor-
joining, for which the edge [, radius remains at the maximal possible value
1/2.

Theorem 4.1 gives insight, however, into a more refined analysis. For some
pairs T and W it is nevertheless true that R(T,W) remains at the maximal
possible value 1/2. Thus the trees T and W of Figures 1 and 2 tend to be
distinguishable by minimum evolution for large n since, in the cases considered,
R(T, W) remains 1/2 for all n. If T is the true tree, it is unlikely to be confused
with W. On the other hand, the trees T" and V' of Figures 1 and 3 become less
distinguishable by minimum evolution as n gets large since R(T, V') goes 1/4.
This suggests that special attention is needed in distinguishing 7" from V', more
than in distinguishing 7" from W.

The theorems potentially have consequences for the method of taxon sam-
pling applied to minimum evolution. See, for example, Hillis (1996), Graybeal
(1998), Poe (1998), or Ackerly (2000). Suppose that T' is the correct tree and
we wish to distinguish 7" from V| as in Figures 1 and 3. Then adding more taxa
to H or J will make the problem harder, not easier. Indeed, using the formula
from Lemma 5.5 we see that R(T,V) = % gets smaller when h or j is
increased.
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Further research in these subjects is desirable. The author is unable to
prove, for example, that M(n + 1) < M(n) and R(n + 1) < R(n) nor that
lim,, . R(n) = 1/4.
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