35

6.7. Thesineand cosinefunctions

Surprisingly enough, angles and other notions of trigonometry play asignificant role in the
study of some biological processes. Here we review some basic facts from trigonometry.
These will be applied later.

Most of the trigonometry we shall useis seenin the following diagram: Theunit circleis
the circle centered at the origin with radius 1. The distance from the point (x,y) to the origin
is C"sz + y2) by the Pythagorean Theorem. Sincethe circle has radius 1, each point has
distance 1 from the origin. Hence

Qx2+y2) =1
If we square each side, we see that the circle has the equation
X2 +y2=1,

Angles are measured counterclockwise from the positive x axis. Given an angle g, draw the
ray (half-line) at the angle q tarting at the origin. It meets the unit circle at a unique point.
The most important fact about angles for this course is the following:

The point where the ray at angle g meetsthe unit circleis
(cos(q), sin(@)).
Here cos(q) isthe notation for the cosine of g and sin(q) isthe notation for the sine of g.
Thus the point on the unit circle also on the ray at angle q satisfies
x = cos(q)
y =sin(q).

(cos(q), sin(q))

-1

Figure 6.7.1. The unit circle and the point where the ray with angle q meets the unit circle.



To use thisinformation, we must measure angles g by some numbers. There are two
common methods for measuring angles--degrees and radians. Most people start measuring
anglesin degrees. In thiscourse, however, it will be important to measure angles in terms of
radians instead of degrees. Thus angles will always be measured in radians.

Theangle 6 measured in radiansisthe length of the circular arc from the positive x
axis counter clockwise until the desired angle 6 isreached.

Sincetheradius of the unit circleis 1, the length of its perimeter is
2pr =2p(1) = 2p.

Hencethe anglefor going exactly around the circle onceis 2r radians. This
corresponds to 360 degrees.

If we go only half way around the circle (corresponding to 180 degrees) then the angle is
half of 2p hencep radians. If we go only half of that amount (corresponding to 90
degrees) then the angleis half of p hencep/2 radians. These facts let us find many cosines
and sines without using the calculator.

Example. Theangle g=0 radiansisfound by starting at the positive x-axis and going a
distance 0. Hencetheray at angle q = 0 meetsthe unit circle at (1,0).
Hence _

(cos(0), sin(0)) = (1,0),

cos(0) = 1,

sin (0)=0.

Example. Theangle g= 2p radiansisfound by starting at the positive x-axis and going a
distance 2p counterclockwise around the circle. But 2p isthetota perimeter, so the relevant
point is back at the starting position. Hencetheray at angle g = 2p meetsthe unit circle at

(1,0).

Hence
(cos(2p), sin(2p)) = (1,0),
cos(2p) =1,
sin (2p)=0.

Example. Without acalculator, find cos(p) and sin(p).
Solution. Theangleg= p radiansisfound by starting at the positive x-axis and going a
distance p counterclockwise around the circle. But 2p isthetota perimeter, so going a
distance p arrives exactly half-way around the circle. Hence theray at angleq = p meetsthe
unit circleat (-1,0).
Hence

(cos(p), sin(p)) = (-1,0),

cos (p) =-1,

sin (p)=0.

Example. Without acalculator, find cos(p/2) and sin(p/2).
Solution. Theangle g= p/2 radiansisfound by starting at the positive x-axis and going a
distance p/2 counterclockwise around the circle. But 2p isthetotal perimeter, so going a
distance p/2 arrives exactly one fourth of the way around the circle. Thispoint is(0,1).
Hencetheray at angle g = p/2 meetsthe unit circle at (0,1).
Hence

(cos(p/2), sin(p/2)) = (0,1),

cos (p/2) =0,
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sin (p/2)= 1.

Example. Without a calculator, find cos(3p/2) and sin(3p/2).
Solution. Theangle g= 3p/2 radiansisfound by starting at the positive x-axis and going a
distance 3p/2 counterclockwise around the circle. But 2p isthe total perimeter, so going a
distance 3p/2 arrives exactly 3/4-th of the way around the circle.
Thisis because
3p/2 3/2
------- = ———-e- = 3/4

Thispointis (0,-1). Hencetheray at angle q = 3p/2 meetsthe unit circle a (0,-1).
Hence

(cos(3p/2), sin(3p/2)) = (0,-1),

cos (3p/2) =0,

sin (3p/2)=-1.

Negative angles are found by starting at the positive x-axis and going clockwise rather than
counterclockwise around the circle.

Example. Theangle g=-p/2 radiansisfound by starting at the positive x-axis and going a
distance p/2 clockwise around the circle. But 2p isthetota perimeter, so going a distance
p/2 arrives exactly 1/4-th of the way around the circle. Thispointis(0,-1). Hencetheray at
angleq = -p/2 meetsthe unit circle at (0,-1).
Hence

(cos(-p/2), sin(-p/2)) = (0,-1),

cos (-p/2) =0,

sin (-p/2)=-1.

The cosine and sine of angles may be found easily on your calculator. Since we will use
radians, it isimportant first to set the MODE of your calculator to RADIANS instead of
DEGREES. Inthiscourse, al angles, unless otherwise and explicitly stated, are measured
in RADIANS.

Example. Useyour calculator to find sin(p/6).

Solution. Here we assume that the problem means that we are to find the sine of the angle
p/6 radians. In the calculator when we enter sin(p/6), we find that the correct value is0.5.
(If you obtain 0.009138 then your answer iswrong because your calculator is set to degree
mode rather than radian mode. Infact, sin (p/6 degrees) = 0.009138, which is very different
from sin(p/6 radians).)

Example. Useyour calculator to find sin(1) to 5 decimal places.
Solution. Enter sin(1) on the calculator to find 0.84147. Thisisthe sine of 1 radian.

Example. Useyour calculator to find cos(1) to 5 decimal places.
Solution. Enter cos(1) on the calculator to find 0.54030. Thisisthe cosine of 1 radian.

Example. Useyour caculator to find the point on the unit circle at the angle 1.8 radians.
Give numbersto 5 decimal places.

Solution. The point is(cos(1.8), sin(1.8)). From the calculator we find the point is
(-0.22720, 0.97385).

Figure 6.7.2 shows the graph of the function y = sin(x). Note how it oscillates up and
down forever. Thisoscillationiswhat will be important for this course, not any
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relationships about right triangles. We will use the sine function to model situations that
oscillate. For example, the temperature typically oscillates, growing warmer during the day
and then cooling at night. Asaconsegquence, the level of photosynthesisin plants oscillates,
increasing during the day, then waning in the evening and shutting down at night.
Temperatures also show an oscillation over the year, corresponding to the seasons. Certain
populations vary over the year, with bigger mosqguito populations during the summer than
during the winter. Oscillations also occur in modeling repetitive situations such asthe
beating of the heart.
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Figure 6.7.2. The graph of y = sin(x)

1

Figure 6.7.3 shows the graph of the function y = cos(x). It aso oscillates up and down
forever. 1t will aso be needed to help model biological behavior that oscillates.

-[0.5}
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Figure 6.7.3. The graph of y = cos(x).

It is sometimes required to solve atrig equation. Trig equations are complicated because
there are often many solutions.



Example. Find all solutions of sin(g) =0
Solution. By inspecting the unit circle for when they value or sin(g) = 0, we seethe
solutiong = 0. We continue aong the circle and see that a second solution occurs after an
anglep, soq = p isanother solution. Continue further along the circle and we see that
g = 2p isanother solution. Similarly soisq =3p, q=4p, ec. Infact al solutionshave
the form

g =np wherenisawholenumber (0, 1,-1, 2, -2, 3, -3, etc.)

The solution above is auseful fact to remember.

Example. Find all solutionsof sin(5q) =0
Solution. Fr)om the previous example we know that al the solutions to
sin(x) =0
arex = np wherenisawhole number.
For the current problem, x correspondsto 5 q
Hencewehave5q =np
g =np/5 wherenisawhole number.

Example. Find all solutionsof sin(5q- 2) =0
Solution. We know that all the solutions to
sin(x) =0
arex =np wherenisawhole number.
For the current problem, x correspondsto5q- 2
Hencewehave5q -2=np
g =2/5+np/5 wherenisawhole number.

Example. Find all solutionsof sin(5t- 2) =0 such that OEtE 2.
Solution. From the previous example we know that all the solutions to
sin(5t- 2)=0
aet =2/5+np/5 wherenisawhole number.
We now try values of nto find t satisfying OEtE2.
Ifn=0weget t=2/5=04.
Ifn=1weget t=2/5+p/5=1.0283.
If n=2weget t=2/5+ 2p/5=1.65662.
If n=3weget t=2/5+ 3p/5=2.2850.
Ifn=-1weget t=2/5-p/5=-0.2283.
Hence the answers satisfying OEtE2 are
t=0.4,1t=10283, and t = 1.65662.

Example. Solve sin(0.4x - 3) = 0 for 0<x<20.
Solution. Recall that all the solutionsto
sin(g) =0
occur wheng= np.
For our problem al the solutions must therefore satisfy
04x-3=np
x=(3+np)/04
We try integer values of n in order to find x so 0<x<20.
Ifn=0,x=304=75.
If n=1, x =(3+p)/0.4 = 15.354.
Ifn=2,x=(3+2p)/0.4=23.208 which does not satisfy the constraints.
Any larger nwill make the failure of the constraints worse.
If n=-1, x = (3-p)/0.4 = -0.354 which does not satisfy the constraints.



The answer isx = 7.5 or x = 15.354.

Example. Find all solutions of cos(g) =0
Solution. By ingpecting the unit circle for when they value or cos(q) = 0, we seethe
solution g = p/2. We continue aong the circle and see that a second solution occurs after
ananglep, soq = p/2 + p isanother solution. Continue further along the circle and we see
that
g = p/2 + 2p isanother solution. Similarly soisq = p/2 + 3p, q=p/2 + 4p, eic. Infact
all solutions have the form

g =p/2+np wherenisawhole number.

Example. Find all solutionsof cos(5t- 2) =0

Solution. From the previous example we know that all the solutions to
cos(x)=0

arex =p/2 +n p wherenisawhole number.

For the current problem, x correspondsto5t- 2

Hencewehave5t -2=p/2+np
t =2/5+ p/10+n p /5 wherenisawhole number.

When the trig function is to have a value other than O, the smplest methods often involve the
inversetrig functions. Thereisa button for the inverse sine function (or sin-1 function) and

abutton for the inverse cosine function (or cos-1 function) on your calculator. Both
functions should give their valuesin radians. Here are the basic facts underlying their use:

Fact:

(1) If y=sin(x) and -n/2 < X < /2, then
x = sin-L(y).

(2) Ify=rcos(x) and 0 = x =< mx, then
x = cos 1(y).

Example. Solvesin(x) =-0.3if -p/2<x<p/2.
Solution. x = sin"1(-0.3) = -0.30469

Example. Solve cos(x) =-0.3if 0<x<p.
Solution. x = cos"1(-0.3) = 1.87549

Example. Find one solution to sin(3x) = -0.5to 5 decimal places.
Solution. If u=sin(v), thenv = sin"1(u) is one solution. Hereu=-0.5whilev = 3x.
Since sin(3x) = -0.5 or u =sin(v),
it follows that
3x =sin"1(-0.5)
x = (1/3) sin"1(-0.5) = -0.17453

Example. Find one solution to cos(2x - 5) = 0.25 to 5 decimal places.
Solution. If u=cos(v), then v = cos1(u) is one solution. Here u=0.25 whilev = 3x-5.
It follows that

2x - 5= cos1(0.25)

2x =cos1(0.25) + 5

x =[cos1(0.25) + 5] / 2

x = 3.15906
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If we want to find all solutionsto equations such as cos(x) = -0.3, then we need to make use
of the symmetries of the unit circle. Some of these are indicated in the next theorem:

Theorem. cos (-q) = cos(q)
sin(-g) = - sin(Q)
sin(p-qg) = sin(q)
cos(g+2p) = cos(q)
sin(g+2p) = sin(q)

Proof. Look at the unit circle. The point with angleqis

(cos(q), sin(q))

and the point with angle -q is
(cos(-q)), sin(-))
But clearly the points have the same x coordinate, while the y coordinates are the negatives

of each other. Thisisseenin Figure 6.7.4, where the two points are clearly mirror images
of each other.

(cos(q), sin(q))

-1 -q 1
(cos(-q).sin(-0))

-1

Figure 6.7.4. The points (cos(q), sin(g)) and (cos(-q), sin(-q)) are mirror images of each
other.

The other symmetries may be seen in asimilar manner.

A trigonometric equation typically hasinfinitely many solutions. Often, values of x are
needed that are in a specific range. Once afirst solution isfound using the inversetrig
functions, the other values are located using the symmetries in the theorem above.

These symmetries can be restated asfollows:

(2) If sin(x) =y has one solution X, then another isx + 2p.
(2) If sin(x) =y has one solution x, then another is p-x.
(3) If cos(x) =y has one solution x, then another is x+2p.
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(4) If cos(x) =y has one solution x, then another is -x.

Example. Solvesin(x) =-0.3 if 0<x<2p.

Solution. One solution of the equation is x = sin-1(-0.3) = -0.304609.
Thisx, however, does not satisfy O<x<2p. By (1), however

x =-0.30469 + 2p = 5.97849 isa solution.

By (2), another solutionisp - (-0.30469) = 3.44629.
We expect exactly two answers. Hence the final answer isx = 5.97849 and x = 3.44629.
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