11.2 Partial derivatives

When we deal with functions of more than one variable, we have to modify the tools of
caculus. Inthis section we will see the modification needed for derivatives.

Recall if f(x) isafunction, then thederivative of y = f(x) is defined by

f(x+h)-f(x)
fr(x)= 172 R ———

Thusif xg isaparticular value for x, then the derivative at xQ is
f(xo*h)-f(x0)
f'(xo) = 1733 R ——————
h—0 h

Suppose z = f(x,y) isafunction of thetwo variablesx and y. If y isheld constant at y =y,
then f(x,y0) isafunction of asingle variable x. Itsderivativeat x =x0is called

thepartial derivative of f with respect to x at (x0,y0).
The usua notation iswritten with curly d's as follows:

if/91x (x0.y0)
or Tf (x0.y0)

fix
It is defined by the formula

_ f(xoth, yo)-f(x0. y0)
af 19X (X0, ¥0) = 1M e
h

Note in the formulathat only x changes; y remainsfixed at yQ.

The computation isrealy quite smple. To find §f/fx, think of y as constant and use the
norma rulesfor differentiating with the variable x.

Example. Let f(x,y) = 4 x3y2.

To find 1[f/9x(x,y) we think of y asfixed or constant and only x varying; then we compute
the derivative. Thuswe think of this expression as C x3 where C = 4 y2 istemporarily
regarded as constant since it contains no x. The derivativeisthen C 3 x2.

Hence f/fx(x,y) = 12 x2 y2.

We evauate the partial derivative at the point (1,2) by replacing x by 1 andy by 2. Thus
TF/x(1,2) = 12 (1)2 (2)2 = 48.

Example. f(x,y) = 3 el4Xy). Then Tf/fx(x,y) = 12y e(4xy).
Similarly, suppose x is held constant at x = xQ; then f(xQ,y) isafunction of asingle

variabley. Itsderivativeaty =ygiscaled
thepartial derivative of f with respect toy at (x0,y0).
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The usual notation iswritten with curly d's:
ity (x0.y0)

or it (x0.y0)

Ty
It is defined by the formula

_ f(xo0. yoth)-f(xo, yo)
of 1oy (x0,y0) = lim =

In thisformula only y changes; x remains fixed at xQ.

Asinthe case of the partial derivative with respect to x, to find §[f/fly, you should think of x
as constant and use the normal rules for differentiating with variabley.

Example. Let f(x,y) = 4 x3y2.

To find ff/y(x,y) we regard the expression as C y2 where C = 4 x3 is temporarily regarded
as constant since it containsno'y.

Then Tf/y(x,y) = 83 y.

At the point (1,2), thevalueis

T/My(1,2) = 8 (1)3 (2) = 16.

Example. f(x,y) = 3e4XY). Then Tf/fly(xy) = 12x el4Xy).

Example. f(x,y) = x2 cos(2 x y2). Find ff/fx and Tf/fly.
Solution. For fif/fix we differentiate thinking of y as constant. We still need to use the
product rule. Hence
T/x = x2 /9% [ cos( 2 x y2)] + cos(2 x y2) 1/ [x2]
by the product rule
=x2 (- sin(2 x y2)) 1x (2 x y2) + cos(2 x y2) (2 x)
by the chain rule for differentiating the sine function
=x2(-sin(2xy2) (2y2) + cos(2 x y2) (2X)
=-2x2y2 sin(2x y2) + 2x cos(2 X y2)

T/l = x2 1My [ cos( 2 x y2)]

since x2 is constant as far as is concerned
=x2(-sin(2xy2) 1My (2xy?)
=x2(-sin(2xy2) (4xy)
=-4x3ysn(2xy?)

If z=1(x,y), then fif(x,y)/ix may aso be written §z/{x.

Example. z=x/(2x + 3y). Find 1zMy (1,2).
Solution. Sincethe expressionisafraction, we use the quotient rule.
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T2y (x.y) = (2x+3y) 1My(x) - x T1y(2 x + 3y)

How should we interpret these partial derivatives? Just as the ordinary derivative has
different interpretations in different contexts, so does a partial derivative.

Case (1) If z=1(x,t) isthe height of astring at position x and timet, then
112/t isthe instantaneous rate of change of the height with respect to time (where the
position X remains constant). Thisisthe vertical velocity of the string at position x.

Example. A vibrating string has height

z =f(x,t) = 3sin (px/4) cos(pt/4) cm
at position x cm along the string at time t seconds.
Find the vertica velocity wherex =1 at timet = 2.

Solution. We want /1t (1, 2).

But f/qt (x,t) = 3 sin (px/4) 1/1t( cos(pt/4))
= 3sin (px/4) ( - sin(pt/4)) 1/9t( pt/4)
=3dn (px/4) (- sin(pt/4)) (p/4)

=- (3p/4) sin (px/4) sin(pt/4))

Hence 1if/ft(1,2) = - (3p/4) sin (p(1)/4) sin(p(2)/4))
- (3p/4) sin (p/4) sin(p/2)
- (3p/4) sin (p/4) sin(p/2)

-1.66608 cm/sec

Note that because f isin units of cm and t isin units of sec, then
/91t has units cm/sec.

Case (2) If T =1(x,y) isthetemperature at the location (x,y), then Tf/fx(x,y) isthe rate of
change of temperature as x changes but y isheld constant. Thisiscalled therate of
change of T with respect to x sincethevariable x ischanging. It tellsthe rate of change
of the temperature as a point moves horizontally (in the x direction). Similarly Tf/fly(x,y) is
the rate of change of temperature asy changes but x is held constant. It iscalled therate of
change of temperature with respect toy, sincey isthe variable that changes. It tells how
fast the temperature changes as a point moves verticaly (in they direction).

Example. Thetemperature at point (X,y) isz = cos(3x+2y) degrees, wherex andy arein
feet.

(a) Find the rate of change of temperature with respect to x when y isconstantly 2, at x = 1.
(b) Find the rate of change of temperature with respect toy when x isconstantly 1, aty = 2.
Solution.

(& Wewant z/1x (1,2)

But 12/9x = -3 sin(3x+2y)

so 11z/9x (1,2) = -3 sin(7) degrees/ft.

This meansthat for each foot you move in the positive x-direction from (1,2), the
temperature decreases by 3 sin(7) degrees.
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(b) We want 1zM1ly (1,2)
But 11z/ly = -2 sin(3x+2y)
s0 1zMly (1,2) = -2 sin(7) degrees/ft.

Case (3) Tangent planes

If z=1(x,y) isafunction, then its graph is a surface in three dimensions. A surface
typicaly has atangent plane at a point, analogous to the tangent line at a point of acurvein
the xy plane. The tangent plane meets the surface at the given point and just fits the surface.

The equation of the tangent plane to z = f(x,y) at the point where x = xQ, Y = Y0
isgiven by
z =120 + ff/x (x0, yo) (x - x0) + Tt/My(x0, yo) (¥ - Y0)
where zg = f(X0, Y0).

This equation is analogous to the equation of the tangent line to acurve
y =f(x) inthe plane at the point where x = xQ. Inthat case we let
yo = f(x0) and the equation of the tangent line can be written

y =yo+f'(x0) (X - x0).

Example. Find the equation of the tangent plane to
z=f(x,y) =x2+3y2+xy
at the point wherex =1andy = 2.

Solution.
HerexO0=1andy0=2. Hencez0 =f(1,2) = 15.
TEMIx(x,y) = 2 x +y so f/M1x(1,2) = 4.
My(x,y) =6y + x so f[f/fx(1,2) = 13.
The equation of the tangent planeis
z=15+4(x-1) +13(y-2)
or
z=4x+13y-15

Second partial derivatives
Just as we can differentiate a function of one variable more than once, we can also take

partial derivatives morethan once. If z=1f(x,y) isafunction of two variables, there are four
possible kinds of second partial derivatives:

----- = /9x [ 1f/9x] meansthe result of taking the partial derivative

with respect to x of the partial derivative with respect to x.

----- = 9y [ 1iffix] meanstheresult of taking the partia derivative



with respect to y of the partial derivative with respect to x.

= 9x [ 1iffly] meanstheresult of taking the partiad derivative

with respect to x of the partia derivative with respect toy.

----- = 1y [ 1f/9y] meansthe result of taking the partial derivative

with respect to y of the partial derivative with respect toy.

The interpretations of these second order partia derivatives are subtle, but they are
sometimes needed in formulas.

Example. Letf(x,y) =x2y
fx=5 x4 y.

T26/9%x2 = /9 (5 x%y) = 20 x3y.
126 1yTx = Ty (5x4y) =5x4
My = X9,

12¢/9y2 = 11y (x5) =0.

T2 /9xTy = T/9x ( x°) = 5 x4,

Note in this example that 12f/yfix = 12f/xy. Thisisno mere coincidence. Infact, we
have the following result. For most functionsf(x,y) that we deal with on adaily bas's,

Ty Ix = 1269xTy.

Similar considerations apply to functions of more than two variables as well:

Ehxample. Suppose T(x,y,2) = x2 y3 74 isthe temperature at (X,y,2).
then

MTHx= 2xy3z4

Ty = 3x2y2 74

MTHz= 4x2y373

T2TAIX2 = (/%) (TT/1X) = (Tx) (2xy3Z4) = 2y3 74
12TMy2 = (1) (TTAy) = (TMy) (3x2y2 %) = 6x2y 24
T2TAZ2 = (112) (TTH12) = (TM12) ( 4x2y323) = 12x2y3 22
T2TAIxTy = (1Mx) (TTAly) = (11x) (3x2y2Z4) = 6x y2 24
12TAxTz = (T1x) (TTAIz) = (11x) ( 4x2y323) = 8xy3 23
T2TAyfz = (1Y) (TTA12) = (1) ( 4x2y323) = 12x2y2 73
12TMyTx = 12TAxYy = 6x y2z4

T2THZx = 12TAxYz = 8xy3 23

12Ty = 12Tz = 12x2y2Z3
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