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Objectives

This chapter explains

• Applications of growth curve models to describe the results of statistical studies in which repeated
measures are made on a sample of units from some population or process.

• Different kinds of models for repeated measure data:

� Empirical
� Mechanistic (e.g., from systems of differential equations)

• How to fit and interpret nonlinear regression models.

• Different sources of variability in repeated measures data.

• The use of random parameter models to describe variability in repeated measures data.

• Methods for data analysis and inference for repeated measure data.

Overview

6.1 Introduction

6.1.1 Repeated measures data

The term “repeated measures data” data refers to taking repeated measurements or observations on a
single unit. In some applications such measurements are taken over time. In other applications, the
readings may be spatial (as in a number of observations across a plot of land or across a specimen of
material).
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Figure 6.1: Measured percentage increase in operating current over time for GaAs lasers tested at 80◦C.

In pharmacokinetic studies, a drug is introduced into a biological unit (e.g., an animal or human)
and blood plasma concentrations at different points in time. Another important application arises in
the study of growth (e.g., of trees, humans, fatigue cracks)

In some reliability studies, it is possible to measure the physical degradation on units (either in a
laboratory test or on units that are in service) as a function of time (e.g., tire wear). In other applications
actual physical degradation cannot be observed directly, but measures of product performance degrada-
tion (e.g., power output) may be available. Both kinds of data are generically referred to as “degradation
data” and we will follow this convention. Modeling performance degradation may be useful, but could
be complicated because performance may be affected by more than one underlying degradation process.
Depending on the application, degradation data may be available continuously or at specific points in
time where measurements are taken.

6.2 Applications

Example 6.1 Laser Operating Current as a Function of Time. Over the life of some laser de-
vices, degradation causes a decrease in light output. Other lasers, however, contain a feedback mechanism
that will maintain nearly constant light output by increasing operating current as the laser degrades.
When operating current gets too high, the device is considered to have failed. Figure 6.1 shows the
increase in operating current over time for a sample of GaAs lasers tested at 80◦C (this temperature,
much higher than the use temperature, was used to accelerate the failure mechanism so that degradation
information would be obtained more rapidly—see Chapter 18 of Meeker and Escobar (1998).

Example 6.2 Plasma concentrations of indomethicin following intravenous injection. Fig-
ure 6.2 shows blood plasma concentrations of indomethicin following bolus intravenous injection for six
human volunteers. The data were originally published in Kwan et al. (1976) and were reanalyzed by
Davidian and Giltinan (1995, page 18). Pharmacokinetic researchers need to know the rate of passing
to elimination and the time (or expected time) until a specified level of indomethicin is left. Interest
centers on the identification of demographic and physiological characteristics explaining the variability
in drug response. This kind of information is important for choosing effective dosage regimes.
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Figure 6.2: Plasma concentrations of indomethicin following intravenous injection.

Example 6.3 Serum concentrations of theophylline following oral administration.
The data in Figure 6.3 show serum concentrations of theophylline following oral administration

(theophylline is an anti-asthmatic agent). Data collected on twelve subjects. Serum concentrations were
measured at 11 time points from 15 minutes to to 24 hours. Dosage was varied in proportion to body
weight. The data were first analyzed by Boeckmann et al. (1992) and reanalyzed by Davidian and
Giltinan (1995). Note that when compared to the intravenous injection in Example 6.2, with the oral
administration, there is a longer delay period before serum concentrations increase to a high level.

Example 6.4 Growth of conducting filaments in printed circuit boards. Meeker and Lu-
Valle (1995) describe models for growth of failure-causing conducting filaments of chlorine-copper com-
pounds in printed-circuit boards. These filaments cause failure when they reach from one copper-plated
through-hole to another. In their model, A1(t) is the amount of chlorine available for reaction and A2(t)
is proportional to the amount of failure-causing chlorine-copper compounds at time t. Under appropriate
conditions of temperature, humidity, and electrical charge, copper combines with chlorine A1 to produce
the chlorine-copper compound A2 with rate constant k1. Diagrammatically,

A1
✲k1 A2.

The rate equations for this process are

dA1

dt
= −k1A1 and

dA2

dt
= k1A1. (6.1)

The solution of this system of differential equations gives

A1(t) = A1(0)× exp(−k1t) (6.2)
A2(t) = A2(0) +A1(0)× [1− exp(−k1t)] (6.3)

where A1(0) and A2(0) are initial amounts. To simplify notation, let A2(∞) = A1(0) + A2(0). Then if
A2(0) = 0, the solution for A2(t) (the quantity of primary interest) can be expressed as

A2(t) = A2(∞)× [1− exp(−k1t)]. (6.4)
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Figure 6.3: Serum concentrations of theophylline following oral administration.

6.3 Models for Repeated Measures Data

6.3.1 Simple models for change over time.

The simplest growth model is a model for linear growth.

Example 6.5 Constant-rate growth model.
For some types of growth, rate will be approximately constant. In the form of a differential equation

dy(t)
dt

= β1

With y(0) = β0, this simple differential equation has the solution

y(t) = β0 + β1t

where β0 is the intercept and β1 is the slope (growth rate). This linear model is useful for describing
certain kinds of growth patterns.

6.3.2 Compartmental models for change over time.

Example 6.6 A two-compartment open model.
A two-compartment open model illustrated in Figure 6.5 is commonly used to describe the concen-

tration in the blood over time.
The following differential equations describe the two compartment model

dA1(t)
dt

= −k1A1(t), and
dA2(t)
dt

= k1A1(t)− k2A2(t).
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Figure 6.4: Orange Tree Circumference Growth.
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Figure 6.6: A two-compartment open model.

Then, using standard methods for solving systems of linear differential equations (or a mathematics
computer program like Maple of Mathematics), the concentration in the blood at time t is

A2(t) = θ2 exp(−k2t)− θ1 exp(−k1t)

θ1 = A1(0)k1/(k1 − k2)
θ2 = θ1 +A2(0)

Splus has the biexponential function for this model.

Example 6.7 A first order log model A two-compartment (gut and blood) model is used to describe
the concentration in the blood as a function of time for oral administration of a drug. This model is
illustrates in Figure 6.5.

dA1(t)
dt

= −k1A1(t), and
dA2(t)
dt

= k1A1(t)− Cl

V
A2(t)

where A1(t) is the amount in the stomach at time t and A2(t) is the concentration in the blood at time
t. The rate constant k1 has units 1/hour, clearance Cl has units L/hr/kg, and volume of distribution V
has units L/kg. Thus the elimination rate constant k2 = Cl/V has units 1/hour.

6.3.3 Models for variation in repeated measures data

If all units were identical, exposed to exactly the same environment and/or conditions, and in exactly
the same environment then, according to the simple deterministic models above, all units would follow
exactly the same path. Of course, there is some degree of variability in all of these model factors as
well as in various factors that are not in the model. These factors combine to cause variability in the
observed sample paths.

Unit-to-unit variability. The following are examples of sources of unit-to-unit variability:

• Initial conditions. Individual units will vary with respect to the amount of material available
to wear, initial level of degradation, amount of harmful degradation-causing material, and so on.
Figure 6.7 shows the Paris model for growth of fatigue cracks, with simulated variability in the size
of the initial crack, but with all other of the unit’s Paris model characteristics and other factors
held constant.

• Material properties. Figure 6.8 shows the Paris model for growth of fatigue cracks, allowing for
unit-to-unit variability in the material properties parameters C and m and the size of the initial
crack. In this case, as shown in the Paris model in (??), the rate of growth depends on C and m
which differ from unit to unit. This yields crossing of the crack-growth curves (typical of what is
observed in actual fatigue testing).

• Component geometry or dimensions. Unit-to-unit variability in component geometry or
dimensions can, for example, cause additional unit-to-unit variability in degradation rates [e.g.,
through the ∆K(a) function in (??)].
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Figure 6.7: Plot of Paris model for growth of fatigue cracks with unit-to-unit variability in the initial
crack size a0 but with constant materials parameters (C and m) and constant stress.
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Figure 6.8: Plot of Paris model for growth of fatigue cracks with unit-to-unit variability in the initial
crack size and in materials parameters C and m, but with constant stress.
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Figure 6.9: Plot of Paris model for growth of fatigue cracks with unit-to-unit variability in the initial
crack size and materials parameters C and m, and with a stochastic process model for the changes in
stress over the life of the unit.

• Within-unit variability. Often there will be spatial variability in materials properties within a
unit (e.g., defects).

Variability due to operating and environmental conditions. Besides the materials properties
described above, the rate of degradation will depend on operating and environmental conditions. For
example, K(a) in the Paris model (??) depends on the amount of applied stress and the Paris param-
eters can depend on temperature. In laboratory fatigue tests, the stress is either fixed or changing in
a systematic manner (e.g., to keep K(a) nearly constant as a increases). In actual operation of most
components, stress would generally be a complicated function over time. Such variations possibly de-
scribed by a stochastic process model. Figure 6.9 shows the Paris model with degradation rate varying
due to variations in stress that might have been caused, for example, by variation in driving conditions
encountered, over time, by an automobile. In some applications, shocks that occur randomly in time
can dominate other sources of variability in a failure-causing process.

The models described here are simple relative to more exact theory of failure-causing processes that,
almost certainly exist (but may not be known or understood). For some purposes, however, such simple
first-order descriptions are useful.

6.3.4 Model for change over time

The actual path of a particular unit over time is denoted by D(t), t > 0. In applications, values of D(t)
are sampled, for a particular unit, at discrete points in time t1, t2, . . . . The times of observation may
differ from unit to unit. The observed sample degradation yij of unit i at time tij is

yij = Dij + εij , i = 1, . . . , n, j = 1, . . . ,mi (6.5)

where Dij = D(tij , β1i, . . . , βki) is the actual path of the unit i at time tij (the times need not be the
same for all units) and εij ∼ NOR(0, σε) is a residual deviation for unit i at time tj . The total number
of measurements on unit i is denoted by mi. For the ith unit, β1i, . . . , βki is a vector of k unknown
parameters. Typically sample paths have k = 1, 2, 3 or 4 parameters. As described in Section 6.3.3,
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some of the β1, . . . , βk parameters will be random from unit-to-unit. One or more of the β1, . . . , βk

parameters could, however, be modeled as common across all units.
The scales of y and t can be chosen, as suggested by physical theory and the data, to simplify the

form of D(t, β1, . . . , βk). For example, the relationship between the logarithm of degradation and the
logarithm of time might be modeled by the additive relationship in (6.5). Model choice requires not only
specification of the form of the D(t, β1, . . . , βk) function, but also specification of which of the β1, . . . , βk

are random (differing from unit to unit) and which are fixed (common to all units). Because of the
flexibility in specifying the form of D(t, β1, . . . , βk), and of the way in which the β1, . . . , βk come into
this form, we can, for simplicity, model the unit-to-unit variability in β1, . . . , βk with a multivariate
normal distribution with mean vector µβ and covariance matrix Σβ.

It is generally assumed that the random β1, . . . , βk are independent of the εij deviations. Another
common assumption is that σε is constant. The adequacy of this assumption can be affected by trans-
forming D(t). Because the yij are taken serially on a unit, however, there is potential for autocorrelation
among the εij , j = 1, . . . ,mi values, especially if there are many closely-spaced readings. In many prac-
tical applications involving inference on the degradation of units from a population or process, however,
the correlation is weak and, moreover, dominated by the unit-to-unit variability in the β1, . . . , βk values
and thus can be ignored. In situations where autocorrelation cannot be ignored, one can use a time
series model for the residual term along with appropriate estimation methods. This subject is discussed
in Section xx.

6.3.5 Model parameters for individual units

Although the values of β1, . . . , βk for the individual units may be of interest in some applications (e.g.,
to predict the future path of a particular unit, based on a few early readings), subsequent development
in this chapter will concentrate on the use of repeated measures data to make inferences about the
population or process or predictions about future units. In this case, the underlying model parameters
are µβ and Σβ, as well as the residual standard deviation σε. For shorthand, we will use θβ = (µβ,Σβ)
to denote the overall population/process parameters.

6.4 Estimation of Population Model Parameters

The likelihood for the random-parameter growth curve model in Section 6.3.4 can be expressed as

L(θβ, σε|DATA) =
n∏

i=1

∫ ∞

−∞
. . .

∫ ∞

−∞


 mi∏

j=1

1
σε

φnor(ζij)


 fβ(β1i, . . . , βki;θβ)dβ1i, . . . , dβki (6.6)

where ζij = [yij −D(tij , β1i, . . . , βki)]/σε and fβ(β1i, . . . , βki;θβ) is the multivariate normal distribution
density function. Each evaluation of (6.6) will, in general, require numerical approximation of n integrals
of dimension k (where n is the number of sample paths and k is the number of random parameters in
each path). Maximizing (6.6) with respect to (µβ,Σβ, σε) directly, even with today’s computational
capabilities, is extremely difficult unless D(t) is a linear function. Pinheiro and Bates (1995a) describe
and compare estimation schemes that provide approximate ML estimates of θβ = (µβ,Σβ) and σε, as
well as the unit-specific components in β1i, . . . , βki, i = 1, . . . , n. Pinheiro and Bates (1995b) implement a
modification of the method of Lindstrom and Bates (1990). The examples in this chapter were computed
with the Pinheiro and Bates (1995b) program implemented in S-PLUS as function nlme.

Example 6.8 Estimates of fatigue data model parameters for Alloy-A. Continuing with Ex-
ample ??, we fit the model in (6.5) with Dij = a(t) in (??), a(0) = .9, Stress=1, β1 = m and β2 = C,
modeling (β1, β2) with a bivariate normal distribution. The program of Pinheiro and Bates (1995b)
gives the following approximate ML estimates.

µ̂β =
(

5.17
3.73

)
, Σ̂β =

(
.251 −.194

−.194 .519

)
.
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Figure 6.10: Alloy-A fatigue crack size observations and fitted Paris-rule model.

and σ̂ε = .0034. Figure 6.10 shows the fitted Paris relationship for each of the sample paths (indicated by
the points on the plot) for the Alloy-A fatigue-crack data. Figure 6.11 is a scatter plot of the estimates
of the Paris relationship parameters for each of the 21 sample paths, indicating the reasonableness of
the bivariate normal distribution model for this random-coefficients model.

6.5 Evaluating Crossing-Time Distributions

6.5.1 Soft failures: specified degradation level

For some applications there is interest in the distribution of time to reach a certain level the measurement
. Then failure would be defined (in a somewhat arbitrary, but purposeful, manner) at a specified level
of degradation (e.g., 60% of initial output). We call this a “soft failure” definition.

A fixed value of Df will be used to denote the critical level for the path. Fro example a failure time
T could be defined as the time when the actual path D(t) crosses the critical degradation level Df . We
use tc to denote the planned stopping time in the experiment (as illustrated in Figure ??). Inferences
are desired on the crossing-time distribution of a particular product or material.

6.6 Evaluation of F (t)

Bibliographic Notes

Davidian and Giltinan (1995) provide an excellent description and development of methods for fitting
statistical models to nonlinear degradation-type models (also known as “growth curves”) and estimating
random parameters.
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Exercises

6.1 In file echapter06.q, you will find commands for fitting nonlinear mixed effect models for the serum
concentrations of theophylline following oral administration data. Use these data to do the following

(a). Examine carefully the different plots of the data. Look particularly at the results of the plot(Theoph.rmd)
plot. What conclusions can your draw from this plot?

(b). Use the nlsList command to fit the “first order log” model separately to the data from each each
patient. Create a matrix of the coefficients for the fits. This matrix can be considered as a “data
set” where the coefficients are the observed data. Compute the means and standard deviations,
and the “raw” covariance and correlation matrices for these “data.” What do the results tell you?

Note that the function two-stage does these computations automatically. You can see the inside
of two-stage by just typing this name at the Splus prompt.

(c). Under the assumption that the random effects lCl, lka, and lke have a multivariate normal distri-
bution. The naive estimate of the population covariance matrix for the random effects provided by
the simple covariance matrix computed by two-stage is, in general biased. Why? Hint: imagine
what happens if there is a substantial amount of measurement error in the data.

(d). Use the Theoph.nlme <- nlme(Theoph.lis) command to compute the approximate ML estimates
of the nonlinear mixed effect model. Examine the summary of the results.

(e). Compare the estimates of the means of the fixed effects with the estimates of the means from the
two-stage command.

(f). Examine the correlations between the random effects and the plot given by plot(Theoph.nlme).
Notice the correspondence. Think of the biological system being modeled. Can you explain any of
these correlations in terms of this biological system?

(g). Compare the estimates of the standard deviations of the random effects with the estimates of the
standard deviations from the two-stage command. What do you notice. Can you explain why
the standard deviations are larger with the two-stage command?

(h). The summary(Theoph.nlme) command gives only estimates of standard deviations and correlations
between the random effects. It does not print out a covariance matrix (similar to the one from
two-stage. Why? The model was parameterized in terms of log clearance (lCl) and log rates (lka
and lke for log(ka) and log(ke), respectively). One question of interest is the average rates among
all individuals. Use information in the summary to obtain 95% confidence intervals for these rates
(not log rates).

(i). Use the output from the summary(Theoph.nlme) command to compute a prediction for the concen-
tration in Subject 2 at time 5.10. Compare this with the output from the predict(Theoph.nlme,data=Theoph,clus
Subject) command.

(j). How would you define residuals for this model? Are residuals useful for analyzing date with nlme
models? Explain.

6.2 Refer to the output from the plot(Theoph.rmd) and the plot.fits commands. One important
question to investigators is the length of time that the concentration stays above a certain level, say 4
mcg/mL. This time is a random variable.
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(a). Describe some of the possible sources of variability in this quantity. Order these according to the
amount of variability that they contribute.

(b). Suppose that you wanted to estimate the distribution of this random variable using the results of
the analysis of the available data. List the steps that you would follow to compute a simulation-
based estimator (as if you were writing these down for a computer programmer who understands
statistics, probability, and random number generation).

(c). The estimate that you compute from the above simulation-based method will have some sampling
error, resulting from the small number of subjects that were used in the study (there will also be
some “Monte Carlo error,” but this can be made arbitrarily small by increasing the number of
simulation trials). Describe how one might compute a confidence interval that could be used to
quantify this sampling error.

6.3 Consider the following diagrams illustrating some compartmental models. For each, write down
the appropriate system of differential equations. Use Maple to solve the differential equations. Translate
the Maple output into well-formed-formulas for the specified compartment(s) the diagram, using the
specified initial conditions.

(a). The following diagram might be called a “competing” diffusion process. Interest centers on A2 as
a function of t. Suppose that A1(0) = C and A2(0) = 0.

A 2A
k1

k

1

2

3A

(b). The following diagram is a two-compartment open system. Interestingly, if only A1 is observed, it
is impossible to identify the different rates. Interest centers on A2 as a function of t. Suppose that
A1(0) = C and A2(0) = 0.

A 2A

k1

k2

k

1

3 k4

(c). The following diagram has been used to model a pyrolysis process used to extract oil from oil shale
rock (Ziegel and Gorman 1980). Interest centers on A1 and A2 as a function of t. Suppose that
A1(0) = C, A2(0) = 0 and A3(0) = 0.
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A 2A
k1 k2

1

k

3

3

k4

A

6.4 Show that (6.2) is the solution to (6.1).

6.5 Use the degradation equation (6.4) to obtain an expression for the time that A2(t) crosses a
specified A2f .

6.6 Determine the value of N needed in Algorithm ?? to evaluate F (t) at the point where F (t) =
.01 so that the probability that Monte Carlo error in evaluation is less than .0001, with probability
approximately .95. Use the normal distribution approximation to the binomial probability.

6.7 Appendix Table C.18 of Meeker and Escobar (1998) gives degradation data on block error rates
(the ratio of number of bytes with errors to the total number of bytes tested) of magneto-optic data
storage disks tested for 2000 hours at 80◦C and 85% relative humidity. Use the simple analysis method
described in Section ?? to estimate the failure-time distribution of these disks at 80◦C and 85% relative
humidity where failure is defined as the time that it takes to reach an error rate of 50 × 10−5 (a safe
level at which error correcting codes can be expected to correct errors).

6.8 As an electronic device ages, its power output decreases. Because the degradation results from a
simple one-step chemical reaction with a limited amount of harmful material available for reaction, the
decrease in power can be described by the degradation model D(t) = β2[1 − exp(−β1t)] where D(t) is
the power output at time t, β2 < 0 is nearly the same for all units, and β1, comes from a lognormal
distribution. System performance degrades noticeably when D(t) falls below Df . Thus we define a failure
as the point in time when D(t) < Df .

(a). Describe some possible physical reasons for the asymptotic behavior of D(t).

(b). What happens, in the long run, if β2 > Df?

(c). Assuming that Df is a fixed constant and that β2 < Df , derive an expression for F (t), the failure
time cdf.

6.9 Suppose the actual degradation path of a particular unit is given by D(t) = β1t where − log(β1)
varies from unit to unit according to a SEV(µ, σ) distribution. If failure occurs when D(t) > Df , where
Df is a fixed constant, show that the failure time distribution is Weibull.

� 6.10 Suppose the actual degradation path of a particular unit is given by D(t) = β1t where β1 varies
from unit to unit according to a LOGNOR(µ1, σ1) distribution. Also suppose that failure occurs when
D(t) > Df , and Df has a LOGNOR(µ2, σ2) distribution. Derive an expression for F (t), the failure time
cdf.

� 6.11 Suppose the actual degradation path of a particular unit is given by D(t) = β1 + β2t where
(β1, β2) vary from unit to unit according to a bivariate normal distribution with parameters µβ1 , µβ2 ,
σβ1 , σβ2 , and ρβ1β2 .
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(a). Assuming that failure occurs when D(t) > Df , derive an expression for the failure time distribution
F (t) = Pr(T ≤ t) = Pr[D(t) > Df ].

(b). Explain why limt→∞ F (t) < 1.


