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ABSTRACT. The expected shortfall is an increasingly popular risk measure in financial risk
management and possesses the desired sub-additivity property, which is lacking for the Value
at Risk (VaR). We consider two nonparametric expected shortfall estimators for dependent
financial losses. One is a sample average of excessive losses larger than a VaR. The other
is a kernel smoothed version of the first estimator (Scaillet, 2004 Mathematical Finance),
hoping that more accurate estimation can be achieved by smoothing. Our analysis reveals
that the extra kernel smoothing does not produce more accurate estimation of the shortfall.
This is different from the estimation of the VaR where smoothing has been shown to produce
reduction in both the variance and the mean square error of estimation. Therefore, the
simpler ES estimator based on the sample average of excessive losses is attractive for the

shortfall estimation.
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1. INTRODUCTION

The expected shortfall (ES) and the value at risk (VaR) are popular measures of financial
risks for an asset or a portfolio of assets. Artzner, Delbaen, Eber and Heath (1999) show that
VaR lacks the sub-additivity property in general and hence is not a coherent risk measure.
In contrast, ES is coherent (Follmer and Schied, 2001) and has become a more attractive
alternative in financial risk management.

Let {X:}}; be the market values of an asset or a portfolio of assets over n periods of a

time unit. Let Y; = —log(X;:/Xi:—1) be the negative log return (log loss) over the ¢-th period.

n

Suppose {Y; "_; i1s a dependent stationary process with the marginal distribution function

F'. Given a positive value p close to zero, the VaR at a confidence level 1 — p is
vy, = inf{u: F(u) > 1 —p} (1)

which is the (1—p)-th quantile of the lose distribution F'. The VaR specifies a level of excessive
losses such that the probability of a loss larger than v, is less than p. See Duffie and Pan
(1997) and Jorion (2001) for the financial background, statistical inference and applications
of VaR. A major shortcoming of the VaR in addition to not being a coherent risk measure is
that it provides no information on the extent of excessive losses other than specifying a level
that defines the excessive losses. In contrast, ES is a risk measure which is not only coherent
but also informative on the extend of losses larger than v,,.

The ES associated with a confidence level 1 — p, denoted as p,, is the conditional expec-

tation of a loss given that the loss is larger than v, that is
pp = EMi|Y: > 1), (2)

Estimation of the ES can be carried out by assuming a parametric loss distribution, which
is the method commonly used in actuary studies. Frey and McNeil (2002) propose a binomial
mixture model approach to estimate ES and VaR for a large balanced portfolio. The extreme
value theory approach (Embrechts, Kluppelberg and Mikosch, 1997) can be viewed as a
semiparametric approach which uses the asymptotic distribution of exceedance over a high
threshold to model the excessive loses and then carries out a parametric inference within

the framework of the Generalized Pareto distributions. Recently, Scaillet (2004) proposes

2



a nonparametric kernel estimator and applies it for sensitivity analysis in the context of
portfolio allocation.

An advantage of the nonparametric method is its being model-free and hence is model
robust and avoids bias caused by using a mis-specified loss distribution. Financial risk man-
agement is primarily concerned with characteristics of a tail part of the loss distribution.
However, data are generally sparse in the tail and hence proposing a proper parametric loss
model which is adequate for the tail part is not trivial. This is where the nonparametric
method can plays a significant role. Another advantage of the nonparametric approach is
that it allows a wide range of data dependence, which makes it adaptable in the context
of financial losses. The nonparametric estimators considered in this paper can accommo-
date data dependence explicitly since the effect of the dependence on the variance of the
ES estimation can be clearly spelt out in the variance formula. This is different from the
extreme value approach as the latter effectively treats high exceedances as independent and
identically distribution observations which is true asymptotically under the so-called D and
D' conditions (Leadbetter, Lindgren and Rootzén, 1983). An empirical study by Bellini and
Figé-Talamanca (2002), by carrying out a nonparametric runs test, has shown that financial
returns can exhibit strong tail dependence even for large threshold levels. This indicates the
need for considering the dependence in financial returns directly, which is the approach taken
by the nonparametric estimators considered in this paper.

In this paper, we evaluate two nonparametric ES estimators. One is based on a weighted
sample average of excessive losses defined by a VaR estimator 7, based on an order statistic.
Another is the kernel estimator proposed in Scaillet (2004) which employs kernel smoothing
in both the initial VaR estimation and the final averaging of the excessive losses. We hope
that the kernel smoothing would make the estimation more accurate as observed for the case
of VaR estimation by Chen and Tang (2005). However, our analysis reveals that the variance
and the mean square error of the kernel estimator is not necessarily smaller than that of a
sample average estimator. As a result, for estimation of the ES, the simpler sample average
of excessive losses is good enough and there is no need to carry out kernel smoothing. This
may be surprising considering that kernel smoothing leads to smaller variance in quantile

estimation for both independent (Sheather and Marron, 1990) and dependent (Chen and



Tang, 2005) observations. The underlying reason for obtaining these different effects of
kernel smoothing lays on the fact that the ES is effectively a mean parameter, which can be
estimated rather accurately by simple averaging.

The paper is structured as follows. We introduce the two nonparametric ES estimators in
Section 2. Their statistical properties are discussed in Section 3. Section 4 reports simulation
results, which is followed by an empirical study on two financial series in Section 5. All the

technical details are given in the appendix.
2. NONPARAMETRIC ESTIMATORS

A simple nonparametric estimator of the ES is a weighted average of excessive losses larger
than 2, where 7, = Y{jp(1—p)+1) is the sample VaR (quantile) estimator of v, and Y{,) is the

r-th order statistic of {Y;} ;. Hence, it is

- (M=) RS X

where I(-) is the indicator function.

The kernel estimator proposed by Scaillet (2004) is the following. Let K be a kernel
function, which is a symmetric probability density function, and G(t) = [ K(u)du and
Gn(t) = G(t/h) where h is a positive smoothing bandwidth. The kernel estimator of the
survival function S(x) =1 — F(x) is

n

Sp(z) =n"") _Gu(z —Yy) (4)

t=1
A kernel estimator of v, denoted as 7, 5, is the solution of Si(z) = p, as proposed in Gourier-
oux, Laurent and Scaillet (2000).? By replacing the indicator function and 7, with the
smoother G}, and 7, ), respectively in (3) Scaillet (2004) proposed the following kernel esti-

mator

fipr = (np) ™Y YiGr(ipn — Yr). (5)
t=1

2Its statistical properties and how to obtain the standard errors are considered in Chen and Tang (2005).
See also Cai (2002) and Fan and Gu (2003) for kernel conditional quantile estimation. A kernel estimator
of conditional ES is proposed in Scaillet (2003). See Fan and Yao (2003) for other applications of the kernel
method for nonlinear time series analysis.



Based on the improvement of the kernel VaR estimator 7, ;, over 7, it is expected that the
kernel ES estimator /i, , would improve the estimation accuracy of the unsmoothed estimator

fip. Confirming this or otherwise is the focus of the next section.
3. MAIN RESULTS

The properties of these two nonparametric ES estimators are evaluated in this section.
We start with some conditions.
Let F} be the o-algebra of events generated by {V;,k <t <} for | > k. The a-mixing
coefficient introduced by Rosenblatt (1956) is
alk)=  sup |P(AB)— P(A)P(B)|.

AeF| BEFX,

The series is said to be a-mixing if limg_o a(k) = 0. The dependence described by the
a-mixing is the weakest as it is implied by other types of mixing; see Doukhan (1994) for
comprehensive discussions. The following conditions are assumed in our study.

(i) There exists a p € (0,1) such that a(k) < Cp* for all k > 1 and a positive constant C'.

(ii) The distribution F of Y; is absolutely continuous with probability density f which has
continuous second derivatives in B(v,), a neighborhood of v,; the joint distribution functions
of (Y1, Yit1) Fy. for k > 1 have all its second partial derivatives bounded in B(v,); E(|Y;|**°) <
C for some 0 > 0 and a positive constant C'.

(iii) K is a symmetric probability density satisfying the moment conditions [*, wK (u)du =
0 and [', w?K(u)du = 0% >0, and K has bounded and Lipschitz continuous derivative.

(iv) h satisfies h — 0, nh3% — oo for any 3 > 0 and nh*log®(n) — 0 as n — oo.

Condition (i) means that the time series is geometric a-mixing, which is satisfied by
many commonly used financial time series which include the ARMA, ARCH, the stochastic
volatility and diffusion models. For instance Masry and Tjgstheim (1995) established the
a-mixing for ARCH model; and Genon—Catalot, Jeantheau and Larédo (2000) for diffusion
models. Conditions (ii) contains standard conditions which requires underlying smoothness
for the marginal and pair-wise joint densities together with finite moments for the absolute

returns. Conditions (iii) and (iv) are extra ones required by the kernel estimator. While



Condition (iii) has the usual requirements on the kernel, Condition (iv) specifies a range for
the bandwidth which includes O(n~'/?), the optimal order for estimating VaR estimation.
These conditions are comparable with conditions imposed by other authors. For instance,
Conditions (i), (ii), (iii) and (iv) correspond to Assumption 3.2 (a), (b) and (f), Assumption
3.1 (a) and (c), and (b) of Scaillet (2004) respectively.

Let v(k) = Cov{(Y1 — ) I(Y1 > v,), (Yit1 — vp)I (Yis1 > 1)} for positive integers k and

n—1

og(pin) = {Var{(Y1 — v,)I(Y1 > 1)} + 2 /; v(k)}.

Assumption (i) and the Davydov inequality imply that o2(p,n) is finite for each n and is
converging as n — 00.

We start with evaluating the unsmoothed estimator /i, to provide a point of reference for
the kernel estimators. Derivation given in the appendix shows that under conditions (i) and
(ii), and for an arbitrary positive &,

n

fp — fp = p_l{n_l Z(Y; —vp) (Y > vp) — p(py — vp) } + Op(n_g/%%)- (6)

i=1
This is a Bahadur type expansion which leads to the following theorem regarding the asymp-

totic normality of fi,.

THEOREM 1. Under conditions (i)- (ii), as n — oo

Vg (i) iy — pp) 5 N (0,1). (7)

The theorem indicates that the asymptotic variance of fi,, is o2 (p;n)/(np), which is the

-1 n

variance of p~'{n Y =) 1Yy > vy) — p(uy, — 1)}, the leading order term in the
expansion (6). The dependence in the original time series is reflected in the asymptotic
variance through the covariance terms in o2(p;n). This means that we need to accommodate
the dependence in further statistical inference (interval estimation and hypothesis testing)
for the shortfall estimation. We note also that the effective sample size for the ES estimation
is only np. As p is small ranging between 1% and 5% as commonly used in financial risk
management, the ES estimator is subject to high volatility which is a common challenge for

statistical inference of risk measures.



The following theorem summarizes the properties of the kernel estimator (5).

THEOREM 2. Under conditions (i)- (iv), as n — oo

Voo (9;0) iy — 1p) = N (0,1) (8)

and furthermore,
Bias(fipn) = —3p tokh*f(v,) +o(h?) and (9)
Var(fyn) = p~'n"'og(pin) +o(n~'h). (10)

By comparing with Theorem 1, it is found that the kernel estimator has the same asymp-
totic normal distribution as the unsmoothed sample estimator fi,. This is similar to the
corresponding results for VaR estimation as reported in Chen and Tang (2005). We also note
that both /i, and fi,, converges to i, at the rate of \/n or more precisely at the rate of /np;
whereas the VaR estimators 7, and 1, , converge to v, at the rate of \/n or more precisely at
the rate of \/nf(v,) where f is the probability density of Y;.

The second part of the theorem conveys a different story from VaR estimation. First of
all, unlike the VaR estimation, the kernel estimator does not offer a variance reduction at the
second order of n~'h as the second order term vanishes. At the same time, the smoothing
brings in an bias which will lead to an overall increase in the mean square error. Therefore, for
the purpose of estimating the ES, the kernel smoothing is counter-productive. The underlying
reason is the fact that the ES is effectively a mean parameter, which can be estimated rather
accurately without smoothing. The situation is similar to nonparametric estimation of the
mean parameter, which can be well estimated by the sample mean.

It should be noted that the above statement is only applicable for point estimation of ES.
For constructing confidence intervals and testing hypothesis on p, in the presence of data
dependence, the kernel smoothing can play a significant role in estimating o2(p;n) via the

spectral density estimation approach.
4. SIMULATION STUDY

In this section we report results from a simulation study which evaluate the performance
of the nonparametric ES estimators. The main objective is to confirm our theoretical findings

in the previous section.



The models chosen for the log loss Y; in the simulation are

an AR(1) model: Y, = 0.5Y;_; + €, & S N(0,1); (11)
an ARCH(1) model: Y; =05Yi_1 + ¢, € =4+04e, +m, < N(0,1). (12)

We are interested in estimating .01, the 99% ES. In constructing the kernel estimator, the
Gaussian kernel K(u) = \/%—Wexp(—uz /2) is employed. The sample size considered in the
simulation are 250 and 500. The number of simulation is 1000.

Figures 1 and 2 display the variance and mean square errors of fi, and the kernel VaR
estimator 7,5 over a set of bandwidth values. For comparison, the figures also include the
variance and mean square errors of the unsmoothed VaR estimator 7, and the kernel estimator
Up.n respectively. Although the sample size considered in these figures is 250, the same pattern
of results is observed for the sample size 500 as well. It is observed that /i, has a larger
variance and, to a large extent, a larger MSE too than /i, for both models. In contrast, the
kernel VaR estimator 7, j, delivers both variance and mean square error reduction as revealed

in Chen and Tang (2005). This confirms that there is no need to smooth the data for ES

estimation.
5. EMPIRICAL STUDY

We apply the proposed kernel estimator to estimate the ES of two financial time series.
The two financial series are the CAC 40 and the Dow Jones series from October 1st 2001 to
September 30th 2003, which consist of 500 observations (2 years data). The log-return series
are displayed in Figure 3 together with their sample auto-correlation functions (ACF). To
confirm the existence of dependence, we carry out the Box-Pierce test with the test statistic
Q =nY?, 4%(k) where 4(k) is the sample auto-correlation for lag k. The statistic @ takes
value 51.146 for the CAC 40 and 43.001 for Dow Jones, which produces p-values of 0.0068
for CAC 40 and 0.0455 for Dow Jones respectively. Therefore, the dependence is significant
for both series at 5% significant level.

We carry out analysis over three periods on each series, which are the first year (2001-
2002), the second year (2002-2003), and the entire two year (2001-2003), respectively. Table

1 presents the ES estimates [ig o1 and their standard errors. The standard errors are obtained



via a kernel estimation of the spectral density of {(Y; —v,)G(Y; — 1)}, which resembles the
approach for obtaining standard errors for kernel VaR estimation considered in Chen and
Tang (2005). The table also provides the kernel estimates for the 99% VaR. It is observed
that for both indices the year 2001-2002 had the largest estimates (risk) of the ES and the
VaR, and hence the highest risk, which reflected the high volatility after the burst of Internet
bubble and the September 11. The level of risk settles down in the year 2002-2003. It is
interesting to see that the CAC was more risky than Dow Jones as the estimates of the ES
and the VaR were all larger than her counterparts in Dow Jones. The variability of the ES
estimate for the Dows was much higher than that of the CAC in the year 2001-2002. It seems
that this high variability migrated to CAC in the second year. We observed as expected the
variability for the ES estimates based on the entire two year observations were smaller than
those of each individual year.

We then extend the analysis for 20 equally spaced levels of p ranging from 0.01 to 0.03.
The kernel estimates of /i, and their 95% confidence bands are displayed in Figure 5. The
confidence bands are constructed by adding and subtracting 1.96 times the standard errors.
These plots show that as expected the ES estimate declines as p increases. For both indices,
the year 2001-2002 experienced the largest risk than the year 2002-2003. It reveals again that
the CAC is more risky that Dow Jones as the ES estimates are always larger than those of

Dows for each of the three time periods and at each fixed p level.
APPENDIX

Throughout this section we use C' and C; to denote generic positive constants. The proof

of Theorems 1 and 2 requires the following lemmas.

LEMMA 1. Under Condition (i), P (|2, — v,| > €,) — 0 exponentially fast as n — oo.

PROOF': We only give the proof for 7, = 7, as that for 7, can be treated similarly,
Let C1 = infocp—ep vpten) J (). It is easily shown that

P([ty —vp| =€) (A1)
< P{|F(vp+€,) — Fvpy+€,)| > Cien} + P{|Fn(vp — €,) — F(v, — €,)| > Ch€, ).

Let X; = I(Y; < vp+e€,) — F(vp+e,). Clearly E(X;) = 0 and | X;| < 2. Choose g = bone,,
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, 2
p=n/(2q) and u*(q) = maxo<j<a,_1 E (ZZ[(ZJ[J;])JZ:]I Xl) . From an equality given in Yokoyama

(1980), u*(q) < Cp. Apply Theorem 1.3 in Bosq (1998) for a-mixing sequences,

P{|F,(vp+ €,) — F(vp+ €,)| > Ci€,}

< 4 _Cia +22{1 + ° H/2qa{[n/(29)]} (A.2)
< 4dexp 80°(q) Cren q 4q .
where 02(q) = 2p~%u?*(q) + €, = Ce,. It is obvious that
02 2
4exp (— 8;26(”;)) < dexp{—Csenq} (A.3)

where Cy > 0. Since ne2 — oo means ge, — oo, the first term in (A.2) converges to zero

exponentially fast. On the second term of (A.2), the geometric a-mixing implies that

1/2 1/21,0—1
2(1+ (5 ) galln/@al} < CMgp o 00 (A4)

Cl€n

which converges to zero exponentially fast too. This completes the proof of Lemma 1. o
LEMMA 2. Under the conditions (i)-(ii) and for any x > 0,
nt Z(Y; — )Y > D) = 1(Y: > 1)} = Op(n_3/4+ﬁ)~

PROOF: Let Wy = (Yy —vp){I(Y; > 1) — I(Y: > v,)}. We first evaluate E(W;) Note that
E(Wt) = _Itl + It2 where

In = E{(Yi—v,)I(v, <Y, <1,)[(0, >1v,)} and
Ly = E{(Yi—up)I(0p <Y, <1p)1(Dp < 1)}

Furthermore let Iy1 = Ity + I and Iis = Ii91 + Iiao where, for a € (0,1/2) and n > 0,

I = E{(Yi —u)I(v, <Yi < ,)I(D, > vp + 1)},

Ins = E{(Y: —p)I(vp <Y <) (v, < D <vp+n"n)},
It = E{(Y; —vp)I(v, >Y;: > 0p)I(0, <vp, —n""n)} and
Iiso = E{(Yi—vp)I(v,>Y, > 0,)[(v, > 1y > v, —n"n)}

Applying the Cauchy-Swartz inequality, for £ = 1 and 2,

L] < \JE(8y — 1,)2P (|0, — vy] > n-en).
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Then Lemma 1 and the fact that E(9, — 15,)? = O(n™!) imply
Iixy — 0 exponentially fast. (A.5)

To evaluate I;12, we note that |Ia] < E{(Y; — vp)I(v, < Y; < v, +n~%n)}. This means

a

I < [ T G0z — 1) f(2)dz = O(n=2).

P

Using the exactly same approach we can show that 22 = O(n2*) as well. These and (A.5)
mean, by choosing a = —1/2 + v where v > 0 is arbitrarily small,

E(W;) = o(n~ ") (A.6)
for an arbitrarily small positive x, which in turn implies
E[”‘l 2 (Vi =) {I(Ye = fiy) = I(Y: m}] = o(n~1*"). (A7)

We now consider Var(W;). For a € (0,1/2),

BWZ) = E|(Yi =y HI(Yi = 5,) = 20(%; 2 0,)1(% 2 vy) + [(¥; 2 )]
= B|Yi- 0 ([ > Y 2 5) + 1 > Yo 2 1)}
— B[~ )15, < Y < ) {18, > vy~ n7"0) + 15 < vy — n~"n))]
B[V =) 10 > Yi 2 ) {15 = vy +07n) + 15, < vy +n"n)}].
Note that

Vpﬂ(ﬁp <y — n'n)} < P(’Z)p - Vp| >n""n) and

which converge to zero exponentially fast as implied by Lemma 1. Applying the Cauchy-

Schwartz inequality, we have



converge to zero exponentially fast as well. Then, applying the same method that establish
(A.6), we have

E{(Y: —vp)*1 (i <

)..<

L <) (0, > v, —n7n)} = O(n ™) and
E{(Y; — Vp>2[(ﬂp >V > ) (0 <vp+n"n)} = O(n_3a>~

In summary we have E(W2) = o(n=%/2*%). This and (A.6) mean Var(W;) = o(n=%/2+%).

By slightly modifying the above derivation for Var(W;), it may be shown that for any ¢, ¢,
Cov(Wy,, Ws,) = o(n=3/**). Therefore,

n

Var|n™ 200 ) {10 2 fy) = 1% 2 1)} = oln™/>4%) (A3)

This together with (A.7) readily establishes the lemma.

LEMMA 3. Let 8 = (np) ' ©YiGh(v, — V) and 7 = (nh) "' X, Vi Ky (v, — Y;). Under the
conditions (i)-(iv),

(@) CovlB.{p— Suv)HI ) = F)}| = ofn™h),

(b) Cov|B. (7= m){p — Su(wy)}| = oln~'h)

(©) Covltp = Sump)}, (1 — m}p— Su(w)}| = oln~'h).

PROOF: We only present the proof of (a) as the proofs for the others are similar. Define
5= E(B). Let =B =n"t Lo (Vs), f(vp) = f(1p) = 0t T s(V;) + O(h?) and p— Fy (1) =
n~t Y 5(Y;) + O(h?) for some functions v;, j = 1,2 and 3, such that E{¢;(¥;)} = 0. For

instance, ¥o(Y;) = Ki(v, = Y;) — E{Ki(v, — Y;)} and ¢5(Y;) = Gi(vp, — i) — E{Gr(v, — Y1)}
Using the approach in Billingsley (1968, p 173),

A = w[(@ — B){p — Suwp)Hf () — (1)}

< 02 Y B () b(Y)es(Yie) M6 + Okt 4 n72h?)
i>1,5>1,i+j<n

(A.9)
where [6] indicates all the six different permutations among the three indices. Let p = 2+ 4,

g=2+dand s =1—p ! — ¢! for some positive §. From the Davydov inequality,
| E{1 (Y1) oo (Ya) s (Yiu ) H < 120[90(Z0) ol [2 (Vo) wos(Ziy) g ().
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Since [13(Yiy;)] < 2 and E|yo(V;) >0 < Ch™17°,
[a(Y)¥s(Yiis)llg < Clla(Ziry)lly < CH735.
This and the fact that |[1(Y1)]|, = EY?|¢1(Y1)]P < C lead to
[E{n (Y1) 9a(Y)al(Yiey)}| < 120h" 58753 (i)

Similarly, | E{t1(Y2)to(Y:)¥5(Yis )} < 12Ch™ 55 a7 (§). Therefore,

| E{ (V)0 (Yo)es (Yir)}] < 12Ch™ 555 min{a7% (i), a7 () ).

From (A.9) and (A.10), and the fact that «(k) is monotonic no increasing,
A < Cnh B (25— 1)am () + Ot + n-2h?)
=1
= O 2h"%) + o(n"h) = o(n"'h)
since Z]Oé%(j) < 00 as implied by Condition (i). o

LEMMA 4. Under the conditions (i)-(v) and for l;,l, =0 or 1,

n—1
| Y (1= k/m)| Conf ¥ Gl = Y1), Y5, Ga(vy = Vi)
k=1

—Coo{YRI(Y: > 1) Y2, I (Yin > 1)}] = olh).

(A.10)

PROOF: The case of I; = [, = 0 has been proved in Chen and Tang (2005) and the proofs

for the other cases are almost the same, and hence are not given here. o

PROOF OF THEOREM 1: Let ¢1(t) =n~' X0 Y I(Y; > t) and ¢o(t) = n' 0, I(Y; > ¢).
Then, @, = ¢1(Dp)/d2(Dp). Note that E{d1(vp)} = pup, E{p2(vp)} = p and ¢o(Dp) =

([np] +1)/n. From Lemma 2, for an arbitrarily small positive &,

01(Pp) = P1(vp) + vp{ P2 () — Pa(1p) } + Op(n_3/4+ﬁ>~

These lead to

~

Hp = Hp+D 1{¢1(Vp> Plpy + D~ ’/p{p G2(vp)} + 0p(n 3/4+H)

= Mp +p_1{n 1 Z Y; — l/p Yi > Vp) _P(Mp _ Vp)} T 0p(n_3/4+ﬁ).
i=1

13
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We are to employing the blocking technique and Bradley’s Lemma in establishing the
asymptotic normality. Write o (p;n)fi, — 1y = n 25" Tin + 0,(n~%/4+%) where T;,, =
oo (i) H{(Yi = ) 1(Yi > vp) — 1y — 1) }-

Let k and k' be respectively positive integers such that &' — oo, k'/k — 0 and k/n — 0
as n — oo. Let r be a positive integer so that r(k + k') <n < r(k+k"+1). Define the large
blocks

Vin =TG-kt t1n + - + TG0k sk for  j=1,2,---1;
the smaller blocks

!

Vin = TG-0)(kytbvin T T TG 1) kib)thibrn for J=1,2,--- 7

and the residual block 6, = T} (x4#)41,n + - + Thn. Then
Su =1 2N T =0 2N Vi + 02V 4025, = St + Sup + S
i=1 j=1 j=1

We note that F(S,2) = E(Sp3) =0 and as n — oo,

Var(Sn2) = %{1 +o0(1)} -0 and
Var(S,;) = STt kggg&fg_ MEHED 4 o)} — 0.

Therefore, for [ = 2 and 3
So1 20 as n— oo. (A.13)

We are left to prove the asymptotic normality of S, ;. From Bradley’s lemma, there
exist independent and identically distributed random variables W, such that each W;,, is

identically distributed as Vj,, and

P (|Vin = Winl <ev/n/r) < 18 225n V3 {E(V2 )} oa(K)
< C1e 2P VBB oK) < Che?Prt Pa(k). (A.14)

Let A, = Sp1 —n~ Y237, W; . Then

=

P(A,l>e) < > P (|an —Winl < e\/ﬁ/r) < Clae™ 257805 K (A.15)
j=1
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By choosing r = n® for a € (0,1) and k' = n® such that ¢ € (0,1 — a), we can show that the

left hand side of (A.15) converges to 0 as n — oco. Hence
A, 50 as n— oo (A.16)

Therefore, S, ; = n~%/2 izt Win + 0p(1).

By applying the inequality estbalished in Yokoyama (1980) and the construction of W,
we have E(W;,)* = E(V}!,) < C1k* and Var(W;,) = E(V},) < Cyk. Thus,

ZE|an|4 < Cg’l“k
{rVar(Wy,)}? = r2k?

as n — 00, which is the Liapounov condition for the central limit theorem of triangular

arrays. Therefore,
n 23 W, <, N(0,1) as n — oo. (A.17)

j=1
Thus, the proof of the theorem is completed by combining (A.13), (A.16), (A.17) and the
Slutsky theorem.

PROOF OF THEOREM 2: We first derive (9) and (10). From derivations given in Chen
and Tang (2005), 7, , admits an expansion: v, ), — v, = %ﬁﬁ;p + 0,(n"1/%). From the bias of
Upp given in Chen and Tang (2005),

E(p) = vp = —505F () f 7 (p)h* + o(h?). (A.18)

The kernel ES estimator

n

s = () S {YiGilvy — Yi) = Vi (v — Y0) (0 — 1)} + Opln™) + 0,(H). (A.19)

t=1

Note that

E|(np) ™ Gy =1} = 57 [ 2Guloy, - 2)f(2)a

= ! [ K(wdu{ /Voozf(z)der 2f(2)dz)

vp—hu

=~ 2R (1) + f)} +o(h).  (A.20)

15



Let n = E{p™ Vil (Yi —vp)} = p [(vp — hu) K (u) f (v — hu)du = p~'v, f (1) + O(h?).
Using a standard derivations for a-mixing sequences for instance those given in Bosq (1998),

we have Cov{(np) ' S Y, Ky(vp — Y2), Upn — vp} = O(n™'). Hence, from (A.18),

T YK = Y)(Opn — )} = nE@pn —1p) +0(n7)
=507 (p)h?0% + o(h®) + O(n~')(A.21)
Combine (A.19), (A.20) and (A.21),
E(jipn) = pp— 30~ oich®f(vp) +o(h?) + O(n™")
which establishes the bias given in (9).

We now derive the variance of fi,5. Let A1 = (np)~' X1 {YiGr(v, — Vi) — ViKiL(vp
Y:)(Dpn — vp) } be the leading order term of the expansion (A.19).
Then,

Var(A)) = Var{(np)™ Y YiGr(v, — Y)} + Var{i(Dps — vp)}
— 2Cov{(np)~ ZYtGh vy — Y1), (Dpp — 1) } (A.22)
It is easy to see that
Var{(np)™" > Y,Gn(v, — Y2)}
n—1

= nlp? [Va?“{Y}Gh(z/p —Y)}+2> (1= k/n)Cov{YiGh(vy — Y1), Yip1Gr(vp — Yig1) |-
k=1

Let cx = [0, uK (u)du [*. K(v)dv. It may be shown that

Var{¥iGalw, - YO} = [ 2Gi( — 2)f(2)dz — p*u + O(h?)
_ /_O; K (u)du [/ dv{/ Dzt [72f()dz)
+/u°° K(fu)dv{/y 2f(2)dz +/V . z2f(z)dz} — P22+ O(h?)
= Var{YI(Y; > 1)} — 20 f ()i + O(h?). (A.23)

Equation (A.23) and Lemma 3 mean
Var{(np)™" > YiGp(v, = Y2)} = p > Var{¢1(vp)} — 20 "2 f(vp)exc (1) + o(n~"'h). (A.24)

16



The second term on the right hand side of (A.22) is

Var{n(pn —vp)} + (1 — 1) Dpn — 1)}
= 0*Var(pn) + 200000y, (1= 1) Do — vp) } + Var{(ih —n)(0pn — vp)}-

It may be shown by using the fact that n = p~'v, f(v,) + O(h?)

n*Var(opn) =p v;Var{n™" Y I(Y; > v,)} — 2 °n 002 f (v )cx + o(n”'b). (A.25)

t=1

From the inequality given in Yokoyama (1980) for a-mixing sequences,
Epn—1)* <Cn? and E@H —n)'=0(n2n7?).
Applying the Cauchy-Schwartz inequality and Lemma 3,
Var{(f —n)(Ppsn — vp)} = On2h73/*) = o(n"'h) and (A.26)
Cov{n(Dpn — 1) p~" (7 — 0)(Ppn — 1)} = o(n™"h). (A.27)

Combine (A.25), (A.26) and (A.27),
Var{n(fpn—1vp)} =p~ I/QVa?“{cﬁg(z/p)} — 2p_2n_1h1/§f(1/p)c;< +o(n'h). (A.28)

From Lemma 3, the covariance term on the right hand side of (A.22) is

Cov{(np)~ ZYtGh Ye), D (Ppn — vp)}

n

— Cov{(np)” zmh ~ Yo )Y Gl — Vo)) + o(n”'h)

t=1

= )y, [cov{mhwp ~ Y0, Gl — Y0}

423 (1= k/n)Cov{YiG(vy — 1), Ga(ty - Yk+1)}] +o(n~'h)

Since Cov{Y;Gn(vp — V), Gn(vp — Vi) } = p(1 — p)pp — 20 f (p) hek + o(h),
Cov{(np)~ ZYtGh ZYtKh Y)(Opn —vp)t  (A29)
= n'p VPCOU{¢1(VP)7 $2(vp)} —2n7"p 2V§f(1/p)th +o(h).
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Substitute (A.25), (A.28) and (A.29) to (A.22), we note that all the second order terms of

O(n='h) cancel out each other and therefore

-1 _2

Var(i,) = p'ntog(p,n)+o(n 'h), (A.30)

which establish (10).
The asymptotic normality of 7, , can be established from (A.19) by using the same block-
ing method as that in the proof of Theorem 1.

REFERENCES

Artzner, P., Delbaen, F., Eber, J-M. and Heath, D. (1999): “Coherent measures of risk”,
Mathematical Finance, 9, 203-228.

Bellini, F. and Figa-Talamanca, G. (2002): “Detecting and modeling tail dependence.”
Manuscript and a paper presented in Quantative Methods in Finance 2003 Conference,
Cairns, Australia, December 2003.

Billingsley, P. (1968): Convergence of probability measures, New York: Wiley.

Bosq, D. (1998): Nonparametric Statistics for Stochastic Processes, Lecture Notes in Statis-
tics, 110. Heidelberg: Springer-Verlag.

Cai, Z.-W. (2002): “Regression quantiles for time series data”, Econometric Theory, 18
169-192.

Chen, S. X. and Tang, C.Y. (2005): “Nonparametric inference of Value at Risk for dependent
financial returns”, Journal of Financial Econometrics, 3, 227-255.

Doukhan, P. (1994): Mixing. Lecture Notes in Statistics, 85. Heielberg: Springer-Verlag,.

Duffie, D. and Pan, J. (1997): “An overview of value at risk”, Journal of Derivative, 7-49.

Embrechts, P., Klueppelberg, C., and Mikosch, T. (1997): Modeling Extremal Events for
Insurance and Finance, Berlin: Springer-Verlag.

Fan, J. and Gu, J. (2003): Semiparametric Estimation of Value-at-Risk, Econometrics Jour-
nal, 6, 261-290.

Fan, J. and Yao, Q. (2003): Nonlinear Time Series: Nonparametric and Parametric Methods,
New York: Springer-Verlag.

Follmer, H. and Schied, A. (2002): “Convex measures of risk and trading constraints”, Fi-

nance and Stochastics, 6, 429-447.

18



Frey, R. and McNeil, A. J. (2002): “VaR and expected shortfall in portfolios of dependent
credit risks: conceptual and practical insights”, Journal of Banking and Finance, 26, 1317-
1334.

Genon-Caralot, V., T. Jeantheau, and C. Laredo (2000): “Stochastic Volatility Models as
Hidden Markov Models and Statistical Applications,” Bernoulli, 6, 1051-1079.

Gouriéroux, C., Scaillet, O. and Laurent, J.P. (2000): “Sensitivity analysis of Values at Risk”,
Journal of empirical finance, 7, 225-245.

Jorion, P. (2001): Value at Risk, 2nd Edition, New York: McGraw-Hill.

Leadbetter, M. R., Lindgren, G. and Rootzén, H. (1983): Extremes and Related Properties
of Random Sequences and Processes. Springer: Berlin.

Masry, E. and Tjgstheim, D. (1995): “ Nonparametric estimation and identification of non-
linear arch time series,” Econometric Theory, 11, 258-289.

Reiss, R. D. and Thomas, M. (2001): Statistical Analysis of Extreme Values: with appli-
cations to insurance, finance, hydrology, and other fields, 2nd ed., Boston: Birkhauser
Verlag.

Rosenblatt, M. (1956): “A central limit theorem and a the a-mixing condition”, Proc. Nat.
Acad. Sc. U.S.A., 42, 43-47.

Scaillet, O. (2003): “Nonparametric estimation of conditional expected shortfall”, HEC Gen-
eve mimeo.

Scaillet, O. (2004): “Nonparametric estimation and sensitivity analysis of expected shortfall”,
Mathematical Finance, 14, 115-129.

Sheather, S. J. and Marron, J. S. (1990): “Kernel quantile estimators”, Journal of American
Statistical Association, 85,410-416.

Yokoyama, R. (1980): “Moment bounds for stationary mixing sequences”, Probability Theory
and Related Fields, 52, 45-87.

Yoshihara, K. (1995): “The Bahadur representation of sample quantiles for sequences of

strongly mixing random variables”, Statistics and Probability Letters, 24, 299-304.

19



(a) ES Estimates (b) ES Estimates

<
<r_.
o
~
o 4
=
~ — Kernel
3 —— Sample
a — Kernel %
n =
T} — — Sample o
21 o
o < 4
=
o]
(0_.
™ ol - ]
(‘f)..
o T T T T T T T T T T T T
005 0.10 0.15 020 025 030 0.35 0.05 0.10 0.15 020 025 030 0.35
h=b h=b
(c) VaR Estimates (d) VaR Estimates
o
=)
o|TTTTTTTT T | T T
o & |
— Kernel o
—- Sample Kernel
—— Sample
w o2
3 2 2
© T °
(\,!.
o
o]
o 4
=)
© ~
A o 1
o T T T T T T o T T T T T T
005 0.10 0.15 020 025 030 035 0.05 0.10 0.15 020 025 030 0.35
b b

Figure 1. Simulated average standard deviation (SD) and root mean square error (RMSE)
of the kernel 99% ES estimator fig01,, in (a) and (b) and 99% kernel VaR estimator
Upp In (c) and (d), and their unsmoothed (legended as sample) counterparts fig o1 in

(a) and (b) and 01 in (c) and (d) for the AR model with n = 250.
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Figure 2. Simulated average standard deviation (SD) and root mean square error (RMSE)
of the kernel 99% ES estimator fi9.01 5 in Panels (a) and (b) and 99% kernel VaR estima-
tor 0, in Panels (c) and (d), and their unsmoothed (legended as sample) counterparts

fio.01 in (a) and (b) and Dy g1 in (¢) and (d) for the ARCH model with n = 250.
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Figure 3. The two financial return series in (a) and (c) and their sample auto-correlation

functions (ACF) in (b) and (d).
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Figure 4. Expected shortfall estimates and their confidence bands for the two financial

return series.
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Table 1. Estimates for vg o1, fio.01 and Standard Errors (S.E.)

CAC

Dow Jones

Year ﬁ0.01 [Lp S.E.

Dot fw  SE.

2001-2002 | 0.0553 0.0571 0.0059
2002-2003 | 0.0461 0.0510 0.0207
2001-2003 | 0.0531 0.0567 0.0027

0.0378 0.0424 0.0135
0.0292 0.0316 0.0231
0.0331 0.0394 0.0065
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