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SUMMARY

Lazar & Mykland (1999) showed that an empirical likelihood defined by two estimating
equations with a nuisance parameter need not be Bartlett correctable. This paper shows that
Bartlett correction of empirical likelihood in the presence of a nuisance parameter depends
critically on the way the nuisance parameter is removed when formulating the likelihood for
the parameter of interest. We establish in the broad framework of estimating functions that
the empirical likelihood is still Bartlett-correctable if the nuisance parameter is profiled out

given the value of the parameter of interest.

Some key words: Bartlett correction; Empirical likelihood; Estimation equation; Nuisance

parameter.

1. INTRODUCTION

Since its introduction by Owen (1988, 1990), empirical likelihood has become an useful
tool for conducting nonparametric or semiparametric inference. Empirical likelihood has
been shown in a wide range of situations as outlined in Owen (2001) to admit limiting chi-
squared distributions, which is a nonparametric version of the Wilks theorem in the context

of parametric likelihood. Another key property of empirical likelihood which also resembles
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that of a parametric likelihood is Bartlett correction. Bartlett-correctability is a second-
order property which implies that a simple mean adjustment to the likelihood ratio leads to
its distributional approximation to the limiting chi-squared distribution being improved by

one order of magnitude.

That the empirical likelihood is Bartlett-correctable has been established for a range of
situations; see for example Hall and La Scala (1990) for the case of the mean parameter,
DiCiccio et al. (1991) for smooth functions of means, Chen & Hall (1993) for quantiles,
Chen (1993, 1994) for linear regression and Cui & Yuan (2001) for quantiles in the presence
of auxiliary information. Jing & Wood (1996) showed that the exponentially tilted empirical
likelihood for the mean is not Bartlett-correctable. Indeed, Corcoran (1998) showed that
Kullback-Leibler divergence is the unique member of a large class of divergence measures
that produces Bartlett-correctable empirical likelihood statistics. However, Lazar & Mykland
(1999) showed that in some circumstances, where the empirical likelihood is defined by two
estimating equations and when a nuisance parameter is present, even the use of Kullback-

Leibler divergence can fail to guarantee Bartlett correctability.

In contrast to the result of Lazar & Mykland (1999), Chen (1994) had earlier proved that
empirical likelihood is Bartlett-correctable in the context of simple linear regression when
one coefficient is treated as a nuisance parameter. It appears that the result obtained by
Lazar & Mykland (1999) is due to absence of a regular Edgeworth expansion for the signed

square root of the empirical likelihood ratio.

In the present paper, we confirm that the result of Chen (1994) holds in general. We
consider the Bartlett property in a broader situation where there are r estimating equations
and the dimension of the nuisance parameter is p, with p < r, which is within the framework
of the empirical likelihood for generalised estimating equations introduced in Qin & Lawless
(1994). It is found that, if the nuisance parameter is profiled out given the parameter of
interest, the empirical likelihood is still Bartlett-correctable. This indicates that the Bartlett

correctability of the empirical likelihood is dependent on the method of nuisance parameter



removal when one formulating the likelihood for the parameter of interest, rather than on any
fundamental differences between estimating equations and the smooth function of means.
It is expected that a corresponding result holds for parametric likelihood as well, namely
that the Bartlett correction property only holds in general when the nuisance parameter is

‘profiled out’.

The paper is organized as follows. In Section 2 we establish the empirical likelihood
defined on a set of generalized estimating equations in the presence of nuisance parameters.
The Bartlett correction is established in Section 3. All the algebraic manipulations required

to establish the Bartlett correction is given in the Appendix.

2. EMPIRICAL LIKELIHOOD WITH NUISANCE PARAMETERS

Consider a random vector X with unknown distribution function F' which depends on a
r-dimensional parameter (0,1) € R"™P x RP. Here the interest is on the parameter § while
treating ¢ as a p-dimensional nuisance parameter. We assume that the parameter (0,) is
defined by r (r > p) functionally unbiased estimating equations ¢’(x,0,v), j = 1,2,---,r
such that F{¢’(X1,00,1%0)} = 0 where (0o, 1p) is the true parameter value. In particularly,

we define

9(X.,0.0) = (9 (X.0.0), (X,0,0), - .g"(X.0.0)) .
Assume that {X7, X, -+, X,,} is an independent and identically distributed sample drawn
from F. Let V = Cov{g(Xi,00,10)} and we assume the following regularity conditions:

(i) V is ar x r positive definite matrix and the rank of E{0g(X, 0y, 10)/0¢} is p; (1)

(i) For any j, 1 < j < p, all the fourth order partial derivatives of ¢’(z, 6, ) with
respect to i are continuous in a neighborhood of 8y and are bounded by some
integrable function G(x) in the neighborhood;

(iii) B|lg(X, 6o, 10)||*® < co and the characteristic function of g(X, 6o, 1) satisfies

the Cramér condition: limsupy,_ ., |Elexp{it"g(X, 60, v0)}]| < 1.
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To simplify derivations, let us first rotate the original estimating functions by defining
wi®,9) = TV™29(X;,0,9),

where 1" is a r X r orthogonal matrix such that

TV_I/QE{M}U = (A O)T

oY Xp
U = (u"),x, is an orthogonal matrix and A = diag(\i,---,\,) is a non-singular p X p
diagonal matrix. Furthermore, let us define () = (wkl)pxp =UAL.
Let py,---, pn, be non-negative weights allocated to the observations. The empirical like-

lihood for the parameter (6,) is
i=1

subject to Y p; = 1 and the constraints Y p;w;(0,¢) = 0. Let £(6,¢) = —2log{n"L(0,v)}

be the log empirical likelihood ratio. Standard derivations in the empirical likelihood show

that
0(0,9) =2 _log{1 + N (0, ¥ )wi(6,¥)},
i=1
where A(0, 1)) satisfies:
-1 . wz(07w> _
N0 w0 0) )

To obtain the empirical likelihood ratio at 6, we need to profile out the nuisance parame-
ter ¢». To simplify notation, let us write w;(¢)) = w; (0o, 1) and let b =: 12(90) be the minima
of £(6y, 1) given 8 = 6y and X = (b, 1) be the solution of (2) at (6y,v). Let (,4) be the
maximum empirical likelihood estimate of parameter (6, ). Since the number of estimating
functions equal to the dimension of parameter (0, ), then f(é, 1&) = 0. This means that the
log empirical likelihood ratio for 6 is just

(60) = ({60, D(68)) = 23" log{1 + N ().
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In order to develop an expansion for r(6y), we need to derive expansions for A and 12

first. We notice from Qin and Lawless (1994) that (), ) are the solutions of

O\ ) = n_li% —0 (3)
Qon(\ ) = n—lz(awl( V) /0)T A _o (4)

P 1+ )\Twz(w)
Let n= ()\T’wT)T’ Mo = (07¢0)7

[ Qu(n) n _ 0Q(0,0) _ —I Sip
Q(n)(%(m) d §=E= (521 0),

where So; = U(A,0) and S1o = SI,. To facilitate easy expressions, we standardize @ to
I'(n) = S~'Q(n). Let w!(¢)) and TV (n) denote respectively the j-th component of w;(z)) and
I'(n). The following a — A system of notations was first used by DiCiccio, Hall and Romano
(1988):

PV L E{wjl(iﬂo)---wjk(?ﬂo)}
Ajl---jk — n—l Zwﬁ (w())mwjk(wo) _ Otjl"'jk.
i=1
We also need to define

akrj (07 ¢0)
6773‘1 .. aﬁjk

i
Biiv-dv — | Bhitin — 00, %o) _ (3idn--di
anl...ﬁnjk

Y

and

,-)/jvjl---jl;k',k‘l-..km§---§p7p1---pn _ E{ al@zj“(qﬁo)‘ amw5(¢0) 8”wf(w0) }
DYIT .. Ot Pk Oapkm ™ D Do

CFdr-giskikie kmspprepn 1§: 0w j ¢0> o"w k(¢0) 8”wf(w0)

< Qir.. Ot Dk Dk e D

,-)/le Jusksk1..kms..5p,p1...pn

3. EXPANSIONS TO THE LIKELITHOOD RATIO



Since

0 = D), N) = B+ FHGE k) + B — o)

sPM@E = ng) (' — o) + 3B —nd) (0 — np)

sOPH (i — ) (' — o) (7™ — ng?) + g B = ng) (i — o) (7™ — ")
s BFmn (G — by (i — ) (™ — ) (i — i)

iBJ}klm”(ﬁk — 775)(771 — né)(ﬁm _ ngz)(ﬁn - 77(7)1) + Op(n_5/2).

+ o+ o+ o+

Here and throughout the paper, we use the tensor notation where if a superscript is repeated
a summation over that superscript is understood. After inverting the above expansion we

have for j € {1,---,r + p},

W —n = —Bi 4 BBk _ 1gikl phpl _ pik phipl 4 1gkim ik plpm
+ piMpEmpmpl _ 1gik ghmnpgmprpl _ 1 Bik BERL Ly 1gikimBEBIEm 4 O (n~2)
where j, k,l,m,€ {1,2,---,r+ p}. This implies that for j € {1,---,r}
N = —BJi4 BMBI_ %Bj’ququ — BivBwIBa 4 %Bu,quj,quBs + [39ua Bu-s Bs B
— $pPmapetBEBIBY — LRI Bu BT+ 1334 B BIB* 4 O,(n"?) (5)
where ¢, s,t,u € {1,---,r+p}, and for k € {1,---,p}
gk — _Brtk g prikapge _ Lgr+kua Bupe _ prekuBuapa 4 1 guas prekupaps
+ prHhmapuspepe _ Lgrikuggustgs ptpa _ 1 prikug gupa 4 Lgrikues gupdps

Op(n™?). (6)
Derivations given in the appendix show that for a € {1,---,r — p}

n—lg(@()) — Ap+aAp+a o Ap+a p+bAp+aAp+b o 2wklcp+a,kAp+aAl

+ 27p+a;p+b,kwkl APta gAp+b gl + §@P+a p+b ptec gApta Ap+b gp+c
+ ,)/p—f—a,klwkmwlnAp—l—aAmAn + AjiBi,quBj [2’ Z,j] _ Bj’qu’unBq
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o QCj,kBj,qBr—l—kBq 4 ,)/j,ler—l—kBr—l—lBj,qu 4 ij,lejBr—l—lBr—l—k,qu

— 2yl (BIBIBrthapY 4 BT BB B2 5 i]) 4 207" BI B BM1 BY

+ (%Bj,uqﬁr—i—k,st,yj,k _ iﬁj,uqﬁj,st)BquBth _ %,yj,klﬁj,ququBr—l—lBr—f—k

4 (,yi;j,kﬁi,uq + ,yj;i,kﬁi,uq - ”yj’klﬂr+l’pq)BquBjBr+k 4 Q”yj;i;h’kBjBiBhBH—k
_ (,yj;z}lk + pijl§ivk)BjBiBT+lBT’+k + %,yj,klmBjBr+kBr+lBr+m

_ %&jithjBiBth + (,.)/j;i,lﬁr—l—l,uq _ &jihﬁh,uq)BJ‘Bz‘Bqu

CHMBIBrtE Bt 4 20 BIB'B T — 2 ATh BIBIB! + O, (n~5/?). (7)
Let R = Ry + Ry + R3 be a signed root decomposition of n='¢(6y) such that
n='(6y) = R1R? + O(n~"/?)

where R; = Op(n_j/ 2) for j = 1,2 and 3. Clearly, R; and Ry can be determined from the
terms of O,(n~!) and O,(n~3/2) respectively in (7). Specifically, for a,b, c,d,e € {1,---,r—p}

and I, k,m,n,o,v,m',n" € {1,--- p}

R! = RI=0 forq<p, RYY"=AP** and
Rg—i—a _ _%Ap—i—a p+bAp+b _ wklcp—i—a,kAl + ,yp—l—a;p—l—b,kwklAp—i—bAl

+ %Oép-f—a p+b ptc gAp+b gp+c + %,.)/p—l—a,klwkmwlnAmAn'

After removing terms induced by R R5™® from (7) and expressing all the remaining
terms in terms of As and Cs, we have R} = 0 for ¢ < p and Ry = R + RES* + RhS®

where

Rgif—a — %Ap-l—a p+cAp+c p—l—bAp—l—b + wmle—f—b,mAl p—l—aAp—l—b + %wlme—l—b,lAp—l—a p—l—bAm

_ %wmlwnle—i—a,me—l—b,nAp—i—b + wmlwkncl,ka—i—a,mAn + wlme—l—a;p—i—b,lAp—i—bAm

- Oél p+a p+bwnlcp+c,nAp+bAp+c - Odp—l—a p+b p—l—cwmncp—i—c,mAp—i—bAn
_ %@p+a p+b pte gAptc p+d Ap+b Ap+d | %wkmwl”CP‘F“’klAmA”

+ %Ap-ka ptb pte Ap+b Aptc 4 (O/ pta p—l—bwklpyp—l—ap—l—d,k + %@p+a p+b pteypte ptc ptd
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_ %wklwml7p+a;p+b,k7p+6;p+d,m _ i@p—ka p+b ptc p—l—d) Aptb Aptc Ap+d’
RP-HI — 2,.)/m klwknw wvap—f—a v AP A0 — i,.)/p—f—b,klwknwlmAp—i—a p—l—bAmAn
,.)/p—l—b,klwlowknwvncp—i—a,vAp—l—bAo - ,.)/p—i—b,klwlowknAn p—l—aAp—l—bAo
o ,.)/p—i—a,klwlnwmowkvCv,mAp—l—aAnAo + ,.)/p—l—a;p—i—b,lwlnwonCp—i—c,oAp—f—bAp—i—c

,.)/p—l—a;p—i—b,lwlnAn p+cAp+bAp+c o ,.)/p—i—a;p—f—b,r—i—mwmnwloco,mAp—f—bAn
m;p+a,l pta;m,l\, JIn, .omp+bo Ap+b An p+a;p+b,l pFa;pt+cly, In, ko p+bk pAn Ao
0l + Jw WO CPTOC APTEAT — (~ + Jw W CPTR AT A
%pyp—l—cm—l—a,l 4 7p+a;p+c,l )wln APTb pre Ap+b An  apd
RP-HI _ %wkl&p—f—a p+b p—l—cCp—i—c,kAp—l—bAl + %wm/mwn/nwo (wlk,.)/k m'n ,.)/p—i—a,ol
b,m'n’ ;p+b, 1 'n/
+ ,.)/p-f— m'n ,.)/p-l—a p+bo g,.)/p—i—a,m n o) A™A™ AV
m'm, n'nf 1 _pt+a p+b pt+capte,m'n’ 1. p+c,m ;pt+a +c;p+b,n’ +b;p+c,n’
+ w w {g&p p p ,.)/p + 5,-)/]3 vy (,.)/p vy + ,.)/p vy )
L pta,m/;ptcaptbipten’ loqp+bn/l( A 0m p+a o;p+a,m’ 1, lo~0,m'n o p+a;p+b,l
+ gvp“m“vp PROM 4 OPIRIE (2P PP gy o AP
o ol kl,.)/p—l—a m o,.)/p—i—b n'k ,.)/p—i—a;p—l—b,m/n/ o %,.)/p—l—a,m/;p—l—b,n/ }Ap—i—bAmAn
! !
+ B n{wol&l pta p+b,.)/p+c,on + Oép—l—a p+b p+d(3,.)/p+d ip+e,n’ + ,.)/p—l—c ip+d,n’ )

_ 7p+a;p+b;p+c,n/ _ wol,yp+a;p+b,l,yp+cvon/ } APTb Apte gn

4. BARTLETT CORRECTABILITY

The key in checking if the empirical likelihood is Bartlett correctable or not is to examine
if the third and the fourth order joint cumulants of R are at the orders of n™2 and n™*
respectively. This is the path taken by DiCiccio, Hall and Romano (1991), Jing and Wood
(1996) and Lazar and Mykland (1999). A formal establishment of the Bartlett correction
can be made by developing Edgeworth expansions for the empirical likelihood ratio under

condition (1).

The joint third-order cumulants of R is

cum( Rra, RP‘H’, Rp+c)

— E(RPTCRPTPRPTC) — E(RPT)E(RPYPRPTC)[3] + 2E(RPT)E(RPT) E(RPT)[3]



= B(RY™RY™RYY) + E(RS™RY™RY™)[3] — E(RE™)E(RT™RY™)[3] + O(n™).
Note that
E(Rzlﬁ—l—dR]lJ-i—e) _ n—l(sde’ E(Rzla-l—aRzla—l—dR]lJ-i—e) _ n—2&p+a p+d pt+e
E(RIZJ—H;) _ n—l( 604p+a p+b p+b _ wkl,yp+a ksl + 3 L km lmﬁyp—f—a,kl) + O(n_Q).
By working out E(R5T*RYTRITC) it may be shown that
E(RETRY™RI™) = E(RS™)E(RT™RY™) — §E(RY™ RITRY™) + O(n?) (8)

which readily implies that
cum(RPT RPT RPYC) = O(n™?). (9)
The joint fourth-order cumulants of R is

cum(RPTe, RPY, Rpte Rrtd)
—  B(RPreRrtORrteRrtd) _ p(RPTe R B(RPTCRPTY) (3] — B(RPT)E(RPTYRPTC R [4]
+ 2E(RME(RM)E(RPTRPT)[6] — 6E(RP) E(RPY) E(RP) E(RP)
= E(RURPRYCRYYY) 4 B(REYC RV RO RV 4] 4 E(RETCRVPRVCRIVT ] (10)
4 E(RUTREYPRPYCRITG] — B(RUTURETY)E(RETCRET)[3]

(
(R
— E(Ry"RY)E(RYRY)12) — B(RE™ Ry E(RY ™ RY™)[12]
_ E( P+aRp+b)E(R]13+cR]12+d) [6] . E(RIQH—Q)E(RIIH—bR]lH—CR]lJ-FC) [4]

(

— B(RY™)B(RY™RYRY)[12] + 2B(Ry™) E(RY) E(RT Ry ™)[6] + O(n ™).
From (8), we have
E(RS ) E(RRY Ry 4]+ E(Ry Ry Ry [12] 2E(RS ™) E(R T RT)[6]} = O(n™*)

which means the sum of the last three terms in (10) is O(n™*). We examine in the following

the other terms in (10).



Let

tl — O/H—a p+b p+c p-l—d’ t2 — 5ab(scd + 5ac5bd + 5ad5bc’

ts = aPte p+b p+c&p+d p+e pte + aPte p+b p+d&p+c pte pte + oPte pte p+d&p+b p+e pte
+ O/H—b ptc p+d&p+a p+e pte and

ty = aPte p+b ptepte p+d pte + oPta pte p+e&p+b p+d p+e + oPta p+d p—l—e&p—l—b pte pte

It is easy to check that
E(RTRYRYRYY) — B(RY™ R E(RYRY)[3] = n78(h — t2) + O(n™"). (1)
Derivations given in the appendix show that

E(RE*RYPRYRYM)[4] — E(RY™RY™")E(RY ™ RYY)[12)
_ n—3[_6t1 + 2ty — %tg + §t4 _ {wkl,.)/p—l—a,k;loép—kb ptc p+d}[4]

+%{")/p+a’klwkmwlm04p+b ptc p+d}[4]] 4 O(TL_4), (12)

E(RSREYRYRYY[6] — E(RETRE™) E(RYTRYY)[6]
= n_3{3t1 — t2 + %tg — gt4 + %wkl(”)/p—'—a’k;l&p—’—b pte p+d)[2’ a, b] [6]

—Lpmytmapraklopth pe pd[g q pl[6]} + O(n™4) (13)

and
E(REFRYPPRIFRY)[4] — E(RETRY)E(RYTRYT)[12] = n=8 (2t — Lty) + O(n™?). (14)

Combining (11), (12), (13) and (14), we see all the terms of order n=3 cancel each other
and hence

cum(RPT, RV RPe R = O(n™Y) (15)

This and (9) mean that the empirical likelihood ratio for §, admits Bartlett correction despite

the presence of the nuisance parameters.
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5. AN EXAMPLE

To connect our finding with that of Lazar and Mykland (1999), we present here an

example which would mean the empirical likelihood was not Bartlett correctable by applying

the results of Lazar and Mykland (1999), but it is Bartlett correctable based on some known

result.

Assume a bivariate random vector X = (Z,Y)T has a distribution F, and {X;

(Z;,Y:)}, be an independent and identically distributed sample drawn from F. Let 6

E(X) =0 and ¢ = E(Y). The interest here is to infer § while treating 1) as a nuisance

parameter. There are two estimating equations: ¢'(X,0,v) = Z—60 and ¢*(X,0,¢) =Y —1).

We further assume that Cov(X) = I, E(Z%) # 0 and X admits other conditions assumed

in (1).

To be consistent with the notations used in Lazar and Mykland (1999), we let

—>a? Y zi(yi—v) 0
T
U= (Y210, U=|-Sa-1¢) -Sw-v0)? —n |
0 —-n 0

ke = nTE(U,), ks =0 E(Us), ks =n"'Cov(U,,U,),
Krgs = 1 C0o0(U,,Uy) and kg = 0 C0ov(Us, Upy).

It is easy to see that x, =: EU, =0,

-1 0 0 1 00 -1 0 0
(K'rs) = 0 -1 -1 s (Kfr,s> = 01 0 5 (K'TS> = (K'rs>_1 = 0 0 —1
0O -1 0 0 0O 0o -1 1

and (k™*) = (k,5)T, where * stands for the Moore-Penrose inverse.

Define B};S = K,i’a/ﬁa’rs = Kirs, B};St = K,i’a/ﬁa’mt = Kirst for e =1,23, and
Ur = ‘/7’7 Urs = ‘/rs + Bﬁs‘/z and Urst = ‘/rst + B:*s‘/lt['i%] + Bﬁst‘/z

11



Moreover let v denote the cumulants of V. These notations are fully consistent with Lazar
and Mykland (1999). It is easy to verify that (v™*) = ("), v = v = 033 = -1, 13 =0
and v1; = —F(2?), and v113 = v133 = v13.13 = vi133 = 0. Hence by = b; = ¢ = 0 in equation

(5) of Lazar and Mykland (1999). Moreover,
&1 = En o £ On?) = —En B +0(n?), p1 = —E{EE) #0.

This means that the fourth order cumulants of R were not at the order of n=#, and thus the
empirical likelihood would not be Bartlett correctable.
However, we note that the empirical likelihood ratio statistic
((Bo) = 23" log{1+ X'g"(X,,0,4) + N¢*(X;,0,4)}
i=1

where \!, A2 ¢ are the solutions of

n T
— 0’
; L+ Mz + A2 (y; — ¢)
= Yi—
=0 and
; L+ Mz + A2 (y; — ¢)
n _)\2
= 0.
; L+ Mz + A2 (y; — ¢)
From the third equation, A\> = 0, and A\! should satisfy
- 5 "y (1+ A
Z — and wzzzzly/( +A 33')
s+ /\1$z o 1/(1+ May)

Therefore, £(6,) = 25", log(1 + Alz;). This is essentially the empirical likelihood for the

mean, and is known to be Bartlett correctable.

6. DISCUSSION
The Bartlett factor for the empirical likelihood ratio £(6y) can be derived by deriving the
first two cumulants of R.
Since E[R™] = 0 and E[RS™] = n~'pP™ + O(n"2) where ypte = —Lqptapbpeb _

whlnptakl 4 %”pr’klwkmwlm, we have cum(RFT) = n~ P + O(n™2).

12



Derivations given in the appendix show that

where

Aae

cum(RPYe, RPTE) = n715% + n 2 A% + O(n™?) (16)

%QP-F(I p+e p+b p+b __ %&p+a p+b ptcpte p+b ptc _ %&p—f—a pte ptcnpt+b pt+b ptc

wkl,.)/p-l—a,k;l;p-f—e [2’ a, 6] o %wkmwln,)/p—l—a,kloémn pte [2’ a, 6]

wml [,-)/P-f-b;p-f-b,moél pta pte + %(,.)/p—l—b;p—ke,m o ,.)/p—l—e;p—I—b,m)Oél pta p+b] [2’ a, 6]

wmlwnl ,.)/p—i—a;p—l—b,n,.)/p—i—e;p—i—b,m + wkl wmn,.)/p—i—a,k;l

pte,m;n

v

mel,yp-ke,m;l;p-#a [2’ a, e] _ wmlwnl,yp-m,m;p-#e,n _ %wmmyp—l—b,m;n@p—m pt+e p+b

WM Zaprekilapra prb ptb _ gptaptekal ptb pib)[2 g el

%,.)/p—f—b,klwkmwlmoép—i—a p+e p+b + wkvwlnwmn,.yp—i—a,m;v,.yp—i—e,kl [2’ a, 6]

) ’ ’ 171
%,.)/p—l—a,klwlmwovwkm,.)/p—l—e,o,v] [2’ a, 6] o %wkmwlnwk mwl n,.)/p—l—a,kl,.)/p—i—e,k l )

Let ¢, be the upper a quantile of the X%_p distribution with density function g,_,. Then,

by developing an Edgeworth expansion for /nR under conditions (1), it may be shown that

and

P{E(@o) < Ca} = — n_chCagr—p(Ca) + O(TL_2)

P{i(y) < ca(l+n7'Bo)} = a+0(n7?),

where B, = (r — p)~H{u"p + X9_, A%} is the Bartlett factor.
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APPENDIX

Basic formulae

We start with providing some basic formulae which will be used throughout the appendix.
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From the definition of the S matrix in Section 2, it can be easily checked that

0 0 Q
. ( T4 S12(S55S12) 1S, Sia(ShS1a) ! ) )

(ShSSh, (ShSw)™! Do
Q 0 QOr
From the definitions of B and A,
B! 0
. -1 A
0
B" QA

where AT = (A',--- A")T =: (AT, AT)T. Here A; = (A',---, AP)T and Ay = (AP, ... A")T
constitute a partition of vector A. The special form of S~! given early means that for positive

integers k and a
B¥=0for k<p; BFf*=—AP"fora<r—p, and B =wMA for k <p. (A.1)

Let By = (B',---,B")" and By = (B"*',--., B""")". Since SB = (A",0],)” which means
that —B; + S1aBs = A. As Sip = (79%),4, and from (A.1) we have

YFBTR = AVI(j < p) (A.2)

where I(-) is the indicator function.

Since
wwmwm,sl(@%(m”) (43)
chHr o
So1 (B )rsp = (CF™)7 and o1 (B7),, = 0.
As Sy = (7%F)7, these mean
kBt = CF for [ <r and k < p and ?* BT = 0. (A.4)
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Furthermore, (A.3) also implies the following which bridges B*! with A/™ and C%™:

(Bk’l) (Bk,p-f—b) (Bk,r—l—l)
(Bp—l—a,l) (Bp—l—a,p-i—b) (Bp+a,r+l)
(Br-i—k,l) (Br+k,p+b) (Br—f—k,r—i—l)

wmkcl,m wkap—f—b,m 0
(
(Ap-f—a,l) (Ap-l—a,p—kb) _(CP-I—&,Z)

(wkm(wnmcl,n _Aml)) (wkm(wnme—i—b,n _Am,p—f—b)) (wkmCm,l>

It can be also shown that for a fixed h € {1,---,r}

()

Similarly for a fixed k € {1,---,p}

(ﬁs,tr—f—k)

16

T
0 0 { 92Q, 92Qy
ONOXN  ONhOY
0 _Ir_p 0 x E aQQQ aQQQ
0 0 0O7 ONRON  ONROY
0 0 or
0 —I,, 0 |x
Q 0 Q0T
(2&k1h> (QQkp+bh) _(,yh;k,m+,yk;h,m>
(z&p—i—alh) (2&p+ap+bh) _(,)/h;p-ka,m_i_,)/p—i—a;h,m)
_(,yh;k,m+,yk;h,m>T _(,.)/h;p+a,m+,.)/p+a;h,m>T (,.)/h,kl>
T
0 0 @ 22Q; 92Q1
OYEON Ok O
0 =bp 0 B 9°Qy  9°Qs
0 0 0OT OYkON  OYkOYp
0 0 or
= o -5, o
Q 0 Q0T



_(,.)/l,k;m + ,.)/l;m,k) _(,.)/l,k;p-f—a + ,.)/l;p—I—a,k) (,.)/l,mk)

_(,-)/p+a,k;m+,.)/p+a;m,k) _(,.)/p+a,k;p+b+,.)/p+a;p+b,k) (,.)/p—l—a,mk)
(,.)/l,mk)T (,.)/p—l—a,mk)T 0

It may be shown from the above equation that

Blvp—l—a ptc _wol(,yp-i—ap-i—a,o + ,yp—l—a;p-i—c,c))’ Bl,r-km p+c _ wol,yp—l—aom
Bp-ka,p—l—b ptec —  _9npta p+b p—l—c’ Bp+a,r+m ptec ,yp-I—C;p-i—a,m 4 7p+a;p+c,m’
Bl,p—f—a r+n wol,.)/p—ka;on’ Bl,r—f—m r+n _ 0’ Br—l—k,r—f—m r+n _ wko,.yo,mn’
Bp-ka,p—l—b r+n o _ ,yp+a,n;p+b + ,yp+a;p+b,n’ Bp+a,r+m r+n _ _7p+a7mn
Br+k,p+a ptc 2wko&o p+a ptc _ wkowno (,yp—l—ap—l—a,n + ,yp—l—a;p—kc,n)’
Br—l—k,p-f—a r+n o _ wkowmo,.)/p+a,mn o wko(,.yo,n;p—I—a 4 ,.)/o;p—I—a,n) and
Br-}—k,r-i—m ptc wkowno,yp-i—c,nm o wko(,.yp—f—c;o,m + ,.)/o,p—I—c;m)'

Derivation of (7)

Now we are ready to expand

n~H(0o) = 0Tt Y Mwi@) = §{Nwi()} + §{A i)Y — H{A wi(¥)}] + Op(n=?)
i=1
By substituting expansions for A and ¢ given in (5) and (6) into the above equation, we
have for aabacadae € {1727'“771 _p}a f:g7h>i7j € {1727“'771}7 k7l7man70 € {1:277]7}
and ¢, s, t,u € {1,2,---,r + p}:
n(0y) = —2BIA’ - BIBJ +2BMMBIAI + BI) — 3IBBI( AT 4 BY)
— QBj’“B“’qu(Aj 4 Bj) + BuvqujauBQBS(Aj 4 Bj) _ ijuqﬁu,sthBth(Aj + Bj)
— B"IB“BY(A’ + BY) 4+ 137" B"B1B*(Al + BY) + 2374 B"“*B*B1(Al + B)
+ Q,Yj,k{ _ piapiprtk 4 (%Bj’“unBqBH'k + Biupwa Baprk
_ %Bu,quj,quBsBr—l—k _ Bj,quu,quBsBr—i—k 4 %Bj,uqﬁu,sthBthBr—f—k

X %ijququBH—k _ %Bj’uququBsBH—k _ %BJ}WJBUBQBT‘H“SBS) [2, j, r—4 k]
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+

+ o+ o+ o+

+

BiupguRrthape 4 iﬁj}uqﬁr—l—k,stBquBth}

zcjv’f(Bﬂ’BHk — BMBIB™H2, jr + k] + 137w B BIB E[2, j o + k])
,yj,kl{_BjBr—i—kBr—i—l + Bj’qBr+kBr+qu[3,j, r 4 k, r 4 l]
%BjBr+kBr+l,ququ[3’j’ r+k,r+ l]} — (kL Bi grtk gr+i
%,.yj,klmBjBr—i—kBr—i—lBr—i—m _ BIWBuRIMBI — iﬁj,uqﬁj,stBquBth

B4 B"“B1B"*B* — BIB' ATt + BIB"? BV A¥[2, j i] — $ 371 B BIB A7[2, j, i]
23tk (BJ’BZ‘BT” — B/B'BBY 4 LprttuaBiBiBuRY — BrHBIBIM B2, j, 4]
%Bj,ququBiBr—f—l 2,7, 2]) + 2BI BiBrHlCsil _ (yidsiilk | yilik) Bi Bi pr+l prik
207" BIB'B" + 201" BI B'B"1 BT — oi™h gini B BB B" — 2 A7 Bi Bi B"

2ydsiihk pi gigh grek - 1ajihs BiBiBh B9 O, (n%/?)

By using those formulae given at the beginning of the appendix, it is shwon in Chen and

Cui (2002) that

n_lf(ﬁo) =

—2A4'B’ — BB/ — A'B'B' + 207" BI B + 247" BIB'B"* — 203" BiB' B"
NPRBIpTTR Bt 4 AT BRI BIBI2 i, §] — BB BB — 207F B prtk pa
M sk B i 4 93k B prH prika g

27 (BIBIBTTM BT + BT BB BI2, 4, 4]) 4+ 207" B B' B"1 B
(%Bj,uqﬁr+k,st,yj}k _ iﬁj,uqﬁj,st)BquBth

(,yi;jvkﬁivuq + ,yj;ivkﬁivuq _ ,ijklﬁr-kl,pq)BquBjBrnLk . %,yj,klﬁj,ququBr+lBr+k
(,.)/j;i,lk + ,yj,l;i,k)BjBiBr—f—lBr—f—k + %,.)/j,klmBjBr—f—kBr—l—lBr—f—m
Q,Yj;i;h,kBjBiBhBr—l—k _ %&jithjBiBth + (,-)/j;i,lﬁr-i—l,uq _ &jihﬁh,uq>BjBiBqu

CORBIprekprit 4 9Cu Bigiprel 2 AjihBiBi B 1 O, (n~5/2). (A.5)

It can be shown from (A.1), (A.2) and (A.4) that —2A47BJ — BIBJ = APT® APTe and

_AjiBjBi + QCj,kBjBr—I—k + Q,Yj;i,lBjBiBr—I—l o %O&jithBiBh _ ,.)/j,lejBr—I—kBr—I—l

— _ APTa ptb gpta gptb _ 9 (Kl owptak gpta gl + 27p+a;p+b,kwkl APta gAp+b gl
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+ §Qp+a p+b pt+c Ap+a Ap+b Ap+c + 7p+a’klwkmwl”Ap+aAmA”.
These and (A.5) readily imply (7).

Derivations of (12).
The fives terms involved in E(Ry™RET RUT R4 (4] — E(RY™ R E(RYT RET)[12] are
respectively
_%{E(Ap—l—a p+b’ Ap—l—b/Ap—l—bAp-FCAp—l—d) [4] _ E(Ap—m p+b Ap+t Ap+b)E(Ap+cAp+d) [12]}

= n_?’(—6t1 + 2ty — %tg — 2t4) + O(TL_4);

_ wkl{E(Cp-ka,kAlAp-FbAp—l—cAp—l—d)[4] _ E(Cp+“’kAlAp+b)E(Ap+cAp+d)[12]}
_ _n—3{wkl(7p+a,k;l&p+b p+c p+d + ,yp+a,k;p+boél p+c p+d + ,yp+a,k;p+c&l p+b p+d
+ 7p+a,k;p+doél p+b p+c)}[4] + O(n_4);

7p+a;p+b/,kwkl{E(Ap+b/AlAp+bAp+cAp+d) [4] _ E(Ap+b/AlAp+b)E(Ap+cAp+d) [12]}

_ n_?’{wkl (7p+a;p+b,k&l p+c p+d + ,yp+a;p+c,koél p+b p+d + ,yp+a;p+d,koél p+b p+6)}[4] + O(n_4);
% abte p+b p+c { E( Ap+b/ Ap+c/ Aptb Aptc Ap+d)[4] _ E( Ap+b/ Ap+c/ Ap+b) E( Apte Ap+d)[12]}
= n?(its+ 3t) + O(n™) and

Lypraklybm,in { (i Am An AP+ Ap+e Ap+d) 4] — B(Am An AP+0) B AP+e Ar+)[12]}

— n—3(%7p+a,klwkmwlm&p+b p+c p+d[4]) + O(TL_4).
Combining these five terms give (12).

Derivations of (13).

Since RV = APta_ the terms involved is closely related to 15 terms in RS R5™. The

terms involved are
E( Apta p+b Aptb p+c Ap+b/ Ap+c/ Apte Ap+d)[6] . E( Ap+ap+b/ Ap-l—bp-l—c/ Ap-i—b/ Ap—l—c/)
x B(APTAPT)[6] = n™3(12t; — 3ty + 6t3 + 13t,) + O(n™);
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wmn{E(Cp-I—a,ka-l—b,mAlAnAp+cAp+d)[6] o E(c«p-l—a,kcp-l—b,mAlAn)E(Ap—l—cAp-i—d)[6]}

- n—3{wml(7p+b,m;p+d7p+a,k;p+c + 7p+a,k;p+d7p+b,m;p+c)[6]} + O(n_4);

wmn,.)/p—l—a;p-l—b/,k,.yp—l—b;p—l—c/,m{E(Ap—I—b/Ap—I—c/AlAnAp—I—cAp—I—d)[6] . E(Ap—l—b/Ap—I—c/AlAn)

XE(Ap+cAp+d)[6] — n—B{wml(,)/p—l—a;p—l—c,k,yp-f—b;p—l—d,m + ,)/p-l—a;p-l—d,k,yp—l—b;p—l—c,m)[6]} + O(n_4);
%Oép—i—a p+b p+c @p+bp+d/p+e/{E(Ap-i—b/Ap-f—c/Ap—l—d/Ap—l—e/ Ap+cAp+d)[6] _ E(Ap—i—b/Ap—l—c/Ap—l—d/ Ap—l—e/)
X B(AP* AP [6]} = 03 (25 + 19¢,) + O(n™Y);

E(A™AMA™ A" AP APT)[6] — E(A™ATA™ AV )E(APTeAPT (6]} = O(n™);

wkl{E(Cp+“’kAp+b p+b Ap+b/AlAp+cAp+d) [6] _ E(0p+a,kAp+b p+b’ Ap+b/Al)E(Ap+cAp+d) [6]}

— n—3{wkl(7p+a,k;p+c&lp+bp+d + 7p+a,k;p+d&lp+bp+c + 2,yp+a,k;l&p+b ptc p+d) [6]} + O(n_4);

wkl,)/p—f—a;p-l—c/,k{E(Ap—l—b p+b/Ap-l—b/Ap-l—c/AlAp-i—cAp—l—d)[6] o E(Ap+b p+b/Ap+b/Ap+c/Al)

XE(Ap+cAp+d)[6]} — n—B{wkl (,yp+a;p+d,k&l p+b p+c + ,.)/p-i—a;p-l—c,kodl p+b p+d)[6]} + O(n_4);

_%&p+a p+b’ pt+c’ {E( Aptbptd Ap+b pp+c Aptd gptc Ap+d) (2, a, b][6]

_E(Ap+bp+d/Ap+b/Ap+c/Ap+d/)E(Ap+CAp+d)[2’ a, b] [6]} — n—3(_2t3 _ 13—6154) + O(n_4);
wkmwln”yp+a’kl{E(Ap+b p+b/Ap+b/AmAnAp+cAp+d)[6] . E(Ap+b p+b/Ap+b/AmAn)
x E(APTe APt 6]}

— n—3(2wkmwlm7p+a,kl&p+b p+c p+d[6]) + O(TL_4),

wklwmn,yp—f—a;p—l—b/,m{E(Cp—f—b,kAp—i—b/AlAnAp—i—cAp—i—d)[6] . E(Cp—l—b,kAp—l—b/AlAn)E(Ap—i—cAp—i—d)[6]}

— n—3{wklwml (,yp—l—a;p-kd,m,yp—kb,k;p—l—c + ,yp+a;p+c,m,yp+b,k;p+d)[6]} + O(n_4);
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wkl&p+a p+b p+c/{E(Cp-l—b,kAp-l—b/Ap—l—c/AlAp+cAp+d)[6] o E(c«p-}—b,kAp—f—b/Ap—f—c/Al)E(Ap+cAp+d)[6]

_ n—3(2wkl&p+a pte p—l—d,.)/p—i—b,k;l [6]) + O(n_4);
E(CPToo Am A" AV APFe AP+d)[6] — E(CPTP0A™ AT AY) E(APTC AP [6] = O(n™%);
E( APHY Aptc gAp+d Al gpte Ap+d)[6] o E( APTY ppte gptd Al) E( ApPte Ap+d)[6] _ O(n‘4);
E(APHY A A" AY APHe AP+d)[6] — E(APHY AT A" AY) E(APH AP 6] = O(n™?);

wkmwln&p—f—a p+b’ p—l—c/,.)/p—i—b,kl{E(Ap—i—b/Ap—l—c/AmAnAp—l—cAp—l—d) o E(Ap—l—b/Ap—i—c/AmAn)

XE(Ap+cAp+d)} — n—3(2wkmwlm&p+a p+c p+d,.)/p+b,kl) + 0(77,_4).

Derivation of (14).
Due to the fact that E(A'AP*) = (0 for [ € {1, -, p}, there is no need to compute terms
in RE™ involving A'. Tt may be shown that
%{E(Ap—l—a ptc’ Ap+c'p+b Ap+Y Ap+bAp+cAp+d)[4] _ E(Ap—l—a p+c/Ap+c/p+b/Ap+b/Ap+b)

x B(APT AP [12]} = n73(3ty) + O(n™);

wml{E(Cp+b/,mAlp+aAp+b/Ap—f—bAp—f—cAp—f—d)[4] o E(cp—l—b/,mAlp—l—aAp-f—b/Ap—i—b)
x E(APTe APt [12]}

_ =37, ,ml p+d,m;p+c p+ce,m;p+dN I p+a p+b p+bm;p+d p+d,m;p+b\ .l p+a p+c
= W™y +7 Ja +( +7 Ja

+ (,-)/P-l—b,m;p-f—c + ,yp—l—c,m;p-kb)&l p+a p+d}[4]] + O(n_4);

wmlwnl{E(Cp-l—a,mcp-l—b/,nAp—l—b/Ap+bAp+cAp+d)[4] . E(Cp-l—a,mcp—f—b/,nAp—l—b/Ap—i—b)
x B (AP APt [12]}
— n—3 [wmlwnl{,.)/p—i—a,m;p-f—c(,.)/p—i—b,n;p-i—d + ,.)/p—l—d,n;p-f—b) + ,.)/p+a,m;p+b(,.)/p+c,n;p+d + ,.)/p—l—d,n;p-f-c)

+7p+a,m;p+d(7p+b,n;p+c + 7p+c,n;p+b)}[4ﬂ + O(n_4);
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—_agPte p+b lwnl{E(Cp-l—c/,nAp-l—b/Ap-i—c/Ap-i—bAp—l—cAp—l—d)[4] . E(c«p-l—c/,nAp-l—b/Ap—l—c/Ap—i—b)
x B (AP APTd)[12]}

_ -3 nl p+d,n;p+c p+cn;p+d\ I p+a p+b p+bn;p+d p+d,n;p+b\ .l p+a p+c
n=[—w"{(y +7 Ja +( +7 Ja

+ (,yp—kb,n;p-i—c + ,yp-I—c,n;p—l—b)Oél pta p+d}[4]] + O(n_4);
_%&p+a p+v p+c/{E(Ap+c/p+d/Ap+b/ Ap+d/Ap+aAp+cAp+d)[4] _ E(Ap—l—c/p—f—d/ Ap—l—b/Ap—i—d/Ap—l—a)

X B(AP AP [12]} = n73(=24) 4+ O(n~);

%{ E(Arta ptb’ ptc Ap+b pAp+c Ap+b gp+c Ap+d)[4] — E(Arte PV ptc’ Ap+b pgp+c Ap+b)

x B(APTCAPT)[12]} = n73(8t1) + O(n™");
( ozl p+a p+b’ wkl ,.)/p-i—c/;p-i—d/,k + % abta p+b pte aPte p+c p+d %wkl wml,.)/p—f—a;p—f—b/,k,.)/p—i—c/;p—i—d/,m
_i@pnta p+b’ ptc p+d/) x {E( AP+ Aptc Ap+d Ap+b gAp+c Ap+d)[4] — B( AP Aptc pAp+d’ Ap+b)
x E(APTeAPT)[12]}

_3 2 . .
n [—6t1 + %M + wkl{(»yp-i—d,k,p-kc + 7p+c,k,p+d)oél p+a p+b

(,yp+b,k;p+d + ,yp+d,k;p+b) &l p+a p+c + (,yp+b,k;p+c + ,yp+c,k;p+b) &l p+a p+d}[4]

1, kl, yml +a;p+b,k +c;p+d,m +d;p+c,m +a;p+c,k +b;p+d,m +d;p+b,m
§w w {,.)/p D (,.)/p D + ,.)/p D ) + ,.)/p D (,.)/p D + ,.)/p D )

7p+a;p+d,k(7p+b;p+c,m 4 ,yp+c;p+b,m)}[4]] + O(n_4);

,.)/p—l—a;p—i—b/,lwlnwon{E(Cp—l—c/,oAp—l—b/Ap—f—c/Ap—i—bAp—l—cAp—l—d)[4] . E(c«p—l—c/,oAp—l—b/Ap—l—c/Ap—i—b)
x B(APTe AP [12]}

_ =3[ JIn, jon (. pt+a;p+bl . p+c,op+d p+d,0;p+c pta;p+c,l (o p+b,0;p+d p+d,0;p+b
n=wmw {y (v + )+ (v + )

+ 7p+a;p+d,l(7p+b,0;p+c+7p+c70;p+b)}[4]] —|—O(n_4);

_,)/p—i—a;p-l—b/,lwln{E(An,p-l—c/Ap—l—b/Ap—l—c/Ap-i—bAp-f—cAp—l—d)[4] . E(An,p-l—c/Ap-I—b/Ap-i—c/Ap—l—b)

x B(APTe APt [12]}

— n—3{_2wln (,yp—l—a;p-i—b,loén p+c p+d + ,yp+a;p+c,loén p+b p+d + 7p+a;p+d,l&n pt+b p+c) [4]}

+ O(n™).
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Derivations of (16).

The main task in deriving (16) is to work out E(R5T*R5™) and E(RY™RE*) for a,e €
{1,---,7 — p}. There are 15 terms in Ry ™*R5™. Those 15 terms and their corresponding
expectations, denoted in J for ¢ = 1,---, 15 are reported below:

(1) iAp-f—a p+b gApte p+cAp+bAp+c’

Jize — i[(&p—l—a p+e p+b p+b __ 6&6) 4 &p+a p+b p+b&p+e p+c ptc 4 &p+a p+b p+c&p+e p+b p+c];

(2). wklymnOrrakCoptem gl An

J = w wml,)/p-f—a Jkspt+em + wklwmn (,)/p-i—a Jk; l,.)/p—l—e N ,)/p—l—a Jk; n,)/p-i—e ,m; l)

(3) wklwmn,)/p—i—a;p-l—b,k,.)/p-l—e;p-i—c,mAp+bAp+cAlAn’

J?()ze — wklwml,)/p—l—a;p-l—b,k,)/p-i—e;p—l—b,m;

(4). %@p+a p+b ptcpte ptd pte’ Ap+b gptc Ap+d Ap-l—e/’

Jz(lw — %[Oép—l—a p+b p+b&p+e p+d p+d + 20t p+b ptcpte p+b p+c];

1o/ 17/ ! /
(5) wkmwlnwk m/ ln ,.)/p—l—a,kl,.)/p—i—e,kl Am AT A™ AT ’

! ! ! ! ! ! ! !
Jge — i,.)/p—l—a,kl,.)/p—i—e,k 4 [wkmwlmwk m wl m' wkmwln (wk mwl no wk nwl m)]
(6). twhkiCprakApre ProAPTb AL g ¢],

Jge _ 1 kl (,.)/p-i—a k,p—l—b I p+e p+b + ,)/p—l—a kloép—l—e p+b p+b)[2 a 6]

Phed
(7). _%wkl»yp—ka;p—l—c,kAp-Fe pt+b Ap+b gp+c Al [2’ a, e]’

Jae = _%wklpyp—ka;p-#bakoél pte p+b[2, a,el;

(8). _%&pm p+b pte gpte pt+d gAp+b gp+c Ap+d 2, a, €],

1
Jéze — _6(2&p+a p+b ptcpte p+b p+c + aPte p+b p+b&p+e p+d p+d)[2’ a, 6];
(9). —qwkmwlnaprabt Apte ptb Aptb AmAn[2 g ¢],
_ _ 1 km, Im.ptakl pt+e p+b p+b .
J§¢ = — W MW M PTaRgPte PR PO g el

(10) —w wmn,.)/p—l—a,p—l—b smOipte, kAp+bAlA”[2 a 6] )
JlO — _wklwml,)/p—f—a;p-l—b,m,yp—l—b;p—l—e,k[2’ a, 6];

(11). —Lwklgpta p+b preoprek gptb Apte Al[2 g, ¢], )

23



_ 1kl pta ptb prba ekl .
JiT = —gwal T PR PRAPTer2 a, ¢f;

(12) _%wkmwlnwov,.)/p—i—a,klCp—l—e,oAmAnAv [27 a, 6],

1 . . . .
J12 — 5,.)/p—i—a,kl [wkmwlnwon,.yp—i—e,o,m + wkmwlnwom,.yp—l—e,o,n + wlmwovwkm,)/p—l—e,o,v] [27 a, 6],

(13). %wkl»yp—l—a;p-kb,k&p—ke ptc ptd Ap+b Ap+c Ap+d Al [27 a, 6]7
ae __ ().
‘]13 - Oa
(14) w w wov,.)/p—I—a kl,.)/p—l—e,p—I—b oAp—l—bAmAnAv [2 a 6]
‘]14 =Y
(15) wkmwln&p-i—a p+b p+c,)/p+e klAp-l—bAp—l—cAmAn [2 a 6]
k l b b Skl .
JiE = mtmoptae pro ptbape 2, a,€l;
Note that
ae __. Jae ae ae __ 1(_ p+a p+e p+b p+b __ Sae 1 _p+a p+b p+b,pte ptc p+c
Jie = Jpe 4 Jie 4 J§° = 4 (a 0%°) + 50 o
@P-HI p+b peqpte p+b p+c]
T 36
Jéze — wklwml,.)/p—f—a,k;p—i—e,m + wklwmn (,.)/p—l—a,k;l,.)/p—f—e,m;n + ,.)/p—l—a,k;n,.)/p—l—e,m;l)'
J?()ze — wklwml,.yp—i—a;p—f—b,k,.)/p—f—e;p—i—b,m'
! ! ! ! ! ! ! !
Jge — i,.)/p—l—a,kl,.)/p—i—e,kl [wkmwlmwk m wl m' wkmwln (wk mwl no wk nwl m)]

Jge _ wkl (Pyp+a7k;p+boélp+ep+b + ,.)/p—l—a,k;loép—l—ep—l—bp—l—b) [27 a, 6].

J?e — _%wkl,yp—l—a;p-i—b,koélp—f—ep—l—b [27 a, 6].

Jae 4 Jﬁ_)e — wkmwlm,.)/p-i—a,kloép—f—ep—l—bp—l—b [27 a, 6]

Jae — _wklwml,)/p+6;p+b,m,yp+b;p+a,k[27 a, 6]. ']11 — %wkl&p—i—a p+b p—l—b,.)/p—f—e,k;l [27 a, 6].
Jae — _%,.)/p—l—a,kl [wkmwlnwon,.yp—i—e,o;m + wkmwlnwom,.yp—l—e,o;n

_i_wlmwovwkm,.)/p—i—e,o;v] [27 a, 6].
Combine the above terms, we arrive at

E(RETRY™)[2,a,¢] = n2Jf§ + O(n™?)

where

Jffse — _(&p+a p+e p+b p+b _ 5&6) _ wkl,yp+a,k;l;p+e[27 a, e] + wkl,yp+a;p+b,koél p+b pte [27 a, e]
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2 1
+ Zpbte p+b pte,pte p+b p+c + _wkmwln,.y

p+a,kl&mn p—l—e[
3 2

2,a,el.

There are 25 terms in R “RY™, whose expectations are denoted by Jf , for i =
., 95.

Jil7e — %[(Oép—l—a pte ptc pt+c __ 5(1@) + &p+a p+b p+c&p+e p+b p+c + &p+a p+e p+c&p+b p+b p—l—c]7
Jilse _ wml [P)/p—f—e’m;l;p—f—a + ,.)/p—l—b,m;p-i—boél p+a p+e + p)/p-l—b,m;p-l—eoél pta p+b] [27 a, 6],

Jfge — %wlm [»yp—l—b,l;moép-ka pte p+b pyp-I—b,l;p—l—eOém pta p+b] [27 a, 6]7

ae __ 1, .ml, nl +a,m;p+e,n +a,m;p+b . p+b,n;pte +a,m;p+e ~ p+bn;p+b
56 = — MW [P TOmPTen o APRAMpIaPEnpTe  aptampteyprimi (2, a, e],

Jézle — wmlwkn [,.)/l,k;n,.)/p—l—a,m;p—i—e + ,.)/l,k;p—l—e,.)/p—l—a,m;n] [27 a, 6],

Jéz2e — _wnl[(,.)/p—i—e,n;p—f—b + ,.)/p—i—b,n;p—i—e)oél p+a p+b + ,.)/p—l—c,n;p—f—coél p+a p—l—e] [27 a, 6],
Jgs = _memyp-kc,mmoép-ka pte p+c7
9 = _g[g&p—f—a p+b peqpte ptb pte  pta pte pregpte pd p+d]7

Jélg,e — %wkmwlm,)/p—l—a,kl;p—f—e [27 a, 6], ‘]5166 — wlm,.)/p-l—a;p-f—e,l;m[27 a, 6],
ae __ p+a p+e p+b p+b
J5 = 2a ,

el _%&p+a pte ptb p+b )kl (7p+b;p+e,k + 7p+e;p+b,k)oél pta 10+b[27 a, el
+%&p+a p+b pte’ o pte p+b pte’ _ %wklwml,.yp-i—a;p-l—b,k(,.)/p-i—b;P-i—e,m 4 7p+e;p+b,m)[27 a,e]
I p+a p+e, kl.pt+cptek 8 p+a pte p+e’ . pte’ ptc ptc
+2a Wy + g «

o %wklwml,.)/p—i—a;p—l—e,k,.)/p—l—c;p—l—c,m [27 a, 6],

ae __ 1, kn, In, ,vmm,kl.p+a,v;p+e ae __ 1. p+bkl, km, lm p+a p+e p+b
55 = — oW MWW YT RAPTOUPTE[D g ], J55 = — 5P TN W W M T PEe PR,
ae __ , o, \kn, wn . pteklpt+a,v;o ae __ lo, \kn A p+ekl on p+a

J5f = WO PTeRAPTato[2 q e],  Ji5 = —wwtaPTeRaom P2, a, €],
Jae — _ In, mn, kv, p+a,kl v,m;p+e[2 ]

33 = —Ww Wy Y , @y €],

Jg‘ff = winon [7p+a;p+b,l(7p+e,0;p+b + 7p+b10;p+e) + 7p+a;p+e,17p+c,0;p+c] [27 a, e],

??56 = —uwin [Q»Yp-l—a;p-l—b,loénp-i—bp—l—e 4 p)/p-l—a;P-l—e,lOénp-f'Cp‘f’C] [27 a, 6],
Jgg _ _wmnwlo,yp—i—a;p—i—e,r—i—m,)/o,m;n[27 a, 6],
Jg5 = —wtnigem(ymitad { aphomtyypteon(3 o, )
Jgg _ _%wln (,)/p—f—c;p-i—a,l + ,)/p-l—a;P-l—c,l)Oénp-f'ep‘f'C [27 a, 6],
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ae
42

ae
Ji3

ae
‘]44

ae
Jis

ae
‘]39
ae

40

ae
']41

= —winghkn(ypraptbl 4 Aptaptel) ptbkiptelg g o]

= %wkl»yp-kc,k;loép—l—a ptepte[2 g e¢] and

_ . m'm, n'mJl _ pt+a p+e pt+c~p+c,m'n’ 1, p+em/;pta +c;p+e,n’ +e;pt+c,n’
= W w [3&p p p ,.)/p + 2,-)/]3 vy (,.)/p vy + ,.)/p Yy )

1, p+am/;p+captepten’ lo~p+en'l(om pt+a o;p+a,m’ 1 Jlo~o0m'n . ptapte,l
+2,.)/p D ,.)/p D +w ,.)/p (,-)/ D +ﬁy D ) + 2w ,-)/ ,.)/p D

1 .ol, kl.p+am’o.pten'k 1, p+a;ptem’n’ 1, p+a,m';p+en’
—QWrwWy Y — 37 — 37 ][2,61,6]-

In summary, we have:

/ 1
Jize + fg + f7e + SZ + 576 4 gg — §&p+a pte p+b p+b __ %QP—HI p+b ptcpte p+b ptc

%&p—ka p+b p+b&p+e p+c p+c _ %&p—ka p+e p+c&p+b p+b ptc

WHAPFORtrte(2 q ] + qwkmwinaptaklgme pte[y g el

WPl I Y (st gt ol v 22 g, ]
Lgmlnt[ypraptemnyptbiptbm 4 aptaptbn (yprbprem | ypreptbmy][o g e],
Ji§ + Jis + Jgg + s + I35 + Jsg

WM 2P o (Japtbmipte — aptemiptol pre P2 g, ]

%wmlw”l [,.)/p—f—a,m;p-l—e,?’b + ,.)/p—l—a,m;p-l—b,.)/p-f—b,n;p-f—e 4 ,)/p-l—a,m;p—l—ep)/p—i—b,n;p—l—b] [27 a, 6].
wmn,yp—kb,m;noép-ka pte 10+b7

J5° 4 Jg° + I3+ T+ JiE 4+ Ji5 + Ji + Jis + Jig
Whlmypraptbhapreptbm | M(Lyprekiptb _ gypreptbkgl pra ptb
2yprekilgpra ptb ptb _ aptaptekal prb pH][g ¢ ]

— gttt apta PPV g, e] — Wkl miaprarthmapttptek[a g e,
Ja5 + Ji5 5t + Jg5 + 55+ Jii o+ Jig + Ji5 + Jis + Jig
—%wknwlnwvm”)/m’kl”)/p—’—a’v;p—’—e [27 a, 6] _ %p)/p-l—b,klwkmwlm&p—l—a pte p+b
WVt mn (Apramv _ svmiptayaprekly g o]

wlmwkn7p+e’kl&mn pta [27 a, 6] . wmnwlo,)/p—l—a;p—i—e,r—i—m,yo,mm [27 a, 6]

wknwln [7p+a;p+b,k(7p+e,l;p+b _ ,yp+e;p+c,l) + ,yp+a;p+e,k,yp+b,l;p+b] [27 a, 6]
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o wlnwom(,ym;p-i—a,l + ,)/p-l—a;m,l),)/p-i—e,o;np’ a, 6] + %wkl,yp—f—b,k;loép—i—a pte p+b[27 a, 6],
B =t R R IS TR g+ g = WM (qpteltyptemn g qptaknypemi)
+ [iwkmwlmwk/n I'n %wkmwlnwk/mwl/n],.)/p—i—a,kl,.)/p-i—e,k/l/
_ %,.)/p—ka,kl [wkmwlnwon,.)/p+e,o;m + wkmwlnwom,.)/p+e,o;n
wlmwovwkm,yp-i—e,o;v] [27 a, 6] + %wlo,yo,m/n/,yp—l—a;p—l—e,l] [27 a, 6]
wmlwkn [,yl,k;n,yp—i—a,m;p—i—e + Pyl,k;p—l—e,)/p—i—a,m;n] [27 a, 6]
wm/mwn/m[%&p—m pte p+b,.)/p+b,m/n/ + %7p+b,m/;p+a(7p+b;p+e,n/ + 7p+e;p+b,n/)
%7p+a7m/;p+b7p+e;p+b,n/ + wlopyp—l—e,n/l(,yo,m/;p—ka + ,-)/O;I?-l—a,m/) and
JZ; —- JZQe + JZ?? + JZZ + Jg + Zg — %&p+a p+e p+b p+b __ %&p+a p+b ptcqpte p+b ptc

+ L npta ptb ptbpte ptc pte _ L pta pte ptenptb ptb pte
36 36

— Wb g ] — Jubmuingprelamn re(2, g, €]

£ W bmgl pa pte L (gpibptem _ pteptbm) ol pha (D g, ]

. wmlwnlﬁ)/p—f—a;p—f—b,nﬁ)/p-f—e;p-f—b,m + wklwmn,yp+a,k;l,yp+e,m;n

1 2wm17p+e’m;z;p+a [27 a, e] _ wmlwnl,.yp-i—a,m;p-l—e,n _ %wmn,yp—kb,m;n&p—ka p+e p+b
+ WM [Zyprekigpte prb ptb _ yptaptekl ptb pHb][9 g ]

. f_zwkmwlm,.)/p-l—e,k‘loép-f—a p+b p+b[27 a, e] + %7p+b,klwkmwlm&p+a pte pt+b.
WP, g, o] — Lypbeiytn e bmarteo][2, g, ¢

+ [iwkmwlmwk/nwl/n o %wkmwlnwk/mwl/n],.)/p—l—a,kl,.)/p—f—e,k/l/'
Then, we get

cum(RPT® RPT) = n716% 4 n 2 (J5 — PPt + O(n ) = n 7N 02 A + O(n7?)

where

A% = %QP—HL pte p+b p+b _ %&p+a p+b ptcpte p+b pc _ %&p—f—a pte ptcnpt+b ptb ptc

o wkl,.)/p-l—a,k;l;p-f—e [27 a, 6] o %wkmwln,)/p—l—a,kloémn pte [27 a, 6]
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WPl PR D g (ke prerthm) ol pta pH][2, g, ¢
wmlwnl7p+a;p+b,n7p+e;p+b,m + wklwmn,yp-ka,k;l,yp—ke,mm

mel,yp—ke,m;l;p-ka [27 a, e] _ wmlwnl,yp-m,m;p-#e,n _ %wmmyp—l—b,m;noép—ka pt+e p+b
wkl[%,.yp—l—e,k;loép-i-a p+b p+b __ 7p+a;p+e,koél p+b p+b] [27 a, e]

%7p+b’klwkmwlm&p+a p+e p+b 4 wkvwlnwmn,.yp-l—a,m;v,-)/p-i—e,kl [27 a, 6]

. / / G
%,.)/p—l—a,klwlmwovwkm,.)/p—I—e,o,v] [27 a, 6] _ %wkmwlnwk mwl n,.)/p+a,kl,.)/p+e,k r
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