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ANOVA FOR LONGITUDINAL DATA WITH MISSING VALUES

By SoNG X1 CHEN*, PING-SHOU ZHONG™

Towa State University and Peking University, Iowa State University!

We carry out an ANOVA analysis to compare multiple treatment
effects for longitudinal studies with missing values. The treatment ef-
fects are modeled semiparametrically via a partially linear regression
which is flexible in quantifying the time effects of treatments. The em-
pirical likelihood is employed to formulate nonparametric ANOVA
tests for treatment effects with respect to covariates and the non-
parametric time-effect functions. The proposed tests can be readily
modified for ANOVA tests when the underlying regression model for
the longitudinal study is either parametric or nonparametric. The
asymptotic distributions of the ANOVA test statistics are derived. A
bootstrap procedure is proposed to improve the ANOVA test for the
time-effect functions. We analyze an HIV-CD4 data set and compare
the effects of four treatments.

1. Introduction. Randomized clinical trials and observational studies are often used
to evaluate treatment effects. While the treatment versus control studies are popular, multi-
treatment comparisons beyond two samples are commonly practised in clinical trails and
observational studies. In addition to evaluate overall treatment effects, investigators are also
interested in intra-individual changes over time by collecting repeated measurements on each
individual over time. Although most longitudinal studies are desired to have all subjects
measured at the same set of time points, such “balanced” data may not be available in
practice due to missing values. Missing values arise when scheduled measurements are not
made, which make the data “unbalanced”. There is a good body of literature on parametric,
semiparametric and semiparametric estimation for longitudinal data with or without missing
values. This includes Liang and Zeger (1986), Laird and Ware (1982), Wu (1998, 2000),
Fitzmaurice et. al. (2004) for methods developed for longitudinal data without missing
values; and Little and Rubin (2002), Little (1995), Laird (2004), Robins, Rotnitzky and
Zhao (1995) for missing values.

The aim of this paper is to develop ANOVA tests for multi-treatment comparisons in
longitudinal studies with or without missing values. Suppose that at time ¢, corresponding
to k treatments there are k£ mutually independent samples:

{(Va(), XL 2, - AR (), XG0}
where the response variable Yj;(t) and the covariate X;;(t) are supposed to be measured at
time points ¢ = tj;1, ..., tj7;. Here T} is the fixed number of scheduled observations for the

j-th treatment. However, {Yj;(t), X7;(f)} may not be observed at some times, resulting in
missing values in either the response Yj;(t) or the covariates Xj;(t).
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We consider a semiparametric partially linear regression to model the treatment effects

where (3;o are p-dimensional parameters representing covariate effects and gjo(t) are un-
known smooth functions representing the time effect, and {e;;(¢)} are residuals time series.
Such a semiparametric model has been used for longitudinal data analysis; see Zeger and
Diggle (1994), Zhang, Lin, Raz and Sowers (1998), Lin and Ying (2001), Wang, Carroll and
Lin (2005). Wu et al. (1998) and Wu and Chiang (2000) proposed estimation and confidence
regions for a related semiparametric varying coefficient regression models.

Despite the substantial amount of works on estimation for longitudinal data with or
without missing values, analysis of variance for longitudinal data with or without missing
values have attracted much less attention. Among a few exceptions are Forcina (1992) who
proposed an ANOVA test in a fully parametric setting; and Scheike and Zhang (1998) who
considered ANOVA tests in a fully nonparametric setting with two treatments.

In this paper, we propose ANOVA tests for the semiparametric model (1.1) to test
for differences among the Bjps and the baseline functions g;os respectively. The ANOVA
statistics are formulated based on the empirical likelihood (Owen, 1988 and 2001), which
can be viewed as a nonparametric counterpart of the conventional parametric likelihood.
We propose two empirical likelihood ANOVA tests: one for the equivalence of the treatment
effects with respect to the covariate; and the other for the equivalence of the time effect
functions g;o(-)s. These produce, as special cases, an ANOVA test for parametric regression
in the absence of the based-line time effect functions, and an ANOVA test for nonparametric
regression in the absence of the parametric part in (1.1). We show that, as in the conventional
parametric likelihood formulation of the ANOVA test as in Forcina (1992), the empirical
likelihood ANOVA statistic is limiting chi-square distributed for testing the parametric
covariate effects even in the presence of the missing values. For testing the nonparametric
time effects, a bootstrap calibration that respects the longitudinal nature and missing values
is proposed to obtain the critical values for the ANOVA test. We applied the proposed
ANOVA tests to analyze an HIV-CD4 data set that consists of four treatments, and found
significant differences among the treatments in both the covariates and the base-line time
effect functions.

Empirical likelihood (EL) introduced by Owen (1988) is a computer-intensive statistical
method which can facilitate either nonparametric or semiparametric inference. Despite its
not requiring a fully parametric model, the empirical likelihood enjoys some nice properties
of a conventional likelihood, like Wilks’ theorem (Owen 1990, Qin and Lawless 1994, Fan
and Zhang 2004) and Bartlett correction (DiCiccio, Hall and Romano 1991; Chen and Cui
2006). For missing values, Wang et al. (2002, 2004) considered empirical likelihood inference
with kernel regression imputation for missing responses, and Liang and Qin (2008) treated
estimation for the partially linear models with missing covariates. Cao and Van Keilegom
(2006) employed the empirical likelihood to formulate a two samples test for the equivalence
of two probability densities. For longitudinal data, Xue and Zhu (2007a, 2007b) proposed
a bias correction method so that the empirical likelihood statistic is asymptotically pivotal
for the nonparametric part in a one sample partially linear model; You, Chen and Zhou
(2007) applied the blocking technique in their formulation for a semiparametric model, and
Huang, Qin and Follman (2008) considered estimation.

The paper is organized as below. In Section 2, we describe the models and the missing
value mechanism. Section 3 outlines the ANOVA test for comparing treatment effects due to
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the covariates; whereas that for the nonparametric time effects is given in Section 4 with a
theoretical justification. The bootstrap calibration to the ANOVA test on the nonparametric
part is outlined in Section 5. Section 6 reports simulation results and Section 7 analyze the
HIV-CD4 data. All technical details are given in the Appendix.

2. Models, Hypotheses and Missing Values. For the i-th individual of the j-th
treatment, the measurements taken at time t;;,, follow a partially linear model

(2.1) Yji(tjim) = X;(tjim)Bjo + gjo(tjim) + €ji(tjim),

forj=1,---,k,i=1,--- ,n;, m=1,...,T;. Here 3;p are unknown p-dimensional param-
eters and g;o(t) are unknown functions representing the time effects of the treatments. The
time points {tjim}ﬁjzl are known design points. For each individual, the residuals {€j;(¢)}
satisfy E{6]l(7f)|Xﬂ(t)} == 0, Var{eji(t)|in(t)} = O'?(t) and

Cov{eji(t), £5i(s)| X5 (1), Xji(s)} = pj(s,t)a;(t)o;(s)

where p;(s,t) is the conditional correlation coefficient between two residuals at two different
times. And the residual time series {€;;(¢)} from different subjects and different treatments
are independent. Without loss of generality, we assume ¢, s € [0, 1].

As commonly exercised in the partially linear model (Speckman 1988; Linton 1995),
there is a secondary model for the covariate Xj;:

(22) in(tjim) = hj(tjim) +ujim7 j =1,2,.. .,k‘, = 1, sy, M= 1, A ,T‘j,

where h;(-)s are p-dimensional smooth functions with continuous second derivatives, the

residual wji, = (u} ub, )T satisfy E(ujim) = 0 and wj; and uj), are independent for

gimo ) Wgim
| # k. For the purpose of identifying 30 and gjo(t), the covariance matrix of u;;,, is assumed
to be finite and positive definite (Hérdle, Liang and Gao 2000).

We are interested in testing two hypotheses. One is on the treatment effects with respect

to the covariates:

Hoq: Pro=pPoo=...=0Pro vs Hiq: Bio # Bjo for some i # j;

and the other is regarding the time effect functions:

Hy 2 g1o(-) = ... = gro(-) vs Hip: gio(-) # gjo(-) for some i # j.

For the ease of notation, we write (Yjim, Xjim) to denote (Yj;i(tjim), X;ji(tjim)), and let
Xji ={Xjin,-.. ,inTj} and Yj; = {Yji1, ... ,sz‘Tj} be the complete time series of covariates
and responses of the (j,7)-th subject (the i-th subject in the j-th treatment), and Y i q=
Wiitt—ays -+ Yyi—1)y and Xjia= {Xji(t—ay,- - -» Xjie—1)} be the past d observations at
time ¢ for a positive integer d. For t < d, we set d =t — 1.

Define the missing value indicator ¢j; = 1 if (Xji, Yji) is observed and d;; = 0 if
(Xjit, Yjir) is missing. Here, we assume Xj; and Yj;; are either both observed or both
missing, and d;;;7 = 1, namely the first observation for each subject is always observed.
This simultaneous missingness of Xj;; and Yj; is for the ease of mathematical exposition.
Our method can be extended to the case where the missingness of Xj;; and Yj; is not
simultaneous.
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We assume the missingness of (X, Yji) at t is missing at random (MAR) (Rubin 1976)
given its immediate past d complete observations. Let ;4 = Hle dji(t—1), the MAR means
that for each j =1, -+ |k,

P(0jit = Uojira = 1, X5, Yji) = P65 = 10jir,a = 1, Xjird, Y jir,d) = j(Xjit,d> Y jit.d o)

The form of the missing propensity p; is known up to a parameter 6,3, whose dimension
depends on j and d. The monotone missingness in the sense that d;;; = 0 if 0;,-1) = 0,
considered in Robins et al (1995), is a special case with d > Tj. Some guidelines on how
to choose models for the missing propensity are given in Section 7 in the context of the
empirical study. The robustness of the ANOVA tests with respect to the missing propensity
model are discussed in Sections 3 and 4.

The parameters 69 can be estimated by maximizing the binary likelihood

' 51104
(23) H H by X]zt d?Y]lt ds ) 7t t{l —P](ngt de]zt dae )}(1 6ﬂt)] ! tYd-
i=1t=1

Under some regular conditions, the binary maximum likelihood estimator éj is y/n-consistent
estimator for 0;0; see Chen et al (2008) for results on a related situation.

3. ANOVA Test for Covariate Effects. We consider testing for H()a : 510 = [0 =

= [ro with respect to the covariates. Let mjim(0;) = [T}%,.— dpj(Xﬂld,Yﬂld,O ) be
the overall missing propensity for the (j,7)-th subject up to time ¢j;,. To remove the
nonparametric part in (2.1), we first estimate the nonparametric function gjo(t). If 3;0 were
known, g;o(t) would be estimated by

(3'1) t 5]0 Z Z Wiim, h jzm ﬂmﬂgo)

=1 m=1
where

_ im0 K, jim =1
POyl Zl A ( Jsl/ﬂjsl(é D) En, (tjs —t)

(3:2) Wjim,h; (t) =

is a kernel weight that itself has been inversely weighted by the propensity Wjim(éj) to correct
for selection bias due to the missing values. In (3.2), K is a univariate kernel function which
is a symmetric probability density, Kj,(t) = K(t/h;)/h; and h; is a smoothing bandwidth.
The conventional kernel estimation of gjo(t) without weighting by szl(éj) may not be
consistent if the missingness depends on the responses Y;;;, which may happen for missing
covariates.

Center each {Xjim, Yjim} by

(3-3) inm = sz Z Z Wiiyma,h; sz)thml

i1= 1m1 1

(3.4) Y]zm = ]zm_ Z Z Wyiymy,h; jzm>in1m1

11=1mi1=1



ANOVA FOR LONGITUDINAL DATA 5

as is commonly exercised in the partially linear regression (Héardle, Liang and Gao 2000).
Then, an estimating function for the (j,4)-th subject is

T;
5 - .
Zji(B5) = Y =" Kjim Viim — X))
m=1 Tjim(0;)
At the true parameter 5,0, E{Z;;(fj0)} = o(1). Although it is not exactly zero, Z;;(3;0) can
still be used as an approximate zero mean estimating function to formulate an empirical
likelihood for ; as follows.

Let {pji}.2, be non-negative weights allocated to {(XT,, Y )}i2,. Then the empirical

likelihood for 3; based on measurements from the j-th treatment is
n;

(3.5) Ln,; (8;) = max{] ] psi},
i=1

subject to 317, pji = 1 and 302, pjiZ;ji(B;) = 0.
By introducing a Lagrange multiplier A\; to solve the above optimalization problem and
following the standard derivation in empirical likelihood (Owen, 2001), it can be shown that

n;j 1 1
(3.6) Ln;(B5) = H {nJH—)\;Z](ﬂ])}

=1
where \; satisfies

< Zu(B;)
(3.7) — I = 0.
; 1+ /\JZ]z(ﬁ])
The maximum of L, (3;) is ]_[Z Lo achieved at 3; = Bj and \; = 0, where Bj is the

solution of 3.7 Zﬂ(ﬁ]) = 0, which can be solved by the Newton Raphson method.
Let n = Zk 1nj,n]/n — p; for some non-zero p; as n — oo such that Z _1pj = 1. As
the k samples are independent, the joint empirical likelihood for (81, fa, ..., Bk) is

k
Ln(ﬁlvﬁ% s aﬁk = H n; ﬂ]
J=1
The log likelihood ratio test statistic for Hy, is
k
b, = —ngxlogLn(ﬁ,ﬁ,...,ﬁ) +> njlogn;
j=1

k Ny

(3.8) - 2mmZZlog{1 + A7 Z;i(8)}.
j=1li=1

Using a Taylor expansion and the Lagrange method to carry out the minimization in
(3.8) (See Appendix), the optimal solution to (3 is

-1
k k
(3.9) (Z Qu, leaxj> (Z Qa, leﬁxjyj) + 0p(1),

7=1 7j=1
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where Bj = limy,; o0 (n;T5) " 3202, E{Zji(B0) Zji(Bjo)"},

T
1 j J { 5is B B
Q, = {1 x.. XT }
/g ;mzl miim(0;)

and

Qaﬂ,-y Z Z ﬂm ~]zm}~/]zm
" VAL e e 17Tﬂm(03)

The ANOVA test statistic (3.8) can be viewed as a nonparametric counterpart of the
conventional parametric likelihood ratio ANOVA test statistic, for instance that considered

in Forcina (1992). Indeed, like its parametric counterpart, the Wilks’ theorem is maintained
for £,,.

THEOREM 1. If the conditions (A1-A}) given in the Appendixz hold, then under Hoq,

d 2
by — X{j—1)p @8 T — 00.

The theorem suggests an empirical likelihood ANOVA test that rejects Hy, if £, >
X%kfl)p@ where « is the level of significance and X%kfl)p, ., is the upper a quantile of X%kfl)p
distribution.

We next evaluate the power of the empirical likelihood ANOVA test under a series of
local alternative hypotheses:

—-1/2

a : Bjo = Bio + cnn; for 2<j7<k

where {c, } is a sequence of bounded constants and n; such that n = pj_lnj as we defined as
above. Define Ag = (8]y — 850, 870 — 830>+~ - 810 — Bo)™> Dy = ' Qg — 2z IQx]yJ for
2<j<kand D= (D]y,D]s, -+ ,D7,)". Let Xp = Var(D) and 72 = ﬁzglAﬁ. Theorem
2 gives the asymptotic distribution of ¢, under the local alternative hypothesis.

THEOREM 2. Suppose the conditions (A1-A4) in the Appendiz hold, and under Hi,,

d
by, — X%k_1)p(72) asn — oo.
It can be shown that

(310) ZD = Q;llBlﬂglll(k_l) X 1(k—1) =+ dZQg{Q Q 21, cee ,Q;lekQ;kl

x
As each Q;jl is O(n'/?), the non-central component 42 is non-zero and bounded. The power

of the a level empirical likelihood ANOVA test is G(7y) = P(X?k—l)p(72) > X%k—l)p, o) This

indicates that test is able to detect local departures of size O(n~'/2) from Hy, which is the
best rate we can achieve under the local alternative set-up for finite dimensional parameters.
This is achieved despite the fact that nonparametric kernel estimation is involved in the
formulation, which has a slower rate of convergence than /n, as the centering in (3.3) and
(3.4) essentially eliminate the effects of the nonparametric estimation.

Remark 1. When there is no missing values, namely all d;;,, = 1, we will assign all
Wjim(éj) = 1 and there is no need to estimate each ¢;. In this case, Theorems 1 and 2
remain valid as we are concerning with testing. It is a different matter for estimation as
estimation efficiency with missing values will be less than that without missing values.
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Remark 2. The above ANOVA test is robust against mis-specifying the missing propen-

sity p;(-;0j0) provided the missingness does not depend on the responses Y ;4. This is
because despite the mis-specification, the mean of Z;;(/3) is still approximately zero and the
empirical likelihood formulation remains valid, as well as Theorems 1 and 2. However, if the
missingness depends on the responses and if the model is mis-specified, Theorems 1 and 2
will be affected.

Remark 3. The empirical likelihood test can be readily modified for ANOVA testing
on pure parametric regressions with some parametric time effects g;o(¢;7;) with parameters
nj. We may formulate the empirical likelihood for (8;,n;) € RPTY using

T} T .
Zji(ﬁj; 77j) = z]: LmA (X;—zm’ W)T{lem - Xﬂmﬂ g]O(tjim; nj)}
m=1 Tjim (0;) In;

as the estimating function for the (j,7)-th subject. The ANOVA test can be formulated
following the same procedures from (3.6) to (3.8), and both Theorems 1 and 2 remaining
valid after updating p with p + ¢ where ¢ is the dimension of parameter 7;.

In our formulation for the ANOVA test here and in the next section, we rely on the
Nadaraya-Watson type kernel estimator. The local linear kernel estimator may be employed
as the boundary bias may seem to be an issue. However, as we are interested in ANOVA tests
instead of estimation, the boundary bias does not have any leading order effects. Neverthless,
the local linear kernel smoothing can be used without affecting the main results of the paper.

4. ANOVA Test for Time Effects. In this section, we consider the ANOVA test
for the nonparametric part

Ho : g10(-) = ... = gro(-).

We will formulate an empirical likelihood for gjo(t) at each ¢, which then lead to an overall
likelihood ratio for Hp,. We need an estimator of gjo(t) that is less biased than the one in
(3.1). Plugging-in the estimator 3; to (3.1), we have

(41) Z Z Wyim, h; j’Lm ]zmﬁ])

i=1 m=1

It follows that, for any ¢ € [0, 1],

n; Tj .
(4.2) QJ (t) gJO Z Z Wiim, h {532( sz) + Xszm(/Bj - ﬂj) + QjO(tjim) - gjO(t)} .
i=1 m=1

However, there is a bias of order h? in the kernel estimation since

Z Z Wi,y (1) {950(tjim) — gj0(0)} = 3{[ 22K (2)dz} gy ()h5 + 0p(h3).

i=1m=1

If we formulated the empirical likelihood based on g;(t), the bias will contribute to the
asymptotic distribution of the ANOVA test statistic. To avoid that, we use the bias-
correction method proposed in Xue and Zhu (2007a) so that the estimator of g;o is

ZZwﬂmh Yiim = XJmbB — (G5 (tjim) — 3;())}-

i=1m=1



8 S.X. CHEN AND P.S. ZHONG

Based on this modified estimator g;(t), we define the auxiliary variable

T ~ o .
Rji{g;(t)} = Zl T('S”“(né')K <t”“2j t) {ij = XTimB5 — 95 () — (G (tjim) — éj(t))}
m= Jim\Yj

for empirical likelihood formulation. At true function g;o(t), E[Rji{gjo(t)}] = o(1).
Using a similar procedure to Ly, (3;) as given in (3.6) and (3.7), the empirical likelihood
for gjo(t) is

Ln;{gjo(t)} = maX{ ﬁpﬂ}
=1

subject to 3171 pj; = 1 and 3.2 pjiR;i{g;(t)} = 0. The latter is obtained in a similar
fashion as we obtain (3.6) by introducing Langrange multiplers. It can be shown that

Lo {900} = ] {1 ! }

1 L Lm0 R;{g0(t)}

where 7;(t) is a Lagrange multiplier that satisfies

nj

Rji{gjo(t)}
4.3 2 =0.
9 Zzzl 1+ n;(t) Rji{gjo(t)}
The log empirical likelihood ratio for gi19(t) = ... = gro(t) := g(t), say, is
k nj
(4.4) = 2m1nZZIOg (I+ni(t)R;i{g(t)}),
j 1i=1

which is analogues of ¢, in (3.8).
Let v;(t, hy) = 12, B2 {g(t)} and d;(t, hy) = Yi2y Y0y s i (4520 ) | where for

m=1 _ (65)
jim\Vj
notation simpliﬁcatlon, we have suppressed n; in the arguments of these two functions.

Then by a Taylor expansion,

T

k k _
=30 (k) [ 3 Bi{0} — it h){ o (At b}
s=1

j=1 i=1
k

(4.5) X Y v (t, hs)ds(t, hs) i: Rsi{()}} ’ + Op{(njh;) " log®n;}.

s=1 i=1

It may be shown that the leading term of .Z, () is

(4.6) { Z Cg} {91 §2(t)}2

with (; = vj(t, hj)/dg(t, h;) for k = 2; If k = 3, the leading term of .Z,(¢) will be

(4.7) ( gl(t) — §a(t) )' " ( a1(t) — (1) )

g1(t) — gs(t)
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where )
_ a1 (GGG GG
Hn - {JZICJ } X ( C2_1<3_1 C3_1(C1_1 + C2_1) .

An expression for a general k is available which shows that the leading order term of the
ANOVA statistic .2, (t) is a studentized Lo distance between ¢;(t) and the other g;(t) (j ;é
1). This means that .Z,(t) is able to test for equivalence of {g;o(t )} _,atany t €0,1]. 1
summary, the leading order term of the £,,(t) is a studentized version of the distance

(91(t) = G2(t), G1(t) — g3(t), -+, 91(t) — gr(1)),

namely between ¢;(t) and the other g;(¢) (j # 1). This motivates us to propose using

(4.8) T, = /0 (bt

to test for the equivalence of {gjo(~)}§:1, where w(t) is a probability weight function over
[0,1].
We consider a sequence of local alternative hypotheses:

(4.9) gjo(t) = g10(t) + CjnAjn(t),

where Cj, = (n;T;)~ 1/2h 1/

bounded functlons

for j =2,--- ,k and {Aj,(t)}n>1 is a sequence of uniformly

To define the asymptotic distribution of 7,,, we need some notations. We assume without
loss of generality that for each h; and T}, j = 1,--- ,k, there exist fixed finite positive
constants «; and b; such that o;T; = T and bjh; = h for some T"and h as h — 0. Effectively,

T is the smallest common multiple of Ty, - - , Tj. Let K (t) = | K(w)K(t — cw)dt and
K (0) = fKém (wﬁ)Kfil(w/ﬁ)dw For ¢ = 1, we resort to the standard notations of
K®(t) and K®(0) for K{Q) (t) and K{4) (0), respectively. For each treatment j, let f; be
the super-population density of the design points {t;jim}. Let a; = pj_laj,

fi(t)/{abjo?;

W;(t) =
’ i fit){abio?}
2
and Vj(t) = K(z)(O)O'gjfj( ) where o2 5= T S E{W:ni’g‘ﬂ }. Furthermore, we
define
k W
=D "0 KW (0)(1 - W) + Z (bjbj,) V2K, by, OWi ()W, (1) and
Jj=1 J#i
1.k 1 1 9 ko1 1 1 2
/ [0V ) 22 00A2 (1) — (300 Ve (W2 (0 /(D) Ans(t)) | (@)t
j:l s=1

THEOREM 3. Assume conditions (A1-A4) in the Appendiz hold, and h = O(n=1/%),
then under (4.9),

hYA(T, — o) 5 N(0,0),
where o = (k — 1) +hY2uy and o = 2K2)(0)~ f A(t)w?(t)dt.
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We note that under Hop : g10(-) = ... = gro(), Ajn(t) = 0 which yields pq = 0 and
WVHT, — (k- 1)} 5 N(0,03).
This may lead to an asymptotic test at a nominal significance level « that rejects Hyp if
(4.10) T, > h%602q + (K — 1),

where z, is the upper a quantile of N(0,1) and 6 is a consistent estimator of 0. The
asymptotic power of the test under the local alternatives is 1 — ®(z, — £1), where () is
the standard normal distribution function. This indicates that the test is powerful in dif-
ferentiating null hypothesis and its local alternative at the convergence rate O(n}l/ 2h;1/ 4)
for Cj,,. The rate is the best we could attain when a single bandwidth is used; see Hardle
and Mammen (1993).

If all the h; (j = 1,--- , k) are the same, the asymptotic variance of = 2(k — 1)K (0)~2
x K4(0) fol w?(t)dt, which means that the test statistic under Hyy, is asymptotic pivotal.
under null hypothesis. However, when the bandwidths are not the same, which is the most
likely case as different treatments may require different amount of smoothness in the esti-
mation of g;o(-), the asymptotical pivotalness of 7,, is no longer available, and estimation
of 0(2] is needed for conducting the asymptotic test in (4.10). We will propose a test based
on bootstrap calibration to the distribution of 7, in the next section.

Remark 4. Similar to Remarks 1 and 2 made on the ANOVA tests for the covariate
effects, the proposed ANOVA test for the nonparametric baseline functions (Theorem 3)
remains valid in the absence of missing values and/or if the missing propensity is mis-
specified as long as the the responses do not contribute to the missingness.

Remark 5. We note that the proposed test is not affected by the within-subject depen-
dent structure (the longitudinal aspect) due to the fact that the formulation of the empirical
likelihood is made for each subject as shown in the construction of Rj;;{g;(t)} as the non-
parametric functions can be well separated from the covariate effects in the semiparametric
model. Again this would be changed if we are interested in estimation as the correlation
structure in the longitudinal data will affect the efficiency of the estimation. However, the
test will be dependent on the choice of the weight function w(-), and {«;}, {p;} and {b;},
the relative ratios among {7}}, {n;} and {h;}, as would be normally the case for other
nonparametric goodness of fit tests.

Remark 6. The ANOVA test statistics for the time effects for the semiparametric model
can be modified for ANOVA test for purely nonparametric regression by simply setting
Bj = 0 in the formulation of the test statistic £,,(¢). In this case, the model (2.1) takes the
form

(4.11) Yii(t) = gj(Xji(t), t) + €5i(t),

where g;(-) is the unknown nonparametric function of Xj;(¢) and ¢. The proposed ANOVA
test can be viewed as generalization of the tests considered in Mund and Detter (1998),
Pardo-Fernédndez, Van Keilegom and Gonzalez-Manteiga (2007) and Wang, Akritas and
Van Keilegom (2008) by considering both the longitudinal and missing aspects.

5. Bootstrap Calibration. To avoid direct estimation of ¢ in Theorem 3 and to
speed up the convergence of 7y, we resort to the bootstrap. While the wild bootstrap (Wu
1986, Liu 1988 and Hardle and Mammen 1993) originally proposed for parametric regression
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without missing values has been modified by Shao and Sitter (1996) to take into account
missingﬂvalues,ﬂ we extend it further to suit the longitudinal feature.

Let ¢7 and t" be the sets of the time points with full and missing observations, respec-
tively. According to model (2.2), we impute a missing X;(t) from Xj;(t), t € {3?’ so that for
any t € ¢

(51) Z Z w]zmh jzma

i=1m=1
where wji, p, (t) is the kernel weight defined in (3.2).

To mimic the heteroscedastic and correlation structure in the longitudinal data, we
estimate the covariance matrix for each subject in each treatment. Let

Ejim = Yiim — XlimBi — §j(tjim)-
. ) oy .
An estimator of crjz(t), the variance of €5;(t), is a?(t) =Y Wim,h; (t)e?z-m and an

estimator of p;(s,t), the correlation coefficient between ¢j;(t) and e;;(s) for s # ¢, is

§ § zmm 5 t)ejlmej’bm’

i=1 m#m/
where €jim = €jim /0 (tjim),
5jim5jim’ Kb ( jzm)Kb ( jzm’)/ﬂ'jzm m’ (é])
an m#m/ 5jlm5]1m/Kb ( JZm)Kb ( JZm )/ﬂ-ﬂmm (9 )

and Wjim’m/(ej) = Fjim(ej)ﬂ'jiml(gj) if |m - m/] > d; Wjim’m/(ej) = ﬂ'jimb(ej) if ]m - m/\ < d
where m; = max(m,m’). Here b; is a smoothing bandwidth which may be different from
the bandwidth h; for calculating the test statistics 7, (Fan, Huang and Li 2007). Then, the
covariance Yj; of €5; = (€ji1, -+ ,€ji1;)7 is estimated by f]ji which has &?(tjim) as its m-th
diagonal element and p;(t ik, tjir)0;j(tjix)0(tja) as its (k,1)—th element for k # [.

Let Yj;,6;i,tj be the vector of random variables of subject 7 in the j—th treatment,
Xji = (Xji(tjar), - - in(t]zT )™ and gjo(tsi) = (gjo(tsin), -+, gjo(tsiry))”, where s may be
different from j. Let X¢ = {X JOZ,X '}, where X2, contains observed X;(t) for t; € t* and
X;-? collects the 1mputed Xji(t) for t € t}" according to (5.1).

The proposed bootstrap procedure consists of the following steps:

Step 1. Generate a bootstrap re-sample {Y;, X7;,67;,¢;;} for the (j,i)-th subject by

Hjim,m’(sa t) =

Y = X5.8; + o1(tji) + Zji€;i7
where e7;’s are i.i.d. random vectors simulated from a distribution satisfying E(e};) = 0
and Var(e ﬂ) Iy, 0% ~ Bernoulh(wﬂm(ﬁj)) where 6 is estimated based on the orlginal
sample as given in (2.3). Here, g1(t;;) is used as the common nonparametric time effect to

mimic the null hypothesis Hyy.
Step 2. For each treatment j, we re-estimate (;, 6; and g;(t) based on the re-sample

{Y]’;,X;Z, 67, tji} and denote them as ﬁj*, 9* and g;(t). The bootstrap version of R;i{g1(t)}

d 5*zm t'im_ 5
Rifgi(t)} = Y — K( > )[Y;‘;m X5imf; = 1(t) = {3} (tjim) — 65 (8)}]

= i (07)
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and use it to substitute Rj;{g;(t)} in the formulation of £,(t), we obtain £} (¢) and then
T,y = | L, ()= (t)dt.

Step 3. Repeat the above two steps B times for a large integer B and obtain B bootstrap
values {7518 |. Let t, be the 1 — o quantile of {Z%}2 |, which is a bootstrap estimate of
the 1 — a quantile of 7;,. Then, we reject the null hypothesis Hyp, if Ty, > ta.

The following theorem justifies the bootstrap procedure.

THEOREM 4. Assume conditions (A1-A4) in the Appendiz hold and h = O(n~1/°).
Let X, denote the original sample and h,o3 be defined as in Theorem 3. The conditional
distribution of h™Y2(T* — o) given X, converges to N(0,0}) almost surely, namely,

YT (k- DYX, S N(0,02)  as.

6. Simulation Results. In this section, we report results from simulation studies
which were designed to confirm the proposed ANOVA tests proposed in the previous sec-
tions. We simulated data from the following three-treatment model:

(6.1) Yiim = XjimBj + 9j(tjim) + €jim  and  Xjim = 2 — L.5tjim + Wjim,

where €jim = €ji + Vjim, Wjim ~ N(O,Ugj), eji ~ N((),crgj) and Vi, ~ N(O,agj) for j =
{1,2,3},i=1,--- ,njand m = 1,--- , Tj. This structure used to generate {Ejim}z;jzl ensures
dependence among the repeated measurements {Yj;,, } for each subject i. The correlation
between Yj;,, and Yj; for any m # [ is Ufj/(agj + agj). The time points {tjim}z;j:l were
obtained by first independently generating uniform[0, 1] random variables and then sorted
in the ascending order. We set the number of repeated measures T; to be the same, say
T, for all three treatments; and chose T' = 5 and 10 respectively. The standard deviation
parameters in (6.1) were o,, = 0.5,05, = 0.5,0,, = 0.2 for the first treatment, o,, =

0.5,04, = 0.5, 0, = 0.2 for the second and o,, = 0.6, 04, = 0.6, 0., = 0.3 for the third.
The parameters and the time effects for the three treatments were

Treatment 1: 3; =2, g1(t) = 2sin(2nt);
Treatment 2: [ =2+ Da,, g2(t) = 2sin(27t) — Aoy (t);
Treatment 3: (3 =2+ Ds,, ¢3(t) = 2sin(27t) — Az, (1).
We designated different values of Day,, D3, Aoy (t), and Az, (t) in the evaluation of the size
and the power, whose details will be reported shortly.
We considered two missing data mechanisms. In the first mechanism (I), the missing
propensity was

(6.2) logit{P(éﬁm = deim,m—l =1, Xﬂ,Yvﬂ)} = erji(mfl) for m > 1,

which is not dependent on the response Y, with 6; = 3,0, = 2 and 03 = 2. In the second
mechanism (II),

Logit{ P(6jim = 1|8jim,m—1 =1, Xji, Yji) }

(6.3) _ ) 01 Xjim—1) + 052{Yjim-1) = Yjim-2)}, ifm>2,

which is influenced by both covariate and response, with 6, = (611,012)" = (2,—1)",602 =
(921,922)T == (2,—1.5)T and 93 = (931,932)T = (2,—1.5)7—. In both mechanisms, the first
observation (m = 1) for each subject was always observed as we have assumed earlier.
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We used the Epanechnikov kernel K (u) = 0.75(1—wu?) throughout the simulation where
(-)+ stands for the positive part of a function. The bandwidths were chosen by the ‘leave-
one-subject’ out cross-validation. Specifically, we chose the bandwidth h; that minimized
the cross-validation score functions

o Loos o ,

> >0 e Yiim = XfonBy = 05 (tim)),

i=1 m=1 Tjim (0;)
where BJ(»_Z) and g(.‘“ (tjim) were the corresponding estimates without using observations of
the :—th subject. We fixed the number of simulations to be 500.

The average missing percentages based on 500 simulations for the missing mechanism I
were 8%, 15% and 17% for Treatments 1-3 respectively when T' = 5, and were 16%, 28%
and 31% when T = 10. In the missing mechanism II, the average missing percentages were
10%, 8% and 15% for T =5, and 23%, 20% and 36% for T' = 10, respectively.

For the ANOVA test for Hy, : S10 = P20 = (30 with respect to the covariate effects, three
values of Dy, and Ds,: 0, 0.1 and 0.2, were used respectively, while fixing Ao, (t) = 0 and
As,(t) = 0. Table 1 summarizes the empirical size and power of the proposed EL. ANOVA
test with 5% nominal significant level for Hy, for 9 combinations of (Da,, Ds,,), where the
sizes corresponding to Dy, = 0 and Dg3,, = 0. We observed that the size of the ANOVA
tests improved as the sample sizes and the observational length 7" increased, and the overall
level of size were close to the nominal 5%. This is quite re-assuring considering the ANOVA
test is based on the asymptotic chi-square distribution. We also observed that the power
of the test increased as sample sizes and T' were increased, and as the distance among the
three (3jp was increased. For example, when Ds, = 0.0 and D3, = 0.2, the Lo distance
was v/0.22 + 0.22 = 0.283, which is larger than v/0.12 + 0.12 4 0.22 = 0.245 for D5, = 0.1
and Dz, = 0.2. This explains why the ANOVA test was more powerful for Dy, = 0.0
and D3, = 0.2 than Dy, = 0.1 and D3, = 0.2. At the same time, we see similar power
performance between the two missing mechanisms.

We then evaluate the power and size of the proposed ANOVA test regarding the non-
parametric components. To study the local power of the test, we set Aa,(t) = U, sin(27t)
and Agy,(t) = 2sin(2nt) — 2sin(27(t + V,,)), and fixed Dy, = 0 and D3, = 0.2. Here U,
and V,, were designed to adjust the amplitude and phase of the sine function. The same
kernel and bandwidths chosen by the cross-validation as outlined earlier in the parametric
ANOVA test were used in the test for the nonparametric time effects. We calculated the
test statistic 7, with w(t) being the kernel density estimate based on all the time points
in all treatments. We applied the wild bootstrap proposed in Section 5 with B = 100 to
obtain #o.05, the bootstrap estimator of the 5% critical value. The simulation results of the
nonparametric ANOVA test for the time effects are given in Table 2. The sizes of the non-
parametric ANOVA test were obtained when U,, = 0 and V,, = 0, which were quite close
to the nominal 5%. We observe that the power of the test increased when the distance
among ¢i(+), g2(-) and g3(-) were becoming larger, and when the sample size or repeated
measurement 7' were increased. We noticed that the power was more sensitive to change in
V., the initial phase of the sine function, than U,,.

We then compared the proposed tests with a test proposed by Scheike and Zhang (1998).
Scheike and Zhang’s test was comparing two treatments for the nonparametric regression
model (4.11) for longitudinal data without missing values. Their test was based on a cumu-
lative statistic
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TABLE 1
Empirical size and power of the ANOVA test for Hoq : $10 = (20 = (30-

Sample Size Missingness Missingness

n1 n9 ns DQn D3n T I 11 T I 11
60 65 55 0.0 0.0 (size) 5 0.086 0.074 10 0.070 0.076
0.1 0.0 0.188 0.220 0.330 0.346
0.2 0.0 0.562 0.614 0.752  0.786
0.0 0.1 0.206 0.206 0.298  0.290
0.0 0.2 0.566  0.562 0.734  0.664
0.1 0.1 0.242 0.204 0.292 0.352
0.1 0.2 0.466 0.412 0.634 0.558
0.2 0.1 0.458 0.482 0.706  0.680
0.2 0.2 0.606 0.576 0.834 0.764
100 110 105 0.0 0.0 (size) 5 0.050 0.038 10 0.064 0.072
0.1 0.0 0.270 0.312 0.434 0.412
0.2 0.0 0.596 0.804 0.934 0.935
0.0 0.1 0.280 0.266 0.382  0.336
0.0 0.2 0.738 0.746 0.890 0.810
0.1 0.1 0.316 0.282 0.424 0.436
0.1 0.2 0.652  0.668 0.852 0.778
0.2 0.1 0.696 0.668 0.874 0.912
0.2 0.2 0.814 0.824 0.930 0.922
325 324 330 0.0 0.0(size) 5 0.050 0.048 10 0.062 0.060
0.1 0.0 0.684 0.692 0.838 0.868
0.2 0.0 0.998 1.000 1.000  1.000
0.0 0.1 0.680 0.680 0.838 0.708
0.0 0.2 1.000 0.992 0.998 0.968
0.1 0.1 0.714 0.664 0.866  0.864
0.1 0.2 0.994 0.978 1.000  0.990
0.2 0.1 0.990 0.992 1.000 1.000
0.2 0.2 1.000 0.994 1.000  1.000

TABLE 2

Empirical size and power of ANOVA test for Hop : g1(-) = g2(+) = g3(+) with Aan(t) = Uy sin(27t) and
Az (t) = 2sin(27t) — 2sin(27(t + Vi)

Sample Size Missingness Missingness
n1 n2 n3 U, WVa T I 11 T 1 II
60 65 55 0.00 0.00(size) 5 0.040 0.050 10 0.054 0.060
0.30  0.00 0.186  0.232 0.282  0.256
0.50  0.00 0.666  0.718 0.828 0.840
0.00  0.05 0.664 0.726 0.848 0.842
0.00 0.10 1.000 1.000 1.000 1.000
100 110 105 0.00 0.00(size) 5 0.032 0.062 10 0.050 0.036
0.30  0.00 0.434 0.518 0.526  0.540
0.50  0.00 0.938  0.980 0.992 0.998
0.00 0.05 0.916 0.974 1.000  1.000
0.00 0.10 1.000  1.000 1.000  1.000

where a, z are in a common time interval [0, 1]. They showed that \/n; + noT'(z) converges
to a Gaussian Martingale with mean 0 and variance function py *hy(2) + py ha(z), where
hi(z) = [7 a?(y)fj»_l(y)dy. Hence, the test statistic T'(1 — a)/\/@{T(l —a))} is used for
two group time-effect functions comparison.

To make the proposed test and the test of Scheike and Zhang (1998) comparable, we
conducted simulation in a set-up that mimics the setting of model (6.1) but with only the




ANOVA FOR LONGITUDINAL DATA 15

first two treatments, no missing values and only the nonparametric part in the regression
by setting 3; = 0. Specifically, we test for Hy : g1(-) = g2(-) vs H1 : g1(-) = g2(-) + Aa,(+) for
three cases of the alternative shift function Ay, (-) functions which are spelt out in Table 3
and set @ = 0 in the test of Scheike and Zhang. The simulation results are summarized in
Table 3. We found that in the first two cases (I and II) of the alternative shift function Ay,
the test of Scheike and Zhang had little power. It was only in the third case (III), the test
started to pick up some power although it was still not as powerful as the proposed test.

TABLE 3

The empirical sizes and powers of the proposed test (CZ) and the test (SZ) proposed
by Scheike and Zhang (1998) for Hop : g1(-) = g2(-) vs Hip : g1(+) = g2(-) + A2n(-).
Sample Size Tests Tests
mn1 no ns Un T CZ SZ T CZ SZ
60 65 55  CaseI: Agy,(t) = Uy sin(2nt)
0.00(size) 5 0.060 0.032 10 0.056 0.028

0.30 0.736  0.046 0.844 0.028
0.50 1.000 0.048 1.000 0.026
Case II: Ay, (t) = 2sin(27t) — 2sin(27(t + Uy))
0.05 1.000 0.026 1.000 0.042
0.10 1.000 0.024 1.000 0.044
Case III: Ay, (t) = —U,

0.10 0.196 0.162 0.206 0.144
0.20 0.562 0.514 0.616 0.532

100 110 105 Case I: Agy(t) = Uy sin(27t)
0.00(size) 5 0.056 0.028 10 0.042 0.018

0.30 0.982 0.038 0.994 0.040
0.50 1.000  0.054 1.000  0.028
Case II: Agn(t) = 2sin(2nt) — 2sin(27(t + Un))
0.05 1.000  0.022 1.000 0.030
0.10 1.000  0.026 1.000  0.030
Case III: Agp(t) = —Un

0.10 0.290  0.260 0.294 0.218
0.20 0.780  0.774 0.760  0.730

7. Analyzing the HIV-CD4 Data. In this section, we analyzed a longitudinal data
set from AIDS Clinical Trial Group 193A Study (Henry et al. 1998), which was a random-
ized, double-blind study of HIV-AIDS patients with advanced immune suppression. The
study was carried out in 1993 with 1309 patients who were randomized to four treatments
with regard to HIV-1 reverse transcriptase inhibitors. Patients were randomly assigned to
one of four daily treatment regimes: 600mg of zidovudine alternating monthly with 400mg
didanosine (Treatment I); 600mg of zidovudine plus 2.25mg of zalcitabine (Treatment II);
600mg of zidovudine plus 400mg of didanosine (Treatment III); or 600mg of zidovudine plus
400mg of didanosine plus 400mg of nevirapine (Treatment VI). The four treatments had
325, 324, 330 and 330 patients respectively.

The aim of our analysis was to compare the effects of age (Age), baseline CD4 counts
(PreCD4), and gender (Gender) on Y = log(CD4 counts +1). The semiparametric model
regression is, for j = 1,2,3 and 4,

sz' (t) = leAgei (t) + ﬂjQPreCDlli + ﬁngenderi + 9g; (t) + Eji (t),

with the intercepts absorbed in the nonparametric g;(-) functions, and 8; = (8;1, Bj2, 5;3)”
is the regression coefficients to the covariates (Age(t), PreCD4, Gender).
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To make g;(t) more interpretable, we centralized Age(t) and PreCD4 so that their sample
means in each treatment were 0, respectively. As a result, g;(¢) can be interpreted as the
baseline evolution of Y for a female (Gender=0) with the average PreCD4 counts and the
average age in Treatment j. This kind of normalization is used in Wu and Chiang (2000) in
their analyzes for another CD4 data set. Our objectives were to detect any difference in the
treatments with respect to (i) the covariates; and (ii) the nonparametric baseline functions.

Measurements of CD4 counts were scheduled at the start time 1 and at a 8-week inter-
vals during the follow-up. However, the data were unbalanced due to variations from the
planned measurement time and missing values resulted from skipped visits and dropouts.
The number of CD4 measurements for patients during the first 40 weeks of follow-up varied
from 1 to 9, with a median of 4. There were 5036 complete measurements of CD4, and 2826
scheduled measurements were missing. Hence, considering missing values is very important
in this analysis.

7.1. Monotone Missingness. We considered three logistic regression models for the miss-
ing propensities and used the AIC and BIC criteria to select the one that was the mostly sup-

ported by data. The first model (M1) was a logistic regression model for p; (X jit,3, Y jit,3; 650)
that effectively depends on Xj;; (the PreCD4) and (Yji;—1), Yji—2)» Yiit—s3)) if t > 3. For
t < 3, it relies on all Yj;; observed before t. In the second model (M2), we replace the X
in the first model with an intercept. In the third model (M3), we added to the second logis-
tic model with covariates representing the square of Yj;;_1) and the interactions between
Yji(i—1) and Yj;;_oy. The difference of AIC and BIC values among these models for four
treatment groups is given in Table 4. Under the BIC criterion, M2 was the best model for
all four treatments. For Treatments II and III, M3 had smaller AIC values than M2, but
the differences were very small. For Treatments I and VI, M2 had smaller AIC than M3.
As the AIC tends to select more explanatory variables, we chose M2 as the model for the
parametric missing propensity.

TABLE 4
Difference in the AIC and BIC scores among three models (M1-M3)
Treatment I Treatment II ~ Treatment III  Treatment VI

AlIC BIC AlIC BIC AIC BIC AIC BIC
M1-M2  3.85 3.85 14.90 1490 1791 1791 10.35 10.35
M2-M3 -2.47 -11.47 093 -812 030 -8.75 -3.15 -12.27

Models

Table 5 reports the parameter estimates ﬂ} of 3; based on the estimating function Z;;(3;)
given in Section 3. It contains the standard errors of the estimates, which were obtained from
the length of the EL confidence intervals based on the marginal empirical likelihood ratio for
each f3; as proposed in Chen and Hall (1994). In getting these estimates, we use the ‘leave-
one-subject’ cross-validation (Rice and Silverman 1991) to select the smoothing bandwidths
{hj}?zl for the four treatments, which were 12.90,7.61,8.27 and 16.20 respectively. We see
that the estimates of the coefficients for the Age(t) and PreCD4 were similar among all four
treatments with comparable standard errors, respectively. In particular, the estimates of
the Age coefficients endured large variations while the estimates of the PreCD4 coefficients
were quite accurate. However, estimates of the Gender coefficients were largely different
among the treatments.

We then formally tested Hy, : 61 = B2 = B3 = (4. The empirical likelihood ratio statistic
¢y, was 20.0486, which was larger than X%70'95 = 16.9190, which produced a p-value of 0.0176.
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TABLE 5
Parameter estimates and their standard errors

Treatment I Treatment 11 Treatment II1 Treatment VI

B1 B2 B3 Ba
Age(t) 0.0063(0.0039)  0.0050(0.0040)  0.0047(0.0058)  0.0056(0.0046)
PreCD4  0.7308(0.0462)  0.7724(0.0378)  0.7587(0.0523)  0.8431(0.0425)
Gender  0.1009(0.0925) 0.1045(0.0920) -0.3300(0.1510)  -0.3055(0.1136)

Coefficients

This led to rejection of Hy, at a significant level 5 %. The parameter estimates reported
in Table 5 suggested similar covariate effects between Treatments I and II, and between
Treatments I1I and IV, respectively; but different effects between the first two treatments
and the last two treatments. To verify this suggestion, we carry out formal ANOVA test
for pair-wise equality among the 3;’s as well as for equality of any three 3;’s. The p-values
of these ANOVA test are reported in Table 6. Indeed, the difference between the first two
treatments and between the last two treatments were insignificant. There were significant
differences due to the covariates between the first two dual therapy treatments (I and II)
and the triple therapy Treatment IV. These differences, in light of all the p-values, was the
main cause for the rejection of Hy,.

TABLE 6
P-values of ANOVA tests for B;s.

Hoa p-value Hoa p-value
B = [ 0.9172 B1 = P2 = B3 0.1857
61 =03 0.0847 b1 =02 =L 0.0200
B1 = P4 0.0070 B1 =03 =04 0.0192
Bo = (3 0.0686 Bo = B3 = Ba 0.0320
B2 = Ba 0.0168 B1=02=03=/0a 0.0176
Bs = B 0.5938

We then tested for the nonparametric baseline time effects. The kernel estimates §;(t)
are displayed in Figure 1, which shows that Treatments I and II and Treatments III and
IV had similar baselines evolution overtime, respectively. However, a big difference existed
between the first two treatments and the last two treatments. Treatment IV decreased more
slowly than that of the other three treatments, which seemed to be the most effective in
slowing down the decline of CD4. We also found that during the first 16 weeks the CD4
counts decrease slowly and then the decline became faster after 16 weeks for Treatments I,
1T and III.

(a) (b)
Figure 1: (a) The raw data excluding missing values plots with the estimates of g;(t) (j = 1,2,3,4).
(b) The estimates of g;(¢) in the same plot: Treatment I (solid line), Treatment II (short dashed line),
Treatment III (dashed and doted line) and Treatment IV (long dashed line).

The p-value for testing Hop : g1(-) = g2(-) = g3(-) = ga(+) is shown in Table 7. The
entries were based on 500 bootstrapped resamples according to the procedure introduced in
Section 4. The statistics 7,, for testing Hop : g1(+) = g2(-) = g3(-) = ga(-) was 3965.00, where
we take w(t) = 1 over the range of t. The p-value of the test was 0.004. Thus, there existed
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significant difference in the baseline time effects g;(-)’s among Treatments I-IV. At the same
time, we also calculate the test statistics 7,, for testing g1(-) = g2(+) and g3(-) = g4(-). The
statistics values were 19.26 and 26.22, with p-values 0.894 and 0.860, respectively. From
Table 7, we see the p-value is much bigger than 0.05. We conclude that treatment I and
IT has similar baseline time effects, but they are significantly distinct from the baseline
time effects of treatment III and IV, respectively. P-values of testing other combinations on
equalities of ¢1(-), g2(+), g3(-) and ga(-) are also reported in Table 7.

TABLE 7
P-values of ANOVA tests on g;(-)s.

Hop p-value Hop p-value
g1(-) = g2(°) 0.894 g1(") = g2(-) = g3(*) 0.046
91(-) = gs(") 0.018 g1(") = g2(-) = ga(*) 0.010
g1(-) = ga(*) 0.004 g1(-) = g3(-) = ga(*) 0.000
g2(-) = gs(") 0.020 g2(-) = g3(-) = ga(") 0.014
92(") = g4 (") 0.006 g1(") = g2(-) = g3(*) = ga(") 0.004
93(1) = g4 (") 0.860

7.2. Not-monotone Missingness. We analyzed the model the data without assuming
missing as monotone for the missing values in this subsection. Instead of monotone as-
sumption, we assume the missing propensity depends on the past d(t) observations for a
given time t as we described at Section 2. Recall that from Section 2, if we assume small
d for the missing propensity function, more data could be used for analysis than monotone
assumption. We presented the results with d = 1,2, 3 in this subsection.

For d = 1, three logistic models were used to model the missing propensity functions.
In the first model (M1) we include intercept, PreCD4, and Yj;;_1) as covariates. In the
second model (M2), only intercept and Yj;;_;) are included. In the third model, we used
a nonlinear model with intercept, Yy;;_1), Yﬁ.(t_l), and PreCD4 as covariates. As we did
in previous monotone case, AIC and BIC values are given in the following Table 7. We
observed that model M1 had the smallest AIC at four Treatments among M1-M3. M1 also
had the smaller BIC values than M3, for Treatment II-IV, M2 had slightly smaller BIC
values. So, overall we would choose M1 to model the missing propensity. For d = 2 and
d = 3, we chose the missing propensity function in a similar way, but we do not report the
AIC and BIC values here for saving space.

Table 7: Difference in the AIC and BIC scores among three models (M1-M3)
Treatment I Treatment II Treatment III Treatment VI

AIC BIC AIC BIC AIC BIC AIC BIC
M1-M2 -7.885 -2.992 -3.870 1.039 -3.519 1.365 -0.065  5.020
M2-M3  6.506 -3.281 2.125 -7.693 2.278 -7.491 -1.368 -11.155

Models

Table 8 reported the parameter estimates and their corresponding standard errors. The
estimates for the coefficient of PrdCD4 are very much similar for d = 1,2, 3, but the es-
timates for the coefficient of Age(t) and Gender seems more variable among d = 1,2, 3.
Nevertheless, all of the estimates at one d value are in the 95% confidence interval of the
estimates at another d value. For example, the 95% confidence interval for PreCD4 in
Treatment I with d = 1 is (0.6812, 0.8368) and the corresponding estimates with d = 2,3
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are in this confidence interval. Basically, we may say the estimates at d = 1,2,3 are not

significantly different.

Table 8: Parameter estimates and their standard errors with d =1,2,3

Treatment I Treatment 11 Treatment 111 Treatment VI
Coefficients
B B2 Bs Ba

d=1 Age(t) 0.0036(0.0031)  0.0061(0.0036)  0.0039(0.0043) 0.0059(0.0037)
PreCD4 0.7590(0.0389)  0.7440(0.0339)  0.7735(0.0441) 0.8441(0.0334)

Gender 0.0650(0.0874)  0.0343(0.1082)  -0.1941(0.1208) -0.1892(0.0790)

d=2 Age(t) 0.0065(0.0037)  0.0059(0.0042)  0.0002(0.0053) 0.0050(0.0041)
PreCD4 0.7538(0.0429)  0.7282(0.0360)  0.7574(0.0443) 0.8409(0.0392)

Gender 0.0309(0.0895)  0.0318(0.1075)  -0.2134(0.1282) -0.3019(0.0910)

d=3 Age(t) 0.0054(0.0036)  0.0049(0.0040)  0.0056(0.0053) 0.0044(0.0042)
PreCD4 0.7540(0.0443)  0.7666(0.0368)  0.7607(0.0482) 0.8476(0.0406)

Gender 0.0716(0.0955)  0.0942(0.0930) -0.2776(0.1294) -0.2527(0.1081)

Next, we summarized the ANOVA test results on s with d = 1,2,3 at Table 9. The
p-values are consistent in the sense that the order of the p-values at different d values were
almost the same. For instance, the test for Go = (34 alway had the smallest p-value among all
the p-values with same d. We observed that when d = 2, 3 the tests for 81 = (84 and Gy = (4
had p-values less than 0.05. The tests between 31, 2 and (34 had smaller p-values than the
other tests. All the test results showed the similarity treatment effects due to covariates
among Treatments I-11I (dual therapy treatments) and difference with Treatment IV (triple
therapy treatments).

Table 9: P-value of ANOVA test on s with d =1,2,3

Hoa p-value Hoa p-value

d=1 B1 = 2 0.9470 Br= P2 =Ps 0.6781
B1=fs 0.3593 B1 =2 =0 0.1100
b1 =04 0.0683 61 =03 =0 0.1842
B2 = f33 0.4096 Bo=Ps = 0.1729
B2 = P4 0.0503 B1=2=[s=ps 0.1986
Bs = Ba 0.5675

d=2 B1 = [ 0.9726 B1 =2 =G5 0.6066
b1 = (s 0.2788 61 =02 =0 0.0289
B1=Pa 0.0265 B1 = B3 = fu 0.0674
Ba = f33 0.3370 Bo =3 = B4 0.0576
Bo = fs 0.0125 B1 ===/ 0.0614
B3 = Ba 0.3686

d=3 b1 = a2 0.9936 B1= 2 =P 0.3168
B1=fs 0.1681 B1 =2 =0 0.0601
B1 = Ps 0.0391 B1 =3 =0 0.0957
B2 = B3 0.1089 Bo = Bs = B 0.0554
B2 = P4 0.0252 B1=2=0s=P0s 0.0662
B3 = Ba 0.5611

Finally, Table 10 illustrate the ANOVA test for the nonparametric baseline time effect
functions. The p-values are obtain from the bootstrap calibration test we introduced in
Section 5. Each p-value were based on 500 times resampling. The bandwidth selection
method and the weight function w(t) are the same with the monotone case. We found that
the p-values when d = 3 are quite similar to the monotone case.

This data set has been analyzed by Fitzmaurice, Laird and Ware (2004) using a random
effects model that applied the Restricted Maximum Likelihood (REML) method. They
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Table 10: P-values of ANOVA tests on g;(-)s with d = 1,2,3

Hoy p-value Hop p-value

d=11 gi(-) = g2(") 0.750 g1(-) = g2(-) = g3() 0.224
g1() = g3(") 0.068 g1(-) = g2(-) = ga(") 0.070
g1(-) = ga (") 0.026 g1(-) = g3(-) = ga (") 0.038
92(") = gs(") 0.110 g2(-) = gs(-) = ga(*) 0.058
g2(-) = ga(°) 0.016 g1(-) = g2(-) = g3(") = ga(") 0.056
g3(-) = g (") 0.550

d=2 1| gi(-) = g2(") 0.896 g1(-) = 92(-) = g3(*) 0.358
g1(-) = gs(°) 0.154 g1(-) = g2(-) = ga(*) 0.036
g1(-) = ga(°) 0.016 g1(-) = g3(-) = ga() 0.054
g2(-) = g3 (") 0.216 g2(-) = gs(-) = ga(") 0.106
g2(-) = ga(*) 0.048 g1(-) = g2(-) = g3(") = ga(") 0.046
gs(-) = g4 (") 0.446

d=3| gi(-) = g2(-) 0.886 g1(-) = g2(-) = ga() 0.044
g1(-) = g3 (") 0.016 g1(-) = g2(-) = ga(*) 0.010
g1(-) = ga(*) 0.002 g1(-) = g3(-) = ga (") 0.004
92(") = gs(°) 0.042 92(-) = g3(-) = ga(-) 0.026
92(") = 94 (") 0.014 g1(-) = g2(-) = g3 (") = ga(") 0.004
g3() = g4(") 0.812

conducted a two sample comparison test via parameters in the model for the difference
between the dual therapy (Treatment I-IIT) versus triple therapy (Treatment VI) without
considering the missing values. More specifications, they denote Group = 1 if subject in the
triple therapy treatment and Group = 0 if subject in the dual therapy treatment, and the
linear mixed effect was

E(Y[b) = 1 + fat + B3(t — 16)+ + B4Group x ¢
+ B5Group x (t — 16)4 + by + bat + b3(t — 16) 4,

where b = (b1, ba, b3) are random effects. They tested Hy : f4 = 5 = 0. This is equivalent to
test the null hypothesis of no treatment group difference in the changes in log CD4 counts
between therapy and dual treatments. Both Wald test and likelihood ratio test rejected the
null hypothesis, indicating the difference between dual and triple therapy in the change of
log CD4 counts. This result is consistent with the result we illustrated in Table 6 and 10.

8. Appendix: Proofs. The following assumptions are made in the paper:

Al. Let S(0;) be the score function of the partial likelihood Lp,(;) for a g-dimensional
parameter 0; defined in (2.3), and 6o is in the interior of compact ©;. We assume

E{S(6;)} # 0if ; # 00, Var(S(0j0)) is finite and positive definite, and E (%ﬁo))
exists and is invertible. The missing propensity m;im (60) > bo > 0 for all j,i,m.
A2. (i) The kernel function K is a symmetric probability density which is differentiable

of Lipschitz order 1 on its support [-1,1]. The bandwidths satisfy njh? /log? n; — 00,
n;/2h;*—>03nd hj — 0 as nj — oo.

(ii) For each treatment j, (j = 1,--- ,k), the design points {t;;,} are thought to be
independent and identically distributed from a super-population with density f;(t).
There exist constants b; and b, such that 0 < b; < sup,eg fj(t) < b, < 0.

(iii) For each hj and T}, j = 1,--- , k, there exist finite positive constants o, b; and
T such that o;T; = T and bjh; = h for some h as h — 0. Let n = Sk nj,n;/n — pj
for some non-zero p; as n — oo such that Zle p; = 1.
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A3. The residuals {€;;} and {uj;} are independent of each other and each of {€;;} and

{u;i} are mutually independent among different j or i, respectively; maxj<j<p;
_24r

2(4+T

E|€ﬂm\4+’" < 00, maxXi<i<n, lwjimll = op{n (logn;)~ 11 for some r > 0; {wjim}

satisfy, for each j

nhglooz ZE ]Zm 0) UimUjim} = u > 0.
J

i=1m=1 ﬂ-ﬂm

A4. The functions gjo(t) and h;(t) are, respectively, 1-dimensional and p-dimensional
smooth functions with continuously second derivatives on S = [0, 1].

Remark: Condition A1l are the regular conditions for the consistency of the binary MLE
for the parameters in the missing propensity. Condition A2(i) are the usual conditions for
the kernel and bandwidths in nonparametric curve estimation. Note that the optimal rate
for the bandwidth hj = O(n; 1/5 ) satisfy A2(i). The requirement of design points {t;i,,} in
(A2)(ii) is a common assumptlon similar to the ones in Miiller (1987). Condition A2(iii) is
a mild assumptions on the the relationship between bandwidths and sample sizes among
different samples. The positive definite of ¥, in Condition A3 is used for model identification
(Héardle, Liang and Gao, 2000).

Derivation of (3.9) : To appreciate this, we note from (3.7) that via standard deriva-

tions in empirical likelihood (Owen, 1990) that ||| = Op(ngl/Q), and

nj
= (szl(ﬁ) 2 ZZJ’L +Op _1/2)7 Jj= 1,2,... k.
Then we can write

k n; nj nj
£n = 2min 9 {Z Z5(B) (32 Z5i(8) Zis(B)) ' 30 ZW)} o {(m}“ ”ﬂ‘)_m}
. i=1 =1
— min B ’ ¥ 0p 4 (minn;)~Y
(A1) =mi Z {Z Jlgzﬂ(ﬁ)}Jr p{( lin ;) ”}

where Bj := limy,; oo ﬁ S E{Z;i(Bj0)Z;i(Bjo)"}, which is not related with 3 for any
B = ﬁ]O + A]TL and AJTL = O( _1/2)

Using the Lagrange method to carry out the minimizations in (A.1), we want to minimize

T 1 (¢ o k
=52 Z T <Z Z5B)B Y Zji(ﬁj)) = > (B —
j=1 = i=1 j=2
where 11, --- , n; are lagrange multipliers. Then

aQ 1 m A 5lzm

1
R LI 3p3

i=1m= 17rlzm )

k
Xlszlzm Z 15,
j:

and

a 1 : 'Lm <
8ﬁQJ Z IZ Z ] jszﬂm—l-nj, ji=2,...,k,

nj Ji=1 i=1m= 17T31m
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Setting #1 = P2 = - -+ = B, = 3, then the minima [ satisfies
k j
(A.2) Z QIJB YD Zji(B) = op(1).
]:1 i=1

Inverting (A.2) for 3, we have

k _ k
b (0 0,) (0,870,,) <00

j=1 j=1

LEMMA 1. Suppose (ei1,...,er), is a sequence of T- dimensional independent ran-
dom wvectors and T is a fized ﬁmte number, and maxi<;<n E(leim|®) < 0o for some § > 1
and all m. Let {ajim, 1<i,57<n,1<m<T} bea collection of real numbers such that
maxlgjgn 2?21 Z%:l |ajim| < 0o. Let dn = maXlSi,an’lngT |ajim|, then

n T
max | Y Y ajimein| = O{max(n'/?d,, d%/*)logn} a.s.

<5<
e ppe—

PRrROOF. This can be proved in a similar way as Lemma 1 of Shi and Lau (2000).

LEMMA 2. Under assumptions A1, A2(i), A3 and A/, we have

(i) if g(t) = g(t) - le 1 Zml 1 wjzlml,h(tjim)g(tji1m1)> then g(t) = Op(h2 + \/111]7)7
(it) for Bj defined after (A.1) and 3 = Bjo + Ajn, where Bjo is the true value of B; and
Ajn = O(n_l/Q),

1 n; T Ty
Bj = lim 72 Z Z E{V]lmyjlmlejlmsjlmlu]lmujlm1}

n;—00
J n J7) =1 m=1m1=1

where Vjim = 5J@m7T]mln(‘9j0);
(117) for any 1 <1 +# g <k, under the hypothesis: Bjo = [q0,

_ _ _ _ —1/2 _ _ d
{0 B + (0,1 By )} (90, Yy, — 051,y ) - N0, 1)

PRrROOF. We only give the proofs for (1) and (iii) as that for (ii) is straightforward. For

convenience we define A(;,,) = Z“ 1 Zml 1 Wiiymy h(tjim ) A(tjim, ) for a generic function
A. The result in (i) will be true if Bias{g(¢)} = O(h?) and Var{g(t)} = O{(njh)"'}. Note
that

B &(t) _ nJT Z 1Zm 1 ( sz/Wsz( N En(tjim — )g(tjim)
ion ot T Sy st /mjst () Kn(tjsr =)

Following a standard procedure in nonparametric regression, it can be shown that E{g(t)} =
o (0)/ 15 (1) + O(h?) and

Var{g(t)} = Var(¢)/u3(t) + u () Var(f)/ 1} (t) — 2p4(t)Cov(f, ) /1 (2)
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where i, (t) = E{p(t)} and ps(t) = E{f(t)}. Now we can write
Ojim -1 Tiim (050)
——— = {0jimT;; (0j0) {1—3(0-—9-0)—1-0() .
jim (0;) inyid O} mim(0j0) 7T /g
By the MAR assumption, we have p,(t) = ﬁ S f{zl Ky (tjim — t)g(tjim){1 + o(1)}
and pr(t) = ﬁ S Zny:l Ky (tjim —t){1 4+ o(1)}. Since {tjin} satisfy Condition A2(ii),

a Taylor expansion can used to show that Bias{g(t)} = O(h?).
For Var(¢), we can get the following expansion,

T;

2
Var(p) = T2 Z (Z LmAKh(tjim —1)g(tjim) — Ngo,jim))

1 Wﬂm(gj)

2 Z Z [(ﬁKh( jiimy t)g(tjhml) - Mtp,jilm1)

11714 M1,M2 Tr]“m? .7)

d;
s Kh(tjl2m2 - t)Q(tji2m2) - M@,jigm2)j|;
Tjigma 9])
where i, jim = E{ﬂj‘j:’(';j)Kh(tjim — 1)g(tjim)}. The first term is obviously O{(n;h)~'},

since Tj is fixed and finite. The second term equals to

11m 7T/'i m (0 )
2 Z Z ($Kh(tﬁ1ml - t)g(tﬁdml)(l — (9 - 9]0)) - M<P7ji1m1)

iFiami,me  jiima (%j0) Tjivma (050)
5ji2m2 ﬂ;’igmz (0 ) —1
X (| ———Kp(tj —1)g(tjs 1—79—9 — i + O(n;
<7rji2m2 (9]'0) (jzzmg )g( ]zzm2)( Tjigma 9]0 ( ]0)) M(p,]lgmz) ( j )

i1m Tivmi (050) 5
- 2 Z Z (#Kh(tﬁlml - t)g(tjilml)j”lilj(gj‘ — 9]‘0))

i17in M1,m2 Tjiyma (0) Tjirma (050)
5ji2m2 77‘;’527712(0]0) A —1 -1

X | ——————=Kn(tjioms — )9 (tjigme) =———(0; —0j0) ) + O(n; ") =O(n; ).
(wﬁmwjo) (tama = 09{tyiama) 22 G50, = 010)) + 0015 1) = Oy )

Therefore, Var(¢) = O{(n;h)~'}. In a similar way, we can prove that Var(f) and Cov(f, )
are also O{(njh)~'}. Therefore, we have Var{g(t)} = O{(n;h)~'}.
We now prove (iii). Since we know that

-1 -1 ]zm % Y
ij Qmjyj - xj Z Z jlm}/}im
i=1m=1 lem(ej)

1 : Sjim o o
= 0! — L Xim (Y fimBj0) + Bjo
1 . i
= Q. D Zji(Bjo) + Bjo,
and because samples [ and g are mutually independent, we need to show that, for j =1, g,
(Q;lejQ;jl)*l/2Q;lexjyj 4, N(0, I,), which is equivalent to show that

mz Ji 510 ( )
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Recall that Yiim = X7Bj0 + Gjo(tjim) + sﬂm, where gjo(tjim) = gjo(tjim) — Gjo(tjim),

5jim = €jim — Ejim and A( jim) = Zzl 1Zm1 1 Wiiyma, h(tjzm)A(tjhml)- Then, it follows
that

D Zji(Bjo) = ZZ “’”
i=1

~jzm {9]0( ]zm) +5]zm}
i=1 m=1 Tjim ])

n: T
Sy - Tr;zm(g )
B ;mZ:l {5jimﬂ-ji71n(0j0)} {1 B 77-]””(022)(9] 9]0) + Op( j 1/2)} jim {QJO( ]zm) + 5]zm)}
Tj
B Z 2 { jim i (0 )} Xjim {G0(tjim) + Ejim) } {1+ 0p(1)}.
i=1m=1

—1/2)

The last equality is true, since 9j — 0o = Op(nj . At the same time, we can decompose

Kjim {Gj0(tjim) + Ejim) }

= {ﬁ(tﬁm) + Ujim — ﬂ(tjim)} {G50(tjim) + €ji(tjim) — Ejim }

= UjimEjim + {(B(tjim) = U(tjim))ejim + (Gjo(tjim) — ?jim)ujz'm}
+ { altjim) = Tt 5im)) @G10(tjim) = Fjim) }

= I + I> + I3, say.

From assumptions in A2(') and the facts that maxi<; i <n; 1<m,mi <T; Wiiymy h(tjim) =

O{(njh;)~'} and 371 07 wjiymy w(tjim) = 1, we have, by applying Lemma 1

(A.S) IISI}L%)?(L]‘ ”h(tﬂm) — ﬂ(tﬂm)” = 0(1) a.s., 12%)727 ’gjo(tjim) — gjim‘ = 0(1) a.s.,
_ . _ ~1/2
3 (Atjim) = @(tjim)) (G50(Egim) — Zjim) | = o(n; %) as..
i<n;
Therefore,

i(Bjo) = imT am (050) ¢ (11 + T2 + 1I3)
VnJ];] ’ vn]];;l{] j }

=Jy+ Jo+ J3, say.
It is easy to see J3 = 0,(1), and from (A.3),

n; T;
1202 01) % |2 3 5 (im0 i

n; Tj
+0p(1) x H\/T% i: i:l {Ssim it (030) } €gim| = 0p(1)
=1 m=

We note that Var(J;) = Bj and J; is a sum of independent random variables. Therefore,
we will complete our proof by verifying the Linderberg-Feller condition for o/.J;, for any

a € RP. Let vy, = 5j¢mﬂj;71?1(9j0). Then for any € > 0, let

n.; T}
n = zj:var { Z (6% U]ZmV]zmgjlm} = O(nJ)7

i=1 m=1
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1 T; T; 9
An(e) = I ZE[I{ Z & WjimVjim€ jim > 6@}{ Z O/ujz'mvjz'mEjz‘m} }
i=1 m=1 m=1

n o
1 T 24r T =
A+r A+r
< 72 (BUCY awjimvjimejin = VL)) ™ (Bl Y o'wjimjimejim! )
n =1 m=1 m=1
1 &, Bl ZTJ O UjimViimE jim |17
< 72 m=1 jimVjiim€jim
- L, = (ev/Ly)+2
. T, 2)/2 _
o C A EIS i zsimlofny ™ (logn) (4 ]
= Ln pat (E /Ln)r+2
Cllaf** =
= — gz otlog W) ()} — 0,

where C'is a finite positive constant. This completes the proof of (iii).

LEMMA 3. If the conditions A1, A2, A3 and A/ hold, then under null hypothesis Hog,

. d
i.e. Bro = B0, In = X3

PROOF. Let Sy := Y5, Qy B7'Qy, and S := Y5, O, B 'Oy . In this Lemma,
k = 2. Then,

b = (Qy, — 5357 Q)) BT (Qaryy — Ry S7152)

T1Y1
+ (Q;Qyz - Sgsl_IQm)Bgl(szw - szsl_ISQ) + 0p(1)
= (0,4, %, 81— S5) ST Quy By ' Qu, ST (9190, Qs — S2)
+ (90,2, S1 — 53) 87 Qay By Q0 ST (G190, Qg — S2) + 0p(1)

It is easy to show that

1901 Ve — So = oy By M 0y (0 Uiy — 00 D),
S190 Vg — So = Qo By 0y () Qs — 0 Qi)
Then
g” = (leyl QJT11 - Q;zyQQ;;)V(Q;llleyl - 9;21917022/2) + OP(1)7

where

V= (923232_19932)51_1(927131_19271)51_1(927232_19272)
+ (Qay BT Q) ST (R, By Q) ST (Qy By ')
=P+ Pg,say.

We note that
P = (990232_19902)51_1(leBl_lgwl) - (990232_19902)51_1(leBl_lgwl)Sl_l(leBl_lgwl)
and

Py = (927232_19272)Sl_l(leBl_lgml) - (927232_19272)Sl_l(933232_19232)51_1(9%131_1911)'
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It follows that V = (Qu, By 'Q4,)S7  (Qe, By 'Q, ). Thus, to prove the theorem, we just
need to show that

_ _ . _ _ iy -1 _ d
(Qxllgivlyl - Qa:21QZ‘2y2) {(QxllBlganl) + (nglBQngl)} (Qx119$1311 —Q 1Ql’2y2) - X}ZN

€2

which is true as Lemma 2(iii) implies

— _ — _ —1/2 /~— — d
{(Q$11B19w11) + (Q:EQIB2QLI:21)} / (Q$119$1y1 - Q 19121}2) - N(O’ Ip)

€2

This completes the proof of Lemma 3.

Proof of Theorem 1: Let 57 := E?:l Qijj*lej and Sy = Z?:l Qijj*lejyj. From
(3.8),

k

>

ln iy S;Slexj)Bfl(ijyj — Qq, 871 82) + 0p(1)

<
[y

(2
D (7,281 = S5) S By 10 ST (8190, Qs — Sa) + 0p(1).

k

<
[y

It can be shown that

Q;lifzmlyl — Q;%szyz T Q;;mel — Q;%sz
QL Qg — Q0 QL Qg — Q0

(A4) En — 1 191 . 3 3Y3 20 1 191 . 3 3Y3 + Op(1)7
Q9;119961111 - Q;;Qﬂﬁkyk Q:;llgmm - Q;kIQIkyk-

where Y is a (k — 1)p x (k — 1)p matrix with (j — 1)—th (j = 2,--- , k) diagonal matrix
component as (ijBj_Iij) — (Qijj_IQmj)Sl_l(Qijj_IQmj) and (p —1,q — 1)—th (p,q =
2,---, k) matrix component is —(QmpBIlezp)Sl_l(quBglﬂwq).

To make the derivation easily presentable, we only present the detail proof for k = 3, as

the general case can be done similarly except more tedious. From (A.4), we have

0710, — Q710 ! Q710,,,, — Q510
A5 gn — 31 T1Y1 1772 xr2y2 D :31 T1Y1 32 r2Y2 +o0 1 ,
( ) < Qx119$1y1 - Qx31913y3 ) 0 ( QxllQitlyl - QZ‘ngxSyS > p( )
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where ¥y = ( é'47 g ),

A = Vio1 + Vao1 + V3o3 + Viaz + Vaza + Vaio
= (Qup By 1 2,) S (0, By 'y ) — Vaou
+ (Quy By 12,) ST (Quy By 1 Q) — Vaog + Vaga + Varo
= (Quy By Q) ST (U, BT Q) + (y By Q) ST (e, By ' Q)
+ (R By 1 2,) ST (St — Q0 By 1 20,) ST (00, By 1 Q)
— (Quy By 190,) ST (0, By 1924,) ST (ST — Quy By 10,)
= (Qy By ' Quy) ST (U, BT Q) + (y By ' Q0,) ST (g By ' Q)
+ (Qay By 22,) ST (R By ' Qay) — (o By ' Q) ST (R, By ' Q) — Vazo + Voo
= Q0 By 'y — (Vy By 1Q0,) ST (2, By 1),
B = V313 + V3a3 + Viz1 + Vazo + Vizo + Vo3p
= Qs B3 Qg — (Vs By 1) ST (s B3 1) and
C = Va13 — V323 — Vig3 — Vago — Va3
= — (2, By 1) ST (s By 1 Q).

From the proof of Lemma 2, we know that

0710, — Q710
¥, = Var Ty T T2 o T2Y2
! ( Qxllgfflyl - Q$31Q13y3 )
:< Q' By + Q5 By} O, B0 >

Q.1 BiO} QB + Q. Byt

As Yo = X!, from (A.5) £, <, X%p’ This completes the proof.

27

Proof of Theorem 2: We note that EBUZD A Nie—1)p(V, Lig—1)p)> where D and ¥p

are defined before Theorem 2 and (3.10) respectively, and v = El_)l/ °D. From (A.5), £,
DTEng + 0p(1), therefore ¢, — X%kfl)p(’)ﬂ)’ which completes the proof of the theorem.

Next we give the proof of supy (o 1) [75(t0)| = Op{(njh;)~1/?logn;}, which requires the

following corollary from Lemma 1.

COROLLARY 1. Suppose ei,...,e, are independent random variables with E(e;)

0, (i=1,...,n) and maxi<i<, F(|e;|%) < 0o for some & > 2. Let G;(t) be smooth functions
of t on [0,1] and is Lipschiz continuous of order 1, maxi<ij<nsup;cg |Gi(t)| = O(d,) and

supyes Yiy |Gi(t)] < 00 as n — oo, then

n

Z Gz (t)ei

=1

sup = O{max(n'/%d,,d}/*)logn} a.s.

tes

PROOF. Let 7, = max(nl/(sdn,d}lﬂ) logn. We may select ti,ta,...,t, € S with k,

O(n/ty) such that for all ¢ € S there exist some j € {1,...,k,} such that |t —¢;| < Cr,/n.

Then,
|Gi(t) — Gi(tj)| < CJt —t;| < Cry/n.
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and for some j,

suE]ZGi(t)ei\ :sup]ZGi(t)ei Z eZ+ZG el
tes A

=1

< Cln~ TnZeZH— max |ZG eil.

=1

By Lemma 1, we know maxi<j<p | > i; Gi(tj)ei] = O(,) a.s.. We also need to show
In =, S50 €] is O(7y) as.. Let €] = e;I{|e;| < i'/°}. Then

In~ TnZ€1|<‘7’L Tnz  — el +|n” TnZe— N+ |n~ TnZEe—eZ)|

i=1
= K1+K2+K37 say

For K, since maxj<;<, E(le;]®) < oo, 352, P(le;| > i'/%) < oo. According to Borel-
Cantelli lemma, 37, [e;|I{e;| > i'/%} < 0o a.s.. Thus, K = o(r,) a.s.. For K3, we note
that, for § > 2,

In~ TnZEe —e)| <nlm, max E|e| ZE ~O=D/ e ]? > i})
1=1 i=1

<n~ TZZ O-1/6 < 7. Zz (20-1)/ = O(1y).

Let M, = 2n'/°. Then P{|e, — E(e})| < 2M,} = 1 for each i < n. Applying Bernstein
inequality, we get

n2

1—-2
[n Ll Z{e —E(e)}] > Tn} < 2€Xp{ RCon (D)5 1 4:?77,(5“)/5} < 2exp(—Cin"3),

where C1 = m < o00. As Yooy exp(—Clnl_%) < oo and apply Borel-Cantelli lemma,
we have Ky = o(7,) a.s.. In summary, [n='7, 3" e;| = O(7,) a.s.. This completes the
proof.

LEMMA 4. Under Assumptions A1, A2, A3 and A4, and suppose h; = O(n=1/%), then

sup [nj(t)] = Op{(n;h;)"*logn;}.
tOe[Ovl}

PROOF. Generalizing Owen(1990), we need to show

1 B
(A.6) sup |[—— 3" Rji{gjo(t)}] = Op((njh;)"*logny),
tefo,1] nghT =
(A.7) max sup |R;i{gjo(t)} = Op((njhy)/*log™ ' ny),

1<i<n; telo, 1]

1

A8
(A-8) {njth 2

?i{gjo(t)} >dp} =1 for a positive dy > 0.
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Recall that vjim = 0jim/Tjim(0j0), then we have, for any ¢ € [0, 1],

tﬂm — e
WZR]’L{QJO )} {m;mle< >ijm€jlm

ng T}

> D> K <tﬁ a_ ) Viim {(g50(tjim) — 9j0(t)) — (95 (tjim) — 95 (1))} ,

nihiT = s

n; Tj
Qs g [ tiim — . .
\/m szl > K < ’ > ViimX jim (Bjo — ﬁj)}{l +o0p(1)}

m=1

= {S51(t) + Sja(t) + Sjg(t)}{l +0,(1)}, say.

We know Bjo — B = Op(n; /%) and oL 5302, 31 K (4520) = 0,(1). Recall that
Tjim(0j0) > bo for all j,i,m. Then for all ¢ € [0,1],

11 & (i — /i
1Sj3(t)] < | == K ( = ) max || Xjiml|| 30 - Bill = Op(y/hy),
J bO’ n]hjz} ;mz::l ] ‘ J J J J

It can be shown (Lemma A.7 in Xue and Zhu, 2007) that

1Spa(t S5k (’“‘J“" - ) {(g70(tjim) — g50(0)) — (@5(tjim) — 35(6))}]

‘_b ’,/n]hT]Z rifo]
= op(1).

Let Gjim(t) = Kp (tjim —t) /(n;T};). From Assumption A3, maxi<i<n; Elejim[*T < 0o
and max; , sup,c g |Gim(t)] = O{(njh;)~1} = O(n; 45 ), because the kernel K is Lipschitz
continuity with bounded support S. Applying Corollary 1,

_1 —
tS%I)l]’(njhjjy) 2851 (1) = Op{(nshy)~"/*log n;}.
€|0,

Thus (A.6) is proved. For (A.7) and (A.8), the proofs are similar to Lemma 1 in Chen et
al. (2003), which we omit the details here.

Proof of Theorem 3: Let v;(t, h;) = 3.~ R2 {g(t)} and

! jzm tjim —t
Z Z (‘9]) ( h; )

i=1m=1 Tjim

To simplify notation, we sometimes hide the arguments of v;(t, h;) and d;(t, hj). After
plugging in the leading term of £, (¢) into 7,,, we have the leading term of 7, which is

k ng kJ k‘ N
/Zv{l [Z]Rji{o} — (e )Y v d Y R0} (et
j=1 i=1 s=1 s=1 i=1

Under the local alternative gs0(t) = g10(t) + CrnsAns(t) for s =2, - | k, the test statistic
7,, can be written as

k
’];L = /01 ;2};1 {Bg(t) + Ai(f) + 2An(t>Bn(t)} w(t)dt + Op(l)

(A.9) 1= Tn1 + Tna + Tnz + 0p(1),
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-1
where A, (t) = dj{C’njAnj(t) — (Zle v;ldg) sk UgldzCnsAns(t)} and

—1 k

ZRﬂ{gJO )} = d; <Z U_ldQ) sz_ldssti{gso(t)}
s=1 i=1
Define 02; = r T P E{Wﬂgo b R(K) = [ K?(t)dt and V() = R(K)oZ,; f;(t).
We first Show that (n]T h;j ) vi(t,h;) 2 Vi(t). According to the definition of vj(t, h;),

Rji{g(t)} and g(t) = gjo(t )+O{(ng J)72}, we get

1 n; ) 5 T; t]zm —t 2
LS R = S (S K )
- J

mititi = i=1 \m=1
1 & ¢ A A
njh;T; < —
777170 =1 \m=1
1 U ¢ A
- nah T Z ( s VjimX. j’Lm (Bjo — B5) | + op(1)
VAR A =1 \m=1

= A1 (t) + Aa(t) + As(t) + 0p(1)

It is easy to see that A3(t) = Op(n; 1), since Bjo — B; = Op(n~1/2). For Ay(t), we note
that the kernel K(¢) has support on [ 1,1] and is Lipchitz continuous from assumption
A2(i). Then a Taylor expansion yields

T} . 2
As(t) = hl - Zl (Zl Vi K (t]%mj t) (92'0(75) — g;(t))(t — tjim) + Op(hi))

T

2
1 ¢ tjim — ¢ i
< ,h.T‘Z<ZVﬁmK<]h~ )) 1950(t) = 95()PI + 0p(h5) = 0p(h5).
i =1 \m=1 i

since gj(t) — §j(t) = op(1). Note that A;(t) can be written as

: ¢ T
M0 =SS S R () et
J i=1m=1m1=1 J
1 _
— Z Z K? < jim ) Jsz Jz(tﬂm)
J i=1m=1 ]
1 tjim1 —1
n;h;T; Z Z K K\ == | ViimVijimi€ji(tjim)eji(Ejim: )
Ji=1 m#my h; J
= An(t) + Ana(t).
Then

: ) pi(x,y)oe;(x)oe;(y) fi(z) fi(y)dzdy

smr- 22 [ ()

= 1y (T; — 1o% () () {1 + (1)} = O(hy),
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which is the case since T} is finite. Note here, when m # my, A12(t) is similar to the kernel
estimator for a bivariate function. Whereas in two dimensional kernel estimator are divided
by anjh% However, the denominator is n;Tjh; in Aq2(t), so this term become smaller order

term relative to Apy(t). From assumptions A2(ii) and A3, we know Ay (t) 2 Vj(¢).
Let us first consider the first term in 7,, given in (A.9),

1 k
Tu= [ Y v Ba(t)yw(t)dt
j=1
k k
= 01]21(1— [Zjlv ta2] —1d§)vj—1[§;Rﬂ{gjo( )} @ (t)dt

S I ] a3 o] [ 3 Rttt

s=1
(A10) =T -7, sy,
Let
nj T; Tj

Qi Qi Eai £ P T— ta: —t
52 (t) _ JrmYyimy ©ame gamy K( J1m )K (.7””1) and
i n;h;T; lzlmzl mlz1 Tjim (00)jima (650) hj h;
1

n; T
2 J A PR to ¢ 5is £ Lo ¢
5'2 (t) - _ = E ' 2 : jimejim K ( jim ) }: ji1my jnle < Ji1my > .

We observe that

7 - /Z{l— UCAOEIOL

+f Z{l — WSO}, (0S5O (0t {1+ 0,(1)}
= <T<”)+T N{1+0,(1)}-

Since B{S%(t)} = V;(t) + O(h), B(T1") = Sh_y [3 (1= Wj(#))w(t)dt = k — 1+ O(h) and
the variance of ’2;1(111) is O(n~'h) = o(h), under the condition h = O(n~'/%). Thus

(A.11) 20T (k- 1) 2o

tjim—t

Define @-i (t) =

) Vjim€jim, then we have

1 T}
\/ﬁ Zm:l K (

(a1 T =YY [0 W01 O 065 (0t + 0017,

i=lii
and
(@) _ N e 1N W)W (1) 172
(A13) T, _#m:ll:l(n]nﬂ) /O(M) i ()€ 1(t)w (t)dt + 0,(R1?).
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Let N = Z?:l nj. We stack ; (j =1,--- ,k,i=1,---,n;) to form a sequence ¢,, s =
,N. Let G; be the collection of the subscripts of ¢ whose corresponding £ are in
Treatment j. Define

(A.14)
k k
Chs(t) = {z_: (p € Gj,s €G))V, ZZ( igg))l/Ql(peGj,ser)},

j=11=1

where n(p,s) = Zle SF o (ngn) 2I(p € Gy, s € Gp) and I(p € Gy, 5 € Gy) is the usual
indicator function. Using these notations, we may write

(A.15) Uy =T -1 = 2221,& s Bs),

p=1s<p

where ¥(dp, ¢s) = [ Cps(t)p(t)¢s(t)w(t)dt. Then (A.15) is a quadratic form with kernel
Y(dp, @s). Let 012)5 = Var{¢(¢p, ¢s)}. Using results for generalized quadratic form with
independent but not identically distributed random variables (de Jong, 1987) if

N

(A.16) {Var(Uy)}  max ags — 0 and
s=1

(A.17) {Var(Uy)} 2EUx — 3,

then (A.15) is asymptotically normally distributed with mean 0 and variance

A.1R Var(Uy) = Var T(IQ) + Var T( N — 2Cov 7(12) 7(2) .
nl

’» “nl

Let us first derive Var(Uy). We note that Vau‘(’]jl(12 )= Zj 1 n2 Siciy OLjii, Where

7 i = { [ [ e )sm(t)aji(u)gm<u>w<t>w<u>dtdu}

T2 Z {1 —V2 (tgzm)} gﬂ(tﬂm) 5]11(tﬂlm1) Q(tjim)

m,mi J (tﬂm)

X <K(2)(tjim_h?ji1m1))2{1_}_0(1)}’

J

where 02;(tjim) = E{e%;,,/mjim(0j0)}. Since {tjim} are fixed design points generated from
a density f;(t), via a Taylor expansion and by Assumption A2(ii),

(A19)  Var(ZU?) = 2nR(K) 2K (0) i b;! /0 1(1 — W, (1)@ (t)dt{1 + o(1)}.
j=1

Similar to our derivation for the variance of ’Z;l(ll 2), it may be shown that
(A.20)
Var(T.?)) = 2hR(K Z K, (O)(bib) / W ()W, (6 (H)dtH{1 + o(1)}.

J#5
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From (A.18), we also need to calculate the covariance between ’2;1(11 2 and ’];1(12 ), Using the

same method for calculating variance for ’Z;L(ll ) and ’Z;L(l), we may show that

(A.21) Cov(TU?, TP = 0(n?),

nl

In summary of (A.19), (A.20) and (A.21),

(A.22) Var(Uy) = ho? = 2hK (0 / A= () dt{1 + o(1)},

where A(t) is defined just before Theorem 3.
Next we need to establish the conditions (A.16) and (A.17). For (A.16), we have

{Var(Un)} mzLxN Z

k 1 gy
_ 2 2
= (hog)™" max { .~ Z i ji, + Z > 0 jijuin )
1<i<n, n; i1=1 —1 "M i1=1

Tjq

< (hag) { gjagi { 2 Z Ul ,Jii1 + 1I£13a<)§€ { Z Z U?]zylzl }

1§z§nj .7 i1=1 1§_i§_n J1=1 ‘7 -]1 11=1

From conditions (A2) and (A3),

1 {1 = W;(tjim)}* o 9
ot o 2t = s e S O
1<i<n; 7 i1=1 1<i<n, J NI

ng Ty

2
8 {nle > > gjil(tji1m1)<K(2)<W)> }

J i1=1my1=1 J

= max { S {1 = W (tjim) Y202 (tim) 02 (jim) £ (i) 2 (Eim) |

n;T,
1<7,<nj 57 m

x {R(K) 2K (0)}h; = O(n~"h).

And similarly, max i1<j<k {Zﬂ 1 ﬁ Z?lhl 2313111} O(n~1h). These imply (A.16).
It is remain to check (A.17). By (A.15), we have
(12 12 2
B(UX) = BTy ) —4B{(T0" P T} + 0BT (1))
(2)43

(A.23) —4B{TS(T D)%) + BT

It can be seen that E{(TTl(llz))3’Z;(12)} = E{’Z;l(lu) (771(12))3} = 0. At the same time, we observed
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that
(A.24)

BTy ZZ” / {1-w ‘%t)@(t)ﬁm(t>w@>dfr}

j=1 z;éu

+ 35 Z;M [0 w03 0606 ]

Tl]1

DS n?| / {1 = W (O}, (0651201, ()dt] )+ o().
j1=1  ig#ig
i#i] 1] #ig

The term marked by (A.24) is O(n~2), hence is negligible; and the second term on the
right hand side converges to 3{Var(7, (12))}2 Similarly, we can show that E(T( ))4 —
3{Var(T)12 and 6 E{(Z0)2(T'P)2} — 6Var(T; ) Var(T?). From (A.23),

Tim {Var(Un)} 2E(UY) = lim 3{Var(Uy)}*{Var(T,(*)) + Var(T,7)}? = 3.

Therefore, (A.17) is verified and then we have the asymptotic normality of Uy.
In summary of (A.11), (A.15) and (A.22),

(A.25) h*l/Q{T,ﬂ —(k—1)} % N(0,02).

Let us consider 7,9 = fo -1 v_1A2( t)w(t)dt. Recall the definition of A, (t) in (A.9).
From Assumption A2(iii) that there exist finite number a; and b; such that

Cin = aj_l/ij_l/él( T)~Y2h=14 and n;T;h; = (ajbj)~'nTh. Thus, h=Y?(T — j11) = 0,(1)

and where

k 1 )
/1 PR (st4v; WE (0,082, | (00t

Jj=1

It remains to consider 7,3 = 2 fol ?:1 vj_lAn(t)Bn(t)w(t)dt. Using the expression of
A (t) and B, (t), we can decompose 7,3 as

1 k nj
Tia=2 [ Y07 b)Y Rilgn(®}=(0)dt
=1 i=1

1k
_2/0 (Zvj—ld? (Zv_ld CrjAnj(t )(Z?ﬁld ZRsz{gso ) (t)dt

We know that

n; k ‘
=2 [ z Vi) F(0Cs A0 () 3 Risdgpo@}(®)dt = 237 1 TEH1 + 0,(1))

i=1 j=1
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: T,
Tos” = (T2 S0 S wiimegim Jo Vit F5(0) s (D)t — tjm)o(t)dt. Thus we
)is O ,(h3/4) if we can show ’1;(33) = Oy(1). It is sufficient to show that

can say ’T(
)= ( ). Indeed, after some algebra, we get

Var(7,;”
Var(T4) = RO [ 0o B30y [ K ()a={1+ 01} = O(1),

Therefore ’Tn(;) = 0,(h3/*). The second term of 7,3, ’];1(3) can be written in a similar form
as T3, which is also O,(h3/*). Thus T3 = O,(h**). In summary of these and (A.25),

n3

YT, — (k—1) — ) <, N(0,03). Thus the proof is completed.

Proof of Theorem 4: We want to establish the bootstrap version of Theorem 3. To avoid
repetition, we only outline some important steps in proving this theorem.

We use v} (t, h;) and d*(t, h;) to denote the bootstrap counterparts of v;(t, h;) and d(t, h;)
respectlvely Let 05(1) and O;(1) be the stochastic order with respect to the conditional
probability measure given the original samples.

We want to show first that

(A.26) (njthj)_lv;-‘(t, hj) = V*(t) = 0,(1), as n; — oo.

where V*(t) = R(K)&gjfj(t). This can be seen from the following decomposition,
1 n; Ty iim — " 2
* A
h T ZR {gl n]h]TJ g Z ijm ( h] > Ejim

1 L —t ’
+ V*’Lm X Zm )
nih;T; ;é; ;E;a ! < ) ’

1 mm—t
s i (B

2
1 (tjim) — 30(1)) — (35 (5im) — g;(t))}) +o3(1)

J i=1 \m=1
= A} + A5 + A5+ 03(1),
6*'Lm 6*1777. 5 ZW(G ) 5 ’bm(é ) A
where ijm = Tr]”]n(é;) = 7r]”]n(9) (1 _ N ﬂ.jlm(ej) J > . Then we can apply Wjim(ej) —

Tiim(07) = O5(n; %), B — B = O5(n; /%) and g(t) — g7 (£) = 05(1) to A3 and Aj. By the

similar procedure as we derive expression for v;(t, h;) in the proof of Theorem 3, we can
get (A.26).
Corresponding to the leading term of 7, the leading term of 7." is

o,
/ ZU* ! Z z{gl (Zv* 1d*2> ZU: 1d*ZRsz{gl }2 (t)dt
:/ Z{l—W* NV (0)S (tym(t)de + | /Zu-w* OV )SE () (1)t

/ Z?g / vy ld:2:| v; ' ; ;kl 'd; [Z i ’{'gl }[Zlisz{gl } )dt}
JFIN S= i
= Bl + 327



36

where Wi (t) =

2
S;

S.X. CHEN AND P.S. ZHONG

_ H®/agbe)
S fi)/{abie? )

(t) defined in the proof of Theorem 3. Then, using a similar approach to the one used in

p ij(t) and S;‘%(t) are the bootstrap version of 5321 (t) and

establishing the asymptotic normality of 7,1 in (A.10) in the proof of Theorem 3. We may
show that

hY2{Bf — (k—1)} =0i(1) and h~Y2Bj|X, L N(0,02) as.

Hence, Theorem 4 is established.
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