An Adaptiv e Empirical Likelihood Test For Time SeriesModels?
By SongXi Chenand Jiti Gao

We extend the adaptive and rate-optimal test of Horowitz and Spokoiny (2001) for speci cation
of parametric regressionmodelsto weakly dependert time seriesregressionmodelswith an empir-
ical likelihood formulation of our test statistic. It is found that the proposedadaptive empirical
lik elihood test presenesthe rate-optimal property of the test of Horowitz and Spokoiny (2001).
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1. INTR ODUCTION
Considera time seriesheteroscedasticy regressionrmodel of the form

(1.2) Yr=m(X)+ (X)e; t=1;,2:::;n

where both m() and () are unknown functions de ned over RY, the data f (X¢;Y:)glL,
are weakly dependert stationary time series,and e is an error processwith zeromeanand
unit variance. Supposethat fm ()j 2 g is a family of parametric speci cation to the
regressionfunction m(x) where 2 R%is an unknown parameter belongingto a parameter
space. This paper considerstesting the validity of the parametric speci cation of m (x)
againsta seriesof local alternatives,that is to test

(1.2) Ho :m(x) = m (x) versusH; : m(x) = m (x) + C, n(x) forall x 2 S;

where C, is a non-random sequenceending to zeroasn ! 1, ,(X) is a sequenceof
functionsin RY and S is a compactsetin RY. Both C, and ,(x) characterizethe departure
of the local alternativefamily of regressiormodelsfrom the parametricfamily fm ()] 2 g@.

There have beenextensiwe investigationson employing the kernel smaothing method to
form nonparametricspeci cation testsfor a null hypothesislike Hy; seeHardle and Mammen
(1993), Hjellvik, Yaoand Tj stheim (1998)and others. A commonfeature amongthesetests
is that the test statistics are formulated basedon a single kernel smaothing bandwidth h
which corvergesto Oasn! 1 . This leadsto acommonconsequencéhat C,, which de nes
the gap betweenH, and H,, hasto be at least of the order of n ¥2h 9% in order to have
consisten tests. In other words, thesetests are unable to distinguish betweenHq and H,
for C, at an order smallerthan n *2h 9% which can be much larger than n 72, the order
achieved by someother nonparametrictestsfor the above Ho versusH; with  (x)  ( X),
for instance the conditional Kolmogorors test consideredin Andrews (1997). The single
bandwidth basedkerneltests alsohasno built-in adaptability to the smaothnessof ().
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In a signi cant developmen, Horowitz and Spokoiny (2001) proposea test by conmbining
a studertized version of the kernel basedtest statistic of Hardle and Mammen (1993) over
a set of bandwidths. They establisI'H'n the morerestrictive caseof ,(x) ( x) that the
test is consisten for C, = O(n 2" loglog(n)) which almost reachesthe order of n 72,
Most remarkably, the test is adaptive to the unknown smoothnessof m in H; which formsa
Helder smoothnessclassof functions. In particular, if functionsin the lp-|olderclasspossesan
unknown s-order derivatives, the test is consistett for C, = Of (n 1 loglog(n)) 25¢s+dg
fors max 2;% , which is the optimal rate of corvergencefor C,, in the minimax senseof
Spokoiny (1996) and Ingster and Suslina(2003).

We considerin this note two extensionsof the adaptive test of Horowitz and Spokoiny.
Oneis to include weakly dependent obsenations; the other is to usethe empirical lik elihood
(EL) of Owen (1988) to formulate the test statistic, which is designedto equip the test
statistic with somefavorablefeaturesof the EL. We shaw that the above mertioned optimal
or near optimal rates for C, establishedby Horowitz and Spokoiny (2001) are maintained
under theseextensions.

The rest of this note is organizedas follows. Section 2 proposesthe adaptive empiri-
cal likelihood test and preserts the rate-optimal property of the test. Section 3 presens
simulation results. All the technical proofs are provided in the appendix.

2. AD APTIVE EMPIRICAL LIKELIHOOD  TEST

Like existing kernel basedgoodness-of- t tests, our test is basedon a kernel estimator
of the conditional meanfunction m(x). Let K be a d-dimensionalboundedfunction with a
compactsupport on[ 1;1]%. Let h be a smoothing bandwidth satisfying

(2.1) h! 0 and nh%log®(n)! 1 asn! 1;
and Kp(u) = h 9K (u=h).
The Nadaraya-Watson (NW) estimators of m(x) is

n

- Kn(X XY
m(x) = Pl ;
() = Kn(x Xj)

Let ~be a consistert estimator of under Hy. Like Hardle and Mammen (1993), let
P
?:P Kh(x  Xym(Xy)
be a kernel smaoth of the parametric model m (x) with the samekerneland bandwidth as
in h(x). This is to avoid the bias of the kernel estimator in the goodness-of- t test.

Chen, Hardle and Li (2003) propose a test statistic basedon the EL as follows? Let
Qi(xX) = Kn(x X)fYy m(x)g. At an arbitrary x 2 S, let pi(x) be nonnegatiwe real

m-(X) =

20ther kernel based EL tests with a single bandwidth are Fan and Zhang (2004) and Tripathi and
Kitam ura (2004).



numbersrepreseing weights allocated to ead (X¢;Y;). The EL for m(x) evaluated at the
smaothed parametric model m(x) is

(2.2) Lfm-(x)g= maxY] Pt (X)

t=1

n

P P
subjectto [, pi(x) = 1and [, p(X)Qu(x) = 0. As the EL is maximizedat p(x) = n 1,
the log-EL ratio is

fm(x)g= 2log[lLfm(x)gn"]:

The EL test statistic at a given bandwidth h is
Z

(2.3) (msh)y= “fm(x)g (x)dx;

where () is anongegatie weight function supported on the compactsetS RY satisfying
(x)dx =1 ang 2(x)dx < 1 .
Let R(K) =  K?2(x)dx, v(x) = R(K) 2?(x)f %(x) and
Z Z
(2.4) C(K: )= 2R (K) KO() “dx  Ay)dy,

whereK @ is the corvolution of K. Chen, Hardle and Li (2003) shav that asn! 1
Z

(2.5) h %2 “(msh) 1 h%2 v ¥2(x) 2(x) (x)dx !°

N (0; C(K; ))

for the caseof (x) = jSj !l (x 2 S) wherel is the indicator function and jSj is the volume
of S. An extensionof (2.5) to a generalweight function is automatic. Chen, Hardle and Li
(2003) then proposesa single bandwidth basedEL test basedon critical valuesobtained by
simulating a Gaussianrandom eld.

Like all nonparametric kernel goodness-of-testdasedon a single bandwidth, the test is
consisten only if C,, is at the orderof n 72h 9 or larger, indicating that C, hasto corverge
to zeromoreslowly than n 2. The latter is the rate establishedfor nonparametricgoodness-
of- t tests basedon the residualswhen there is no smaothing involved. To reducethe order
of C,,, we employ the adaptive test procedure of Horowitz and Spokoiny (2001) for the EL
test asfollows. Let

(2.6) Ho= h=hpxd: h hpn k=01;2::: 3,

be a setof bandwidths, where0 < a< 1,J, = 109;-,(Nmax=hmin) is the number of bandwidths

in Hy, hmax = Cmax (loglog(n)) 7 and Amin = Cninn for 0 < < % and some positive
constarts 1 < Cmin;Cmax < 1 . The choiceof hyay is vital in reducingC, to almostn 12
rate in the caseof () ( ). Therangeof allowshpy, = Ofn ¥*dg the optimal
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order in the kernel estimation of m(x). In view of the fact that Ef "(m-; h)g= 1 under Hy
and varf *(m-;h)g = C(K; )h? asgivenin (2.4) the adaptive EL test statistic is proposed
asfollows:

Letl (O< < 1)bethel quartile of L, where is the signi cance level of the test.
Motivated by the bootstrap procedureof Horowitz and Spokoiny, we proposethe following
bootstrap procedureto appraximate | :

1. Foreaht = 1,2;:::;5n, let Y, = m(Xy)+ n(Xi)e, where () is a consisten esti-
mator of (), fe g is sampledrandomly from a distribution with E[e,]= 0,E [g,?] = 1
andE jgj* < 1 for some > 0.

2. Let " bethe estimateof basedon the resamplef (Xt;Y; )oi; . Computethe statistic
L, by replacingY; and ~with Y, and " accordingto (2.7).

3. Estimate| byl ,thel quartile of the empirical distribution of L, which canbe
obtained by repeating steps1{2 many times.

The estimator 2() can be the following kernel estimator

P, )
t=1 lﬂ:p(x Xo)f Yy m(x)g
?:1 Kb(x Xt)

(2.8) a(x) =

with a bandwidth b such that nhy,, ! 1 asn! 1.
The proposedadaptive EL test rejectsHq if L, > | .

3. MAIN RESUL TS

The following theoremshaows that the adaptive EL test hasa correct sizeasymptotically.
Theorem 3.1. SupmseAssumptionsA.1 and A.2(i)(ii)(iv) hold. Then under Hy,

lim P(L,>1 )= :
n'l

In the following, we establishthe consistencyof the adaptive EL test againsta sequence
of xed, local and smaoth alternatives,respectively. Let the parameterspace be an open
subsetof R4. LetM =fm (): 2 gandf(x) bethe marginal density of X;. We now
de ne the distancebetweenm and the parametric family M as

Z 1=2
(3.1) (m;M) = igf [m (x)  m(x)]*f (x)dx
2S

X

The consistencyof the test againsta xed alternative is establishedin Theorem 3.2 below.
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Theorem 3.2. Assumethat AssumptionsA.1 and A.2(i)(iii))(iv) hold. If thereisa C > 0
suchthat (m;M) C forn ng with somelargeng, then Iim,; P(L,>1)= 1.

We then considerthe consistencyof the EL test against special from of H, of the form

(3.2) m(x) = m (x) + C, ( X)
whereC,! Oasn! 1, 2 andfor positiveand nite constarts D;;D, and D3,
Z
(3.3) 0< D; x)f (x)dx Dy<1 and (Mm;M) D3Cy:
x2S

Theorem 3.3. AssumeAssumptionsA.1 and A.2(i)(iii). Let AssumptionA.2(iv) hold with
hmax = Ch(lgglog(n)) 7 for some nite constant C,. Let m satisfy (3.2) and (3.3) with
Cn Cn ¥ loglog(n) for someconstantC > 0. Then

lim P(L,>1)=1

nll

To discussthe consistencyof the adaptive EL test over alternativesin a Heolder smaooth-
nessclass,we ilgtroducethe following notation. Letj = (j1;:::;jq) whereji;:::;ja  Oare
integers,jjj= ., ja and Dim(x) = % wheneer the derivative exists. De ne the
1 d

Helder norm jimjju;s = sup,s j; s(ID'm(x)j). The smoothnessclassthat we consider
consistof functionsm 2 S(H;s) fm:jjmjjy.s Cuygfor someunknownsandCy < 1.
Fors max(2,d=) andall suciently largeD,, < 1 , de ne
2s=(4s+ d)

(3.4) Bhn= mM2S(H;s): (mM) Dy n P loglog(n)

Theorem 3.4. Assumethat AssumptionsA.1 and A.2 hold. Let m satisfy (1.2) under H;
and(3.4). Thenfor0< < landBy;, denedin (3.4), limyy infpoe,, P(Lhn>1)= 1.

4. SIMULA TION RESUL TS

We carried out two simulation studies which were designedto evaluate the empirical
performanceof the proposedadaptive EL test. In the rst simulation study, we conducted
simulation for the following regressiormodel usedin Horowitz and Spokoiny (2001):

(4.1) Yi= ot Xi+(5=) (Xi=)+ i

wheref ;g are independert and identically distributed from three distributions with zero
meanand constart variance,f X;g are univariate designpoints and = ( o; 1) = (1;1) is
chosenasthe true vector of parametersand is the standard normal density function.

The null hypothesisHy : m(x) = o+ 1X species a linear regressioncorrespnding to
= 0, whereasthe alternative hypothesisH; : m(x) = o+ 1x+ (5=) (x=) for = 1.0
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and 0:5. Readersshouldreferto Horowitz and Spokoiny (2001)for details on the designsX,
the three distributions of ; and other aspects of the simulation. We usedthe samenumber
of simulation, the bootstrap resamplesand estimation proceduresfor asin Horowitz and
Spokoiny (2001). We also employed the samekernel, the samebandwidth setH,, and the
sameestimator 2 and the distribution for e in the bootstrap procedureasin Horowitz and
Spokoiny (2001). Like Horowitz and Spokoiny, the nominal sizeof the test was 5%.

Table 1 summariesthe performanceof the adaptive EL test by adding one column to
Table 1 of Horowitz and Spokoiny (2001). Our results show that the proposedadaptive EL
test hasslightly better power than the adaptive test of Horowitz and Spokoiny (2001), while
the sizesare similar to those of Horowitz and Spokoiny (2001). This may not be surprising
asthe two tests are equivalert in the rst order. The di erences betweenthe two tests are
() the EL test statistic carriesout the studertizing implicitly and (ii) certain higher order
featureslik e the skewnessand kurtosis are re ected in the EL statistic. Thesemight be the
underlying causefor the slightly better power obsened for the EL test.

The secondsimulation study was conductedon an ARCH type time seriesregression
model of the form:

q
4.2) Y, = 0:25+ 0:5Y; 1+ C,cos(8; 1)+ 0:25 Y2, + 1le;

wherethe innovation f g, waschosento beindependen andidentically distributed N (0; 1)
random variables. The samplesizesconsideredin the simulation weren = 300and n = 500.
The vector of parameters = (; ; ?) wasestimatedusingthe pseudo-maxinum lik elihood
method, which is commonly usedin the estimation of ARCH models. In the bootstrap
implemertation, we chosee, " N (0; 1) and the estimator 2(x) givenin (2.8).

We chosethe bandwidth set H, = f0:3;0:332 0:367 0:407 0:453 with a = 0:903 for
n = 300and H, = f0:25 0:281 0:316 0:356 0:4g with a = 0:889 for n = 500. Both the
power and the sizeof the adaptive test are reported in Table 2. We found the test had good
appraximation to the nominal sign ciance level of 5%, which con rms Theorem 3.1 and the
quality of the bootstrap calibration to the distribution of the adaptive EL test statistic. As
expectedwhen C, wasincreasedthe power of the test wasincreased;and for a xed level of
C,, the power increasedvhenn wasincreased.The latter wasbecausehe distancebetween
Ho and H; becamelarger when n was increasedalthough C,, waskept the same.

Department of Statistics, lowa State University, Ames, IA 50010;songchen@iastateds;
http://www.public.iastate.edu/ %7esongche/workin gpapers.html
and
Schol of Mathematicsand Statistics, The University of Western Australia, Crawiey WA
6009, Australia; jiti@maths.uwa.du.au; http://www.maths.uwa.edu.au/~jiti

APPENDIX
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This appendix givesthe assumptionsand proofs of the theoremsgiven in Section3.
A.l. Assumptions

Assumption A.1. (i) Assumethat the process(Xy;Y;) is strictly stationary and -mixing with
the mixing coe cient

(t) = supfj P(A\ B) P(A)P(B)j:A2 $B2 g9

for all s;t 1, wher ‘, denotesthe -eld generted by f(Xg;VYs) : i s jg. There exist
constantsa> Oand 2 [0;1) suchthat (t) a 'fort 1.

(i) Assumethat for allt 1, P(E[ej ¢ 1J=0)=1 and P E[€] { 1]=1 = 1, wher
1= f(Xs+1;Ys):1 s tgisasagueneof -elds genelated by f(Xs1;Ys):1 s tg.

(i) Let =Y, m(X;). There existsa positive constant > 0 suchthat E j (j** < 1.

(iv) Let i(x) = E[}X = x], S be a compact subsetof RY, St be the support of f and
ﬁ =S\ S bea corﬁmct setin RY. Let be a weight function supmrted on S such that that
os (89ds= land 4 2(s)ds  C for someconstant C. In addition, the marginal density
function, f (x), of X; and (x) for i = 2 or 4 are all Lipschitz continuous in S, and that all the
rst two derivatives of f (x), m(x) and »(x) are continuous on RY, infyos (x) Cp > O for some
constant Co, and on S the density function f (x) is bounded belowby C; and above by C; ! for some
Cs > 0.

(v) The kernel K is a product kernel as de ned by K (x1;  ;Xq) = Qidzl k(xi), Wheﬁ k()isa
r-th,order univariate kernel which is symn]gtric and supprted on [ 1;1], and satises  k(t)dt =
1; t'k(t)dt=0for 1 =1; :r 1and t'k(t)dt= k, 6 O for a positive integer r > d=2. In
addition, k(x) is Lipschitz continuous in [ 1;1].

Let the parameterset be anopensubsetof R9. LetM =fm (): 2 g Dene5 m (x)=
%, 52m (x) = @@;"C@(X), and 5 °m (x) = g—gog%n wheneer these derivativ es exist. For any
q qmatrix D, de ne jjDjj1 = sup,sra ”j?v}?j , wherejjvjji2=" L vZforv=(vi;:::;vg) .
Assumption A.2. (i) The parameterset is an open subsetof RY for someq 1. The parametric
family M = fm (): 2 gsatises: For eachx 2 S, m (x) is twice di er entiable almost surely
with respect to 2 . Assumethat there are constants0< C3;C, < 1 suchthat

E supjm (X1)j> C; and max E supjj 5/ m (X0)ji3  Ca
2 J 2
L., _ Pg Py
wher jiBjif, = L [ Bf for B=fljo i q
For each 2 , m (x) is continuous with respect to x 2 RY. Assumethat there is a nite

C, > 0 suchthat for every" > 0
Z

x2S ;2 ijjnf g " m GO m O(X)]Zf (ax G "
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(i) LetHg betrue. Then o2 andlimpyy; P pﬁjj~ ol > CL <" forany" > 0andall
su ciently largeC, .

(i) Let Hp be false. Then thereisa 2  suchthat limpy; P pﬁjj j>C. <" for
any " > 0 and all suciently largeC,.

(iv) Assume that the set H, has the structure of (2.6) with hmax > hmin n for some
1

constant suchthat 0< < 55 and hmax = Cp(log log(n)) ¢ for some nite constant Ch> 0.
Assumption A.1 is quite standard in this kind of problem and Assumption A.2 corresponds to
Assumptions 1{2, 4 and 6 of Horowitz and Spokoiny (2001).

A.2. Technical Lemmas

From (2.6) of Chen, Hardle and Li (2003), one may show that
Z
(A.1) “(moh)=nh?  UZ(x v 1(x) (x)dx+ 0p(h?)

uniformly in h 2 H,, where

X X

X0
Ui(x;D) = (nh%) K -

t=1

fYr  m(x)g

and v(x) = R(K)f 1(x) 2(x) if the issueof boundary is not considered.
Let Wi(x) = K 2Z+ ag = nh? W)W (X)v }(x) (X)dx,and ()= (X )=

m(Xi) m (Xt).nlgde ne "
X X
(A.2) “on(h) = ast st and Qn( )= Qn( ;h) = ast s( ) t():

s;t s;t

Then the leading term in ",(m- h) is
z
(A.3) n(h; ) nh? UEOG IV X)) ()dx= Ton() + Qa()+ a();

where (7)) = "1n(h;?)  “on(h) Qn(") is the remainder term.

. . R 2, R
Without lossof generality, we assumethat C(K:; )= 2R 3(K) K®(x) “dx  ?(y)dy= 1.

In view of the de nition of L, = maxnaH , % and (A.3), de ne

“on(h) 1 “in(h; 1 “m(h; ) 1
e o= 2 2= 2T ang Ly = 20T
where = ¢ whenHgistrue and is asdened in Assumption A.2(iii) when Hg is false. Let

Lon(h) and L4, (h) be the respective versions of Loy(h) and L1,(h) de ned above basedon the
bootstrap resamplef (Xi;Y; )g.



Lemma A.1. Supmsethat Assumptions A.1 and A.2(i) hold.

(i) For every > 0, we havethat maxnon , SUR; anT(d) C 2 holdsin probability, where
C > 0 is a constant.

(i) Foreach 2 andsuciently largen, wehavethatC;th? () () Qn() Coh? () (
holdsin prokability, where ()= ( 1(); ; n()) and0< C; Cp< 1 areconstants

Pro of: (i) It follows from the de nition of Q,( ) that Qn( ) jiAji1ji ()jj%> Let A be the
matrix of n  n with fag;g asits s t elemen. In orderto prove LemmaA.1(i), one needsto shaov
that jjAjjs  Chd holds in probability for someconstart C > 0. Let q(x) = v 1(x) (x). We now
have

Z
JAjj1 max X ast C(1+ 0p(1)) max K S g(x)f (x)dx
Tin P 1tn h .
C(1+ op(1))h? max (f(X1) o(X1)) K (u)du Chd

(A.5)

using the fact that
Z Z X Xs

K
ass = nh? Ws(x)W(x)g(x)dx= P h ok 2 X q(x)dx
h K 2 Xu h
u=
Z K X Xs X Xt
= (1+0p(1) P K L —~—K F—  q()f (x)dx:
u= h

In order to prove Lemma A.1(j), it suces to show that sup; ; Jj ( )ii?  Cn 2 holds
in probability. A Taylor seriesexpansionto m (X{) m ,(X;) and an application of Assumption
A.2(i) nish the proof of Lemma A.1(i).

(ii). Let min(A) and mnax(A) denotethe smallestand largest eigernvaluesof A, respectively. In
view of min(A) ji ()ii? Qn() max(A)ji ()ji% in order to prove Lemma A.1(ii), it su ces
to show that for n large enough, min(A)  Cihd9(1 + 0p(1)) holds in probability. Sud a proof
follows similarly from the proof of Lemma A.2 of Gao, Tong and Wol (2002).

For simplicity, in the following lemmas and their proofs, welet q= 1. For1l | 3, dene

i i
j(Xi )= mD(xy) = Lo,

Lemma A.2. Under Assumptions A.1 and A.2(i), we havefor any given 2

12 paxh @2 Xy ) = Op(1);
(A.6) Jp 1 max ast s 1(Xt; ) = Op(2);
n s=1 t=1

Pro of: It suces to show that for any large constart Cy > 0

n # n
1=2 d=2 XX X XX 1=2},d=2
P J, " maxh % ast s 1(X¢; ) > Co P ast s 1(Xy; ) > Codp™h™

h2H
" s=1 t=1 h2H s=1 t=1

)

#



n #2
X 1 XX

_—E
C2J,hd

X 1 (x50 )

ast s 1(Xt; ) ——— Elast s 1(Xe; )2+ ()

27 hd
h2H s=1 t=1 h2H Codnh s=1 t=1

P, P P, P
where 1n()=E[ L, rfiass 1(Xo )® oy miElas s 1(Xo )%
A direct calculation shovsthat asn! 1

X0 xn
(A7) Elast s 1(Xe; )? =

s=1 t=1
ZZ Xy v x
q(x)a(y)K @ - K@ e () {(y; )f (¢ y)dxdy = C()h?(L+ o(1))
for somefunction C( ).

Similarly to (B.4) of Gao and King (2001), we may show that asn! 1,
(A.8) () = o(h?):

Therefore, the proof of (A.6) is completed.
Lemma A.3. Under Assumption A.1, we haveasn! 1
_ _ X
(A.9) J, 2 maxh 92 max ast s = Op(1):

h2H 1tn
" s=1

Pro of: The proof is similar to that of Lemma A.2.

Lemma A.4. Under Assumptions A.1 and A.2(i)(ii), we havefor eachu > 0 and under Hy,

d=2 XX 1=2, 1=2
(A.10) ggx sup h % ast s t( ) = 0p Jy™n =
i ooj n F2u s=1 t=1

Pro of: Using a Taylor seriesexpansionto m (X;) m ,(X;) and Assumption A.2(i), we have
for Obetween and

XX XX
asts t() = ast s[m (X¢) m (Xl
s=1 t=1 s=1 t=1
XX ) o1 XX ) 5
(A.11) ast s 1(Xt; 0) j o] * > ast s 2(Xt; 0) j o)
s=1 t=1 s=1 t=1
1 XX . 5, XX . .
+ = ast s 3(Xy; % J o) ast s 1(Xt; 0) j o)
s=1 t=1 s=1 t=1
1. .2 X1 X1 l . .3 X1
+ S o ast s 2(X¢; o) + 2N of ast s max  3(Xy 9 -
2 6 1t n
s=1 t=1 s=1
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Hence, (A.6), (A.9), (A.11) and Assumption A.2(i) imply

(A.12) max sup h 92 ass () Op J¥?n 12
h2Hnjj o n 172y =1 t=1
The proof of (A.10) follows from (A.11) and (A.12).
Lemma A.5. Under Assumptions A.1 and A.2(i)(iii) hold. Then under H1, for everyu > 0,
any ¢,! 1 andsomeh?2Hj,

x X d=2
(A.13) sup ast s (X; ) = op(chh™™):
i jon gy =g
Pro of: The rest of the proof follows similarly from that of (A.12) usinglimn,1 ¢, =1 .

Lemma A.6. Supmsethat AssumptionsA.1 and A.2 hold. Thenasn! 1

max Ln(h) Mmax Lan(h) + 0p(1) = Mmax Lon(h) + 0p(2);

Lon (D) + 1);
lgr;gv:Lln(h) max on(h) + 0p(1);

and maxnzn , L1n(h) = maxnon , Lon(h) + 0p(1) under Ho.
Pro of: The proof follows from (A.2), (A.3), (A.4) and LemmasA.2{A.5.

Lemma A.7 . Supmse Assumptions A.1 and A.2 hold. Then the asymptotic distributions of
Maxn2H , Lon(h) and maxnzn , L, (h) are identical under Ho.

Pro of: In view of Lemma A.2, in order to prove Lemma A.3, it suces to show that the
distributions of maxnoH , Lon(h) and maxnon , Ly, (h) are asymptotically the same. Similarly to
the proof of Lemma A.2, we can show that

! !
— X1 —
(A.14)  maxh d=2 ass 2 1 = 0p(1) and max h d=2 ass & 1 = 0p(1):
" s=1 " s=1

_ P P
Thus, it suces to show that maxnoH, ¢g¢ast s t and MaxnoH, ¢ st s ¢ have the same
asymptotic distribution. For h 2 H,, let uy =  or ; and de ne

2 3
X
(A.15) Brn(u1;:::iun) = h 924 agusud
s6t
Let Bnh(uy;:::;un) be the sequenceobtained by stacking the corresponding Bnp(Ug;:::; Un)
(h2 Hp). Let G() = Gn() be a 3{times cortinuously di eren tiable function over R’". De ne
@G(v)

Ch(G) = su max —
n( ) VZR‘]pﬂ iijk =1;2;0050n @i@'j @y

11



Like Horowitz and Spokoiny (2001), there are two stepsin the proof of Lemma A.3. First, we
want to show that

J3 1=2
(A.16) JEIGBn(1;::5 n))] EIG(Ba( 1::55 a)li CoCa(G) —+

distribution.

Throughout the rest of the proof, we replaceag in (A.15) with as(h) = h 972ag. Note that

(A.17) JE[G(Bn( 1;::5 n))] E[G(Bn( 1515 Wi
X
E GBn( 1;::55 65 t+15 5 n)  EIGBn( 15 ¢ 1 s o
t=1
whereBn( 1;::%; ny ne1) = Bn( 1305 n)and Bp(o; 15005 n) = Bn( 15iits p)-

We now derive an upper bound on the last term of the sum on the right{hand side of (A.17).
Similar bounds can be derived for the other terms. Let U, 1, , and ~p, respectively, denote the
vectorsthat are obtained by stacking

X 1 X 1 X 1 X 1
Uhn = ast(h) s t; hn = 2n asn(h) s; “hin = 2, asn(h) s:
s=1 t=1:;6s s=1 s=1

Using a Taylor expansionto the last term of the sum on the right{hand side of (A.17) about
= , = Ogives
n n

h i
JEIGBn( 1;::5 a)]l EIGBa( 1:::55 n 13 )i E GO(Un ) n Th)
h i n h io
1 Ch(G . .
+5E nG%RUn 1) n ThGRUn )T 4 ”é JUE i +E

where G%and G%denotethe gradient and matrix of secondderivativesof G and C,(G) is a positive
and nite c%nstart. i

h i
SinceE hj n1 = E j o1 forj= 1,2, wehave
h i h i
E n nini1=0andE nn nnlni=0
This implies
. o cuen_ . ., _h o
(A.18) JE[G(Bn( 1;::5 n))]l E[G(Bn(1i::: n a5 o) 5 E I ni® +E i%ai”
To estimate the upper bound of (A.18), we needthe following result:
Z
_ 1 X Xs X Xt
(A.19) asy = @ K H K H g(x)dx
1 X X 1 X X
= o KUK u+ =20 X+ uh)du= Slp =X

12



R
whereqg(x) = v 3(x) (x) and La(x;y) = K (u)K (u+ x)q(y + uh)du.
Using Assumptions A.1{A.2 and (A.19), we haveasn! 1
2

3
X X X1 x1?
(A.20) E4 82, (ho)af, (h2) £ 7 75
h12H n ho2H s=1 t=1:6s
X X 1 Xs X X¢ X
2 S n. 2 t n. 224
T R T AR
hi2H  ha2H 12 - ! 2
X X h1h,)d
= ( 1n22) L3 xh_z; L3 yh—z;y uv2w? (x; y; z; u; v; w)dxdydzdudvdw
1 2

h12H , ho2H 7 b
X X
= 1 L2(x1; X3+ X1h1)L3(X2; X3 + X2ho)u?v2w?
2 2 1, A3 11 2\A2, A3 2112
hi12H , ho2H

2
f (x3 + x1h1; X3+ X2h2; X3; u; v; w)dxidx,dxzdudvdw  C JF” a+ o(1));
where f (X; y; z; u; v; w) is the joint density function of (Xg; X¢;Xn; s; t; n)and0< C< 1 isa
constart.
Similarly to the proof of Lemma C.2 of Gao and King (2001), we can show that asn! 1
0

1
X 1 ) 3 4 JIn
(A.21) ——gE@ aZ, (h1)asn (h2)am (h2) 3¢ fA = o —
. (h1h2) n
hyi;ha2H 4 1 s6t n 1 1
X 1 2 2 4 ‘Jﬂ
WE @ ag, (hi)amn (h2)aun (h2) St nA = 0 r
Ohl;hZZH n 172 1 s6ts6ut6u gn 1 1
X 1 X 4 JIn ?
7dE @ dsn (hl)atn (hl)aun (hz)avn(hz) stuv nA = 0 —
. (h1h2) n
hi;h22H 1 s6ts6us6vitéutév,uév n 1
using the fact that for every givenx,
X X X X .
(A.22) E L, th Xt + =E Lz th Xt E[d t1] =0
implied from Assumption A.1.
Equations (A.20) and (A.21) then imply that asn! 1
2 3
X X X 1 . Jn 2
(A.23) E4 asn(h1) s&n (h1) taun (h2) vawn(hz) v n5 C N :

h12H nh ho2H q s;ituv=1

Let A5 be the vector that is obtained by stacking asn(h) (h 2 H,). Equation (A.23) then
implies that asn! 1

2 3 8 2 3,9 3=
K 1 3 2 X K 1 2723
(A24) E jj ni® = 84  Amsn 5 8 E4 asn(h) s n 2
s=1 . h2H , s=1 ’
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x X Xt #) =4

= 8 E &sn (hl) s8tn (hl) t&un (hZ) uavn(hz) v ﬁ
h12H , h22H 4 situv =1
3=2
C Jn :
n
h [
A similar result holds for E jj ~pnjj® . Thus
h I Jn 3=2
(A.25) E ji ffi®+E jimaj®> 2C U

Step 2: As demonstrated in Horowitz and Spokoiny (2001),

im P maxB M X P maxB M x =0
nil hat, et n) AL n)

for any real x is equivalert to
0 1 0 1
Y Y
lim E@ | Bmn(1::5n) xIA E@ | Bin( 1;::: ) XA =0
h2H n h2H n

Following the lines of Horowitz and Spokoiny (2001) by utilizing the above establishedbound
(A.25) and using (A.17), it can be shown that asn! 1

J3 1=2
(A.26) P }gnghn 1;::5n0) x P ,?213)”(8“” L) X C F” I o

This implies (A.16) and nally completesthe proof of Lemma A.7.

Lemma A.8. Supmsethat Assumption A.1 holds. Then for any x 0, h 2 H,, and all
su ciently largen

X2
P (Loy(h) > Xx) exp 7

Pro of: It follows from the proof of Theorem 1 of CHL (2003) that, for any small > 0 there
exists a large integerng 1 sudh that forn ngandx 0, jP(Ly,(h) x) ( x)j< , where
u2
(X)=pe= | e zdu Wethereforehaveforanyn noandx 0
Z,

1 u?
P(Lon(h) > x) 1 (x)+ =p= e zdu+

Z, 2 x Z,

1 u2 u2 2 1 U2
= p— e 7e sdu+ e T p— e 4du+
2 X 2 X
2 1 4t z : P35 21 2 P35 .
e 4 p— e 4du+ :eTp__ e 2 qav+ - —e 4 +
2 o0 2 o0 2



R v2 ) [ 2
using p3- o e Zdv= 1. The proof follows by letting 0 < 1 2 e 7 foranyx O.

ForO< < 1,denefl tobethel quartile of maxnan , Lo, ().

Lemma A.9. Supmsethat Assumption A.1 holds. Then for large enoughn

I 2p log(Jn) log( ):

Pro of: The proof is similar to that of Lemma 12 of Horowitz and Spokoiny (2001).
Lemma A.10. Supmsethat AssumptionsA.1 and A.2 hold. Supmsethat
(A.27) lim P Qn( ) 2h%=2r =1

q
for someh 2 H,, where " = max I"; 2log(Jy) + Y 2log(Jn) . Thenlimny, P(L,>1 )= 1.

Pro of: By (A.2), (A.3), (A.4) and LemmaA.6, L,, can be replacedwith maxpon , L2on(h). By
LemmasA.6 and A.7, | canbe replacedby I". Thus, it suces to show that

nI!llm P(}g&)ﬂ(LZn(h) >1r)=1

which holds if limy,  P(Lon(h) > ") = 1 for someh 2 H,. For any h 2 H,,, using (A.2), (A.3),
(A.4) and Lemma A.2 again we have

LOn(h)+ h d=2Qn( )+ h d=2 n( )
Lon(h) + h 2Qn( )+ h % () + (D)
Lon(h) + h 2Qn( )1 + 0p(1)) + 0p(1):

Condition (A.27) implies that asn! 1

(A.28) Lan(h)

(A.29) P Qn( )<2h®2r 1 0
Obsene that

P(L2n(h) > M) P Lan(h)>T1;Qn( ) 2h9=2

P Lon(h) > T;Qn( )< h%228  1qq+ Ign:

+

Thus, it follows from (A.28) that asn! 1
lin = P Loy()+h “2Qn( )+ h %2 n( )>TjQn( ) 20" P Qu( ) 2n%Pr
= P Lop(h)+h “2Qn( )1+ 0p(1) > FjQn( ) 2h™r P Qu( ) 2h*r
P Loy(h)>F  2MjQu( ) 2h%2r P Qn( ) 2h%2r 1 1
becausel ,(h) is asymptotically normal and therefore boundedin probability andIm 2 ! 1

asn! 1. Becauseof (A.29), limny lon P Qn( )< 2hd9=2f~ = 0. This nishes the proof.
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A.3. Proofs of Theorems 3.1{3.4

Pro of of Theorem 3.1: By Lemma A.6, maxnaH , L1n(h) = maXnan, Lan(h) + 0p(1). By
Lemma A.7, under Ho maxnan , Lan(h)  maxnon , Lg,(h) ! O in distribution asn! 1. Us-
ing Lemma A.6 again implies maxnoH , L1,(h) = maxnan, Lo, (h) + 0p(1). This implies that
maXnon , L1in(h)  maxpon, Lip(h) ! O in distribution asn! 1 . This, along with equations
(A.1){(A.4), nishes the proof.

In order to prove Theorems3.2{3.3, in view of Lemma A.10, it su ces to verify (A.27). Using
Lemma A.1(ii), it suces to verify

(A.30) lim P hd () () 4rh®2? =1

Pro of of Theorem 3.2: In view of the de nition of I, equation (A.30) follows from the fact
that asn! 1,

1
(A31) () () (mM)t o
holds in probability and nh9  Co” h9=2 for someconstart 0< Co< 1 and n large enough.

Pro of of Theorem 3.3: Using the de nition of I, (A.31),

Z
X0
(A.32) 1 2(X)! Es  2(Xq) = 2(x)f (x)dx Di;>0Oasn! 1;
n t=1 x2S
and the fact that
1 Cr% X 2 2
(A.33) -0 0= (X1) DGy
t=1

|-

holds in probability, one can seethat (A.30) holds when h = hhax = (loglog(n)) @. This nishes

the proof of Theorem 3.3.

Pro of of Theorem 3.4: In order to verify (A.27), we needto intro ducethe following notation:

_2 4s+d

hy = n I *"%. This implies nh; Z = . Chooseh 2 H, such that hy h < 2h;. We then
have ros 4 ;

Sha 4s+
(A.34) 4nZr = 4nhzh; 2 4nh™7

*§ = 4nh>t
Thus, in order to verify (A.27), it suces to show that
(A.35) Qn( ) 4nh%*d

holds in probability for the selectedh 2 H, and 2 . The verication of (A.35) can be
done using similar techniques detailed in the proof of Lemma A.1 given in Chen and Gao (2004).
Alternativ ely, one may follow the proof of (A13) of Horowitz and Spokoiny (2001) by noting that
all the derivations below their (A13) hold in probability for random X;.
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TABLE 1
SIMULATION RESULTS ON MODEL (4.1)

Probabilit y of Rejecting Null Hypothesis

Andrews' Heardle-Mammen Horowitz-Spokoiny  EL
Distribution Test Test Test Test
Null Hypothesisls True
Normal 0.057 0.060 0.066 0.053
Mixture 0.053 0.053 0.054 0.05
Extreme Value 0.063 0.057 0.055 0.057
Null Hypothesisls False
Normal 1.0 0.680 0.752 0.792 0.90
Mixture 1.0 0.692 0.736 0.796 0.898
Extreme Value 1.0 0.600 0.760 0.820 0.924
Normal 0.25 0.536 0.770 0.924 0.929
Mixture 0.25 0.592 0.704 0.932 0.919
Extreme Value 0.25 0.604 0.696 0.968 0.989
TABLE 2

SIMULATION RESULTS ON MODEL (4.2)

Chn n=300 n=500
Null Hypothesis 0 0.064 0.049
Alternativ e Hypothesis 0:03 0.18 0.252
Alternativ e Hypothesis 0:04  0.306 0.412
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