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Abstract

This paper considers the second-order properties of empirical likelihood (EL) for a parameter
defined by moment restrictions, which is the inferential framework of the generalized method of
moments. It is shown that the EL defined for this general framework still admits the delicate second-
order property of Bartlett correction. This represents a substantial extension of all the established
cases of Bartlett correction for the EL. An empirical Bartlett correction is proposed, which is shown
to work effectively in improving the coverage accuracy of confidence regions for the parameter.
© 2006 Elsevier B.V. All rights reserved.

JEL classification: C14; C30; C40

Keywords. Bartlett correction; Coverage accuracy; Empirical likelihood; Generalized method of moments

1. Introduction

Generalized method of moments (GMM) introduced by Hansen (1982) are an important
inferential framework in econometric studies. GMM is based on, upon given a model,
some known functions ¢g(X,0) of a random observation X € R? and an unknown
parameter 0 € R’, where ¢: R™” — R’, such that E{g(X,0)} =0 which constitutes
moment restrictions on the relationship between X and 6. The power of GMM is in its
allowing r > p, namely the number of moment restrictions (instruments) can be larger than
the number of parameter, which leads to a full exploration of inference opportunities
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provided by the given model. There is a vast pool of literatures on GMM. Here, we only
cite the reviews by Andrews (2002), Brown and Newey (2002), Imbens (2002) and Hansen
and West (2002).

Empirical likelihood (EL) introduced by Owen (1988) is a computer-intensive statistical
method that facilitates a likelihood-type inference in a non-parametric or semiparametric
setting. It is closely connected to the bootstrap as the EL effectively carries out the
resampling implicitly. On certain aspects of inference, EL is more attractive than the
bootstrap, for instance, its ability of internal studentizing so as to avoid explicit variance
estimation and producing confidence regions with natural shape and orientation; see Owen
(2001) for an overview of EL. A key property of EL is that the log EL ratio is
asymptotically chi-squared distributed, which resembles the Wilks’ theorem in parametric
likelihood. The Wilks’ theorem was established in the original proposal of Owen (1988) for
the means, in Hall and La Scala (1990) for smoothed function of means, Qin and Lawless
(1994) for parameters defined by moment restrictions and Kitamura (1997) for moment
restrictions with weakly dependent observations.

There have been comprehensive studies of EL in econometrics. Imbens (1997) shows
that the maximum EL estimator of 0 is a one-step variation of the two-stage GMM
estimator in the over-identified case of r> p, and achieves the same asymptotic efficiency as
the two-stage estimator. Testing is considered in Kitamura (2001) for moments
restrictions, Tripathi and Kitamura (2004) for conditional moment restrictions and Chen
and Gao (2006) for constructing an adaptive and rate-optimal test for a regression model.
Estimation and testing with conditional moment restrictions are studied in Donald et al.
(2003) and Kitamura et al. (2004). They found that EL possesses the attractive features of
avoiding estimating optimal instruments and achieving asymptotic pivotalness. Tilted EL
and other variations are studied in Kitamura and Stutzer (1997), Smith (1997) and Newey
and Smith (2004).

Another key property of the EL is Bartlett correction, which is a delicate second-order
property that implies a simple mean adjustment to the likelihood ratio can improve the
approximation to the limiting chi-square distribution by one order of magnitude and hence
can be used to enhance the coverage accuracy of likelihood-based confidence regions. In
the context of testing hypotheses, the Bartlett correction reduces the errors between the
nominal and actual significant levels of an EL test. Bartlett correction has been established
for EL by DiCiccio et al. (1991) for smoothed functions of means and Chen (1993, 1994)
for linear regression. Baggerly (1998) showed that EL is the only member within the
Cressie—Read power divergence family that is Bartlett correctable. Jing and Wood (1996)
revealed that the exponentially tilted EL for the means does not admit Bartlett correction
as the tilting alters the delicate second-order mechanism of EL. Recently, Chen and Cui
(2006) show that EL is Bartlett correctable in the presence of a nuisance parameter with
just-identified moment restrictions.

In this paper we show that the EL with over-identified moment restrictions is Bartlett
correctable. The finding represents a substantial extension to all the established cases of
Bartlett correction, which all consider just-identified cases in GMM. The establishment of
the Bartlett correction for the just-identified case is easier as the log maximum EL takes a
constant value —nlog(n) (n is the sample size). However, in the over-identified case the
maximum EL is no longer a constant, rather it introduces many extra terms into the log EL
ratio and makes the study of Bartlett correction far more challenging as can be seen from
the analysis carried out in this paper. The establishment of Bartlett correction in this
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general case indicates that EL inherits the delicate second-order mechanism of the
parametric likelihood in a much wider situation. This together with the findings of
Imbens (1997), Kitamura (2001) and Newey and Smith (2004) and others suggests that
the EL is an attractive inferential tool in the context of moment restrictions. The
establishment of the Bartlett correction leads to a practical Bartlett correction, which is
confirmed to work effectively for coverage restoration in our simulation studies reported in
Section 4.

The paper is organized as follows. Section 2 provides an expansion for the log EL ratio
for parameters defined by moment restrictions. Bartlett correction and coverage errors
assessment of EL confidence regions are investigated in Section 3. Simulation results are
reported in Section 4, followed by a general discussion in Section 5. All technical details are
left in Appendix A.

2. EL for generalized moment restrictions

Let X1, X5,..., X, be d-dimensional independent and identically distributed random
sample whose distribution depends on a p-dimensional parameter 6 which takes values in a
compact parameter space ® C R”. The information about 0 is summarized in the form of
r=p unbiased moment restrictions ¢/(x, 0), j = 1,2,...,r, such that E[¢/(X,00)] = 0 for a
unique 6y, which is the true value of . Let

9(X,0) = (¢"(X,0),6*(X,0),....,g'(X,0)" and V= Var{g(X1,0)}.
We assume the following regularity conditions:

(1) V is a r x r positive definite matrix and the rank of E[0g(X, 0y)/00] is p;

(i) for any j, 1<j<p, all the partial derivatives of ¢/(x,0) up to the third order
with respect to 6 are continuous in a neighborhood of 0y and are bounded by some
integrable functions, respectively, in the neighborhood;

(iif) Tim sup;, ., [E[expfitTg(X 1, 00)}]1 <1 and E[lg(X,, 00)]|"* <oc. @.1)

Conditions (i) and (ii) are standard requirements for establishing Wilks’ theorem and
higher-order Taylor expansions of the EL ratio. The first part of Condition (iii) is the
Cramér’s condition on the characteristic function of g(X,6). Requiring a finite 15th
moment is to ensure finite Sth moment for the sign square root of the EL ratio statistic,
which together with Cramér’s condition are needed in establishing the Edgeworth
expansion for the EL ratio statistic.

To facilitate simpler expressions, we transform g(X;, 0) to w;(0) = ¥V ~'2g(X;, 0) where
¥ is a r x r orthogonal matrix such that

0g(X;, 0
vyl 2K (—g( = °)> U=(4,0), 2.2)
Here U = (u"’),,xp is an orthogonal matrix and A = diag(li, ..., 4,) is non-singular. Define
Q= ("),,,=UA"" where o' =u"7;". Here no summation over the subscript / is

carried out due to A being a diagonal matrix.
Let p;,p,,...,p, be non-negative weights allocated to the observations. The EL for 0
as proposed in Qin and Lawless (1994) is L(0) =[], p; subject to > ,p, =1
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and Y"1 p;wi(0) = 0. Let £(0) = —2log{L(0)/n"}. Standard derivations in EL show
£{(0) =2 Z log{1 + AT (0)w:(0)},
i=1
where /1 = A(0) is the solution of 7~'3"_,w;(0)/(1 + A" w,(0)) = 0.

According to Qin and Lawless (1994), the maximum EL estimator 0 and its
corresponding A, denoted as A, are solutions of

wi(0)

i B i n B

0,,(4,0) =n ; ) and 2.3)
) -1y~ @wi(0) /aa)Tz

05,2, 0) = §j Tt i O) 24)

The log EL ratio is () = €(0) — €(). A
In the following we develop expansions for £(6y) and £(0), respectively. To expand £(6)),
define

oIk = E(w] (0)... W (0p)) and

A== W 0y) W) — o,
i=1

Here we use ¢ to denote the jth component of a vector a. Then, it may be shown that
-1 a4 Ji g) AP 12 i g] gi gh Ji ghi gi gl 12 gjih 4) g gh
n=l(0p) = AA —AAA +50"AAA" + A" A A"+ 54" A A4
— 20" A AT AT A9 4 oY o A A A AT — LM A AT A" A9+ Oy,
(2.5)
We use here a convention where if a superscript is repeated a summation over that
superscript is understood. This expansion has the same form as DiCiccio et al. (1991) for
the mean parameter and Chen (1993) for linear regression.
To expand £(0) in the general case of r>p, two new systems of notations are introduced.

Let 7= (4,0), Q(n) = (Q1,(n, Q3,())", Sz1 = U(4,0) and S\, = S3,. Due to the early
transformation in (2.2),

S—E 00(0.00)\ _ -1 Sp .
ai’] Szl 0
Put I'(y) = S~'Q(n). Now we can introduce the notations involving I'(§) and their
derivatives

o okI7(0, 0y) o k17 (0, 0y) A
ﬁ/:/l-"/k — and BY1Ik = ﬂ/:/l-"/k
6’7/1 -, Z 7 Onj, ... Oy,

and the notations involving w;(0) and their derivatives.
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i iipron, _ O Wi00) O"WEB) OB
Y E and
o0 .. .00 o0k .. ogkm 00N ... 00"

Cj’j' wJpkoky ks ppy Dy

o'wli(0p)  9"Wk(0o) o'W (0o)
<00 ... 00" 00 .. .00k 00" ... 00"

_ ,Vj,/'l...jl;k,lq...km;.“;p,p]...p,-

1 n
n=<
i=

Since 7 = (i, 9) is the solution of I'(;})) = 0, by inverting this equation, we derive in
Appendix A.2 that for j, k,l,me {1,2,...,r + p},

1’;,[ _ ’,’6 - _ Bj + Bj,kBk _ %ﬁ/,lekBl _ B/,kBk,lBl + %ﬁkJmBj"kBle + ﬁ/’k[Bk’mBmBl
_ %ﬁj’klﬁk’manBnBl _ %B/’k]BkBl + %ﬁ/,klmBkBle + Op(l’l_z). (26)

Note that (2.6) contains expansions for 2/ when j<r and for ¢ when j>r, respectively.
Note that

() =2 Xn:{fw,»(é) - % G wiOF + %[ZTW,»(é)P - i[fw,»(é)]“} +0,17). (27)
i=1

From now on, we fix the ranges of the superscripts a,b,c,d € {1,2,...,r —p},
fo9,hije{1,2,...,r}, k,l,mn0e{l,2,...,p} and ¢,s,t,u € {1,2,...,r + p}. It is shown
in Appendix A.2 by substituting (2.6) into (2.7) that

nU(0) = —2B A — BB 4 2C B B+ka gt | piuaprikat, ik guga ps pr
— pMB BB hs pryik — prifuagupl Cik gl BB 4T — 2o B Bl B!
+ 20 (B B* — BB B N2; j,r + k) + L B BB 2, r + k]
+ Y —B BB B BYKBBI3: k4 )
— L 4B B B B3 j,r + k,r + 1]} — CM B BBt — 24" B BB
— B“B'BB! — 1 g5 B BIBS B! + f*4 B“BI B B + 2"k B B B" Btk
+ B BYBIA[2;j,i) — L 4 B BIB A[2; ], i) + Lyikim B prik g prim
+ 2/ (BB B — BB BB+ LB B'B'B! — B BB B[2; ), 1]
4 %ﬁ/’ququB[Br-H[z;j, l]} + 2BjBiBr+l Ci;i,l _ (y/';i,lk 4 yj,l;[,k)BjBiBr—&-lBr—&-k
+20/" B BB B — o/ 1B BIB'B" — Lo/ B B'B" B + Oy(n~?),  (2.8)

where [2;/,1] indicates there are two terms by exchanging the superscripts i and j, and
[3;/,i,k] means three terms such that the three superscripts take turns to occupy the
position of j. Expansion (2.8) for £(0) is more complicated than the just-identified case of
r = p. In that case, all the B/ = 0 from a result established in (A.1), which means £(0) = 0
and r(6) = €(6o). This is the situations of all the existing studies on Bartlett correction of
the EL. When r> p, the expansion of £(f) contains more terms than that of £(6y), which
increases substantially the difficulty of the second-order analysis.
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Combining (2.5) and (2.8), and carrying out further simplifications,

}’171}’(90) — AIAI _ Ak/AkAl _ 2Al,p+uAp+aAl +%ak1mAkAmAl + zwklcp+a,kAp+aAl
(ke ypramngymk nly gpta gk g1 4 gii ghi g7 g _ pgia ga B2 i)
(ot ptaptbk gkl qpta qp+b 41 plupgiagugt 4 o ik pia rik g
— Kl gtk grel phapa .kl pi gl grika g oydih pi g gl pa
+ Zyj;i,l( BB B+-4pd 4 B+l pipia BI[2;),1]) + (y/‘;i,lk + Vj,l;i,k) B B B+ Btk
+ (% ﬁ/,uq ﬁ/,st . % ﬁ/,uq ﬁ’”’k"”y/’k) B'BIB'B' + (ocjih ﬁh,uq _ Vj;i,l Br-‘rl,uq) B B B'BI
+ (y/,kl ﬁH-/,uq _ yi;/',k ﬁryuq - ,))f;f7k ﬁi,uq) B'BIB Bk + % y;;kl ﬁ/,uq BYBI B+ gk
_ % Vj,klm B Btk gt grm _ zyj;i;h,k B B B'B+* + % /"9 Bl B B BY
+ Mg gt 2 B BB + 2 4B BB + 4 A'A")

— 20" A A AT A9 4 o o A ATAM A9 — LI AT A" 49 + O, ().
(2.9)

This expansion leads to the following signed root decomposition:
n~'r(0y) = R'R + Oy(n~>),

where R=R; + R, + Ry and R, = Op(n’i/z) for i = 1,2 and 3. By matching Rl1 R/1 with the
only term A’A" of order n~! in (2.9), we have

R =4". (2.10)
Then we match 2R} R, with the terms of order n~3/? and obtain

Ré - _ %AklAk _ Al,p+aAp+a + %aklmAkAm + wklcp+a,kAp+a
+ (akl,p+a _ %,yyﬂz,mnwmkwnl)Ap-&-aAk + (a/,era,erb _ yp+a;p+b,kwkl)Ap+aAp+h

Q.11)

and R’1 = RJ2 =0forje{p+1,...,r}. Similarly, by matching 2R§Rl3 with the rest of the
terms in (2.9) after removing terms contributing to (R} + Ry)(R} + R}), the form of R is
given in Appendix A.2.

From (2.9), r(0y) = nAd'A’ + op(1) which means that r(@o)—dn(g and leads to an EL
confidence region for 6 with nominal confidence level 1 — o: I, = {0|r(0)<c,} where ¢, is
the upper a-quantile of ;{]27 distribution.

3. The second-order properties

This section considers the accuracy of the chi-square approximation to the distribution
of the EL ratio statistic #(6y) and improving this approximation by the Bartlett correction.
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We first introduce some quantities used to define the accuracy of the chi-square
approximation. Let

J/o — %(OCIOkk 510) + lkk o _ 3l lkm okm + (xll),era,PJra

al,p+a,p+bao,p+a,p+b /kp+a okp+a 41 wkl/n1p+a,k om,p+a[2; [’ 0]

4 yp+a;p+b,kao,p+a,p+b kl[z. l 0] + _,yp-&-a,nmwmkwnlaok,p-&-a[z. l 0]
+ %,, p+a,mn,))p+a,m n wmkw lwm kw %yp+a,mnyk;17+a mekw " [2 l 0]

wklyo;p+a;p+a,k[2; l, 0] + (,Vp+a,/c;p+a,v _ yp+a;p+b,kyp+a;11+b,b)wk/w‘ and (3.1)

1( lokk + 510) lkmaokm -5 OCIOkOCkmm % lok k,p+a,p+a
kmyp-ka,k,o lm,p+a _ gwkmyp+a,k,p+aalom + o™ wnkaok,p-ﬁ-ayp-&-a,mn

+ o wkm(/p+u ko p+u nm ,Vp+u,n;0yp+a,/c,m)

+ CU PN wm()(/m—a v /p+akn _ yp+a,/cvv1)+a,m;n)

+ @™V wkn(,\ p+a, km,yp+u R ,Vp+a,kv,})p+a;n,m)

+ wm lwmow nk( +a,mnyp+a,m’n’ _ yp-‘ra,mm’yp-&-a,nn’)' (32)
Let B = p~ !0, A" + Lofkeimmy where A" = 2K" + J" — ply! and pl = —Ln=tolk,

The accuracy of the ch1 square approximation is evaluated in the following theorem.
Theorem 1. Under Condition (2.1),
sup [P{r(0p) <x} — P(y; <x) + n" ' Bxf ,(x)| = O(n™?),

xeR

where f,(-) is the density of )(127 distribution.

Theorem 1 indicates that the coverage error of the EL confidence region I, is O(n~"),
which is the same order as a standard two sided confidence region based on the asymptotic
normality of 0. The attractions of the EL confidence region are: (i) there is no need to carry
out any secondary estimation procedure in formulating the confidence region; and (ii) the
shape and the orientation of the region are naturally determined by the likelihood ratio
surface, free of any subjective intervention.

It can be shown by combining the expressions of E(RfR;) given in Appendix A.3 that

E{r(00)} = p(1 + B.n~ ") + O(n™?). (3.3)

The rationale of the Bartlett correction is to adjust the mean of the EL ratio r(6y) to make
it agreeable with the mean of 1127 to the order of n~!. This mean adjustment, originally
proposed by Bartlett (1937), improves the chi-square approximation to the distribution of
the likelihood ratio to O(n~2). The following theorem formally establishes the Bartlett
correction for the EL ratio r(6)).

Theorem 2. Under Condition (2.1),

sup [P{r(0p) <x(1 + Ben™ ")} — Py, <x)| = O(n?).
XeR
The theorem shows that the Bartlett correction is maintained by the EL for the situa-
tion of general moment restrictions, despite that r may be larger than p and £(0) has a
rather complex expression. This indicates that the EL is resilient in sharing this delicate
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second-order property with a parametric likelihood and the existence of certain internal
mechanism in the EL that resembles that of the parametric likelihood.

The Bartlett factor B. can have a quite involved expression for a general over-identified
case of r> p due to the lengthy expressions of A”. However, it admits simpler expression in
two special situations. One is in the situation of just-identified moment restrictions with
r = p. It may be easily checked from (A.14) that

B =p! el oKk _ l ol ey 3.4)

which is the Bartlett factor obtained in DiCiccio et al. (1991) for smooth function of means
and Chen (1993) for linear regression. The other situation is when r>p, but (i)
Cov{g/(X, 00), g"*(X,00)} = 0 for any j<p and a<r — p and (ii) ¢(x,0) = ¢/(x) does not
depend on 0 forj =p + 1,...,r. Assumption (i) means that the first p estimating equations
are uncorrelated with the last » — p estimating equations at 0y and (ii) means that the last
r — p estimating equations are free of parameters. In this case,

B, = p—l(% CX”kk + (xll,p+u,p+a _ %alkmalkm _ allkakp—&-a,p—&-u _ alf,p+aalf,p+u).

A special case of the second situation is considered in Cui and Yuan (2001) for a quantile
with r =p+ 1.

To practically implement the Bartlett correction in a general situation, either B, or
B.=:1 4+ B.n~" has to be estimated. It is noted that the direct plug-in estimator of f8, can be
obtained by substituting all the populations moments involved by their corresponding
sample moments. However, considering the rather lengthy forms of f,., we propose using
the following bootstrap procedure to estimate f3,.

Step 1: Generate a bootstrap resample {X7}_, by sampling with replacement from the
original sample {X;}’_, and compute r*(@) = Z*(@) — f*(@*), where ¢* and 0 are,
respectively, the log EL ratio and the maximum EL estimate based on the resample.

Step 2: For a large integer N, repeat Step 1 B times and obtain r*l(é), e, r*B(@)).

As B_IZbB:I r*2(0) estimates E{r(0p)}, a bootstrap estimate of 8, is

B
Be=Bp)™ > r(0).
b=1

Let Zn ={X},...,X,} be the original sample. It may be shown by standard bootstrap
arguments, for instance, those given in Hall (1992), that

E(B.|%n) = (1 + B~ ) {1 + Op(n~17%) (3.5)

which means that the bootstrap estimate of 8, is 4/n-consistent. Now a practical Bartlett
corrected confidence region is I, . = {0|r(0)<c,f.}.

The above use of the bootstrap to estimate f, naturally leads ones to think of using the
bootstrap to calibrate directly on the a-quantile of the EL ratio (6y). Let ¢, be the ath
quantile of the distribution of r*(0) given %', namely, P{r*(0) <¢,|%,} = o. The quantile
can be estimated by the ([aB] + 1)th ordered value of {r*”(())}f:1 where [-] is the integer
truncation operator. We will ignore the error of the quantile estimation as it can be made
as small as possible by increasing the number of bootstrap simulation B. Then a direct
bootstrap confidence interval at a nominal level o is 1, = {0]r(0) <&y}
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Theorem 3. Under Condition (2.1),
P{r(0p)<cuB.} = o+ O > and P{r(0y)<é,} = o+ O(n/?).

The theorem indicates that the coverage errors of the two confidence regions /,p, and
I, are at the same order of n=3/2, which is one order of magnitude smaller than the
original EL region I,. However, they are both of larger order than O(n~2) when the true B,
is used as conveyed in Theorem 2. The underlying reason for achieving a coverage error at
the order of n~% in Theorem 2 is due to a fact that an even/odd order Hermit polynomial is
an even/odd function, which makes the n~%2-order term in the Edgeworth expansion
vanish. However, when we used a /n-consistent estimate of 3, in I, ., the n3/2-order term
in the Edgeworth expansion involves no longer just Hermite polynomials. The error in the
estimation of f8, has an effect at the order of n=3/2.

4. Simulation results

We report in this section results of two simulation studies which are designed to confirm
the theoretical findings of Bartlett correction of the EL by implementing the proposed
empirical Bartlett correction. For comparison purposes, the bootstrap confidence regions
I, 1s also evaluated.

In the first simulation study, Xi,..., X, are independent and identically N(0, 0* +1)
distributed, as considered in an example of Qin and Lawless (1994). The relationship
between the mean and variance leads to moment restrictions: ¢,(X1,0) = X} — 0 and
gH(X1,0) =X % — 20— 1. This is an over-identified case as there are two moment
restrictions and one parameter of interest, i.e. r = 2 and p = 1. Like Qin and Lawless, the
value of 6 is chosen to be 0 and 1, respectively. The sample size used in the simulation study
is n = 20, 30,40 and 50, respectively.

In the second simulation study, we consider the following autoregressive panel data
model, which is an example considered in Brown and Newey (2002):

%4, (4.1)

Xy =0Xu_1+ o + €, Xiozl_p

fort=1,...,4and i=1,...,n, where [0]<]1, {si,}‘t‘:] and o; are mutually independent
standard normal random variables, e;,~N(0, (1 — 6*)~") and independent of {z‘:,f,}f:1 and o;.
Let X;=(Xi,...,X4). The moment restrictions after taking time differencing are
91(Xi,0) = Xin(AX 3 — 0AX ), 9,(X;,0) = X;1(AX g — 0AX3) and g5(X;,0) = Xp(AX 3 —
0AX ;) where AX; = X — X;,—1. It is easy to check from model (4.1) that E{g,(X;, 0)} = 0.
Hence, there are three constraints and one parameter, i.e. r = 3 and p = 1, another over-
identified case. The parameter 6, the autoregressive coefficient, is assigned values of 0.5 and
0.9 to obtain different levels of correlations. The sample size is chosen at n = 50 and 100,
respectively. Three confidence intervals are evaluated. They are I, based on the limiting
chi-square distribution, /,p. via the empirical Bartlett correction and I, based on the
direct bootstrap calibration.

To gain information on the degree of over-identification in the moment restriction on
the confidence intervals, we also carry out simulations for each model with only one
estimating equation, which happens to be the first estimating equation, respectively. These
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correspond to just-identified cases, where the Bartlett factor are given explicitly in (3.4).
Therefore, in additional to the above three conﬁdgnce intervals, we also evaluate the
theoretical Bartlett corrected interval which replaces 3. by the real value . in I, .. We are
also able to obtain the real B, value for the over-identified case in the first simulation
model, hence the true Bartlett corrected interval is performed for all cases in the first
model.

In both simulation studies, the empirical coverage and length of the EL, Bartlett
corrected EL and the direct bootstrap calibrated intervals are evaluated with nominal
coverage levels of 90% and 95%, respectively. The bootstrap resample size B used is 250
and the number of simulation is 1000.

Tables 1 and 2 contain the empirical coverage and the averaged length of the confidence
intervals, which can be summarized as follows. First of all, the need for carrying out the
second-order correction to the EL confidence interval I, is obvious as the original EL
interval has quite severe under coverage for all the cases considered even for a sample size
of 100 for the panel data model. The under coverage is particularly severe when the sample
size is small for the normal mean model N(1, 2) and for the panel data model. These are the
situations where the Bartlett correction is needed. In all the cases considered the empirical
Bartlett correction (I,c) improves significantly the coverage of I,. The restoration of
coverage by the Bartlett correction is impressive when the sample size is small. We also
observed that, as anticipated, the direct bootstrap confidence interval has similar
performance with the Bartlett corrected intervals in most of the cases. However, in the

Table 1

Empirical coverage (in percentage) and averaged length of the EL confidence interval /,, the theoretical Bartlett
corrected (TBC) interval Iy, by using the ture Bartlett factors, the empirical Bartlett corrected (EBC) interval 7, ¢
and the direct Bootstrap (BT) calibrated confidence interval 7, with X~N(0, 0 + 1)and 0 =0

Nominal level 90% 95%

sample size EL TBC EBC BT EL TBC EBC BT

(a) With two moment restrictions

20 coverage 84.50 89.50 90.30 87.90 91.20 94.80 93.82 93.40
length 0.635 0.712 0.835 0.792 0.760 0.847 0.932 0.930

30 coverage 85.75 89.25 89.45 87.32 91.20 94.10 93.50 93.20
length 0.543 0.602 0.626 0.605 0.672 0.720 0.765 0.761

40 coverage 87.65 90.10 89.80 88.76 92.50 94.80 95.60 94.80
length 0.490 0.515 0.546 0.542 0.585 0.615 0.627 0.625

60 coverage 87.50 89.50 89.04 88.75 94.00 95.50 94.63 93.87
length 0.448 0.465 0.425 0.413 0.540 0.560 0.547 0.532

(b) With one moment restriction

20 coverage 86.50 88.70 90.10 89.50 92.60 94.70 94.30 93.80
length 0.723 0.753 0.865 0.852 0.878 0.912 0.987 0.983

30 coverage 86.50 89.30 89.32 88.75 93.20 95.10 94.20 94.60
length 0.595 0.613 0.676 0.662 0.718 0.737 0.794 0.806

40 coverage 88.10 90.20 90.10 89.30 94.0 94.50 94.60 95.20
length 0.515 0.524 0.563 0.557 0.618 0.630 0.645 0.650

60 coverage 87.80 89.40 89.34 88.90 94.10 94.80 94.60 94.30
length 0.464 0.472 0.452 0.445 0.552 0.567 0.558 0.550
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Table 2

Empirical coverage (in percentage) and averaged length of the EL confidence interval I, the theoretical Bartlett
corrected (TBC) interval Iy, by using the true Bartlett factors, the empirical Bartlett corrected (EBC) interval 7, ¢
and the direct Bootstrap (BT) calibrated confidence interval 7, with X~N(6, P®+1and 0=1

Nominal level 90% 95%

sample size EL TBC EBC BT EL TBC EBC BT

(a) With two moment restrictions

20 coverage 81.40 87.50 86.45 85.48 87.00 92.10 91.80 90.20
length 0.661 0.807 0.792 0.783 0.789 0.956 0.924 0.917

30 coverage 82.50 92.00 89.15 88.63 92.50 95.25 94.21 93.60
length 0.610 0.705 0.683 0.677 0.707 0.794 0.782 0.764

40 coverage 85.50 89.50 88.40 88.90 91.25 94.25 93.70 93.20
length 0.462 0.531 0.523 0.526 0.590 0.657 0.643 0.635

60 coverage 88.50 89.75 90.35 89.23 92.25 94.40 94.25 94.50
length 0.412 0.443 0.452 0.440 0.492 0.531 0.535 0.540

(b) With one moment restriction

20 coverage 88.90 90.35 89.75 90.10 93.00 94.20 94.50 94.35
length 1.025 1.065 1.050 1.063 1.228 1.275 1.283 1.280

30 coverage 87.80 89.20 89.50 88.90 93.50 94.65 94.80 94.40
length 0.843 0.865 0.869 0.860 1.010 1.036 1.041 1.030

40 coverage 88.60 89.35 89.45 89.90 94.25 94.75 94.60 94.40
length 0.720 0.734 0.736 0.743 0.862 0.876 0.870 0.867

60 coverage 88.90 89.50 90.15 90.25 94.50 95.15 95.10 95.20
length 0.602 0.610 0.615 0.619 0.721 0.730 0.726 0.732

normal mean model, the coverage of the direct bootstrap interval I, is not as good as the
Bartlett corrected interval /,p. in most of the situations. The robust performance of the
Bartlett corrected interval may be due to the fact that the estimation of the Bartlett factor
B., which involves simple bootstrap averaging, is less variable than the bootstrap
estimation of an extreme quantile of the distribution of r(0) (see also Tables 3 and 4).

When the number of moment restriction is reduced to one, the lengths of all intervals
increase which is expected as the estimation efficiency declines. The theoretical Bartlett
correction is slightly better than I, and I, in terms of coverage accuracy and length.
However, when n is larger (n = 60 in the first study and » = 100 in the second), the three
second-order intervals perform almost the same.

It is noticed that the lengths of the confidence intervals for the panel data model is
comparable with those given in Brown and Newey (2002). Finally, we observed that as the
sample size increases the EL interval I, improves both in its coverage and length, whereas
the improvement on the Bartlett intervals and the bootstrap interval is more in reducing
the length of the intervals.

5. Discussions
The main finding of the paper is that the EL with general moment restrictions are

Bartlett correctable. This is a substantial extension of the previously established cases of
Bartlett correction of EL, including the case of smoothed functions of means by DiCiccio
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Table 3

Empirical coverage (in percentage) and averaged length of the EL confidence interval /,, the theoretical Bartlett
corrected (TBC) interval Iy, by using the true Bartlett factors (with one moment restriction only), the empirical
Bartlett corrected (EBC) EL interval 7, . and the direct Bootstrap (BT) calibrated confidence interval /.y, for the
panel data model (4.1) with 6 = 0.5

Nominal level 90% 95%
sample size EL EBC BT EL EBC BT
(a) With two moment restrictions
50 coverage 81.25 87.30 89.20 87.10 93.40 94.05
length 0.917 1.325 1.384 1.088 1.425 1.504
100 coverage 84.50 89.90 89.80 90.20 93.80 94.30
length 0.706 0.875 0.894 0.818 1.065 1.096
Nominal level 90% 95%
sample size EL TBC EBC BT EL TBC EBC BT
(b) With one moment restriction
50 coverage 85.70 88.50 88.75 90.10 92.25 94.10 93.82 94.30
length 1.382 1.457 1.525 1.534 1.574 1.631 1.625 1.685
100 coverage 87.50 89.75 88.90 89.50 89.75 94.75 94.30 94.50
length 1.162 1.182 1.175 1.180 1.302 1.320 1.335 1.343
Table 4

Empirical coverage (in percentage) and averaged length of the EL confidence interval 7,, the theoretical Bartlett
corrected (TBC) interval Iy, by using the true Bartlett factors (with one moment restriction only), the empirical
Bartlett corrected (EBC) EL interval I, . and the direct Bootstrap (BT) calibrated confidence interval 7, for the
panel data model (4.1) with 6 = 0.9

Nominal level 90% 95%
sample size EL EBC BT EL EBC BT
(a) With two moment restrictions
50 coverage 80.50 88.45 89.30 87.30 93.80 94.40
length 1.596 1.819 1.823 1.765 1.950 1.936
100 coverage 81.40 89.20 88.80 89.20 93.50 94.60
length 1.540 1.623 1.656 1.726 1.905 1.913
Nominal level 90% 95%
sample size EL TBC EBC BT EL TBC EBC BT
(b) With one moment restriction
50 coverage 86.50 90.20 90.30 89.40 92.30 95.10 94.70 94.30
length 1.849 1.889 1.894 1.876 1.923 1.940 1.934 1.939
100 coverage 87.25 90.20 90.10 89.40 93.00 94.80 94.30 94.70
length 1.808 1.829 1.820 1.813 1.910 1.928 1.920 1.925
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et al. (1991) and the linear regression by Chen (1993). It shows that the Bartlett property of
the EL is still preserved even in the case of over-identification. Although the Bartlett factor
can admit a rather involved expression with over-identified moment restrictions, proving
that the EL is Bartlett correctable provides the theoretical foundation to the proposed
easily implementable empirical Bartlett correction and bootstrap calibration of the EL
ratio.

Although we have focused on the coverage accuracy of the EL confidence regions, the
results of this paper have implications on hypothesis tests. For testing the simple
hypothesis, Hy : 6 = 0o, a size o EL test rejects Hy if r(69) > ¢,. The Bartlett corrected EL
test rejects Hy if r(0y) > ﬁch The latter test has more accurate size approximation than the
original EL test. The maximum EL ratio 5(9) can be used to test over-identification
restrictions E{g(X, 0)} = 0, as proposed in Qin and Lawless (1994) and Kitamura (2001),
which mirrors the GMM test of Hansen (1982). The expansion given in (2.8) would be
useful in studying the second-order properties of the EL over-identification restrictions
test.

The use of the bootstrap to carry out the Bartlett correction empirically is due to a rather
involved expression for the Bartlett factor. Although it may be expected that the direct
bootstrap calibration would give the same effect as the Bartlett correction, the justification
of the direct bootstrap method inevitably needs those cumulants and the Edgeworth
expansions established in this paper.

The results established in Theorems 1 and 2 can be extended to independent but not
identically distributed samples, for instance, those arisen in a regression study. We need to
modify o, § and y as follows:

o n A A o okr/o, 0
od“"’"=n*1X;E[vﬂl(Oo)-.-ldk(Oo)], pr = ’IZ <6n, ( a:?j) and
1= 1 k

o . 1< Owi(By) "W (0y) GRIAC)
J1-Jpkk Ky ip.py.p, I E i i i )
V] Z (a@ll

ni 007 20 o0k 00M . o0
We need also to re-define V, as n”zl’.’zl Var{g(X;,0y)}. These forms of « and V,
were employed in Chen (1993) to establish Bartlett correction for linear regression
where r = p. Conditions (2.1) should be modified to reflect the independent but not
identically distributed nature of data. Similar conditions as those given in Theorem 20.6
of Bhattacharya and Rao (1976) are required. Then, it may be shown that Theorem 1
is true by employing Skovgaard (1981) on transformation of Edgeworth expansions.
Theorem 2 is then a consequence of Theorem 1 as the calculation of the cumulants
follows the same spirits given in Appendix A for independent and identically distributed
samples.
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Appendix A

We provide some technical details on the log EL ratio r(6)) in Appendix A.2, the sign
root decomposition in Appendix A.3, and the proofs of the two theorems in Appendix A .4.
More details on these derivations can be found in Chen and Cui (2005).

A.1. Basic formulae

We first present some basic formulae which will be used throughout the derivations.
Recall that = (o), ,=UA™" where o' = '}, Since I'(n) = S~' Q(n) where

B ~ 0 0 o8
g1 _ (—I+Slz(51T2512) 'Sh Sia(S)S1) 1) _

0 —I._ 0
T -1 T T -1 r—p 5
(S12512) Slz (S12S12) 0 0 _QQT

it can be checked that

orv(0, 6 B A 0
ﬁj’k=E<%> =5 and B=| ... :S_1<0> =| -4
e B 04,

Here AT = (4',... A4)"'=(4], A])", where 4, =(4',...,4")" and A, = (", ., 4""
constitute a partition of 4. Therefore for positive integers k and a,

BY=0 fork<p, B't*=—A"*“ fora<r—p and

B+ — ol 4l for k<p. (A.1)
Let By =(B',...,B)" and B, = (B*!,...B*")'. Since SB = (AT,ngl)T, it means that
—B + S1By = A. As Si; = (%), , and from (A.1) we have

PEBTE = AIG<p), (A2)
where [ is the indicator function. Since

—(4%) (c™
D, _ g1
(Bl q)(r+p)><(r+p) =S <(Ci,/)T 0 ’

we have SZI(B’?"),XP = (C*MT and SH (B, = 0. As Sy = (7%)T, these mean

PXr

YKk = C* for I<r and k<p and Y*B'+ =0, (A.4)

(A.3)

Furthermore, (A.3) also implies the following which links the B system with the
A™- and the CV""-systems:

(Bk,l) (Bk,p+b) (Bk,r-'rl)
(B]H-a,l) (Bp+u,p+/7) (Bp+u,r+l)
(B)‘Jrk,l) (Br+k,p+b) (Br+lc,r+/)
(wmk Cl,m) (wmk Cp+b,m) 0
(Arteh) (APHereh —(crteh | (A.5)

(a)kml:wnmcl,n _ Aml]) (wkm[wn;7ch+b,n _ An1,p+b]) (wkmcm,l)
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In a similar fashion, we can establish the following links between B* and (oL, /)
systems where ¢ and i contains either single or double superscripts:

ﬁ/,p+a,p+c — _wol[yp-k—c;p-&-a,o + yp-&-a;p-&-c,()]’ Bl,p+n7,p+c — (UOIVIH_C om

ﬁp+a,p+b,p+c — _2ap+a,p+b,p+c’ ﬁp+a,p+m,1)+c — ,yp-&-c;p-&-a,m + yp+a,p+c,m7

ﬁl,p+a,p+n — wolvp+a;on’ ﬁl,p+m,p+n — 0’

ﬁp+a,p+b,p+n — ,yp+a,n;p+/) + ,Vp+a;p+b,n ﬁp+a,p+n1,p+n — _,yp—t-a,mn’

ﬁr+k,p+a,p+c — 2wk0a0p+u,p+c lw 110[yp+c ptan ,})PJr[l;[lJr(f,n]’

ﬁl‘+k,}7+a,p+n — ko 1110yp+a,mi1 _ k()[yo,n,pra + ,yo,[lJru,n]

ﬁz'+k,p+m,p+c _ wkownaypﬂ am Iw[ypﬂ 10,Mm 0p+c m]’ ﬁr+k,p+m,p+n — wkoyo,mn'

(A.6)
See Chen and Cui (2005) for details.

A.2. Derivations of (2.8) and (2.9)

We shall expand each term on the right of (2.7). By ignoring terms of Op(nfs/ 2), the first
term

By e iy [ OWi(0) sk 1°Wi(00) skal 1 B3W(O) skalam
2n S wi0) = An! T00) + —2220 +-—120 —— 0 ghgh
Z ©) Z Willo) + =5 2 a0ka’ 6005 00'00"

S L LAl < L UL Ly R o N e LR Ly
Similarly, the second term
Tlf1 Z wi(é)wi(é)Ti

()ﬁmﬂ]+ S0

=i Z{w/ O (O0) + Wi (0) 0 W”(Ho)}

a0'00"
At i sy o VA g evid o - Lojainiak o mjilk | jilky. i
=24+ N+ 2120 {(C" +V]”)[2;j,l]}+§A/L00 {(C5 /0 2; 5, 1]}
+ 20000 (i g itk
= 7 AT 2 2 g e i T 4 0,52,

For the third term
2 it e 2 A5k giin oy oiin siaiahak Gink —5/2
3" > T w0 = RO R O L Y + 0, (n7/?).
=1

Finally, n=' S, [ wi@)* = 732" 200 1 0, (n=5)2),
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We then have for a,b,c,d € {1,2,....,r—p}, f,9,hi,je{1,2,...,r}, k,l,mn,o0¢€
{1,2,...,p} and ¢, s, t,u € {1,2,...,r + p} that
n ()= —2B A — BB +2BBY(A + B) — BB (4 + B)
— 2B"*B“/BY(A + B) + p*“BB'B (4 + B') — f/f*" BIB'B'(4’ + B/)
— B"B'BUA + By + 1 pB BB (A + B) + 2" B“B*'BY(A + B))
+ 2K~ BBIBE 4 [} 9 B BB 4 BB BB
_ % ﬂu,qs Bj,u BB Br+k _ ﬁj,uq B B1BS Br+k + % ﬁ/‘,uq ﬁu,sr BIB*B' Br+k
+1pmap gk — L pruas pupi g gtk — L g pU B BRS B2 v + k]
+ BB prthapt 4 1 g prihst pupd g gy
+ 20 B B — BBIBY2; jr + k] + L B BIBH[2; ), r + K1}
+ M {—B' BB + BB BB3;jr + ko + 1]
— BBt gepa3; o+ kv + 1)) — CPK B BB
+ Lyjkim gi prek prel prim _ piupepli gt — L pred gt g pa pe p!
+ p1B"B'B*B* — BB'A" + B BB A"[2;],i] — L p"' B"B'B' A[2; ], i]
+ 2/ (BB B — BB BB+ g B B B B! — B B B BI2; ), i]
+ % [ B BB B2, i) + 2B B B (P (yfiidk g yiliky gi pi prel grek
~24/"BB'B" + 20" B B'B" B! — o/" " B“BIB'B" — 2 4" B'B'B"
+2y/""* B B'B"B"* — 1o/" B B'B"B’ + Oy(n~/?).
Applying (A.1) and (A.4), it may be shown that the third to the 18th terms on the right-
hand side cancel each other and the application of (A.4) simplifies the 20th term. Keeping
all the other terms, we have (2.8).
Now bringing in the expansion for £(0) in (2.5) we have
n'10y) = (4 + B)A + B)— A4 A" — BB) - 20*B B+* — 2" g B B+
+2oMAA A" + BB B+ y N B BB 4 44N A A" — BUBIBI2; 0, )])
— pra[cik gk — grksgsyik 4 gisgs — 4 B\B*BY — 20" B/ B B B4
+ B“B"B"BI 4 2k g gtk gt — (K gk prol pia pa
— 29Kl g BT prka ga  0y(BT BRI BY - B BT B BI[2: i)
+ (% ﬁj,uq ‘Bj,st _ % ﬁj,uq ﬁl‘Jrk,styj,k) B'BIB'B' + % Vj,kl ﬁ/’,uq B'BIgH gtk
+ (Vj,kl ﬁl‘Jrl,uq . yi;j,k ﬁi,uq . V/‘;i,k ﬁi,uq) BRI Br _ 2));‘;1‘;11,/« B B BBtk
+ (y/‘;i,lk + yj,l;i,k) B BB Btk _ % V/‘,klm B Bk gt grm
+ % /"9 Bl B B" BY + (Oc/ih ﬂh,uq _ yj;[,l ﬁ)‘+l,uq) B B BB
+ CMB BB — 20 BB B + 2 4B BB + A/ A'A")
— 20 A AT AT A9+ oY o A A AN A9 — LM A AT A" A9+ Op(n ).
(A7)
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Now the terms appeared on the third line of the above equation cancel each other. To
appropriate this, by applying the relationships implied by (A.5) together with (A.1) and (A.4),

ﬂf,uq[cj,kBl‘+k _ Br+k’SBS'))i’k + Bj,SBY _ Alel]Bqu
— [ﬂj,uq Cj,kBrJrk _ ﬁl,uq,yl,kBr+k,p+aBp+a _ ﬁl,uq,yl,kBrJrk,rerBrer
o ﬁ/,qulp+aBp+a o ﬁp+b,qup+bp+aBp+u + ﬁl,qul,erquJra
+ ﬁp+b,qu1)+b,p+aBp+a + ﬁp+a,qup+a,r+mBr+m]Bqu
— [ﬁ/,uq Cj,kBr+k _ ﬁ[’”q(Bl’[H_a . Al,p+a)Bp+a _ Bl,uqcl,mBH-m
+ ﬁl,uq(Bl,p-&-a _ A/,p+a)Bp+a _ ﬁp+b,qup+hp+aBp+a + ﬁp+a,l¢qu+b,/)+aBp+a
_ ﬁp+u,uq Cp+a,i7zBr+m]Bqu — 0
Applying again (A.5), we can express the terms appeared in the first two lines of (A.7) by
A/Al _ AklAkAl _ 2A1,[7+11A[)+0A1 + %{ZklmAkAmAl + 2wklcp+(l,kA[J+aAl
+ [2akl,p+a _ prra,mnwmkwnl]Ap-&-aAkAl + z[al,p+a,p+b o yp+a;p+b,kwkl]Ap+aAp+bAl

which leads us to (2.9).
A.3. Expansion for R

We subtract RéRé from all the terms appeared in line 4 and below in (2.9). Fortunately
all the terms which do not have A’ appeared cancel out with those appeared in RlzRé.
Hence, the remaining terms can be written as 2R, R}.

The pursuit for an expression of Rj is done by repeatedly employing formulae (A.5) and (A.6)
as well as (A.1), (A.2) and (A.4). For instance, the terms appeared in the fourth line of (2.9)

ATAM A A" + BBB'B! — 24" BBIB + 20 B BTE BY
— AklAkmAmAl + 2Ak1Ak,p+aAp+aAl + 2Al,p+uAp+a,p+bAp+bAl
+ Ak,p+aAl,p+uAkA/ + Ap+u/Ap+blAp+aAp+b + wmlwnlceru,m Cp+b,nAp+uAp+b
+ wnlwkm Cp+a,ncp+u,kAmAl _ 2wmkCp+b,mAp+a,kAp+bAp+a
_ 2wmnwk1 Cn,k Cp+u,mAp+aA/ _ Zwkl Cp+a,kAp+a,p+bAp+bA/
_ 2wmlwkn C]H—a,k C]H—a,mAnAl’
and the terms in the fifth line
_ ,Vj,ler+kBr+lB/',qu _ 2,Vj,le/'Br+lBr+k,qu
— _ym,kl Brta Br+k Br+1 RBmpta _ Verb’kl Brta Br+k Br+1 Bp+b,p+a
_ yp+b,kl Br+k Br+/ Br+n Bp+b,r+n o 2yp+b,kl Bp+u Bp+b Br+l Br+k,p+a
_ 2yp+a,k1 Bp+a Br+l Br+m Br+k,r+m
— Vm,klwknwlowvmCp+a,vAp+aAnAo 4 “p+b,klwknwloAp+b,p+aAp+aAnAo
+ yp+b,klwknwlowmv Cp+b,mAnAoAv _ 2yp+b,k1wknwlowvn Cp+a,vAp+aAp+bAo
+ Zyp+b,k1wknw/oAn,p+aAp+aAp+bAo 4 zyp+a,klwkvwlnwmo CU’mA[H_aA"AO,

and so on for the other terms.
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Let us define

R31 — ZA/mAkmAk 41 AlkmAAAm _ lkmAnmAkAn
knmAlmAkAn + 4O(lknaomnAmAkAo _ IknmAmAkAn
R;2 — Alk,eraAeraAk + Al,p+u,p+bAp+aAp+b _ %wk wmleJra,kmAeraAn
wlep+a;p+b,kAp+aA1J+b + %wkm Cp+a,kAlmAp+a + %AlkAk’eruAme
+ Alp+aAp+a,p+bAp+b + %AleraAerukAk _ %wkmwnlcera,ncera,kAm
_ (,Ok/(,l)mn Cn,k Cpram gpta _ CUkl Cp+a,kAp+a,p+bAp+b
b
Rl33 — %[,ym,vowvnwolwkm _ %anmlwkM]Cera,kAp+aAn + %y’”b’k"wk”w ™ Cp+b Ryl
+ [%qp—t-b,kowknwol _ OClnp+b]Ap+b,p+aAeraAn + ka[wnl(yk;pﬂ:,n + V]H—u;k’n)
O(lk[H—b _ %yjH-b,mnwmlwnk Cp+a,vAp+uAp+b + ,Vp+u,kow wmlwkv O gpta gn
+ [%,\p-&-h,mkwmlwkn _ o(lnp+b]An,p+aAp+uAp+b’
Rl34 — yp+a;p+b7nwnowm1Co,mAp+uAp+b _ O(p+a,p+h,p+cAl,ercAeruAerb
+ [(Vp+c;p+a,n + yp+a;p+c,n)wnl _ 2al,p+a,p+c] APFep+b gpta gp+b
+ (Vp+c;p+a,a + wp+a;p+c,0)wonwkl Cprok qpra gn _ Glkpta gmp+a gk gm
+ O(p+ll,p+/7,]7+6wiﬂlCP+C,mAp+llAll+b _ %alkmAm,p-&-aAp-&-aAk
_ [% OCko,p-',—a _i_%yp-k—a,mn mk rm]AloAjH—aAk 2ak,p+a,p+bAlp+hAp+aAk
_ [am,p+a,p+b + V/)+a;p+b,kwkm]A1mAp+aAp+b
R/35 _ [% OClk,17+¢1(xt71;'t,1)4r(t _ %wl l(,l) " wk k,))erd A'm p+a n'k' ]AmAnAk
+ [2O(p+u,kfalmf _ alkm,]H—a _ §o(lmn(Ockn,p-k—a _ %y]H—a,m " oy kwn n)
7 v oy /7.0 7 .
_ %wm mwk kwl l(wlbyp-&-a,m 1 yv,lk o %yp-&-a,m k'l )]Ap-'raAkAm
1 lk.,p+a,p+b 2 Jklve . v.p+ap+b 1, p+a;p+bn,  nv
—5[3a prap +§OC (ap P —z'))p P w )
+ (akuera _ %Veru,mnwmkwnv)(alvarb _ %,J)[J+b,m’n’wn1’lwn’v)]Ap+aAp+bAk
+ [(xl,pﬂz,/ O(p+b,p+c,/ _ al,p+a,p+b,p+c _ (Oclk,erc _ %Vpﬂ’,mnw wnk)

X(ak,p+c:,p+b _ ,Vp+a;p+b,v)wuk]Ap+aAp+bAp+c

and

R136 — {2ocl,p+a,famp+bf + O(lmfo(vaa,erb,f + wm’mwn’l[% wokka,prra,om’prrb,vn’
_1 (VP+C;P+11J” + y[’+ll;p+c,m )(q p+ep+bn + yp+b;p+c,n )
koprrb N k(,yo ' p+a + o:p+a,m’ ) Ocp+u,p+b,p+c ,Verc m'n

ko, om'n' , p+a;p+b.k +a;, )+b,mn +a,n;p+b,m’ +a qp+b qm
Lgkoyomn ypraptbk 4 Lyprar  Lyprampbmy gpra gp+b gm.

It may be shown after some algebra that Ry = 3¢ R}
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A.4. Proof of the Theorems

The proof of Theorem 1 is divided into two parts. In the first part, we derive the
cumulants of /nR. In the second part, we establish an Edgeworth expansion for the signed
root which then leads to an Edgeworth expansion for the EL ratio r(6y).

Cumulants of the signed root R: Since the cumulants of order higher than four are
of O(n~?) or smaller, we only need to derive the first four cumulants. As the first and the
third cumulants are easier to derive than the second and the fourth, we present them first.
From (2.10) and (2.11), and the fact that R} is the product of four zero-mean averages,
we have

E(R))=0, ER)=n"'y and E(R,)=0@">),
where y/ = —1n~1o/** . Therefore, the first-order cumulant is

cum(R") = n~ 'yl + O(m™2). (A.8)
The joint third-order cumulants

cum(R', R°, R*) = E(R'R°R") — E(R)E(R’R")[3;1, 0, v] + 2E(R")E(R°)E(R")

= E(R|R{R}) + E(R,R{R)[3; 1, 0, 0] — E(R)E(R]R))[3; 1, 0, 1]
+0@n™).

We note that

E(R/R)) =n"'6" and

E(RéR?) — n—2[_% ((xlokk . 510) . OCIO,P-HI,P-HI + %alkmaokm + wk/yp+a;o;p+a,k

+ (akrta _ 1 Wk @tlypramnyyokipta | gltapth _ okl praptbkyyoptaptby
Write R) = R}, + R}, where Ry, = —1 AN 4F 4 1ok g4¥ 4™ and R), contains the rest of
the terms appeared in (2.11). We have
E(Rlzl) = —%n’loc”‘k,
E(RS,RSRY) = E(R),)0° + O(n ) = O(n?) and
E(RY, R(R}) = 72 (Lo 5% — Lo/vy + On~>).
Thus,
E(R,R}RY) = E(R,)E(R{RY) — LE(R|R{RY) + O(n~?), (A.9)
which means that
cum(R', R°, R") = O(n™?). (A.10)

To compute the second cumulants, we have to derive the expectation R,R, which
involves 21 terms. After deriving the expectation of each term and combine them as given
in Chen and Cui (2005), we have

E(R,RY) = n~2J" + O(n™?), (A.11)
where J® is defined in (3.1).
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We also need to compute E(R,R) + E(R,R?). It may be shown that, with the remaining
terms of O(n™"),
2 ! po1 _ 5. dokk 3 5lo 29 lkm_ okm __ 1 . lok,kmm
n"B[R3 R{] = 3o 507 — 550" oo
an( Ré 5 R(IJ) — % glo-rtapta + o/k-p+aokpta + 1 (xlok ofeptrapta + o PHapt+byo.ptap+h

1 lop+a  kkp+a ko ml +a,km;p+a kl ., p+ap+ak;o
+ 5 o P o 4 — 2 /,[7 P — ryp P

1, km +ak;o . Imp+a +ak;p+a . lom 1 +a,np+ak
+ 5 W (’))p o P + ,yp P o ) — —2 ,VI) P

2w/cmwnl(,yp+a,l1;myp+a,k;o + ,yp+a,n;avp+a,k;l11) + Ocla,p+aap+a,p+b,p+h

_ wklwmn(yn,k;eraprra,m;o + ,))n,k;ayp+a,n7;p+a)

wkl(yp+a,k;p+baa,p+a,p+b + yp+a,k;oap+a,p+b,p+b)

I’le(R[BR(])) - _ oclk’eraOCOk’era _ o(loerbO(p+a,p+a,p+b + s lwkmym vn,yp+a,k;p+a

lwkmyp+a,k;p+aaoml + %wko n/yp+b /cnap+a,p+a,p+b

y b . g X7
+ %(1) wblwmoyp-&-b,kbyp-&- ;1 + ! wkownlwmbVp+b,knyp+b,m,b

kaal/c,p+u,yp+a,v;o + a)vkwnl(,yk;p+u,n + ,))p+a;k,n),yp+a,v;1)

k11,yp+a mk on,p+a kb,yp—&-a Jen v m,p+a

+ o w + 0" o™ w
ZE(RI34R(I)) — — 4y ,p+a,p+bao,p+u,p+b _ §OclomOcm,pﬂz,era _ %alk,eraaok,pﬂz

OCIO,eraakk,era _ oc/O,p+aap+a,p+b,p+b nk,yk,m;aprra;era,n

+ wml W
+ wnl(yp-rb;p-ra,n + qp+a;p+b,n)ao,p+a,p+b

no . kil +bip+an ptap+b,n +b.k;p+a ml , ,p+b,m;o . p+a,p+a,p+b
+ o™y’ +9 )V + o™yP o

1,.mo, nk p+a,mnalk,p+a p+ap+ak lom

— 70" 0™y wy

n2E(R/35R(11) — %a/o,p+aakk,p+a + a/k,p+aaok,p+a _ %alo,p+a,p+a %alokak,p+a,p+a
+ lwnv lovvp-k—a;p-&-a,n _ lalk,p-&-aaok,pﬂz + %wn1ownvalvp+ayp+a,mn

I'l mo Kk p+alm  p+ank
gw " K Kyp W

3 p+a,mn +a,m'n’
— g™ "™ T vyp »w

P
ZE(R 6RO) _ 2alk,p+a ok,p+a 4 20 Lp+a,p+b o,p+a,p+b + OCIOkO(k’p+a’p+b
+ alo,P+aap+a,P+b,P+b + ! wm 20" lwmkkayp-&-a,mm’yp-&-a,vn/
_ %wm’own’l(,prrb;vaa,m’ + Vp+u;p+b,m’)(yp+b;[7+u,n’ + yp+a;p+b,n’)
wm 20 la)km(ym ' p+a + ym,p-'ra ' )yp+a 'k
5(0 own /ap+a,p+a,p+b /p+b NI %wm 20" lwkmym,m’n’yp+a;p+a,k
+ Ew CO” /(Vp+a;p+a,m n + yp+a,n;p+u,m’),
nZE(RéRcl)) - _ %(o{lokk _ 5/0) _ ala,p+a,p+u + %o(lkmaokm + O(l,p+a,p+boco,p+u,p+b
+ Oclk’eraOCOk’me + wkl,ypra;o;eru,k _ %wmkwnlylﬂru,mnaak,pvw

o 7)1a+a;p+b,k P tapth
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In summary,
E(RSR)) + E(RLR)) = n 2 K" + O(n™>), (A.12)

where K is defined in (3.2).
In light of (A.11) and (A.12), we have

cum(R', R°) = n= 10" + n24% 4 O(n™?), (A.13)
where
Alo — Kl()[2; l, 0] + Jlo _ 'ul'uo. (A14)

The joint fourth-order cumulants of R is
cum(R', R, R", R") = E(R'R*R"R") — E(R' RO)E(R" R)[3: 1, k;m, 1]
— E(R)E(RFR"R)[4; 1, k,m, 1] + 2E(R")E(RF)E(R" R")[6]
— 6E(R"E(R*)E(R™E(R")
= E(R|R{R}'R}) + E(R,R{R'R}) + E(Ry R{ R}'RY)

+ E(R, RS R R))[6] — E(R! RNE(RI'R))[3; 1, k; m, 1]

— B(R,RE(R'R))[12] — E(R, RDE(R}'R))[12]

— E(R, RS)E(R]'R))[6] — E(R)E(RY R} R))[4]

— E(R)E(R; RY'R))[12] + 2E(RY)E(R)E(R] R)[6]

+0(m™%). (A.15)
In the above, [6] means six terms by choosing two superscripts from a total of four; and
[12] implies 12 terms by choosing / from the four superscripts first and then choosing &
from the rest of the three. From now on, we will just use, say, [6] without the details of the

superscript rotations to save space.
From (A.9), we immediately have

E(RO{E(R} R R)[4] + E(RS R} R))[12] — 2E(RSE(R]'R))[6]} = O(n~*)

which means the sum of the last three terms in (A.15) is negligible.
To facilitate easy expressions, let us define
t = Oclkmn, tr = 511(5”1}1 + 5lm5kn + 5ln5km’

3 = O([km 10 + OClkn o100 + :xlmn Ockoo + O(kmn OC100

>

ty = OClko(xmno + OClmoofkno + alnoakmoy

s = OCkmn(xl,p+a,p-'ra 4 almnak,p+a,p+a 4 alknam,p-&-a,p-&-a + alkmocn,p-&-a,p-k—a,

te = alk,p-&-aocmn,p-&-a + almo,[)-&-aakn,p-&-a + OCln,p-}—aOckm,p-&-a'

It is relatively easy to show that

E(R|R{ R R}) — E(R| RDE(RY R)[3; L, k,m, f] = n (1) — 1) + O(n™*). (A.16)

Please cite this article as: Chen, S.X., Cui, H., On the second-order properties of empirical likelihood with
moment restrictions. Journal of Econometrics (2006), doi:10.1016/j.jeconom.2006.10.006



dx.doi.org/10.1016/j.jeconom.2006.10.006

22 S.X. Chen, H. Cui / Journal of Econometrics 1 (1ill) 111-111

Derivations in Chen and Cui (2005) show that
E(RyR{RY'R))[4] — E(R, RDE(R]' R)[12]
— n73{wol(yp+a,o;kamn,p+a 4 prra,o;makn,era + ,yp+a,o;nakm,p+a)][4]

_ 6l] + 2l2 _ %13 + % ty — [wm’lwn’k,yp+a,n1’l1’amn,p+a][6]} + O(I’l_4), (A17)

E(Ry RS RY' R)[6] — E(R, R)E(RYRY)[6]
— n_3{3l1 — b+ %13 _ 814 + [wm’mwn’/yp-k—a,m’n’akn,p+a][6]
_ %[wol(,yp-k—a,o;m“kn,p-k—a + yp+a,0;nakm,p+a)
+ wok(vp+a,a;mo(ln,p+a + ,\p+a,();nalm,p+a)][6]
+ [wk /wm/k (Vera,m’;nprra,k m + prra,k ;nyp+a,n1’;n1)][6]
%,Vp+u,m/n/ [(wolwn’k + w()kwn’/)(wm’n,yp+a,();n1 + wm’mvp+a,0;n)][6]
+ %[wl/lwm’m (wn/kwk'n + wn’nwk'k)yp-k—a,l/m’yp-&-a,n’k'][6]} + O(}’l_4) (A 18)

and
E(R, R Ry R})[4] — E(R, R)E(RY R{)[12]
— ’173{211 _ %2‘4 + [wn’lwk/k(vp+a,k/;nyp+a,n/;m + Vp+a,n’;nyp+a,k';n1)][6]
+ %[,ylH—u,m’n’ (wolwn’k + w()kwn’/)(wm'n,yp+a,();n1 + wm’myp+a,0;n)][6]
_ %[wl/lwm’m(wn/kwk'n + wn’nwk'k)Vera,l/m’prra,n/k'][6]} + O(l’l74). (A 19)
Combining (A.16)—(A.19) it may be shown that
cum(R', R, R", R") = O(n™™). (A.20)

Edgeworth expansion for r(0y): We first derive an Edgeworth expansion for the
distribution of n'/2R. Let «; be the jth order joint cumulant of n'/2R. From (A.8), (A.13),
(A.10) and (A.20),

K| = n’l/z,u+ on37), K= 1, +n A +0m™?),
K3 =007, kg =0,

where I, is the p x p identity matrix, u = (u',..., )" with @/ = Lo/ and 4 = (4"
Let

pxp*

3 1 r 11 r 111 rrr\T
Uys=4,...,4,4",...,4",4",...,A")",
3 1,1 1, r,1 r.p ;1,1 rir,p\T
Ue=(CY,...,CY, .. C™ .. cmp bl ey

and U = (U7, UL)" is a vector of centralized means. From (2.10), (2.11) and the expansion
for R; given in Appendix A.3, the signed square root n'/2R can be expressed as a smooth
function of U, namely there exists a smooth function / such that n'/2R = h(U). We can
then use the results given in Bhattacharya and Ghosh (1978) to formally establish
Edgeworth expansion for the distribution of n'/2R under Condition (2.1). In particular, let
% be a class of Boreal sets in R? satisfying

sup ¢(w)dv=0(), €0,

Be# J @By
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where 0B and (0B)° are the boundary of B and é-neighborhood of OB, respectively.
A formal Edgeworth expansion for the distribution function of n'/2R is

sup =0,

Be#

P(n'’R € B) — / 1(v)p(v) dv
B

where n(v) = 1 +n~ 20 v + 1n= "o (uu™ + Ay — tr(uu” + 4)}, ¢(v) is the p-dimensional
standard normal density, and tr(-) is the trace operation for square matrices.
Let H = (hy pxpzru,uT + 4. By the symmetry of ¢(v) we have

P{¢(B)<c,) = P{(n'?R)"(n'*R) < c,} + O(n™?)

= /‘” 1/2 TC(U)(p(U) dv + O(n*Z)

»
12 {Z hi(of = 1) + Zhijvz‘vj}d)(v) do
i=1

1
= P(1;<c,) +§n—‘ /

ol <c, i#]
+0m™?)
=0 — Bccyfp(co()n_l +0(n?), (A.21)
where B. = Y0 h; = 7:1(/1/ ' + 4™). We note in particular that the remainder term in

(A.21) is O(n~?) rather than O(n—>/?). This is due to a fact that an even/odd order Hermit
polynomial is an even/odd function. This completes the proof.

Proof of Theorem 2. Based on the Edgeworth expansion given in (A.21),

P{(B) <ol +n7' B)
= P{y, <c(1+n7' B} = Beeof (1 + 17 Bn™" + O(n™)
=0+ 0n?)

since the chi-square distribution satisfies
P{yp <cy(1 +n7' B} = Py <2) + Becof (e + O ™)

and f,{c,(1 +n~'B.)} = f,(c,) + O(n~"). This proves the theorem. [

Proof of Theorem 3. Note that the bootstrap estimate for f, = 1 4+ B.n~! is \/n-consistent.
Applying the delta method (Bhattacharya and Ghosh, 1978) on top of the derivation in the
proof of Theorem 2, we have

P{U(B)<cuB.} = PUB)<cu(1 + Ban™ ")} + O(n™?)
=4+ 0n2) +0mn?) =a+ 0m?). (A.22)

We note here that the O(n~3/?) term is entirely due to using a /n-consistent estimator of
.. This completes the first part of the theorem.

Let R* be the sign root decomposition of r*(0). It can be shown that its expression is
given by replacing in R, the sign root of r(6): (i) all the population moments by their sample
averages based on y, and (ii) all 4, B and C’s by their corresponding quantities based on
the bootstrap resample {X7}?_,. As shown in Hall (1992), the cumulants of R* have forms
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which essentially replace all those population moments by their sample counterparts based
on the original sample y. These lead to, for any x* € R,
P (0)<x*|1,} = P(2<x*) — p~ ' Box*f,(x*) + Op(n ), (A.23)

where B. is a version of B, by replacing all the population moments by their sample
counterparts. It may be shown that under the conditions of the theorem,
B.=B.+0,n"'?).

As ¢, satisfies P{r*(0)<¢,|y,} = o, we can carry out a Cornish—Fisher type expansion of
¢, based on (A.23) and obtain

¢y = c,(1+ B + 0, (n~3/?).

This together with the Edgeworth expansion for r(6) given in the proof of Theorem 1
implies that

P{r(0)< ¢y}

P{r(0)<c,(1 + B.n~ )} + Op(n—3/2)
=oa+O0m/?)

by repeating the derivation of (A.22). In the first equation above, we use again the delta
method whose validity is given in Bhattacharya and Ghosh (1978). O
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