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ABSTRACT. This paper considers the second order properties of empirical likelihood
for a parameter defined by moment restrictions, which is the framework operated upon by
the Generalized Method of Moments. It is shown that the empirical likelihood defined for
this general framework still admits the delicate second order property of Bartlett correction,
which represents a substantial extension of all the established cases of Bartlett correction
for the empirical likelihood. An empirical Bartlett correction is proposed, which is shown to
work effectively in improving the coverage accuracy of confidence regions for the parameter.
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1. INTRODUCTION

Generalized Method of Moments (GMM) introduced by Hansen (1982) is an important
inferential framework in econometric studies. GMM is based on, upon given a model, some
known functions g(X, ) of a random observation X € R¢ and an unknown parameter 6 € RP,
where g : R“P — R", such that E{g(X,0)} = 0 which constitutes moment restrictions on

the relationship between X and €. The power of GMM is in its allowing r > p, namely the
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number of moment restrictions (instruments) can be larger than the number of parameter,
which leads to a full exploration of inference opportunities provided by the given model.
There is a vast pool of literatures on GMM. Here we only cite the latest reviews of Andrews

(2002), Brown and Newey (2002), Imbens (2002) and Hansen and West (2002).

Empirical likelihood (EL) introduced by Owen (1988) is a computer-intensive statistical
method that facilitates a likelihood-type inference in a nonparametric or semiparametric set-
ting. It is closely connected to the bootstrap as the EL effectively carries out the resampling
implicitly. On certain aspects of inference, EL is more attractive than the bootstrap, for
instance its ability of internal studentizing so as to avoid explicit variance estimation and
producing confidence regions with natural shape and orientation; see Owen (2001) for an
overview of EL. A key property of EL is that the log EL ratio is asymptotically chi-squared
distributed, which resembles the Wilks’ theorem in parametric likelihood. The Wilks’ theo-
rem was established in the original proposal of Owen (1988) for the means, in Hall and La
Scala (1990) for smoothed function of means, Qin and Lawless (1994) for parameters defined

by moment restrictions and Kitamura (1997) for weakly dependence observations.

There have been comprehensive studies of EL in the context of GMM in econometrics.
Imbens (1997) shows that the maximum EL estimator of 6 is a one-step variation of the two-
stage GMM estimator in the over-identified case of r > p, and achieves the same asymptotic
efficiency as the two-stage estimator. Testing is considered in Kitamura (2001) for moments
restrictions, and Tripathi and Kitamura (2002) for conditional moment restrictions. Es-
timation and testing with conditional moment restrictions are studied in Donald, Imbens
and Newey (2003) and Kitamura, Tripathi and Ahn (2002). They found that EL posses
the attractive features of avoiding estimating optimal instruments and achieving asymptotic
pivotalness. Tilted EL and other variations are studied in Kitamura and Stutzer (1997),
Smith (1997) and Newey and Smith (2004). In particular, Newey and Smith (2004) find
that the EL estimator is favorable in terms of the bias and the second order variance in

comparison with the GMM estimator.



Another key property of the EL is Bartlett correction, which is a delicate second order
property implying that a simple mean adjustment to the likelihood ratio can improve the
approximation to the limiting chi-square distribution by one order of magnitude and hence
can be used to enhance the coverage accuracy of likelihood-based confidence regions. In the
context of testing hypotheses, the Bartlett correction reduces the errors between the nominal
and actual significant levels of an EL test. Bartlett correction has been established for EL
by DiCiccio, Hall and Romano (1991) for smoothed functions of means and Chen (1993,
1994) for linear regression. Baggerly (1998) shows that EL is the only member within the
Cressie-Read power divergence family that is Bartlett correctable. Jing and Wood (1996)
reveal that the exponentially tilted EL for the means is not Bartlett correction as the tilting

alters the delicate second order mechanism of EL.

In this paper we show that the EL with moment restrictions is still Bartlett correctable.
The finding represents a substantial extension to the established cases of Bartlett correction,
which almost all of them assume r = p corresponding to the just-identified case in GMM.
The establishment of the Bartlett correction for the just-identified case is a lot easier as the
log maximum EL takes a constant value —nlog(n) (n is the sample size). However, in the
over-identified case the maximum EL is no longer a constant, rather it introduces many extra
terms into the log EL ratio and makes the study of Bartlett correction far more challenging
as can be seen from the analysis carried out in this paper. The establishment of Bartlett
correction in this general case indicates that EL inherits the delicate second order mechanism
of the parametric likelihood in a much wider situation. This together with the findings of
Imbens (1997), Kitamura (2001) and Newey and Smith (2004) and others suggests that the
EL is an attractive inferential tool in the context of moment restrictions. The establishment
of the Bartlett correction leads to a practical Bartlett correction, which is confirmed to work

effectively for coverage restoration in our simulation studies reported in Section 4.

The paper is organized as follows. Section 2 provides an expansion for the log EL ra-

tio for parameters defined by moment restrictions. Bartlett correction and coverage errors



assessment of EL confidence regions are investigated in Section 3. Simulation results are
reported in Section 4, followed by a general discussion in Section 5. All technical details are

left in the appendix.

2. EL FOR GENERALIZED MOMENT RESTRICTIONS

Let X3, X5, -, X,, be d—dimensional independent and identically distributed random
sample whose distribution depends on a p—dimensional parameter # which takes values in
a compact parameter space © C RP. The information about # is summarized in the form of
r > p unbiased moment restrictions ¢/ (z,0), j = 1,2,---,r, such that E[¢g?(X1,60y)] = 0 for

a unique 6y, which is the true value of 6. Let
g(X,0) = (¢"(X,0),5*(X,0),---,¢"(X,0)" and V =Var{g(X1,60)}.
We assume the following regularity conditions:

(2.1) (i) V isar x r positive definite matrix and the rank of E[0g(X1,00)/00] is p;
(ii) For any j, 1 < j < p, all the partial derivatives of ¢’(x,6) up to the third order
with respect to 6 are continuous in a neighborhood of 6, and are bounded by some
integrable functions respectively in the neighborhood;
(iii) limsupy, o, |Elexp{it” g(X1,00)}]| < 1 and El|g(X1,60)||" < oo.
Conditions (i) and (ii) are standard requirements for establishing the Wilks’ theorem and
higher order Taylor expansions of the EL ratio. The first part of the condition (iii) is just

the Cramér’s condition on the characteristic function of ¢(X,6y). It and the requirement

that Fl|g(X,0)||'® < oo are required for establishing the Edgeworth expansion.
To facilitate simpler expressions, we transform g(X;, ) to w;(0) = TV~1/2g(X;, 0) where

T is a r x r orthogonal matrix such that

_ 99(Xi, o) T
2.9 ryp(Ras S — (a0 )
(2.2) (%) A0 )
Here U = (ukl) 5 is an orthogonal matrix and A = diag(\,---, ) is non-singular.
pXxp
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Let p1,p2, -+, pn be non-negative weights allocated to the observations. The EL for
0 as proposed in Qin and Lawless (1994) is L(6) = [I’, p; subject to ¥ p; = 1 and
S piwi(0) =0. Let £(0) = —2log{L(#)/n™}. Standard derivations in EL show
00) = 2> log{1+ X" (0)w;(0)}
i=1

where A = A(6) is the solution of n~! Y7, —u(®

=l T o (0) = 0. According to Qin and Lawless

(1994), the maximum EL estimator 6 and its corresponding A, denoted as 5\, are solutions of

2. = n!
(2.3) Qin(N\, 0) Zl—l—)\Twz =0 and

(6)

Then the log EL ratio is 7(6) = £(6) — e(é).

=0.

In the following we are to develop expansions to £(fy) and £(f) respectively. To expand
0(6y), define
JARRLIE E{wj1 (6o)... j’“(@g)} and
Adrdke — 1ij1 Jk 90) ot Jk
Here we use a’ to denote the j-th component of a vector a. Then, it may be shown that
nHU(G) = ATAT — ATATAT + aﬂhAJAZAh AT AN AT AN - %AﬁhAinAh
(2.5) — 207" AN ATATAT 4 oI oM ATATAR A9 — Ladthe 43 ATAR A9 + O, (n7%/?).
We use here a convention where if a superscript is repeated a summation over that superscript

is understood. This expansion has the same form as DiCiccio, Hall and Romano (1991) for

the mean parameter when r = p and Chen (1993) for linear regression.

It is quite challenging to expand ¢ (é) in the general case of r > p. Two new systems of no-
tations are introduced to facilitate the expansion. Let n = (X, 0), Q(n) = (Q7,(n), Q% (M),
So1 = U(A,0) and S12 = S7,. Due to the early transformation in (2.2),

I S
g {29000 2
an S,y 0



Put T'(n) = S7'Q(n). Now we can introduce the notations involving I'(r) and their deriva-

tives

kT (0, 0o) o 1 X OFY(0, 6)
EFl————=) and Btk =

(3773‘1---3%‘) Z 7 Onjy---Onj,

and the notations involving w;(#) and their derivatives

[BIIt-dk = — ik

(alwgf(eo) O™ wk (0y) anwf(eo))
0071 ...009 DGk .. .90km " HOr1... OO
. 81 j 90) 8m ’“(00) 8”wf(00)
- _Zaen. 003 OOk .. 90km " HOPr.. OOPn

”Yj’jl -Juskske kmse.5p,p1. P

and

ijjl-njl%kfak'l---km§---§p7p1---pn Jsg1---Jgiiks k1. km;..50,p1. P

Since 77 = (A, 0) is the solution of T'(7) = 0, by inverting this equation, we have for
j7k7l7m€ {1,27“‘,7”4-}?},

ﬁj . 776 — _Bj + Bj,kBk - %ﬁj’lekBl _ Bj,kBk,lBl 4 %ﬁk’lmBj’kBle + ﬁj’lek’mBmBl

(2.6) _ %ﬁj’klﬁk’manBnBl o %Bj’lekBl + %ﬁj’klmBkBle + Op(n_Q).

Note that (2.6) contains expansions for M when j < r and for 67 when J > r respectively.

Note that
(2.7) 40) = Qi{j\T’wz‘(é) — 5N wi (O + 5\ wi(9)]° — N wi(0)]*} + Op(n=2/?).

From now on, we fix the ranges of the superscripts a,b,c,d € {1,2,---,r —p}, f,g,h,i,j €
{1,2,---,7}, k,I,m,n,0 € {1,2,---,p} and ¢,s,t,u € {1,2,---,r + p}. It is shown in
Appendix 2 by substituting (2.6) into (2.7), that

n (@) = —2BIAT — BIBI 4 20 B BRI BT - 1 ginagrikstaik pupa ps gt
B ﬁj uq Qu a4 grtk, 5 By gk ﬁr—f—k uqg gupaCik Bl Ri Rl AT %ajithBiBh
+ 209%{BIB"*F — BIPBPBTR2 v + k] 4+ 347 BYBIBR2, v + K]}
+ ,yj,kl{_BjBr—i—kBr—i—l T BjBr+kBr+l’qu[3,j, r 4 k, r 4 l]
N %ﬁj,qur—l—kBr—HBqu[?)’j, r+kr+ l]} — (K BiBr+k gr+l _ %AjithBz‘Bh

U RU Y, j U j,st RU s j U u 8 RS 535k, i PRI R R+
— BiMB"BMB? — 1ginagist BuBIBs Bt 4 Biwa BRI BS 4 2visihik Bi BiBh Br



(2.8)

+ o+ o+ o+

B/B"BIAY[2,j,i] — 139 BYBIB'AV[2, j,i] + £H3ktm B grek grt grim
297" B/B'B" — BIB'B"th1B1 4 lgrtlwa Bipipu Bt — Br B BIBI(2, j, i)
%ﬁj,ququBiBr—i—l [2’]', ’l]} + ZBjBiBr+le;i,l o (,yj;i,lk + ,.yj,l;i,k)BjBiBr—i—lBr—i—k

207" BIB'BMBY — o/ g1 B BIB' B" — 1aithd Bi BB B9 + O,(n~%/?)

where [2, j, 1] indicates there are two terms by exchanging the super-scripts ¢ and j, and the

~

same is understood for [3, 1, j, k]. Expansion (2.8) for £(#) is much more complicated than the

just-identified case of r = p. In that case, all the B/ = 0 from a result established in (A.1),

~

which means ¢(f) = 0 and 7(0y) = £(6y). This is the situations of almost all the existing

~

studies on Bartlett corretability of the EL. When r > p, the expansion of () contains more

terms than that of ¢(fy), which increases substantially the difficulty of the second order

study.

Combining (2.5) and (2.8), and carrying out further simplifications,

nr(6)

(2.9)

+

+

+

AZAZ . AklAkAl o QAZ p+aAp+aAl + %O{klmAkAmAl + 2wklc«p+a,kAp+aAl

(20! Pra — pramny, ) APTEARAL 4 AT(AM AT AR — BYBIBI[2,4, )

2 (o/ pta p+b _ ,.yp—l—a;p—l—b,kwkl) APtapgrtb Al | BiupiaBuRd 4 99k Bia grk ga
,yj,ler+kBr+lBj7qu - 27j7lejBr+lBr+k,qu _ 2ajz‘thBz‘Bh,qu
Q,Yj;z‘,l(Bsz‘Br—f—l,qu + Br+lBiBj’qu[2,j, Z]) + (,Yj;z‘,lk + ,yj,l;z‘,k>Bsz‘Br+lBr+k
(iﬁj,uqﬁj,st _ %Bj,uqﬁr-l—k,st,.yj,k)BquBth + (adthghua _ 43l gritug) Bi Bi gu B4
(,yj,klﬁr—l—l,uq — Ak giug _ ,yj;i,kﬁi,uq)BquBjBr—i—k + %,Yj,klﬁj,ququBr—i—lBr—f—k
Lydkim pi grok grot prém _ gqdsihk Bipi phprik 4 1adihs Bi pi ph B9
CIMBIBTHE BT — 20T BB BT + 2 AT (BI B B 4 AJATAP)

207" AT AT AT A9 + 79T oM AT ATAR A9 — Ladthe 45 ATARAI + O, (n5/?).

This expansion leads to the following signed root decomposition

n'r(6o) = (Ri + Ry + Rs)’ (R + Ry + Rs)’ + Oy(n~?)

7



where R; = O,(n~"?) for i = 1,2 and 3. Clearly, the terms appeared in the first two lines of
(2.9) fully determine Ry and Rs, namely

(2.10) R = A"
Rl2 — _%AklAk . Al pta Ap+a + %aklmAkAm + wlep—l—a,kAp—i—a
(2.11) 4+ [aftPre — %»ypﬂamnwmkwnl] Aptapk 4 [of Prapth _ ypraptbk k) Apta gptb

and R{ = R% =0forje{p+1,---,r}. An expression for R} is given in Appendix 2.
From (2.9), 7(6y) = nA'A! + 0,(1) which means that r(6) > X, and leads to an EL
confidence region for § with nominal confidence level 1 — a: I, = {0|r(6) < ¢, } where ¢, is

the upper a-quantile of Xz% distribution.

3. THE SECOND ORDER PROPERTIES

The coverage accuracy of the the EL confidence region I, is evaluated in the following

theorom.

Theorem 1. Under conditions (2.1),
P{r(fy) < ca} = a—n"'p ' Becafplca) + O(n~?)

where f,(-) is the density of Xz% distribution, B, = p~1(3F_; Al + %o/kko/mm) and A is
defined in (A.18).

Theorem 1 indicates that the coverage error of the EL confidence region I,, is O(n™!),
which is the same order as a standard two sided confidence region based on the asymptotic
normality of §. The attractions of the EL confidence region are (i) there is no need to carry
out any secondary estimation procedure in formulating the confidence region whereas the
covariance matrix has to be estimated for the confidence region based on the asymptotic
normality; and (ii) the shape and the orientation of the region are naturally determined by

the likelihood surface, free of any subjective intervention.



Theorem 2. Under conditions (2.1),
P{r(p) < ca(l+n'B)} =a+0(n?).

The theorem shows that the Bartlett correction is maintained by the EL for the situation
of general moment restrictions, despite that » may be larger than p and f(é) has a rather
complex expression. This indicates that the EL is resilient in sharing this delicate second
order property with a parametric likelihood and the existence of certain internal mechanism

in the EL that resembles that of the parametric likelihood.

It can be seen from Appendix A.4. that the Bartlett factor B, has a rather involved
expression for a general over-identified case of r > p due to the lengthy expressions of A¥,
However, it admits simpler expression in two special situations. One is in the situation of

just-identified moment restrictions with » = p. It may be easily checked from (A.18) that
~1 (1, Ukk _ 1 lkm  lkm
B.=p (§a — 30" ) ,

which is the Bartlett factor obtained in DiCiccio, Hall and Romano (1991) for smooth
function of means and Chen (1993) for linear regression. The other situation is when r > p,
but (i) Cov{g’(X,0), g?™(X,0p)} = 0 for any j < p and a < r —p and (ii) ¢’(z,0) = ¢/(x)
does not depend on @ for j = p+ 1,---,r. The assumption (i) means that the first p
estimating equations are uncorrelated with the last » — p estimating equations at 6, and (ii)

means that the last » — p estimating equations are free of parameters. In this case,
B, = p—l ( % Qllkk 4 oMl pta pta _ % alkmplkm _ ik (kpta pra _ (Uf praplf p+a) .
To practically implement the Bartlett correction in a general situation, B,=:1+Bmn™*
has to be estimated. It is noted that the direct plug-in estimator of B, can be obtained by
substituting all the populations moments involved by their corresponding sample moments.

However, considering the rather lengthy forms of Bc, we propose using the bootstrap to

estimate Bc, which is based on the fact that
(3.1) E{r(0y)} = p(1+ Bn™') +0(n?) = pB. + O(n™?%)

9



by combining the expressions of £ (RﬁRé) given in Appendix 3. The bootstrap procedure is

Step 1: generate a bootstrap resample { X} ; by sampling with replacement from the
original sample {X;}7_, and compute r*(f) = ¢*(0) — £*(6*), where ¢* and 6* are respectively
the Log EL ratio and the maximum EL estimate based on the resample;

Step 2: for a large integer N, repeat Step 1 N times and obtain T*l(é), e ,T’*N(é).

As N-'N  r+(0) estimates E{r(6y)}, a bootstrap estimate of B, is
2 N A~
B, = (Np)™' Y _r(0).
b=1

Let Xn = {Xy, -+, X, } be the original sample. It may be shown by standard bootstrap

arguments, for instance those given in Hall (1992), that
(3.2) E{B.|Xa} = (14+ Bn " ){1+0,(n""/?)}

which means that the bootstrap estimate of B, is v/n-consistent. Now a practical Bartlett
corrected confidence region is I, 4. = {0|7(0) < caéc}. It can be shown from Theorem 2 and
(3.2) that the coverage error of I, . is O(n~%/2), which improves that of I,.

The above use of the bootstrap to estimate the Bartlett factor B, or Bc naturally leads
ones to think of using the bootstrap to calibrate directly on the distribution of the EL ratio
(). Let us rank {r*(6)}Y, such that r*1(9) < r*2() < --- < r*N(0). Then a direct boot-
strap confidence interval with a nominal level 1 — avis Io = (roN/241(9) pA-e)N/2+1())
where [-] is the integer truncation operator.

The cumulants and expansions which are quite expensively derived for the purpose of

establishing Bartlett correction are needed in assessing the coverage accuracy of the direct

Bootstrap confidence interval I, ;. It may be shown that under conditions (2.1),2

(3.3) P (0 € Lop) = a+ O(n~*?)

2We would not provide the proof here due to a limited space. It can be carried out by taking a similar

route as in Hall (1992) and utilizing the Edgeworth expansion established in the proof of Theorem 1.
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which indicates that the coverage error of the bootstrap confidence interval I, and the
Bartlett corrected interval I, ;. is at the same order. This is indeed confirmed by our simu-
lation studies reported in the next section, although we observe that the performance of the

Bartlett corrected interval is more robust.

4. SIMULATION RESULTS

We report in this section results of two simulation studies designed to confirm the the-
oretical finding of Bartlett correction of the EL by implementing the proposed empirical
Bartlett correction. For comparison purposes, the bootstrap confidence intervals I, 4 is also
evaluated.

In the first simulation study, Xj,---, X, are independent and identically N(f, 0% + 1)
distributed, as considered in an example of Qin and Lawless (1994). The relationship between
the mean and variance leads to moment restrictions: ¢1(X1,0) = X; — 0 and ¢2(X3,0) =
X? — 20 — 1. This is an over-identified case as there are two moment restrictions and one
parameter of interest, i.e. r = 2 and p = 1. Like Qin and Lawless, the value of 6 is chosen
to be 0 and 1 respectively. The sample size used in the simulation study is n = 20, 30, 40
and 50 respectively.

In the second simulation study, we consider the following autoregressive panel data model,

which is an example considered in Brown and Newey (2002)
&
(4.1) Xit = 0Xj1 + i+ €ir,  Xio = -, + €,

fort =1,---,4and i = 1,---,n, where |0] < 1, {e;}}_, and «; are mutually independent
standard normal random variables, v; ~ N (0, (1 — 6%)7!) and independent of {e;}{ ; and
a;. Let X; = (Xj1,...,Xi). The moment restrictions after taking time differencing are
91(X;,0) = X1 (AXi3 —0AX}s), 92(X;,0) = Xin (AXi —0AX3) and g3(X;,0) = Xin(A X3 —
A X)) where AX;; = X;p—Xi—1. It is easy to check from model (4.1) that E{g;(X;,0)} = 0.
Hence, there are three constraints and one parameter, i.e. » = 3 and p = 1, another over-

identified case. The parameter 6, which is the autoregressive coefficient is assigned values

11



of 0.5 and 0.9 to obtain different levels of correlations. The sample size is chosen at n = 50

and 100 respectively.

In both simulation studies, the empirical coverage and length of the EL, Bartlett corrected
EL and the direct bootstrap calibrated intervals are evaluated with nominal coverage levels
of 90% and 95% respectively. The bootstrap resample size N used in the Bartlett correction

is 250 and the number of simulation is 1000.

Tables 1 and 2 contain the empirical coverage and the averaged length of the three
types of confidence intervals, which can be summarized as follows. First of all, the need for
carrying out the second order correction to the EL confidence interval I, is quite obvious as
the original EL interval has quite severe under coverage for all the cases considered even for a
sample size of 100 for the panel data model. The under coverage is particularly severe when
the sample size is small for the normal mean model N(1,2) and for the panel data model,
These are the situations where the Bartlett correction is needed. It is observed that in all
the cases considered the Bartlett correction improves significantly the coverage of I,. The
restoration of coverage by the Bartlett correction is very impressive. We also observed that,
as anticipated in (3.3), the direct bootstrap confidence interval has similar performance with
the Bartlett corrected intervals in most of the cases. However, in the normal mean models
with 90% nominal coverage level, the coverage of the direct bootstrap intervals is not as good
as the BC. The robust performance of the Bartlett corrected interval may be due to the fact
that the estimation of the Bartlett factor B,, which involves simple bootstrap averaging,
is more robust than the bootstrap estimation of the extreme quantiles of the distribution
of r(é) We also observed in passing that as the sample size increases the EL interval I,
improves both in its coverage and length whereas the improvemnet of the Bartlett intervals

is shown in terms of shorter length.

5. CONCLUSIONS

The main finding of the paper is that the EL with general moment restrictions are Bartlett

correctable. This is a substantial extension of the previously established cases of Bartlett
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correction of EL, including the case of smoothed functions of means by DiCiccio, Hall and
Romano (1991) more than one decade ago. It shows that the dedicate Bartlett property
of the EL is still preserved even in the case of over-identification. Although the Bartlett
factor admits a very involved expression with over-identified moment restrictions, proving
that the EL is Bartlett correctable in the general case provides the theoretical foundation to

the proposed easily implementable empirical Bartlett correction.

The use of the bootstrap to carry out the Bartlett correction empirically is due to a rather
involved expression for the Bartlett factor. Although it may be expected that the direct
bootstrap calibration would give the same effect as the Bartlett correction, the justification of
the direct bootstrap method inevitably needs those cumulants and the Edgeworth expansions

established in this paper.

The results established in Theorems 1 and 2 can be extended to independent but not
identically distributed samples, for instance those arisen in a regression study. We need to

modify «, § and v as follows:

. oo , . nORTY(0, )
Jredk — g1 ZE J1 ok JoJ1-Jk — 1 p(=— 2"
: = o)t o)l ! ; (377j1---377jk)

_— . 13 dwl(fy) O™wk(6y) 9w (6y)
Go1-gisksk o kmsespp1epr B 1\’0 i \Y0 1 \Y0
7 nZ (aeﬁ...aen aakl...aekm'“aem...aepn)'

i=1

We need also to re-define V,, as n= '3 Var{g(X;,0y)}. These forms of a and V,, were
employed in Chen (1993) to establish Bartlett correction for linear regression where r =
p. The conditions (2.1) should be modified to reflect the independent but not identically
distributed nature of data. Similar conditions as those given in Theorem 20.6 of Bhattacharya
and Rao (1976) are required, as in Chen (1993, 1994). Then, it may be shown that Theorem 1
is true by employing Skovgaard (1981) on transformation of Edgeworth expansions. Theorem
2 is then a consequence of Theorem 1 as the calculation of the cumulants follows the same
spirits given in the Appendix for independent and identically distributed samples.
APPENDIX

We provide some technical details on the log EL ratio r(6p) in A.2, the sign root decom-
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position in A.3., and the proofs of the two theorems in A.4.

A.1. BASIC FORMULAE.
We first present some basic formulae which will be used throughout the derivations.

Let us define Q = (wk),x, =@ UA™! where w* = u*)\ 1. Please note here that no

summation over the subscript [ is carried out due to A being a diagonal matrix. Since

['(n) = S™'Q(n) where

0 0 or
. ( T4 S1(S5S12) 1S, S1a(ShS1a) ! ) )

0 -, 0 ,
(512512) 7' Sy (S12512) 7" a o0 oo
it can be checked that
‘ B! p 0
. 1Y .

I = E(W) =¢*% and B=:| ... [=97" = —Aa,

Mk 0
B OA;

Here AT = (A, AT =: (AT, AD)T where Ay = (A, -+, AP)T and Ay = (AP, ... A")T
constitute a partition of vector A. Therefore for positive integers k and a,

(A1) B =0for k < p;B"™ = —AP™ for a < r — p, and B""* = WM A for k < p.

Let By = (B',---,B")" and By = (B"™,--- B"™)7. Since SB = (A7,07,,)” which means

» ¥px1

that —B; + S1aBs = A. As Sip = (79%),4, and from (A.1) we have
(A.2) Ak prk — Aj[(j <p)

where [ is the indicator function. Since

(A9 (BP9 sytrany = 57 ( ~(@7) (c") )

(Ci,l)T 0

we have So1(B3*),y, = (C*™)7

pXr

and  So1(B#+%),, = 0. As Sy = (77%)7, these mean
(A4) Ak Bit = CY% for | < and k < p and APk BT = 0.
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Furthermore, (A.3) also implies the following which links the B*! system with the A/™s
and the C9™s
(BR1)  (BRwth)  (BRrH)
(A.5) (Bpral) (Brroptb) (Brrar)
(Brdy (Brhwtdy (Brokrt

(wmkCbm) (wmkCPom) 0

— (Artal) (Ap+e p+b) —(CPraly
(whm[wrm e — Ami])  (hm[nmOptbn — Am p+b])) - (hmomd)

In a similar fashion, we can establish the links between 3% and (%, ”yj’i) systems where ¢

and i contains either single or double superscripts. Define Q1(0,A) = 1+ /\T (9 and Q2(0, \) =
@uwO/00) "\ iy fixed h € {1,--+,r}and k € {1,---,p}

1+2Tw(6)
0Q:1(0,)) w@)wT (@)  0Q(0,\)  dw(®)/00  w(B)ow” (H)\/08
SO (I Nw(9) 00 1+ Tw(®) (1+NTw())?
h
aihana(()]\>90> — Qw(00>wT(90>wh(90>’ aih ané(;eO) — au}@(go>wh(90>_w(00>aw8290>’
0 0Q1(0,60) dw(6o) dw” (6o) 0 0Q1(0,60) a2’60(90)_
2 on — ook W G —wl) a5 ar = aeoer
and
0Q2(0,))  owT(0)/960  (ONTw(0)/96)wT(0)
oA I+ M) (T+Mw(0)?
0Q2(0,))  PATw(0)/9006T  [9NTw(6)/960)[ONTw(0)/06]T
a0 T 1+ Tw(d) (14 ATw(h))? ’
0 8Q2(0700) _ aw (90) (9 ) aw (90> (9 ) 0 8Q2(0700) _ a2Iwh(90)
FYCE)) - 00 0 00 O 9Nt 90 0006T
iaQQ(0,0Q) . 82’(UT(90) i&QQ(O,HO) —0
BY)) T 0000k T o0k 90

These mean that for a fixed h € {1,---,r}

T
Opo O Q 82Q1 82Q1
h h
(/BS,th) — 0 —Ir_p 0 < B ONON  OArO0

8%Qs 9%Qs
0 0 007 ONhOXN  OAROO




Opp 0 QF

r—pXp

= 0o -1_, 0 |x
Q 0 Q0T
(z@klh)pxp (QO‘k i h>pxr—p _(’Yh;k’m + 'Yk;h’m)pxp
(2ap+a lh)r—pxp (2&p+a p+b h)r—pxr—p _(,yh;p-i—a,m 4 ,7p+a;h,m>
— (o sy (e g qprahmy (Y ) pxp

and for a fixed h = r + k where k € {1,---,p}

0 0 o 22Q1 0°Qy
(ﬁs,tr—&-k) — 0 _Ir—p 0 % E 86’2’“8>\ 862”“86’
0°Q2  0°Q2
0 0 QQT O0kON  00k00
0 0 or
=10 -1, 0 |[x
Q 0 QOr
_('Yl’k;m + 'Yl;m’k>po _(VZ’k;p—m + 'Yl;p+a’k>pxr—p (’Yl’mk>pxp
_(fyp—l—a,k;m + fyp—l—a;m,k)r_pxp _(fyp—l—a,k;p—l—b 4 7p+a;p+b,k)r_pxr_p (fyp—ka,mk)r_pxp
(VZ’mk>;><p (7p+a’mk)g><r—p 0P><P
where k,l,m € {1,---,p} and a,b € {1,---,r — p}. Hence we have
(A6) Bl,p—f—a p+c _wol [,yp—l—c;p—I—a,o + ,.yp—l—a;p—I—c,o]’ ﬁl,p—f—m ptec wol,yp—kc;om’
ﬁp+a,p+b pte _  _g,pta ptd p—l—c’ ﬁp—ka,p—l—m ptc _ ,yp+0;p+a,m + ,yp+a;p+c,m’
ﬁl,p—l—a ptn wol,yp—l—a;on’ ﬁl,p-km ptn _ 0,
ﬁp+a,p+b p+n ,yp+a,n;p+b + ,yp+a;p+b,n’ ﬁp—ka,p—l—m p+n _ _,yp+a,mn’
Br+k,p+a pte  _ kaoaw—l—a ptc _ wkawm hp-f—ap-i—a,n + 7p+a;p+c,n]’
Br-l—k,p—f—a ptn kame’)/p+a’mn . wko[,yo,n;p—&-a + 70;p+a,n]’
Br—l—k,p-f-m ptc  _ wkowna,yp+c,nm o wko [,yp—l—c;o,m + ,.ya,p—l—c;m]’ ﬁr—l—k,p-f-m ptn _ ka’yO’mn.

A.2. DERIVATIONS OF (2.6), (2.8) AND (2.9)
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Derivation of (2.6). As shown in Appendix 1, %% = §*. Now expanding F(é,j\)
around (0, 0p),

0 = TI.N) = B+ B o)+ BIGE )

SRR —ng) (0" —ng) + 5 BP0 —ng) (7' — np)

SOV —mg) (' — o) (™ = ng) + g BT = ng) (7 — o) (™ — ")
a2 BFHmn (il — By (R — b (™ — ) (7" — i)

LBk (g — ) (5 — b (7™ — ) (i7" — ) + Op(n ™).

+ o+ o+

Converting the above expansion,

ﬁj _ 776 — _pi4 pikpk _ pikpkipl 4 %ﬁk,lmBj,kBle
o %ﬁj’kl[BkBl o Bk,mBmBl o Bl,quBk + %ﬁk’manBnBl + %ﬁl’ququBk]
_ %Bj’lekBl + %ﬁj’klmBkBle + Op(n_Q)
j ik pk 1 27, j, , 1 nk,lm Ryj, m j, mpm
— _BJ+BJ B _5/3jk'lBk‘Bl_Bjk‘Bk‘lBl+2/3k‘l BJkBlB +/6jk‘lBk‘ B Bl

_ %ﬁj’klﬁk’manBnBl _ %Bj’lekBl 4 %ﬁj’klmBkBle + Op(n_Z),

where j, k,l,m,€ {1,2,---,r+ p}. Thus, we have established (2.6).

From (2.6), we have the following expansions for A and 6:

N = —Biypiape_ % BiuaBeBY — BivBwdBa 4 % Bwas BiupaBs 4 3iud Bus Bs Ba
(A7) — ipimagestBsBIRY — 1BIMIBURY 4 L3I BUBIBS + Op(n2),
and
gk — _prtk 4 prkage %Br-l—k,ququ _ prtkupuapa

+ %ﬁu,qur—i—k,quBs + ﬁr—l—k,quu,sBqu o %ﬁr—l—k,uqﬁu,stBthBq

(A8) _ %Br—l—k,ququ + %ﬁr—l—k,uququBs + Op (n_2>.

Derivation of (2.8) and (2.9. We shall expand each term on the right of (2.7). By
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ignoring terms of O,(n~%/2), the first term

. n . . no J .
At sz‘(e) — Mn! Z[wi (90) + auge(fO)ek 1 82w (6o) lel 1_9%w!(fo) ekelem]
j i=1

2 80’“801 6 06k 80180’”

— NAT 4 ARG 4 NgECIF 4 %,Yj,klj\jékél + %j\jékélcj}kl + %Vj,mmj\jékélém.
Similarly, the second term

Alp~t Z w;(0)w; (0)" N

n A 3’w 9 w:t (0o
— M\'n 1Z{w (00)w!(0o) + w! (o) 39(1 0>91[ j, h] + w (90)—1—8 913(:;“)}

— VXA 4 5]1) + NNG{(CFH + 4722, 5, 1]} + SN NGO (T 4 4700E) (2,5, ]}

1 ij\z‘élék{(cj,l;i,k i

= NN MNAT g, NN+ o2, A

+ %,.Yj;z‘,lkp’j, Z]j\jj\zézék +,yj,z;i,kj\jj\iézék + Op(n_5/2)

= NN+ VXA 4 2y W NG 4 20T NN + (750 4 47 B R NINGIGF 1 O, (n="2)
where [2, j,i] indicates there are two terms by swamping the super-scripts ¢ and j, and the

same is understood for similar notations. For the third term

2t NTwi(0)F = ENNN(ATR 4 oIty 1 2L NARGR TR (3 5 h)}
_ 35\ j\ j\ (Ajzh ajz‘h) +25\j5\z‘5\hék7j;z‘;h,k+Op(n—5/2>.

Finally, = S0 [N wi(0)]* = M AN A9 1 O, (n~5/2).
We then have for a,b,¢c,d € {1,2,---,r —p}, f,g,h,i,5 € {1,2,---,r}, k,l,m,n,o €
{1,2,---,p} and ¢, s,t,u € {1,2,---,r + p} that
n'(f) = —2B'AI — B/B/ +2BBIY(AJ + BY) — 37“4B“BI(A’ + BY)
— 2BIMB™BI(AI + BY) + fUC BIUBIB (A 4 BY) — fia3st BIB B AV + BY)
— BIB“BYAT + B) + 194 BUBIBS (AT + BI) + 2379 B%s B*BI( A’ + BY)
+ 2MF{—BPBIBTtF + [1gimapuBIprtk  Biupwapprk
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+ o+ o+ +

+ o+ o+

%ﬁu,quj,quBsBrJrk _ ﬁj,quu,quBsBr+k + %ﬁj,uqﬁu,sthBthBrJrk
%Bj,ququBr-f—k _ %Bj,uququBsBr—i—k _ %ﬁj,ququBr—i—k,sBs] (2, 4,7+ k]
Biupuprtkapa 4 iﬁj}uqﬁr—f—k,stBquBth}

209" {BIB™* — BMBIBTF2 j v + k] + 147 BBIBF(2, j,r + K]}
,yj,kl{_BjBr—l—kBr—l—l 4 BH—kBT—HBj’qu[?),j, r 4 k, r 4 l]
SBIBrthprttbuaBuBa(3 g r 4 k,r + 1]} — CPMBIBTTE Bl
%»Yj,klmBjBr—i—kBr-f—lBr—l—m _ BIuBuRIMBI — iﬁj,uqﬁj,stBquBth

1 B*BIB>*B* — B'B'A” + B’ B"'BIAY(2, j,i] — 1391 B BB A7(2, j, 1]
29y BIB' B — B/B'B B 4 gt pipiguge — BrHBiBIMBa2, j 4]
%Bj,ququBiBr—I—l 2,7,1]} + 9BJ BigriCisil — (,yj;z‘,lk + ,yj,l;i,k)BjBiBr—i—lBr—i—k
207" BIB'B" + 207" BI B'B"1 B — ot gina BuB1BI Bt — 2 Ajih Bi B Bt

Q,Yj;i;h,kBjBiBhBr-i—k . %ajithjBiBth 4 Op(n—5/2>.

Applying (A.1) and (A.4), it may be shown that the 3rd to the 18th terms on the right hand

side cancel each other and the application of (A.4) simplifies the 20th term. Keep all the

other terms, we have (2.8).

Now bring in the expansion for ¢(6y) in (2.5) we have

n~'r(0o)

(A? + BY)(AT 4 BI) — AV(AIA' — BIB"Y) — 209%BI BTk — 243 pi pi prt
27| AJ Ai AN 4 BI Bi B 4 ik Bi Br+k Brl - ATi( AN AT AR — B4 BIBI[2,4, j])
ﬁj,uq [Cj,kBr—l—k o Br-l—k,sBs,.)/j,k + Bj’SBS o AJZBZ]BUBQ o 2ajithBiBh,qu
BIvBIMBYBI 209k Bia gr+k ga _ ,yj,ler-FkBr-HBJ}qu

2yH BI BTt grika ey o4 ditl(BIBiprtbipe 4 B BRI B2, j i)

(iﬁj,uqﬁj,st _ %ﬁj,uqﬁr—l—k,st,.yj,k)BquBth 4 %,.Yj,klﬁj,ququBr-i—lBr-i—k
(,yj,klﬁr—l—l,uq . ,yi;j,kﬁi,uq . ,yj;i,kﬁi,uq)BquBjBr—i—k . Q,Yj;i;h,kBjBiBhBr—f—k

(,.yj;z‘,lk + ,yj,l;i,k>Bsz‘Br+lBr+k _ %,.Yj,klmBjBr—I—kBr—I—lBr—I—m
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+ %ajithsz‘Bth + (afth ghua _ yisid gr+lua) Bi Bi Bu Ba
+ CIMBIBTHR BT — 2CHH BIBIBT 4 2 AT (BIBIBM + AJATAM)
(A9)  — 2a7MAIMATATAI + 099 01T AT ATAR A9 — %ajithinAhAg + O, (n=°/?).

Now the terms appeared on the 3rd line of the above equation cancel each other. To
appropriate this, by applying the relationships implied by (A.5) together with (A.1) and
(A4),

pinajik prik _ prekspsaik 4 pisps o Ajipi| gu g
= [@Pmagikprik _ gluanlk prikptapeta _ glug, Lk prikrdm prom
_ gluaglpteppta _ gotbug gptbprappte | glug plptappta
+ @rtbuapptbptappta 4 grtaugpptartm prim) pep
— [ﬁj,uch,kBr-i—k _ ﬁl,uq(Bl,p-i—a _ Al p+a)Bp+a _ ﬁl,uqc«l,mBr-l—m
4 plua(plete _ Al prayppta _ gptbug gptbptappta | gptaug gptbpta prta

_ ﬁp—l—a,uqc«p—i—a,mBr—l—m]Bqu — 0

Applying again (A.5), we can express the terms appeared in the first two lines of (A.9)
in term of As, that is
(A7 + BI) (A7 + BY) — AT(ATA' — BIBY) — 207*BI Bm+*
— AFUBIBIBR, j i] + 2adh[ AT AT A 4 BiBi BN + 4k B BTk pri
= ALAl (AR ALAR 4 9 Al Pra Al Apta) gkl Cwtak gpta gl
_ (ypremtbk 4 apbptaky kL gpta gpth AL | 2 gkim gk AL A

+ QOékl p+aAkAlAp+a + 20/ p+a p+bAlAp+aAp+b . ,_yp—l—a,mnwmkwnlAp—l—aAkAl

AZAZ . AklAkAl . 2Al p+aAp+aAl + %aklmAkAmAl
+ kalC«p—f—a,kAp—l—aAl + [QOékl pta 7p+a’mnwmkwnl]AP+aAkAl
+ 2[0/ pta p+b ,yp—f—a;p—l—b,kwkl]Ap—i—aAp—i—bAl.

Substitute these results into (A.9), we arrive at (2.9).
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A.3. EXPANSION FOR Rz

We subtract R, R from all the terms appeared in line 4 and below in (2.9). Fortunately

all the terms which do not have A' appeared cancel out with those appeared in R,YR..

Otherwise, a signed root decomposition of the EL ratio 7(fy) would not be possible. Hence

the remaining terms can be written as 2R! RY.

The pursuit for an expression of Rj3 is done by repeatedly employing the formulae (A.5)

and (A.6) as well as (A.1), (A.2) and (A.4). For instance, the terms appeared in the 4th line

of (2.9)

AT AN AT AR 4 BIupBIaBeRY _ 9 ATiBLA BIBI 4 9k Bia Brk pa

AFLARm Am AL 4 9 AKL Ak pta gpta gL 9 Al pta gpta ptb gp+b 4l

Ak pra gl pta gk gL 4 gptal gp+bl gpta gp+b o ml ol optam optbn gpta gp+b
kM optancptak gm Al _ 9 mk optbm gpta k gp+b gpta

9, kL ik Cptam Apta AL 9 Kloptak gpta p+b Ap+b gL

ml  kn ~pta,k ptam gn pAl.
2w W C C A"AY

and the terms in the fifth line

+

_,yj,ler+kBr+lBj7qu - 27j7lejBr+lBr+k,qu
_,ym,lep—l—aBr—I—kBr—I—le,p—I—a o ,.yp—l—b,klBp—l—aBr—I—kBr—I—pr—I—b,p—I—a
,yp—l—b,klBr+kBr+lBr+an+b,r+n _ 2,7p+b,klBp-l—aBp-i—bBr—l—lBr-i—k,p-i—a
2,.yp+a,klBp—l—aBr—I—lBr—I—mBr—I—k,r-‘rm

’)/m’klwknwlvamCp+a’vAp+aAnAO 4 ,yp-l—b,klwknwloAp—l—b p+aAp+aAnAo
,.yp-l—b,klwknwlowmvCp—f—b,mAnAoAv o 2,yp+b,klwknwlowvnCp—f—a,vAp—I—aAp—I—bAo

Q,Yp—l—b,klwknwloAn p+aAp+aAp+bAo + 2,yp+a,klwkvwlnwmocv,mAp—f—aAnAo’

and so on for the other terms. It may be shown after some quite involved algebra that that

RL =9 | RL, where

l m m m m m Anm n
Ry, = 3AmAkmAk | 1Albm gk gm _ 5 lem gom gk 4
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[
R32

R

R

[
33

[
34

35

%aknmAlmAkAn 4 %alknaomnAmAkAO _ ialknmAmAkAn’

Alk p+aAp+aAk + Al pta p+bAp+aAp+b o %wknwmlcp+a’kmAp+aAn

wklc«p—l—a;p-i—b,kAp-l—aAp—l—b + lwkme—i—a,kAlmAp—l—a + lAlkAk p—l—aAp—l—a
2 2

Alp—l—aAp—I—a p+bAp+b + lAlp—l—aAp—f—akAk _ lwkmwnlcp+a,ncp+a,kAm
2 2

wklwmncn,kcp—i—a,mAp—l—a . wklc«p—f—a,kAp—l—a p+bAp+b’

%[,ym,vowvnwolwkm o %anmlwkm]Cp—l—a,kAp—f—aAn + %,yp—i—b,kowknwolwmvCp—l—b,mAnAv

[%,yp—i—b,kowknwol o anp-f-b]Ap-f-b p+aAp+aAn + ka [wnl (,yk;p—l—a,n + ,}/p—l—a;k,n)

alkp-f—b o %,yp—f—b,mnwmlwnk]Cp—l—a,vAp—i—aAp—i—b + ,yp—i—a,kowonwmlwkvcv,mAp—l—aAn

[%,yp—l—b,mkwmlwkn . Ozlnp+b]An p—l—aAp—l—aAp—i—b’

,yp—l—a;p-I—b,nwnowml Com Apta Ap—l—b — oPte p+b ptc Al ptc gpta Ap+b
[(,yp—f—c;p-l—a,n + ,yp-l—a;p-l—c,n)wnl . 2&1 pta p+c]Ap+c p+bAp+aAp+b
(,_yp—l—c;p—I—a,o + ,yp—l—a;p—l—c,o)wonwklcp+c,kAp+aAn o alk p+aAm p+aAkAm
ap-l—a p+b p+cwmlcp+c,mAp+aAp+b o %alkmAm p+aAp+aAk

[%ako pta + i,yp—l—a,mnwmkwno]AlOAp—I—aAk _ QCL’k pta p+bAlp+bAp+aAk
[am p+a p+b + ,yp—l—a;p-l—b,kwkm]AlmAp-i—aAp—l—b’

[%alk ptanmn pta _ %wl/lwm/mwn/nwk/k,yp—l—a,l/m/,yp—I—a,n/k/]AmAnAk
[Qa/p-f—a kfalmf . alkm pta %almn(akn pta %,yp—l—a,m/n/wm/kwn/n)
%wm/mwk%wl/l(wl/v,yp+a,m/l/,yv,l/k/ _ %,yp—l—a,m/k/l/)]Ap—I—aAkAm

%[3Qlk p+a p+b 4 %aklv(a/v p+a p+b __ %,yp—l—a;p—kb,nwnv)

(@kvp+a _ %fyp-i-a,mnwmkwnv)(a,lvp-l-b _ %,yp—kb,m/n/wm/lwn/v)]Ap+aAp+bAk
[Ozl pta foptbpte f_ 1 pta ptb pte (Ozlk ptc __ %,yp—kc,mnwmlwnk)

(o/“ pta p+b _ 7p+a;p+b,v)ka] APtagptb Apte  and

1 (A ptcptram’ +asp+c,m/ +c;p+b,n’ +bsp+c,n’
g (VTPTETE 4 P TEPTOI) (APTEPTOR. AP IoPTO)
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ko p+bn'k/ _ om';pt+a o;pta,m’ 1 _p4a p+b p+captem'n’
W'y (v +7 ) — gt P pTeyr

1, ko~om'n' - pt+a;p+bk 1 . p+a;p+bm'n’ 1 . p+a,n;p+bm’ +a Ap+b Am
i §w ry ryp Y4 + §r>/p Y4 + §r>/p Y4 ]}Ap Ap A .

A.4. PROOF OF THEOREMS 1 AND 2.

The proof of Theorem 1 is divided into two parts. In the first part, we derive the
cumulants of \/nR. In the second part, we establish an Edgeworth expansion for the signed

root which then leads to an Edgeworth expansion for the EL ratio ().

Cumulants of the signed root R. Since the cumulants of order higher than four are of
O(n™2%) or smaller, we only need to derive the first four cumulants. As the first and the third
cumulants are easier to derive than the second and the fourth, we present them first. From

(2.10) and (2.11), and the fact that R} is the product of four zero-mean averages, we have

E(R}) =0, B(Ry) =n"'y' and E(R}) = O(n"?)

where p! = —%n_la”‘“k . Therefore, the first order cumulant is

(A.10) cum(RY) = n~ 'yt + O(n7?).
The joint third-order cumulants
cum(R',R°,R’) = FE(R'R°R’) — E(RYE(R°R")[3] + 2E(R")E(R°)E(R")[3]
= E(R\RRY) + E(RyRYRY)[3] — E(Ry) E(RIR})[3] + O(n™).
We note that
E(RIR}) = n7'6" and

E(RZQR?) — n—2[_ (alokk _ 510) - CL’ZO p+a pta + %alkmaokm 4 wkl,yp—l—a;o;p-‘ra,k

1
2

+ (alk pta %wmkwnl,yp—l—a,mn)aok p+a 4 (Q’l pt+a p+b wkl,yp-l—a;p-i—b,k)aO p+a p—l—b].

Write Ry = R, + Rb, where RY = —$ AMAY 4+ 1oFmAFA™ and R}, contains the rest of
the terms appeared in (2.11). We have
BURL) = bt
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E(RypRiRY) = E(Ryp)d®™ +0(n~*) =0(n™*) and

E(Ry, RIRY) = n7?(—a'*™ 5% — 1a!") + O(n™%).

Thus,
(A.11) E(RyR{RY) = E(Ry) E(R{R}) — s E(R{RIRY) + O(n™?),

which means that

(A.12) cum(R', R°, R") = O(n™3).

To compute the second cumulants, we have to derive the expectation involving the fol-
lowing 21 terms in R, RY:

) lAklAkAmlAm ( ) Al p+aAl p+bAp+aAp+b; (3) Ozklmoz”lOAkAmA”AO;

1
9

4 ml Crta, kc«p+b mAp+aAp+b
5 [ kl p+a 2,yp+a mnwmkwnl][ ol p+b __ %7p+b7m/n/wm/own/l]Ap—f—aAp—i—bAkAO;
6 [ l p+a p+b __ ,.yp—I—a ip+bk kl][ I p+c p+d __ ,.yp—l—c;p—l—d,owol]Ap—l—aAp—I—bAp—f—cAp—f—d;

) w
)
)
)

7 AklAl p+aAp+aAk (8) _%aklmAnlAnAkAm; (9) _wklcp—l—a,kAmlAp—I—aAm;

Wi Win Wi

—_
oo

aklo[ l pt+a p+b __ ,.yp—l—a;p—l—b,nwnl]Ap—f—aAp—I—bAkAo;

—_
=]
DO

wOl[ kl pta __ l,yp-l—a,mnw wnl]cp-i—b oAp+bAp+aAk

20

l\D

[ I pta p+b _ 7p+a;p+b,kwkl]Cp+c,0Ap+0Ap+aAp+b;

(1
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

10) —[akt e — 1 Lyptamn mknl] Ap+a Aol Ak Ao,
11) —[al Pra pro — ypraip+bk k] gml gpta gp+b gm.  (12) — 2 aklm Alp+a gpta gk Am.
13) — 2wk CPtak A+ Ap+a gp+d,
14) —2[akt pte — 1 Lyptamn mk i) Alp+b AP+ Ap+a Ak,
15) —2[al Pre p+b _ ypraiptbky k) Alpte gp+e Ap+a Ap+b,
16) Zanimykloprak Ap+a gn Am.
17) 2Zaolv[oht P+e — Lyptamngmk ;i) Apta Ak Ao AV,
)
)
) 2w
)

21 2[ kl pt+c _ %,yp—l—c,mnwmkwnl] [O/ p+a p+b __ ,.yp-l—a;p—l—b,owawl]Ap—f—aAp—f—bAp—f—cAk.
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Denote “[2]” for the permutation of [ and o, the expectations for the above 21 terms are

respectively
1 i[alkkaomm 4 alkmaakm 4 Olekk _ (510];

2

Q

lo p+a p+a + Cl’l pta p+aao p+b p+b + Cl’l pta p+bao pta p+b];
3 é[alkkaonn + QOdlkmOéOkm];

4

S

kl, mo[ap+a,k;p+a,m +a,k;p+a A p+b,m;p+b +a,k;p+b A, p+b,m;pta
w [r)/p D + f)/p Y4 r)/p D + f)/p D r)/p D ]

Y

1! ! !/
5 [akl pta __ %,yp—i—a,mnwmkwnl] [aka,p—l—a _ %,yp—l—a,m n' ym kwn 0];

(1)
(2)
(3)
(4)
(5)
(6)

6 [Cl’l p+a p+a ,.yp—f—a;p—l—a,kwkl] [OZO p+c p+c ,.yp—l—c;p—i—c,vwvo]

—I—[Ozl pta p+b _ fyp—l—a;p-f—b,kwkl] [ao pta p+b _ 7p+a;p+b,vwv0]

+

l p+a p+b _ A pta;p+bk, ki o p+a p+b _ A p+bp+a,v, wolSadSbe
[ gl w o gl w"?]6°¢6™]

)
%[O{lkkOéO p+a p+ta + alk p+aaok p+a] [2], (8) _%[alkkaonn + Qalkmaokm];
o %{wkl [,yp—f—a,k;p—f—aaomm + ,}/p—l—a,k;maom p+a] } [2]’

[le pta __ %,yp—i—a,mnwmkwnl]ap—l—ako}[2];

[Q/l pt+a pta ,yp—f—a;p—l—a,kwkl]aamm}[z]; (12> —%{Q/lkkoﬂ pta p+a}[2];

13) —w [fyp-I—a,k;O;p-&-a + Aptakiptagoe ptb ptb 4 yptakiptbyo pta p+b] [2];

14 _[akl pta __ %,yp—l—a,mnwmkwnl]aok p+a}[2];

15 —[Oél p+a p+b __ ,.yp—l—a;p—I—b,kwkl] [OJO ptc p+05ab +2a° p+a p+b] [2],
16 %{aommwkl,yp—ka,k;p—ka}[z]; (18) %aokk [O/ p+a pta __ ,.yp—l—a;p—l—a,nwnl] [2],
19) wv° [akl pt+a %,yp—l—a,mnwmkwnl],yp—i—a,v;k[2];

I p+a p+b +a;p+b,k, ki +c,v;p+c Sab +b,v;p+a +a,v;p+b .
20) wefal PHe PO — qprap bk gpenpteged 4 qptburte 4 et g

Y

and the expectation of terms (17) and (21) are of O(n™3).

Now, let JI° be the sum of the expectations of the terms (1)-(3) and (8) multiplied by n?
JY be that of (5), (7), (10) and (14), JX be that of (11), (12), (16) and (18), J!° be that of
(6) and (20), J& be that of (13) and (15) and finally J be that of (9) and (19). Extensive
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derivations show that, with a remainder terms of O(n™!),

J{O _ i(a’lkkOéOmm + Cl/lkmOéOkm 4 CL’lOkk o 610) T CL/ZO p+ta pta 4 Cl’l p+a p+aao p+b p+b
+ Cl’l p+a p+bao p+a p+b + %(a/lkkaonn 4 Qalkmaokm> - %[alkkaonn + Qalkmaokm]
— i(a/lokk _ 610) T %alkkaomm _ %alkmaokm + CL/ZO p+a p+ta + Cl’l p+a p+aao p+b p+b
+ ol Pra ptb,o pta p+b’

Jlo _ [akl pta %,yp—l—a,mnwmkwnl] [ako pta _ %,yp-l—a,m/n/wm/kwn/o]
4 %[alkkao p+a pt+a + alk p+aaok p+a] [2] _ %{[akl pta __ %,yp—l—a,mnwmkwnl]ap—kako}[2]
. [akl pta %,yp—l—a,mnwmkwnl]aak p+a}[2]

_ _alk p+aaok p+a + %alkkaa p+ta pta [2] 4 i,yp—l—a,mnwmkwnlaok p+a [2]

+ i,yp-l—a,mn,yp—ka,m/n/ wmkwnlwm/kwn/o’

Jlo _ —%{[Ojl pt+a pta __ ,yp—l—a;p—l—a,kwkl]aomm}p] _ %alkkao p+a pta [2]

4 %aommwkl,yp—ka;p—ka,kp] + %aokk [Oél p+a pta __ ,yp—l—a;p—l—a,nwnl] [2]

—%O&l pta pta omm [2] + %,yp—l—a;p—l—a,kwklaomm [2]’

JiO — [Otl p+a pta ,yp—l—a;p-l—a,kwkl] [040 p+b p+b ,yp-l—b;p-l—b,vwvo]
+ [Q’l pta p+b ,yp—l—a;p—I—b,kwkl] [OéO p+a p+b ,yp—l—a;p—I—b,vwvo]
+ [Q’l pta p+b ,yp—l—a;p—I—b,kwkl] [OéO p+a p+b ,yp—l—b;p—l—a,vwvo]
+ W [al p+a p+b ,yp—l—a;p-I—b,kwkl] [,yp-l—c;p—l—c,véab + ,yp-l—a;p-i—b,v + ,yp-l—b;p-i—a,v] [2]
— Cl’l pta p+aao p+b pt+b + 2041 pta p+bao p+a p+b ,yp—l—a;p—l—a,k,yp—I—b;p—I—b,vwvowkl

+ ,yp+a;p+b,k,yp+a;p+b,vwklwvo + ,yp+a;p+b,k,yp+b;p+a,vwklwvo
,yp—f—a;p-l—b,kwklwvo [,Yp-l—a;p—l—b,v + ,yp-l—b;p-i—a,v] [2]

_ al pta pta,o0 p+b p+b + 20/ pta p+ba0 pta p+b

p+a;p+a.k,. p+bip+bu + ,yp+a;p+b,k

p+a;p+bv p+a;p+b,k | p+bip+a,vy, ki
+ 7 ]

Vo
- v ot v ¥ w™w",
Jlo — _wklhp—ka,kw;p—m+7p+a,k;p+aa0 ptb p+b+7p+a,k;p+ba0 pta p+b] [2]

[Otl pta p+b ,yp—l—a;p-I—b,kwkl] [OJO ptc p+05ab + 20° p+a p+b] [2]
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— _wkl,yO;p—l—a;p-Fa,k[Q] _ 20/ pta pta,o0 p+b p+b _ 40/ pta p+ba0 p+a p+b

+ 7p+a;p+b,kao pta p+bwkl [2’ l, 0]

and

JéO — _%{wkl [,yp—f—a;p—l—a,kaomm + ,}/m;p—l—a,kaom p—i—a]}[Q] + wvo[alk pt+a %,yp—l—a,mnwmkwnl],yk;p—l—a,v[2]

_ 1 kl.m;pta,k,.om pta 1kl p+ta;ptak . omm 1. ptamnak;pta,v, mk, nl, wo
S TPF AR QoM PHA[D] — SR PTaEPTORQOMM D] — S AP AP tav BN He[2].
Then, we have

Jéo + Jéo + JéO — _alk p—l—aaOk p+a + %wkl,ym;p—i—a,kamn p+a [2]

1. p+amn, mk, nl .ok p+a 1. pt+amnpt+am'n’, mk, nl, m'k, n'o _ 1.p+tamnakptav, mk, nl, wvo
+ 17 wW™ o 2] + 17 o WM W™ F Y ¥ WMt W™ wve[2]
and

J{O + ‘]zllO + JEZ)O + E(term (4)) — i(OélOkk _ 610) T %alkkaomm _ %alkmaokm + CL/ZO p+a pta

ol pta ptb,o pta ptb wkl,yO;p—l—a;p-ka,k[Q] + 7p+a;p+b,ka0 pta p+b Kl [2]

p+a,k;p+a,v p+a;p+b,k . p+a;p+b,vy, kI, vo
+ [ - ¥ JwHw?.

Let J' be the leading order term of the expected value of all the 21 terms multiplied by n2.
Then,

Jlo _ i(O{lOkk _ 610) T %alkkaomm _ ;—GC‘élkmOéOkm + CL’ZO p+a pt+a
Q’l pta p—l—bao p+a p+b Cl’lk p—l—aaok p+a + %wkl,ym;p-i—a,kaOm pta [2]
+ ,}/p—l—a;p-i—b,kaO p+a p+bwkl [2] + i,yp—i—a,mnwmkwnlaok p+a [2]

1 1o ! i 1 .
+ Z,)/p—f—a,rm‘b,)/p—i—a,m n wmkwnlwm kwn o __ 5,)/p—l—a,rm‘b,)/k,p—l—a,vwmkwnlwvo [2]

(Al?)) — wklfyO;p""a;p"'avk[Q] + [,-yp-f-d,k;p-f—a,v o ,yp+d§p+b,k,yp+a;p+b,v]wklwvo.

In summary, we have

(A.14) E(RYRS) =n~2J" +0(n™?).

Please note in the expressions for J' and J/°, there are terms like w*. Although the super-

script [ is repeated, it does not imply summation over that superscript.
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We also need to compute E(RYRS) + E(RYRS). It may be shown that, with remainder

terms of O(n™1),
n’ B[Ry, Ry
n’E(Rg, RY)

n2E(R133R§)

n’E(Ry, 1Y)

n®E(Ry; RY)

n’E(RysRY)

5
8
5
2

1
2

1

2

1
2

w W

w

1

3

1
2

w

1
2

«

wnl ('Y

lokk _ 35lo 29, lkm_ okm __ 1 _lok  kmm
« 50 oo ZQ o,

alo p+a pt+a + alk p+aaok pta + %OélOkOék p+a pta + Cl’l pta p+bao p+a p+b
alo p+aakk pt+a %wkowml,yp—i—a,km;p—f—a o wkl,yp—l—a;p—i—a,k;o

km +a,k;o ,lm p+a +a,k;p+a lom\ _ 1, nl, ko~ p+a,n;ptak
w (f}/p o p + f)/p vy o ) 2w w r)/p vy
wkmwnl(fyp—ka,n;m,yp-i—a,k;o + 7p+a,n;07p+a,k;m) + qlo pragpta ptb p+b

kl mn( n,k;p+a p+a,m;o+,yn,k;o p+a,m;p+a>

v g g

Kl (,yp—l—a,k;p—l—baO pt+a p+b + 7p+a,k;0ap+a ptb p+b>’

alk p+aaok pta CL/la;o—l—boép—ka p+a p+b + %wvownlwkm,ym,vn,yp+a,k;p+a
wkm,yp+a,k;p+aa0ml 4 %wkawnl,yp—kb,knap—ka p+a p+b
wknwvlwmo,yp-i—b,kv,yp-i—b,m;n + %wkownlwmv,yp-f—b,kn,yp-i—b,m;v

vk Ik p+a_ p+a,v;o vk, nl/_ kipt+a,n p+a;k,n\ . p+a,v;o
a (v +7 )Y

Y +ww

wmlwkn,yp—i—a,mkaan p+a + wnowmlwkv,yp—i—a,kn,yv,m;p—i—a’
40/ p+a p+ba0 p+a p+b %alomam pt+a pta %Oélk p—l—aaok pta

lo p+aakk p+a CL’ZO p+aap+a p+b p+b + wmlwnk k,m;o  pt+a;p+an

v v

p+b;p+a,n + ,yp—i—a;p—f—b,n)a/o p+a p+b

wnowkl (,yp—f—b;p—l—a,n + ,}/p—l—a;p—i—b,n),yp—l—b,k;p—l—a + wml,yp—i—b,m;oap—l—a p+a p+b

1
4

wmownk,yp—f—a,mnalk pta __ wkm,yp-i—a;p—l—a,kalom’

%O/O p+aakk p+a + alk p+aaok pt+a __ %ala p+a pt+a __ %OélOkOék p+a pta

%wnvalov,yp—l—a;p—i—a,n _ %Oélk p—l—aaok pta 4 iwmownvalvp—i—a,yp—f—a,mn [2]

wl/lwm/awn/kwk/k,yp—l—a,l/m/ ,yp—l—a,n/k/

0|

3, ymo, ,nv, m'l, n'v.ptamn.ptam’n’
WMo W™ ™y v ,

QOélk p+aaok pta + 2041 p+a p+bao p+a p+b + CL’lOkOék p+a p+b
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+ CL’ZO p+aap+a p+b p+b + %wm/own/lwmkka,yp—ka,mm/,yp—I—a,vn/

— w ‘o ym l(7p+b7p+a m 7p+a7p+b m )(7p+b;p+a,n/ 4 7p+a;p+b,n/)

_ wm 0" lwkm (,ym,m/;p-l—a + ,ym;p—l—a,m/),yp-f—a,n/k

%wm/own/lap—i—a pta p+b,yp+b,m/n/ . %wm/Own/lwkm,ym,m/n/,yp—i—a;p—l—a,k

+ w own l(,yp—i—a,p—l—a m'n’ + ,.yp—l—a nip+a,m’ )

nQE(RéRﬁ) — _%(alokk _ 610) - CL’ZO p+a pta + %alkmaokm + Cl’l p+a p+bao p+a p+b

In summary,
(A.15)
where

Klo

+ o+ o+ +

+ alk p+aaok pta + wkl,yp—l—a;o;p-i-a,k w wnl,yp—I—a ,mn ok p+a

_ wkl,yp—l—a;p-kb,kao pta p+b

E(RLRS) + E(RLRS) = n K" 4+ O(n™)

(alokk 4 610) - ialkmaokm _ alokakmm _ %alokak p+ta pta

1
8 72 72

1wkm,yp+a,k;0alm pta __ %wkm,yp—l—a,k;p—l—aalam 4 iwmlwnkaok p—l—a,yp—i—a,mn
1, nl, km +a,k;0~ptan;m +a,n;o. pt+a,k;m
wnlkm (qptakionp AP P )
kn, wl, ;mo +a,mv A, pta,k;n +a,kv A, pt+a,m;n
Lwhntlgme (4P o APTLEAP )

mo, wl kn(

™%y p+a,km . p+a;n,v p+a,kv p—l—a;n,m)

g v -7 v

m'l n'k, nk +a,mn ~ p+a,m'n’ +a,mm’ A p+a,nn’
W™ oW R (yptemgp — P yprent).

In light of (A.14) and (A.15), we have

(A.16)
where

(A.17) Al

cum (R, R°) = n~16" + n2Al° 4 O(n™?)

KZO[Q] + Jlo . ,ul,uo
1alokk 4 CL’ZO p+a pta %alkmaokm
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= alokakmm CL/lOkO[k p+a pta __ Cl’l pta p+bao p+a p+b __ alk p+aaok pta

1, .kmAp+ta,k;o.lm pta 2 km +a,k; +a lom
— Jumaptangin palg]  Zyptaptaglon )
kl(1.m;p+a,k om p+a +a;p+b,k o0 pt+a p+b o;p+a;p+a,k
w (57 Yy o p + f)/p Yy o p p — f)/ Yy Yy )[2]
wmlwnkaok p—l—a,yp—i—a,mn [2] + wklwvo(,yp—i—a,k;p—i—a,v o ,}/p—l—a;p—i—b,k,yp—l—a;p—i—b,v)
1 nl, km +a,k;o~,pt+a,n;m +a,n;o~,pt+a,k;m
W W (PR — Aprameqprakim) ]
1, kn, wl mo( p+a,mv . pt+akin 92 p+a,kv p—l—a,m;n)[z]
QW W WY Y Y Y

wmowvlwkn (,yp—i—a,km,yp—l—a;n,v . ,_yp—l—a,kv,yp—l—a;n,m) [2]

(A 18) wm lw o M wnk (zfyp—f—a mn,yp—l—a ;m/n/ fyp-l—a,mm/,yp-i—a,nn/) [2]

8

p+a,mn

+ o+ o+ o+ + o+ o+

p+a,m'n’ mkwnl wm/kwn/o

(A.19) w

ol v

(A20> o %,yp—l—a,mn,yk;p—ka vwmkwnlw [2]
The joint fourth-order cumulants of R is
cum(R',R*, R",R") = E(R'R*R™R") - E(R'R*)E(R™R")[3]
— E(RYE(R*R™R™[4] + 2E(R)E(R")E(R™R")[6]
— 6E(R)E(RME(R™E(R™)
(A.21) = E(R\RFRTR") + E(RLRFR™R™[4] + E(RLRYRT RY)[4]
+ E(RyRSRT'RY)[6] — E(R\R{|E(R]'R})[3] — E(RLRY)E(R'RY)[12]
— E(RLRY)E(RT'R})[12] — E(R,RS)E(RY'RY)[6] — E(R,)E(R{RY'RY)[4]
— E(RY)E(RERTRM[12] + 2E(RY)E(RY)E(RTRM[6] + O(n™*).
From (A.11), we immediately have

E(Ry){E(R{RY"R})[4] + E(Ry RY"RY)[12] — 2B(Ry) E(RY'RY)[6]} = O(n™)

which means the sum of the last three terms in (A.21) is negligible.

To facilitate easy expressions, let us define
tl — Cl’lkmn,tg — 6lk5mn + 6lm5kn + 6ln5km’
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tg — alkmanoo + alknamoo + almnakoo + Q’kmnO/OO,

t4 — alkaamno + almoa/mw + Q’anOékmO,
_ kmn .l p+a p+a lmn . k p+a p+ta lkn ~m p+a p+a lkm . n pt+a p+ta
ts = « Q + oo + oo + oo
)
t6 — Cl/lk p—l—aamn p+a + Cl’lmO p+aakn p+a + aln p+aakm p+a.

It is relatively easy to show that
(A.22) E(RRFRTR?) — E(RLRME(RTRM)[3] = n3(t; — t5) + O(n™%).
To derive E(RLRYRTRY)[4] — E(RLRY)E(RY R?)[12], we notice that
—L{B(AloA° Ak A AM) 4] — E(A° A° AF E[AmA™)[12]} = n 31, + O(n %)
where IQ = —6t1 + 2t2 — %tg — 2t4,
—{E(AlPtegrta Ak gm Am) 4] — B(Al PTe APt AR EIA™AM[12]} = n 315 4+ O(n ™),
where Ig = —(t5 -+ 4t6),
Lolovf B(A°AY Ak A™A™)[4] — E(A°A” AR)E(A™A™)[12]} = n3 1, + O(n™),
where I4 = %tg + §t4,
wol{E(Cp—l—a,oAp—i—aAkAmAn)[4] _ E(Op—l—a,oAp—f—aAk)E(AmAn)}[12] — n—BIS + O(n_4),

where I = wol(,.yp—l—a,a;p-&-aakmn + ,.yp—l—a,o;kamn pta | ,-yp-f-d,O;ma/m pta 4 fyp-f-d,O;nakm P‘Hl)] [4],

[alo pra — Lyptamn’ mio wi| [ B Apta e Ak Am Am)}A] — E(APTeA° AF) E(A™A™)}[12]
=n"Ig+O0(n™?),
where I = 4tg — [w™ W™ Fyptam™’ gmn p+a][6] and
([l p+a v qpramboyol) { [ Ao Ap+b Ak Am AR} [4] — E[AP+e AP+ A B[ A™ A" }[12)
=n"’I; + O(n™"),

where I; = t5 — APTaPtac[yolghmn)(4].
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In summary, we have

(A.23)

E(RyRYRY'RY)[4] — E(RyRy)E(RY' RY)[12]

77/_3 {wol (,yp—l—a,o;kamn p+a + ,_yp—l—a,o;makn p+a + ,_yp—l—a,o;nakm p+a>] [4]

— 6ty + 2ty — %tg + §t4 . [wm/lwn/k,yp—l—a,m/n/amn p+a] [6]} + O(n_4).

Next we need to calculate E(RLRYRTRY)[6] — E(RLRY)E(RTMRY)[6]. Since R, = A

the terms involved is closely related to the 21 terms in RLR% listed in Appendix 2. To

simplify notations, let denote the expectation of each of the 21 terms as n=3I; 17 + O(n™*)

for 5 =1,---,21. The expressions for I, are
Iy Bty —ty + 3ty + 3ty, Iy =4ts, Ino= 3ts+ Dy,
Ill [wk lwm k(,yp—l—a,m ;n,yp—l—a,k m + ,.yp—f—a,k ;n,yp—l—a,m ,m)] [6],
112 [(alm pta %,yp—l—a,ovwomwvl)(a/kn pta __ %,yp—f—a’g/v/wa/nwv/k‘)

I3

Lig

Iig

1o

121

(O/n p+a %,yp—l—a,vaOnwvl)(a/km pta %7p+“’0/v/w0/mwv/k)] [6]
g — 2w gt gl vy )

%{wl/lwm/m(wn/kwk% + wn/nwk/k)ryp-l—a,l/m/,yp—i—a,n/k/ } [6],

07 Il4 = 3t5 + 4t6’ 115 = —2t3 _ 13_6t4’

{_7P+a,0;p+a(walakmn + wokalmn>[6] . %[wal(fyp-f—a,a;makn pta

APFOORQIT PEE) o OR (ypraom it pra 4 aptaongln pre)[g])

—4tg + L{ypromn [y m(wrlghn pra 4 n'kgln pra)
wm/n(wn/lakm p+a + wn/kalm p+a>]}[6]

_4t6 + [wm/mwn/l,yp—i—a,m/n/akn p+a] [6],

{_3t5 + fyp—l—a;p—l—a,o[wolakmn + wokalmn] [6]}, I19 — —2t5,
{_[wol(,yp—i—a,o;makn p+a + ,}/p—l—a,o;nakm p—l—a)
wok(,yp—l—a,o;maln p+a + ,_yp—l—a,o;nalm p+a>] [6]},

1o/ / / /
—8tg + %,yp-ka,m n [wm m(wn lakn pta 4 n'kqln p—l—a)
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+ wm/n (wn/lakm pta + wn/kalm p+a>] [6]

= —8ts+ z[wm/mwn/l,yp—i—a,m/n/akn p+a] [6],

122 — 0, [23 — {gfyp—l—a,a;p-l-a(wakalmn 4 wolakmn>[6]}, 124 — 0,
[25 — {2t5 _ %,yp-l—a,o;p-l-a(wokalmn + wolakmn>[6]},
126 — {[wol(,yp—f—a,o;makn p+a + ,_yp—i—a,a;nakm p—l—a)

+ wok(,yp—l—a,o;maln p+a + ,}/p—l—a,o;nalm p+a>] [6]
. %,yp—f—a,m/n/ [(wolwn/k + wokwn/l)(wm/n,yp—i—a,a;m + wm/m,yp—l—a,o;n)] [6]}
and 127 = 128 =0.

In summary, we have

E(RyR3 R RY)[6] — E(RyRy) E(RY'RY)(6] = n™° i L7 +0(n™)
j=1
= n {3t —ty + %tg - gt4 + [wm M Lyptamn’ g ke pta] 6]
— Lol (qprmemahn pa | ypracngkm pra)
+ wok(ypracmain pra 4 ypracingim pta))[g]
b Wl (ypreminyprakim o prak in s pram’imy] rq]
_ %,yp-l—a,m/n/[(wolwn/k WOk (@ i praom ' m o ptaoiny] (]

(A24> + [wl/lwm/m(wn/kwk/n + wn/nwk/k>,.Yp—f—a,l/m/,yp—l—a,n/k/] [6]} + O(n—4>.

1
4

Finally, we need to derive E(R,RFRTR?)[4] — E(RLRY)E(RRY)[12]. Due to the fact
that E(APT@AY) =0 for I € {1,---,p}, there is no need to compute the terms in R} involving

APte In particularly,
E(Ry, Ry Ry RY)[4] — E(Ry, Ry E(RY BY)[12] = n™Ip + O(n™")
where [y = 2t1 — ét4,
E(APTe AP A°RYRT R} )[4] — E(A"T* AP+ A°RY)E(RY' RY)[12] = n~* I3 + O(n™*)
where [39 = 4,
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— LM L p(Crren’ Orrak Am' RE R R [4] — B(CPen Crrak A™ R E(RT RY)[12]}
=n"3I5+O0O(n™*)

where I = {wn/lwk/k[,yp—l—a,k/;n,yp—l—a,n/;m +,yp—l—a,n/;n,yp-i—a,k/;m]}[(;],

LWk ol ymV ypra ko f p(Cptam’ AW AV RERTRY)[4] — E(CPre™ A™ AY RE)E(RTRY)[12]}

2
= n %I +0(n™),
where Isp = 3 {77 ™™ (wlw™* + W) (W myprasm 4 i maptesn) He),
—al¥ Prafp(A™ pra AR A AR AM AR [4] — E[A™ PTa AR A™ ARYE(A™AM)[12]}
=n"3I3+ O(n_4>7
where [33 = —8tg,
[ % qlvpta oo pra _ % Sl o, wk/v,yp—l—a,l/m/ ,yp—l—a,n/k/] { E( A2 A9 AV AF A™ An)[4]
—B(A°AY APARE(A™ A™M)[12]} = n 3134 + O(n™%),
where [34 = 4tg — i{wl/lwm/m(w”/kw”” + w”/”wk%)’pr’l/m/’ypﬂ’n/k/}[6]-

In summary, we have

6
E(RyRYRT'R})[4] — E(RyRY)E(RYRY)[12] =n ™" Ij108 + O(n™*)
=1
_ n_3{2t1 o étﬁl + [wn/lwk/k(,.yp—l—a,k/;n,yp—l—a,n/;m + ,}/p—l—a,n/;n,yp—l—a,k/;m)”G]

+ %[,yp—i—a,m/n/ (w0lwn/k + wokwn/l)(wm/n,yp—i—a,a;m + wm/m,yp—l—a,o;n)] [6]

(A25> _ i[wl/lwm/m(wn/kwk/n + wn/nwk/k>,.Yp—f—a,l/m/,yp—l—a,n/k/] [6]} + O(TL_4),
Combining (A.22), (A.23), (A.24) and (A.25) it may be shown that

(A.26) cum(R', R*, R™, R") = O(n™).
Edgeworth Expansion for r(6y). We first derive an Edgeworth expansion for the distribu-

tion of n'/2R. Let «; be the j-th order joint cumulant of n2 R. From (A.10), (A.16), (A.12)
and (A.26),

ko= nY2u4+0 (n_3/2) , ke =1L, +n'A+O0(n?),
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ks = O™, ki=0(n"?),

where I, is the p X p identity matrix, g = (p', -+, ¢?)” with ! = —2a'™* and A = (AZO)

pXp

Let

_ 1 T 11 rr 111 rer\ 7
Uy = (A,~~~,A,A e AT A LA ) ’

_ 1,1 Lp 71 rp 11 rirp) "
Uo = (C OV oL o OB L O )

and U = (U}, UZ)" is a vector of means. From (2.10), (2.11) and the expansion for Rz given
in Appendix A.3, the signed square root n'/2R can be expressed as a smooth function of
U, namely there exists a smooth function h such that n'/2R = h(U). We can then use the
results given in Bhattacharya and Ghosh (1978) to formally establish Edgeworth expansion
for the distribution of n!/?R under conditions (2.1). In particular, let B be a class of Boreal
sets in RP satisfying

sup [ o(v)dv=0(c), €0,

BeBJ(0B)¢

where 0B and (0B)¢ are the boundary of B and e-neighborhood of 0B respectively. A formal

Edgeworth expansion for the distribution function of nzR is

sup |P(n"/2R € B) — /B 7 (0)o(v)dv] = O(n~?),

BeB
where 7(v) = 1+n~ 2T o4+in 1 {oT (,u,uT - A) v—tr (,u,uT - A) }, ¢(v) is the p-dimensional
standard normal density, and tr(j is the trace operation for square matrices.

Let H = (hy;), . =: pp’ + A. By the symmetry of ¢(v) we have

P{U(B) < ca} = P{nR)"(n?R) < ca} +O(n*7?)
- /n ey TOO@)d0+O(7)
= Py <ca) + 307" f o2 A8 ha(0f — 1) + Eigy hijuiv o (v)d v
(A.27) +O(n~%/?)

= a—p 'B.c, fp(ca) n~!+ O(n‘gﬂ)
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where B, = >0 hy = Y0, (plpt + A"). Due to fact that an even order Hermit polynomial

is an even function, the error term in (A.27) is in fact O(n~2). This completes the proof.

Proof of Theorem 2. Based on the Edgeworth expansion given in Theorem 1 and
follow standard derivations, for instance those given in Chen (1993), we can readily establish

the theorem.
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Table 1. Empirical coverage (in percentage) and averaged length of the EL confidence interval
I,, the Bartlett corrected (BC) EL interval I, ;. and the dircet Bootstrap (BT) calibrated

confidence interval I, j for the normal mean example.

(a) N(0,1)

Nominal level 90% 95%

Sample Size EL BC BT EL BCBT

20 coverage | 84.66 89.40 86.88|91.12 93.04 93.34
length | 0.636 0.817 0.791 | 0.757 0.967 0.967

30  coverage | 86.30 89.60 8&87.80 | 92.60 93.80 93.10
length | 0.552 0.662 0.640 | 0.659 0.789 0.781

40 coverage | 86.47 89.48 87.98 | 93.49 95.09 94.79
length | 0.492 0.558 0.548 | 0.588 0.668 0.665

60 coverage | 86.70 89.00 87.90 | 93.50 94.50 92.90
length | 0.448 0.492 0.437 | 0.536 0.588 0.527

() N(1,2)

Nominal level 90% 95%
Sample Size EL BC BT EL BC BT
20 coverage | 80.02 87.99 85.57 | 86.78 91.62 90.41
length 0.656 0.898 0.854 | 0.781 1.061 1.084
30 coverage | 82.85 89.47 88.16 | 88.87 93.68 93.88
length | 0.6547 0.7740 0.752 | 0.739 0.883 0.879
40 coverage | 85.77 89.94 88.92 | 91.77 93.70 93.70
length 0.496 0.590 0.572 ]| 0.592 0.703 0.701
60 coverage | 87.47 90.28 89.68 | 92.69 94.19 94.29
length 0.411 0.454 0.446 | 0.492 0.543 0.540
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Table 2. Empirical coverage (in percentage) and averaged length of the EL confidence interval
I,, and the Bartlett corrected (BC) EL interval I, ;. for the panel data model (4.1)
(a) 0 =0.5

Nominal level 90% 95%
Sample Size EL BC BT EL BC BT
50  coverage | 81.7 87.3 87.7 | 88.8 93.6 93.9

length | 0.603 0.723 0.733 | 0.736 0.876 0.880
100 coverage | 87.4 89.9 89.9 | 943 957 95.5
length | 0.425 0.461 0.462 | 0.511 0.556 0.560

(b) 6 = 0.9

Nominal level 90% 95%
Sample Size EL BC BT EL BC BT
50 coverage | 84.4 89.6 89.2 90.2 94.9 95.1

length | 0.545 0.648 0.656 | 0.667 0.787 0.800
100 coverage | 87.3 89.1  §89.2 92.6 94.4 94.3
length | 0.373 0.401 0.402 | 0.4494 0.4847 0.487

40



