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ABSTRACT. Here we generalize quasilinear parabolic p—Laplacian
type equations to obtain the prototype equation as
u — div(g(|Dul)/|Du| - Du) =0,

where a nonnegative, increasing, and continuous function g trapped
in between two power functions |Du|%~1 and |Du|91~! with 1 <
go < g1 < oo. Through this generalization in the setting from
Orlicz spaces, we provide a uniform proof with a single geometric
setting that a bounded weak solution is locally Holder continuous
without separating degenerate and singular types. By using geo-
metric characters, our proof does not rely on any of alternatives
which is based on the size of solutions.

INTRODUCTION

In 1957, DeGiorgi [4] showed that bounded weak solutions of linear
elliptic partial differential equations are Holder continuous, and his
method was used by Ladyzhenskaya and Ural'tseva in [15] to show
that bounded weak solutions of the quasilinear elliptic equation

div A(z,u, Du) =0

are Holder continuous if there are positive constants p > 1, Cy, and C}
such that

A(ZE,U, 5) ’ 5 > CO|§|p7 |A($7u7§)| < C’1|£|p_1

for all £ € R™, where n is the number of space dimensions. (The
theorem of De Giorgi is really just the case p = 2 here.) For parabolic
equations

(0.1) up — div A(z, t,u, Du) = 0,

Ladyzhenskaya and Ural’tseva followed De Giorgi’s method with some
modifications but they were only able to prove Holder continuity under
the structure conditions

(0'2) A(x,t,u,f) f > OO|§|p7 |A(x,u,§)| < Cl|§‘p_1
1



2 S. HWANG AND G. LIEBERMAN

when p = 2.

There was little progress on the Holder continuity of solutions when
p # 2 until 1986, when DiBenedetto [6] proved the Holder continuity
result for p > 2. A key new step was his introduction of the concept
of intrinsic scaling, which has since become an important aspect in the
theory and which is discussed at great length in [22]. It took several
more years until the joint work of Chen and DiBenedetto [2,3] showed
that bounded weak solutions are Holder continuous also for p < 2. Un-
fortunately, these proofs are quite technical and their exposition (for
example, in Chapters III and IV of [8]) is quite long. More recently,
Gianazza, Surnachev, and Vespri [12] developed a more geometric ap-
proach to the Holder continuity of solutions to equations when p > 2;
their proof is simpler and more natural than the original one, but sev-
eral issues from that proof still remain that we address here.

The more important ones are related to the distinction between the
cases p > 2 and p < 2. All previously published proofs of Holder conti-
nuity have treated this cases separately because of different qualitative
behavior of solutions in the two cases. For example, any nonnegative
solution of (0.1) which vanishes at a point (x¢,ty) also vanishes in any
cylinder with top center point (xg,%,) if p > 2; however, when p < 2,
nonnegative solutions generally become zero in finite time. (We refer
the reader to Sections VI.2, VII.2, and VIL.3 of [8] for a more complete
discuss of these phenomena.) Such behavior must be accounted for,
and our proof finds a way to do so without considering the two cases
separately. A further issue is that the newer proofs (see the Remark
on page 278 of [12] for the case p > 2 and Section 4 of [11] for a related
result in case p < 2) give a Holder exponent which degenerates as p
approaches 2; in both cases, the proof must be further modified for p
close to 2 if the Holder exponent is remain positive near p = 2 even
though the original proofs of Hélder continuity (in [2,3,6]) allowed a
stable Holder exponent in this case.

In this paper, we take a more general approach to the problem: We
study (0.1) when there is an increasing function g such that

(0.3a) A(z,t,u, Du) - Du > CyG(|Dul),
(0.3b) |A(z, t,u, Du)| < Cig(|Dul)

for some positive constants Cy and C7, where G is defined by
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and we assume that there are constants gy and g; satisfying 1 < gy <
g1 < oo such that

(0.4) 90G(0) < og(o) < 1G(0)

for all ¢ > 0. (The two inequalities in (0.4) are known as A, and
V5 conditions in Orlicz space theory as in Section 1.3 & 1.4 of [14]
and in Section 2.3 of [21].) The structure (0.2) is contained in this
model as the special case g(s) = sP~!, in which case we may take
go = g1 = p. In addition, our structure allows consideration of more
general equations; as shown on pages 313 and 314 of [18], for any «
and  with 1 < a < < 0o, we can find a function g satisfying (0.4)

such that
lim sup &;) > 0, liminf@ < 00,
5—00 S s—o0 S

so we consider a class of structure functions g much wider than that of
just power functions. In this way, we obtain a uniform proof of Holder
continuity (with appropriate uniformity of constants) for all p € (1, 00)
at once under the structure condition (0.2) as well as a proof of Holder
continuity under more general structure conditions. We note especially
that the exponent is uniformly controlled (assuming (0.2)) over any
finite range of p that stays away from 1, so our result in this case is
stable as p approaches 2.

We point out here that the motivation for considering (0.4) comes
from [18] in which corresponding results for elliptic equations were
proved. The extension of the methods used in [18] for proving Holder
continuity of weak solutions to parabolic equations is not straightfor-
ward, and this paper presents the only such extension known to the
authors.

For the extension, we also need a suitable definition of weak solution,
and we present it here. For an arbitrary open set 1y C R we
introduce the generalized Sobolev space W1%(Q7), which consists of
all functions u defined on 2 with weak derivative Du satisfying

/ G(|Dul) dz dt < co.
Qr
We say that u € Cioe(Qr) N WHE(Q7) is a weak subsolution of (0.1) if
OZ—// ugptdxdt—i—/ A(z,t,u, Du) - Dy dx dt
QT QT
for all ¢ € C'(Q7) which vanish on the parabolic boundary of Qr; a

weak supersolution is defined by reversing the inequality. In fact, we
shall use a larger class of ¢’s which we discuss in a later section.
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Our method of proof uses some recent ideas of Gianazza, Surnachev,
and Vespri [12], who gave a different proof for the Holder continuity
in [1,6]. While [1,6] examine an alternative based on the size of the
set on which |u| is close to its maximum, the method in [12] use a
geometric approach from regularity theory and Harnack estimates. We
shall not discuss the Harnack estimate here, but the geometry from [12]
is an important ingredient of our proof. On the other hand, [12] takes
advantage of the nonvanishing of nonnegative solutions of degenerate
equations for all time, so we need to uses some ideas from [2, 3] to
analyze the corresponding behavior of more general equations.

The proof is based on studying two cases separately. Either a bounded
weak solution wu is close to its maximum at least half of a cylinder
around (xg,tp) or not. In either case, the conclusion is that the es-
sential oscillation of u is smaller in a subcylinder centered at (xg, to).
Basically, our goal is reached using geometric characters of u with two
integral estimates, local and logarithmic estimates (4.1), (4.10).

In Section 1, we provide some preliminary results, mostly involving
notation for our geometric setting. Section 2 states the main lemma
and uses that lemma to prove the Holder continuity of the weak solu-
tions. The main lemma is proved in Section 3, based on some integral
inequalities which are proved in Section 4.

1. PRELIMINARIES

Notation.

(1) The set of parameters {go, g1, N, Cy, C1 } are the data.
(2) Let KY denote the N—dimensional cube centered at y € R
with the side length 2p, i.e.,

- N .
Kg.—{mGR © max |xi—yi|<p}.

1<i<N

For simpler notation, let K, := K.
(3) For given (xg,t9) € R¥*! and positive constants r and s, we
name a cylinder

Qios’to = K:PO X [to — S,to]
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to refer any arbitrarily given cylinder. In addition, introduce
three constants m, M, and w such that
m < ess inf u(x,t),
Qroto
M > ess sup u(z,t),
Qoo
w > ess oscu(x,t).
Qroto
(4) For given (zg,t5) € RVT! given positive constants p and k, and
a positive constant 6 to be determined later depending on data,

we say
-1
Tk,p = 0k2G <%) y

to .
pon = K0 X [to — T, tol,
00
kap T k,p'

Note that p > 0 and k& > 0 in both 7}, , and Q) , are replaceable.
Details for T}, , and 6 is following.

Geometry. The local energy estimate (4.1) plays crucial role in this
paper which is nonhomogeneous unless gy = g1 = 2. By controlling the
length of time axis, we make two competing terms in (4.1) equivalent;
that is, find T}, , from

Gr—l (g) ws—l—ZL ~ GT (f) CUS,
P Th,p P

for some constants r and s which directly leads to our definition of 7}, ,.

This idea is so called intrinsic scaling introduced by DiBenedetto
[8,22]; roughly speaking, a weak solution of parabolic p—Laplacian type
equation behaves like a solution of the heat equation in an intrinsically
scaled cylinder. To reflect different natures of degenerate and singular
equations, original proof by DiBenedetto [6] and Chen and DiBenedetto
2, 3] applied intrinsic time scaling for degenerate equation (p > 2)
and intrinsic side length scaling for singular equation (1 < p < 2),
respectively.

To carry a uniform geometric setting, we introduce the constant
6 > 0 depending on data reflecting behavior of a weak solution which
is explicitly determined in Section 3. The constant 6 is adjusted to
capture two behaviors of solutions. First, when gy < 2, the constant 6 is
chosen to avoid reaching T where a weak solution may become extinct.
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Second, when g; > 2, the constant 6 is determined to guarantee enough
time length so positive information can be extended over the cube.

Now, suppose that u is a bounded weak solution of (0.1) under (0.3)
in Q79%. Then first choose R > 0 such that

w
1.1 AR <min<{r, ——————

(1.1) - { G~ (Qw?s™1) }
which implies

onzf}% C Qoo
Without loss of generality, we let (zg,%y) = (0,0). For any arbitrary
given cylinder, we can fit in the cylinder ), 4g by selecting R properly.
Basically, we are going to work with the cylinder @), 4r to find a proper

subcylinder where a solution has less oscillation eventually leading to
Holder continuity.

Useful inequalities. Because of generalized function g and G, we are
not able to apply Holder inequality or typical Young’s inequality. Here
we deliver essential inequalities which will be used through out the

paper.

Lemma 1.1. For a nonnegative and nondecreasing function g € C|0, 00),
let G be the antiderivative of g. Suppose that g and G satisfies (0.4).
Then for all nonnegative real numbers o, o1, and o9, we have

(a) G(o)/o is a monotone increasing function.

(b) For g > 1,
pPG(0) < G(Bo) < B9G(0).
(c) For0 < g <1,
(1.2) p1G(o) < G(Bo) < PG (o).
(d) o19(02) < o1g(01) + 029(02).
(e) (Young's inequality) For any e > 0,
o19(09) < 61_9191G(01) + €91G(03).

Proof. This lemma is quoted directly or modified from the Lemma 1.1
from [18].

(a) For o > 0, due to the left hand side inequality of (0.4), we easily

obtain
% (GS)> _ Ug(O')O—2 G(o) > (g0 - 1)0(5;7) 50

because gy > 1.
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(b) The left inequality of (0.4) gives

9 9(&)
£~ G
By taking the integral over ¢ to fo, we obtain
Bo G(Bo)
— <1
g =% G(o)

for £ € (0, 00).

9o log
which implies
prG (o) < G(Bo).

Similar argument with the right hand side of (0.4) completes
the proof.

(c) Like the proof for (b), but take integrals over fo to o.
(d) It is clear because g is nondecreasing function so either

019(02) < o1g(01) or  019(02) < 029(02).
(e) For any 0 < € < 1, because of (d) we obtain
019(02) = eg(02) < €| 2 g (2) + aag(0)|
Applying the right inequality of (0.4) and (b) leads to
019(02) < € [01G (2) + 1G(02)] < e Glon) + eq1G(02)
U

The below inequalities will be used to derive the logarithmic energy
estimate (4.10) which plays a crucial role in Proposition 3.2.

Lemma 1.2. For any o > 0, let

(13 o) = [ ate)as
and
(1.4) H(o) = /0 h(s) ds.

Then we have

3

or a constant 3 >

)

B9 H(0) < H(fo) < 5 H(o)



8 S. HWANG AND G. LIEBERMAN

Proof. Here we note that h acts like g and H acts like G.

(a) Dividing (0.4) by o complete the proof.
(b) Taking integrals to (a) gives the inequality.
(c) Since

h/(o_) — g<0) _ G((;)’
o o
applying (0.4) completes the proof.

(d) Applying the integration by parts and (a), we yield that

H(o) = oh(o) — /0 " sh!(s) ds

< oh(o) — (g0 — 1)/ h(s)ds.
0
Therefore

Similarly, we obtain
1
H(o) > —oh(o).
g1
(e) Similar to the proof for (b) on Lemma 1.1.

2. THE MAIN LEMMA AND HOLDER ESTIMATE

The main lemma says that a nonnegative solution u is strictly pos-
itive in a subcylinder if u is near to the maximum value in more than
a half of cylinder.

Lemma 2.1. (Main Lemma) Suppose that u is a nonnegative solution
in Q79" Then there exists R > 0 such that Qﬁﬁ% C Qroto. Also there

exist positive constants 6, € (0,1), and X € (0,1) depending on data
and M such that, if u satisfies

M 1
(2.1) meas {(:E,t) € Qﬁg}% cu(x,t) > ?} > 5 |Qﬁ}§(}% ,

then

ess inf u(z,t) > ul.
K0 x[to—XTar, rito)

Proof. The proof of the main lemma will be served in the end of the
following section. O
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Remark 2.2. If we work Lemma 2.1 with slightly different assumption
that for some constant o > 0

1
meas {(x,t) € Qﬁ;?}% cu(x,t) > OéM} > 5 ‘Qﬁg}z

Y

then the constants 0, u € (0,1), and X\ € (0,1) are depending on data
and o.

Lemma 2.3. Let u be a bounded weak solution of (0.1) with (0.3) in
the cylinder Q¥ot . For R such that Qi?i'}% C Qo' suppose that for

some constant o € (1 —p,1)

ess oscu(x,t) > ow.

QR
Then
(2.2) essosc  u(x,t) <essoscu(z,t)+ (1 —0 — pw,
KEO X [to—)\TwyR,to] Qi%f’g

where positive constants 6, u, and A\ are from Lemma 2.1.

Proof. Without loss of generality, let (zg,%)) := (0,0). Say Q :=
Kgr % [=AT, g, 0]. Since @ C Quur, if ess oscq, ,, u(r,t) = 0, then
ess oscg u(x,t) = 0. Therefore (2.2) holds.

Suppose that ess oscq, ,, u(,t) # 0. There are two cases: either

1
(2.3) meas {(m,t) € Quar :u—essinfu > c_u} >3 |Qu2r|

Qw,4R 2
or
1
(2.4) meas {(:U,t) € Quar :u—essinfu < g} > 5 |Qu2r| -
w,4R

In case (2.3) holds, Lemma 2.1 directly says that there exist u € (0, 1)
and a cylinder ) such that

ess infu — ess inf u > pw.
Qw,4R

Therefore we obtain
ess oscu < ess sup u — ess inf u — uw
Qu.ar Qu,4R

that leads to the conclusion.
In case (2.4) holds, the inequality
u(x,t) —ess infu(x,t) <w/2
w,4R
implies
(1 —0)w+ess supu(x,t) —u(z, t) > w/2.

Qw,4R
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By applying Lemma 2.1 to the nonnegative weak solution

(1 —0)w + ess supu(zx,t) — u(z,t),

Qu 4R
it follows
ess supu < ess supu(z,t) + (1 — o — pw.
Q Qu4R
We finish our proof noting that p+ o > 1. 0

Now based on Lemma 2.3, we can fit in a sequence of shrinking and
nested cylinders.

Lemma 2.4. Let u be a bounded weak solution of (0.1) with (0.3) in
fo)s’to. Then there ezist a constant 6 € (0,1) and a family of shrinking
and nested cylinders {Q,}5° such that

(2.5) ess oscu(z,t) < 6" €8s 08C u(z,t).

Qn+l

Proof. Without loss of generality, let (xg,ty) := (0,0). Choose a posi-
tive constant wy such that wy > ess oscq, , u(z,t).
First, we fix a positive constant

. Wo
(26) Lo = 1mM1Nn {7", ngg—l)}

that is driven for cylinder inclusion
Wo

1
) ,0] C Q4.
Po

Qo == K,, x [-0w;G <
Then clearly, ess oscg, u(z,t) < wp.
Now we introduce two constants 6 € (0,1) and € € (0,1) and set
Wy = 0"Wy, Pni=€"pp.

Moreover, we build a shrinking and nested sequence of cylinders about
(0,0) such that

-1
Qn = K, x [—0u2G (‘ﬁ) 0]

Pn
where
(2.7) 4e = min {(5, 4(5%7 )\559%2}
and
(2.8) §=max{o,1— (c+pu—1)}

with constants A € (0,1) and ¢ € (0,1) from Lemma 2.1 and o €
(1 — p, 1) from Lemma 2.3.
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The choice of € in (2.7) is made to satisfy

(29&) QnJrl - Qm
-1
Wn,
(2.9b) Qi1 C K4 X [ A2G (pn/4) ,0].

Under 4e < §, owing to the right hand side of (1.2) from Lemma 1.1,
(2.9) is guaranteed by two inequalities

52 (g)go S 1’ 52 (Z%e)go S \
that directly generates (2.7).

To determine a constant o, there are two cases to consider: either,
for a constant o € (1 — p, 1),

ess oscu(z,t) < oess oscu(r,t),

Qn+1 Qn
ess oscu(x,t) > oess oscu(x,t).
n+1 Qn

Due to a cylinder relationship (2.9b), in the second case, we apply
Lemma 2.3. Therefore we conclude (2.8). O

Here we define the length of time using the function GG such that
[[floo

G (Ol ullZ 0, /1t = s1)

OO7QT

(2.10) It — slg =

which is basically from (2.6). By using the time length defined as in
(2.10), we define the length of two sets such that
dist(Kq; Kq) := inf z—y|+1|t—s|g)-
(Kiho) = dnf o, (2=l = slo)

Because of generalized function G, it is natural to obtain a modulus
of continuity with a presence of G. Then later, with an extra assump-
tion, we are able to derive a Holder estimate written in terms of exact
powers.

Theorem 2.5. Let u be a bounded weak solution of (0.1) with (0.3)
in Q9. Then (x,t) — u(x,t) has modulus of continuity. Moreover,
there exists constant vy and o € (0,1) depending only upon the data
such that, for any two distinct points (x1,t1) and (x2,t) in any set
which is subset of Q' strictly away from 09",

|ZE1 — 1’2| + ‘tl — t2|G)a
dist(€; 9,Q7%") '

(e, 1) — u(ea, )] < vl (
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Proof. In the cylinder €Y', we construct a sequence {Q,, }5°, of cylinders
as in Lemma 2.4. Set a sequence {w, }7° , such that w,, > ess oscq, u(z,1).
Consider r > 0 such that

(2.11) Pni1 <1 < p, for some n.
Also consider s > 0 such that

Wm
rs

-1
(2.12) 0w’ G (me) <5 <0G (

-1
for some m.
pm—i-l

As a result, we obtain that

ess osc u(x,t) < max{w,, Wy, }-

From the left hand side inequality of (2.11), we derive
r n+1
- > 6'rL—i—l — 6log56
Po ( )
which implies by setting a; = log,
Wy = 0"wy < 6 Lwy <£) .
Po
On the other hand, the left hand side of (2.12) delivers that

s
0w G (wo/po)~!
due to € < 6. Also the choice of epsilon that e < §@0=2/% jmplies that

> §m+1){(2—go)+go logs e}

(2 = go) + gologs e < 0.

Hence by letting ay = logs2—go.90 0, we have

Wy < ((5‘)‘2 s )a2
" OwsGlwo/po)™t)

Therefore, for some v > 0,

ess oscu(z,t) < [(L)al—l—( i )QQ}
A AV 023G (wo/po) 1) |

Clearly wy < 2||ul|o and po > dist(Q; 9,027%*) which implies our con-
clusion. O

Corollary 2.6. Let u be a bounded weak solution of (0.1) with (0.3)
in Q7' Then (x,t) — u(x,t) is locally Holder continuous. Moreover,
there exists positive constants v, 5 and o € (0,1) depending only upon
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the data such that, for any two distinct points (x1,t1), (xe,tz) in any
set QU which is subset of QF%* strictly away from 0,59,
(2.13)

a1 -2 1
|21 — | + B0 9 |||t [t — ta]

dist(€; 9,0%™)

lu(zy, t1) — u(za, ta)| < yljullco.ar

where

(2.14)

~ 1 90=2 1
dist (', 9,7%") = inf |z =yl + B0 [lul|® [t — s[%

(2,4) €, (y,5)€8,0 "0

Proof. For simplicity, define a constant 5 > 0 such that G(1/5) = 1.
Besides choosing pg from (2.6) in Lemma 2.4, we add an extra condition
that

(215) £o S BWO.
Then we derive that
go -1
(2.16) Owy < s (ﬁ) implies s > OwiG (ﬁ) .
Po Po

Therefore we derive a sort of power distance for py such that

1
go—2\ 9o
po < B <w09 ) ' s%

from which we obtain (2.14).

The condition that € < § from Theorem 2.5 with (2.15) clearly im-
plies that p, < aw, for alln =0,1,2,.... Therefore from the left hand
side of the inequality (2.12), we have that

which is equivalent to

-2
s+ (g togg e+ (2-on)} o A7 8
9,091
0

Here we note that
gilogse+(2—¢g1) <0
because of (2.7). Now by letting

g = 10g.g1 5201 0,
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we obtain that

-1, g1—2 @2
W™ < 5 (M) '

g1
£o

O

Remark 2.7. From Corollary 2.6, we can observe that the initial scal-
ing 1s determined by the power go. Then g plays its role later. Espe-
cially, when 1 < gg < 2, the extinction of a solution may occur in finite
time. Therefore a cylinder can not be too long and initial scaling with
go makes sense.

3. PROOF OF THE MAIN LEMMA

Throughout this section, let u to be a bounded nonnegative weak
solution of (0.1) with (0.3). The proof of Lemma 2.1 is composed
with four steps under the assumption that u is large at least half of
a cylinder ), 2r. Then Proposition 3.1 implies that a spatial cube at
some fixed time level is found on which w is away from its minimum
(zero value) on arbitrary fraction of the spatial cube. From the spatial
cube, positive information spread in both later time and over the space
variables with time limitations (Proposition 3.2 & Proposition 3.3).
Controlling the positive quantity 6 > 0 on T}, , is key to overcome those
time restrictions. Once we have a subcylinder centered at (0,0) in Qy 4r
with arbitrary fraction of the subcylinder, we finally apply modified De
Giorgi iteration (Proposition 3.4) to obtain strictly positive infimum of
w in a smaller cylinder around (0,0). We can carry analogous proof
when w is away from its maximum (u is close to its minumum) at least
half of cylinder.

Parts of proof for the following Proposition comes from Proposition
3.71in [12], Lemmata II1.7.1, IV.10.1 in [8], and concerning the equation
(4.2) on page 35 in [22].

Proposition 3.1. For a given constant k > 0 and p > 0, suppose that
u is a nonnegative weak solution on Qy 2, satisfying

(3.1) meas {(:c,t) € Qkp:u(z,t) > g} > %l@k,p|

Then for any v € (0,1) and §; € (0,1/2), there exist y € K,, —11 €
[~T%p, =Tk ,/16] and n € (0,1) such that K}, C K, and

meas {z € K - u(z, —m) < o1k} < (1 —1y) ‘Kfjp‘ :
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Proof. We apply the local energy estimate (4.1) with a piecewise linear
cutoff function

¢ = 1 inside @,
~ 10 on the parabolic boundary of Qr.2p

with

1 1 k
D¢l < = S — — .
4% 5 6= Gyt ()
It follows that

/T /K (ID(u = k/2)-]) G 1(M> (u—k/2)* ¢t dxdt

/ n /K G”( pk/ 2 )(U—k/Q)‘i”Cq_lCtdxdt

+ 72 / - /K < k/ 2)- ) (u— k/2)% ¢ dy dt,

for some constants 7; and ;. Note that

(u—k/2)_ =max{0,(k/2 —u)} < k/2.
Moreover, constants  and s are chosen such that the map o — G"™!(0)0*
is nonincreasing and the maps o — G™(0)o* 20 — G"(0)0* are in-

creasing.
Therefore we obtain that

/0 G (|1D(u — k/2)_|) ¢4 dz dt
Tk,2p 7 K2p

<AG (%) | Kop X [=Tk,2p,0]| .

Then Jensen’s inequality provides

0
(3.2) / / ID(u—k/2)_|dedt < L |K, x [Ty, 0]]
Ty J K, p

for some constant ~.
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Now we say that there exists 7 € [T}, =T} ,/16] satisfying both

16_7
(3.30) AJDw—kﬂ)H%—ﬁngljmm
(3.3b) {ulr, ~m) > K/2} N K| > 2K,

If the inequality (3.3a) fails in the time set with more than T} ,/16
measure, then clearly it produces contradiction to the inequality (3.2).
If (3.3b) fails in the set with more than 7} ,/8 measure set, then we
derive

meas {Qr,, : u(z,t) > k/2} = |Q | — meas{Qx,, : u(z,t) < k/2}

5 1
< (1 - m(l - g)) | Qo

29 1
= — < —
64’Qk,p‘ 2|Qk,p|

that contradicts to our assumption (3.1). Therefore in the set [T ,, 0],
the inequality (3.3a) holds in more than set with measure 157} ,/16
and the inequality (3.3b) is true for more than 77} ,/8. Thus, there
exists 7 € [—T},,/16, 0] where (3.3) hold. Our conclusion is made after
applying Lemma 4.3 which is quoted from [9]. O

Proposition 3.2 is similar to Lemmata 111.4.1, II1.7.2, IV.10.2 from
8]. If go > 2, then the next proposition can be replaced by Corollary
3.4 from [12] which does not involve the logarithmic energy estimate.

Proposition 3.2. Let constants v € (0,1), k > 0, and p > 0 be given.
Then there exists a constant 6 = §(v, N, g1) such that, if

(3.4) meas {z € K :u(x,—7) <k} < (1—v) Kg‘
for some
i\ L
(3.5) TSﬁHG(J ,
p
then
y v\? y
meas {z € K : u(z, —t) < 6k} < (1 — <§) > | K|

for any —t € (—,0].

Proof. Here we apply the logarithmic energy estimate (4.10) on the
cylinder K% x [—7, 0] with a piecewise linear cutoff function

‘= 1 inside K¢y, % [-7,0]
~ 10 on the lateral boundaries of KY x [-7,0].
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with
1
’D<| S 5 Ct =0
op
where o € (0,1) will be determined later. For a positive constant -y
and ¢ = g1, we have

/ H(W?)¢9 da < / H(U?)¢9 do
K} x{o}

Ky x{-7}

0
s [ h(\v2>|\lf||\lf’|20(@) du d,
—T K}{ |\II|

where h and H are defined in Lemma 1.2.
Let § = 277 where j to be chosen large enough. We recall

(3.6)

k 1
V=lnt|-— " | = -
" [5k+(u—k¢)_]’ Sk + (u—k)_
Since 0 < (u — k)_ < k, we have
U<Intét=jln2 1 <\I/’<i
= IR B e T

Due to (3.4), the first integral term on the right hand side of (3.6) is
bounded by

/ H(V?*) (" dr < H (j*(In2)%) (1 - v)|KY).
Ky x{-7}

Therefor we obtain the upper bound of the second integral on the right
hand side of (3.6) such that

—t
/ / h(02) 0|0 [2G ('D,C') dar dt
- JK} |\Ij|
1\? [ 2k
< -2 2 - . _ Yy
< h(j (ln2))jln2<5k) G(Up)T|Kp|

H(5%(In2)?) /2\" 1 k
BT VA SV (RS y
=9 jln2 o (52k2G p 1Kl

because of § < 1 and (1.3).
To estimate the left hand side of (3.6), we take integration over the
smaller set {u < dk}. First notice that in the set {u < 277k}

¥ >Int(20) ' =(—-1)In2.
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Therefore the left hand side of the inequality (3.6) is lower bounded

/ H(U*)(9 dx
K} x{-t}
> H ((j — 1)*(In2)?) meas {:L' € K/, cu(z, —t) < 5l<:} .

(1=0)p
Because of (3.5), it follows that
meas {z € KY : u(z, —t) < ok}
B [P VR 717 S R
H(( - 1022 T H(( - D222 jIn20%
For brevity, say

+ NO"| | K]

H (j*(In 2)%)
H((j—1)*(In2)?)
Here we select an integer j large enough and o € (0, 1) so that

H =

(3.7a) H <1+v,
~H' 2
3.7b < —
(3:7b) jorn2 — 27
2
(3.7¢) No < VZ‘

Then inequalities (3.7) yield our conclusion. Therefore we complete
the proof by going back to (3.7) and finding j and o.

From (3.7c), first fix

1/2

TN
Then assuming (3.7a), the inequality (3.7b) holds if

§2In2 > (1 + v)(4N)91 209,
Finally, (3.7a) delivers that j has to be chosen large enough such that

- g1
j—1
Hence let

i = max{ @2 (14 vy [ gy

O

g

The following proposition says that positive information in K, for
all time expands to K5, for comparable times. Spreading positivity is
natural when g; < 2 because the modulus of parabolicity is dominating
when |Du| — 0 but when ¢g; > 2, enough time length is required
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for spreading positivity over the spatial cube. The Proposition 3.3 is
analogous to Lemma 3.5 from [12], Theorem 1.1 from [11], Proposition
6.1 from [10], and Lemma IV.11.1 from [8].

Proposition 3.3. For given k > 0, p > 0, y € K,, n € (0,1), and
€ (0,1), suppose that K C K,. Then for any v € (0,1), there
exists a constnat 6* = 6*(N, v, g1,m,v) € (0,1) such that, if

(3.8) meas {z € KV :u(r,—t) <k} < (1 —a)| K.
for all —t € (—27,0] where

T2k2G<%> if1<g <2,

(3.9) -1
P28t G () i > 2,
then
(3.10) meas{(z,t) € K, x [-7,0] : u(z,t) < 0"k} <v|K, x [—7,0]|.
Proof. Let k; = 277k for j = 0,1,2,...,5* with j* to be determined
later. Denote 6* = 277", For simplicity, denote
A ={(z,t) € K, x [-7,0] s u(x,t) < k;}
We work with a piecewise linear cutoff function that
¢ = 1 inside of K, x [—T,0]
~ 10 on the parabolic boundary of Ky, x [-21,0]

with . .
‘DC’ S ) Ct S -
) T
The local energy estimate (4.1) (by ignoring the first term on the left
hand side) provides

(3.11)

/27/[( (ID(u ~k))-H & (C ) u—k;) ¢ldx dt
" /QT/K @ ( > k)2 d dt
o e () e

Here note that for all j =0,...,7*

kG <G (&)
P

)¢9 dy dt.
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because (3.9) provides that, for any j =0, ..., 5%,

T > k?G (&)
P

The integral estimate (3.11) is reduced to

(3.12) /0 /K G (D —ky)_|) dedt <G (%) K5y x [~27,0].

Owing to the assumption (3.8), we apply a Poincare type inequality,
Corollary 4.5. For any —t € [—7,0], it follows that

(kj — kjp1)meas {z € K, : u(z, —t) < kj1}
PN+

< D(u—k:)_|dx.
~ a(np)N /I(pﬂ{kj+1éu<kj}| ( i)

Note k; — kj41 = kj11. After taking integral over the time variable
from —7 to 0, we obtain

k, |
(3.13) L 4| < — // D(u— k;)_|da dt.
P Aj\Aj+1

an™N

After dividing (3.13) by |A; \ Aj;1], apply Jensen’s inequality which
implies
(3.14)
|Ajra| ki 1
G< ] j = G (|D(u— kj)_|) dzdt.
[Ai \ Ajal p an™ A\ Aja| J S apa,., (1D( i)-1)

Because of (3.12), the inequality (3.14) generates

o1 (sl ba) <G n g ()

A\ Ajal p anN [A;\ Aj| N

Denote Q. := K, x [—7,0]. There are two cases to consider for any j:
either

[Ajal < 1A\ Ajpal,
[Ajal > 145\ Ajal-
First, if |A;11] <|A; \ Ajt1], then we observe that

|Ajial )gl _ (’%) ( |Ajial kj+1)
— 27NG | = <@ .
(|Aj\Aj+1| p) ~ A\ Aja| p

The inequality (3.15) gives

. g1 N+1
(316) ( |AJ+1| ) 27g1 S ,72 ~ |QT|
|45\ Ajial an™ [A;\ Aj




HOLDER CONTINUITY 21

which 1is
1

|Ajial ntt 2NN T A\ Ay
3.17 _— < | — —_—
(3.17) ( o) Uy TN

Second, if |A;41| > |A; \ Aj4+1| holds, then we have

|Ajia] )go _ (k;]) ( |Aj ] k‘j+1)
7 279G | = )| <@ )
(|Aj\Aj+1| P |Aj\Aj+1’ P

Therefore, (3.15) generates

_90 1
(318) ’A]‘i’l‘ g071 < 2N+1+g1fy 9071 ’A] \ A]+1| .
jo -\ an¥ €2 |

Next we take sum for j = 0,...,7* — 1 of the inequality (3.13). Note
that |A;«| <|Aj4|forall j =0,...,7*—1. Owing to (3.17) and (3.18),

it follows that
Y QT

(3.19) J7min { (‘\?2]:| )

1 1
< max {ﬁﬁ,ﬁﬁ}

where
72N+1+91
p=1"—

anN
Since go < g1, for 8 > 1,

max { -7, BT | < gt
From the inequality

(AR RT
"eg) =

we reach to our conclusion (3.10) by choosing j* such that

1

90
j* Z v 1-90 /890*1

for any v € (0,1). Moreover, to obtain same conclusion from the

inequality
g1
i A'* g91—1 1
()" =

the constant j* has to be chosen so that

91 1

j* > T g,
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Therefore we complete the proof by setting

. 90 1 91 1
7% > max {V“go [oo=1, pi-a1 Fao—1 } )

O

The following proposition is modified DeGiorgi iteration with gen-
eralized structure conditions (0.3). Basically, the proposition 3.4 is
equivalent to Lemmata I11.4.1, 111.9.1, IV 4.1 from [8].

Proposition 3.4. For given constants k > 0 and p > 0, there exists
Vo = l/o(@,N, 91790) € (Oa 1) such th(lt, Zf

meas {(z,t) € Qrap : u(z,t) <k} <vp|Qr2pl,
then

ess infu(z,t) >
k,p

o |

Proof. First, we construct two sequences {p,}>°, and {k,}>2, such

that L
p
n = — and k, = =
pn=p+ oy and iy = 5 4 oo
Because G(o) is an increasing function, a sequence {Q,}5°, by setting
Qn = Kpn X [_Tk,pm O]
gives nested and shrinking family of cylinders. Let us take a sequence
of piecewise linear cutoff functions {(,}>°, such that

¢ = 1 inside of @, 1
" 10 on the parabolic boundary of Q,,

forn=20,1,....

satisfying
2n+1 2n+1 + 2
|DCn| < - )
p Pn
2n+g()+1 k
9ot Pn

Particulary, ((,); is driven from the below inequalities;

g fim ()" e (1)
(C> S{l (pn+1> } 2pn ’

prir 5 P2 _ 1
Pn p 2

—90 Pn

Pn 9o -1 Jo

1= = "0 s ds > (Pn = Prt1)-
(pn+1) P S pnia 290p
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Note that
G(IDGlGulu = k) ) < (274 +2)" G (U“p——’f)—) |

Therefore, the local energy estimate (4.1) yields, for some constants g
and v, that

(3.20)
sup/K Gt (M) (u — k) 28 d

t Pn

// (ID{ = k))& 1(%)@—1«”)8_@@&
=0 // ﬁ”(C” _ )‘)< — k)N (G i dt

+7 2n+1 +2 91 // G <Cn — n)—) ( kn)s_Cg_l_le dz dt.

With a property from the level set,
(u—kp)- = max{0,k, —u} <k, <k,
and the setting that G"~!(0)o*™,G"(0)o® are increasing, the right
hand side of (3.20) is bounded by
(3.21)

290+n+1 k
RHS S {’Yo g 9 + 71<2n+1 + 2)91} G" (p_) k* // X{u<kn} dx dt.
0 n n

To find out a lower bound of the left hand side of (3.20), we consider
the set @, N{u < k,41}. Indeed in the set {u < k, 1}, we observe that

k
2n+2 )

-1 -1
(u . kn)Q_G (Cﬂ(up_ kN)—) Z 2—(n+2)k2G (ﬁ) g;917

n

(u—ky)- =max{0,k, —u} >k, — kyy1 =

because o is an increasing and oG(0) ™! is an decreasing functions. Let
Uy, = (u — ky)_ for simpler notations. Thus, we obtain that

-1
222G <%> sup/ G" <C”un) uy Gt da
Pn t K,, Pn

(3.22) /Q G (|Duy,|) G (%“") S C9da dt

§72”91G”( )k / / Xfuck,) d dt.
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To transform the time coordinate, let us say that

—1
d, = k*G (ﬁ) ,
Pn

fim L
dn
which leads a mapping
Qn — Qn=K,, x[-0,0].
Set up
(3.23) u(-,t) = a(-,ty +dot) and G-, t) = Gu(v, ty + dit).

Let 4, := (@ — k,)_ for simpler notations.
Divide the inequality (3.22) by 2=("*2d,, and make transformation
with respect to the time variable from ¢ to £. As a result, we get

Sup/ G" (M) us (19 da

t JK,,n{a<kni1} Pn

(3.24) +// G (|Din|) G~ 1<<"“") @5l dr dt
Qnm{u<kn+1}

< 7271,(91-5—1 ( ) kS // X{a<hn }d.ﬁlﬁ dt.

To play with Theorem 4.6, we consider the function

_ <"” =S ~q
v = G<20n uy ¢l

After taking the derivative of v and applying Lemma 1.1, for some
constants ¢y and c¢;, we derive

. o
1Dv| < La(pa))ert (2 ) a4+ 95,
P 2p

n n pn

Hence, from the inequality (3.24) and Theorem 4.6, it follows

/ / G (Cﬂ) @5t dw dt
Qnﬁ{ﬂ<kn+1} pTL

N I+ 50
< CpnN on(o1+2) G (p ) k? {// X{u<kn} AT dt:| .

The left hand side of (3.25) is lower bounded by

(3.26) LHS > kG (ﬁ) G (M) Catroo
p

n
Pn n

(3.25)
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because G"!(0)o® is a nonincreasing function, G(o) is an increasing
function, and r is a nonpositive constant. As a result, we now have

/ / Xfa<kns} G % da dt
@n

_N_ Rk
< Cpp M1 9(n+1)(291+2) [// X{a<kn} AT dt} .

Now divide the inequality (3.27) by |Q,| with notice that

(3.27)

|@nl = K, x [=0,0]] = cp)0),

which is equivalent to

A 1 = 1
pé\’“ = C@‘m‘@ﬂ‘m

that leads us to the inequality

ff@n X{a<kn+1}§3+’”g° dx dt
|Qn

(3.28)

_ 1+L
< C@ﬁg(nﬂ)@glﬂ) [ff@n X{a<kn} dx dt] N+1

|@nl

We go back to the original time coordinate t from ¢, then we apply
below two inequalities,

// X{u<kn+1}§z+r90 dx dt Z // X{u<kn+1} dx dt,
Qn Qn+1

’Qn' S 02N+91’Qn+1’7

to the estimate (3.28).
Eventually, for some constant C', we derive

(3.29)

fonH X{u<hn 1} 47 dt
|Qn+1|

Applying Lemma 4.7 with

1+#
< CQﬁQn(QQIJﬂ) [fon X{u<kn} dx dt] N+1

|@n]

Vo 1= g1~ (N+1)9—(201+1)(N+1)?

completes the proof and note that C' is depending on ~*. 0
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Proof of main lemma. Now we are ready to prove Lemma 2.1 by
applying four propositions in this section.

Proof. Without loss of generality, let (xg,ty) := (0,0). We find R from
(1.1) such that fo;f}% C Qro'o. We then study two cases separately:
either g1 < 2 or g; > 2 because of the nature of Proposition 3.3.
Case 1: First we study when ¢g; < 2, of course it means 1 < gy <
g1 < 2. We let
0 = 29 524902
where n € (0,1) and 6 € (0, 1) to be chosen later. In the cylinder

M —1
Quor = Kog x [-OM*G (ﬁ) ,0],

we begin with the assumption that

(3.30) meas {(m,t) € Qurar :u(z,t) < %} > % |Qrr2r] -

Proposition 3.1 says that, for any 14 € (0,1) and d; € (0,1/2), there
exist y € Kag, n € (0,1), and b € [1/16, 1] such that K3 p C Kag and

(3.31)  meas{z € K} ,:u(z,—2m) <M} < (1—w) ‘KgnR| ,

where

M

32 = 7§40 MG — ) .
Here we fix §; = 1/4 and v, = 1/2.

Note that

SMN\? [ M/a\ "

) < |— —
(S o()
because

SMN? [ M4\ M\ ™!
atiel > 91 §2490—2 )12 o )
() ¢ (Gim) 2o e ()

Two equations (3.31) and (3.35) are assumptions on Proposition 3.2.
Hence it follows that there exists § € (0, 1) such that

M 1
(3.34) meas {x € Ky gt ulz, —t) < Z} < (1 - Z_L) !KgnR‘

for all —t € [—27,0].
Using ¢; < 2, we make an observation that

SMN\? , (oM/AN"" (N, M\ o M\
P - < | = - < i
(7)) =() weln) =wo(a)
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M2 M/4a\ !
() o ()

Because b € [1/16,1], let

and as a result

(3.35)
1 M -1 1 oM 2 (5M/4 -1
_ 91 524902 71 72 > 91 5§2490—2 [ 27 -
4 167] 0™ M G(QR) - 1677 074 ( 4 ) G( 2R > ’

Then due to (3.34) and (3.35), Proposition 3.3 is applicable. Therefore
for any v € (0,1) there exists ¢* such that
(3.36)

meas {(x,t) € Ko x [-7,0] : u(z,t) < 5*5%} <v|Ki, x [-1,0]|.

Finally choose v = 1y from Proposition 3.4, we then reach to the
conclusion

M
ess infu(x,t) > §*6—,
Q 8
where

-1
Q = Kg X [—an? §*4%° > M*G (%) ,0].

Case 2: Now let g; > 2 and
f — 2ng1 490—25>o<25>|<2(27g1)7

where n € (0,1) and 0* € (0,1) will be determined later. First of all, we
derive (3.31) by applying Proposition 3.1 under the assumption (3.30)
with
— 191 490—2 §%2 §%2(2—g1) 7 12 % 1
T = b7t 4974579 MG(QR)
where b € [1/16,1]. The constant n € (0,1) is determined depending
on data and M at this stage.

To use Proposition 3.2 and Proposition 3.3, we shall compare two
constants ¢ € (0,1) and 6* € (0,1). So here we impose a restriction
that 6* < ¢ and Proposition 3.3 holds under this extra assumption.

For any 0* < 4, note that

SMN\? ([ M/a\!
< x2(2—g1) [ Y2 ‘
new e (3] 6 (5

Therefore Proposition 3.2 gives that (3.34) for all —t € [—27,0]. The
constant d € (0,1) is determined depending on data.
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Owing to 0* < ¢ and g; > 2, we also notice that
SMN? , (6M/4a\ !
> ppdrgoi—9og¥2—gr [ 227 oMr=
(7)o ()
because for any k > 0, p > 0, and § € (0,1)

(6k)* G (5—’“)_1 < 6T NRG (E)_l

p p

—1
< 502G (E) ,
p

thanks to (1.2) and 629 < 6*79'. Now let

-1
T = in91490—25*25*2—91M2G (M)

16 2R

1 SMN? , (6M/4\ !
> p9i491—905%2 [ 22 il el _
= 16" g < 1 ) G( oR )

Therefore, we use Proposition 3.3 to find §* satisfying (3.36) for any
€ (0,1). At this step, 0 is determined.
Proposition 3.4 and choosing v = 14 lead to the conclusion

M
ess infu(x,t) > 0"0—,
Q 8
where

Q = KR X [_in914gof25*2+2(2_91)M2G % -1 0]
16 R , 0].

4. PROOF FOR AUXILIARY THEOREMS

4.1. The local energy estimate. The local energy estimate is one
of fundamental inequality playing important roles, especially Propo-
sition 3.1, Proposition 3.2, and Proposition 3.3. The inequality is
equivalent to one appearing on Section I1.3-(i) from [8] and same as
Proposition 2.4 from [22] if go = g1 = p. Some techniques come from
Section 3 in [18].

Proposition 4.1. Let u be a locally bounded weak solution of (0.1)
with structure conditions (0.3) in a cylinder Q, == K, X [to,t1]. Then
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there exist constants cy, ¢1, and co depending on data such that
(4.1)

sgp/K Gt (%) (u — k)50 da

co // G(|D(u—k)L)G! (@) (u—k)5.C0da dt
¢l / / ,, Gt (@) (u — k)32CT1 ¢, da di

= G D~ k) 6 (B (e doa

with a cutoff function 0 < ¢ <1 on the cylinder @, where

1
(4.2) r=1-——, s:@, and q= gy.

g1 g1
Proof. We assume that w is differentiable in terms of the time variable.
Such an assumption is removed by applying Steklov average.
The choices (4.2) is made to satisfy that

(4.3a) (r—Dgo+(s+1)>0, (r—1Dg+(s+1)>0,
(4.3b) rgo+s>0, rg1+s>0,

(4.3¢) (r=1go+s<0, (r—1)g+s<0,

(4.3d) (r—=1go+¢>0, (r—1)go+q>0

(4.3¢) (r—1)g1 +q—1>0.

The inequalities from (4.3a), (4.3d), and (4.3¢) come from deriving the
local energy estimate properly. The inequalities (4.3a) and (4.3b) are
saying that two maps G"!(¢)o**? and G"(0)o® increasing functions,
respectively. Besides G"'(0)o® is nonincreasing due to (4.3c) that
provides simpler calculations.

For a bounded weak supersolution u, let the test function to be

o) =6 (B2 e

with a piecewise linear cutoff function ( vanishing on the parabolic
boundary of @),. For simpler notation, let @ := (u—k)_. Then we have

o= {e-18($) ()2 (oo
() e () e
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It follows that
(4.4)
/ A(z,t,u, Du) - Dpdxdt
Qp

> {(r = v+ (s 116 [ GG (&) weras

(=g + 0 | /Q P (%‘) G da d.

Owing to Lemma 1.1, set 0y = |D(|u/¢ and oy = |Du|. Then we
obtain, for any €; > 0, that
| D¢l

G (%“) wrg(|Du)) 2
(45) S 6191G(‘DU’)GT71 (%) ﬂSCq

+ 6}*glglc; <|D§|U> Grfl <%) ﬂscqugl.

Now, by setting

it yields

// upp(x,t) do dt

(4.6) ’ b
- q// F(u)¢" ¢, da dt.

= /Kp F(u)(ldz

To estimate bounds for the function F(a), first we derive

(4.7) Flw)u <{(r —Dg1+ (s + 1)} F'(u),
(4.8) Fl(u)a > {(r —1)go+ (s + 1)} F'(u).

From the integration by parts, we get

49)  Fa) = /0 " (o) do = uF' (i) /0 C P (0)do.
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The equation (4.9) applying (4.7) or (4.8) generates

_ 1 o
F(1) 2 @)
F(u) < ! aF'(u),

(r—1)go+ (s +2)

F/(l_b) — Gr—l <%) l_LS—H.

First, we apply (4.5) with €; such that

Co{(r =Dgi + (s +1)}
g {(r—1)go+q}

to the inequality (4.4), then combine with the inequality (4.6).
For a bounded weak subsolution u, similar story works with the test

function
o) =6 (2B (e

where

€ <

O

4.2. The logarithmic energy estimate. The logarithmic energy es-
timate (4.10) which is used to prove Proposition 3.2. The estimate is
modified from one in Section II.3-(ii) in [8] and similar to the loga-
rithmic estimate in Section 3.3 from [22]. The functions h and H are
defined on Lemma 1.2.

Proposition 4.2. Let u be a local bounded weak solution of (0.1) under
0.3 in a cylinder Kg X [to,t1] and k € R. For q > g1, then we have

(4.10)
/ H(U (1 dr < / H(U*)(dx
Krx{t1} Krx{to}

+ C1Cy 7 (2q91)? / / h(T2)| W]V |?°G (‘ |) ¢ 9 dx dt
Kn V]

where

U(u) =1In" foru>0 and k > 0,

]

U(u) =In" foru <0 and k < 0.

k
—0k+ (u—Fk)y ]’
with for some k>0 and § € (0,1).
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Proof. We assume that u is differentiable in terms of the time variable.
Such an assumption is removed by applying Steklov average.

Suppose that u is a bounded weak supersolution. For some k& > 0,
define the test function

© = 2h(VH) W' (1

where

U(u) = In* [m}

with a constant § € (0,1) and ¢ > ¢; and a cut-off function ¢ indepen-
dent of the time variable ((; = 0). Then

1 1

V)=, V'(u) = = (V)2
() 0k + (u—k)_ (@) [0k + (u— k)] )
For a nonnegative solution u, we have 0 < (u — k)_ < k that implies
1 1 1
— <V < — 0<U<Int=.
A+ok = —ok = =73

Then 2h(P?)PW’ € L>® and
[2h(U2) VW] < [4(gr — 1) + 2]h(F?)(F')? + 2h(V?) W (P')? € L.

Therefore, p(u) is an admissible test function.
First, the time derivative part generates

t1
/ / w2h (U?) W'Y dx dt
to Kgr

_/: /KR [%H (qﬂ)} ¢ du dt

:/ H (1?) qux—/ H (92) ¢ da
Kpx{t1}

Krx{to}
Second, we study the derivative of the test function that
Dy = 41/ (U2 (VW) Du + 2h(P?)(¥")*¢9 Du
+ 2R(U*) WU Du + 2gh (V)W 11 DC.
Owing to (c) of Lemma 1.2, we estimate

Dy > [{4(go — 1) + 2} + 2] h(¥?)(¥')?¢?Du + 2qh(V*)WW'¢7 1 DC.
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It follows that

/tl A(z,t,u, Du) - Dpdx dt

to JKgr

(@11) > 00/1/ G(IDuDA(T2) [A(go — 1) + 2 + U] (W) ¢ d dt
Kpg

t1
—2q01/ / g(|Du)) h(IH)WW'¢T | D¢ | da dt.
to Kgr

Young’s inequality, Lemma 1.1, tells us that
(| Dul)h(U2) @ W'¢r [ D(|
= h(U*)W (') (%(|Dul) (¥) " ¢ [D(|

< H (¥ ¢ {eag Dl + g (L5EL) 1E6LY

for any e; > 0. Particularly choosing €, to satisfy Cy = 2qg;€; leads to
(4.10). U

4.3. Collecting positivity.
Lemma 4.3. Let u(-,7) € W' (K,) for all T and satisfy

/ |Du|dz < vpN~t and meas {r € K, : u(v,7) > 1} > a|K,)|

K,x{r}
for some~y >0 and « € (0,1). Then for everyd € (0,1) and0 < A < 1,
there exist xo € K, and n=n(a, 6,7, A\, N) € (0 1) such that

meas {z € Ko u(z, ) > A} > ( ‘KIO‘
This lemma is from [9].

4.4. Poincare type inequality.

Theorem 4.4. Suppose that u € WHH(K,) with u(z) = 0 on some set
Yo of positive measure. Then for any measurable set ¥ from K,, the
inequality holds

[ r@re e <o [ Do) as

This theorem is appearing on Section 2.5 from [16].

Corollary 4.5. Let v € Wh' (K2°) N C (KZX) for some p > 0 and
some 19 € RN and let k and | be any pair of real numbers such that
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k < l. Then there exists a constant v depending only upon N,p and
independent of k.1, v, xg, p, such that

(I — k)meas {z € K)) : v(z) <1}
PN+

<7
meas {x €K} : v(x) > k?} {zeKk<v(z)<l}

|Dv| dx.

This lemma is appearing on page 5 from [8].
4.5. Embedding theorem.

Theorem 4.6. For a nonnegative function v € Wy (Q) where Q =
K x [to, t1], K C RY, we have

N
//dedtSC(N) [// X{U>0}dxdt] X
Q Q
1 N
N+1 N+1
{ess sup/ Ud:c] : [// | Dv| dx dt} :
to<t<t1 JK Q

Proof. First, by the Holder inequality, we obtain

(4.12)

N

(4.13) vdxdt < X{v>0} dx dt : v N dxdt :
Q Q Q

Second, by Holder inequality and Sobolev inequality for p = 1, we have

/UNNHd:cS [/ vNNldccl ~{/vd:c]
K K K
gC(N)/ ]Dv]d:n{/vdx] :
K K

Combining two inequalities (4.13) and (4.14) produces the inequality
(4.12). O

(4.14)

4.6. Iteration.

Lemma 4.7. Let {Y,}, n=0,1,2,..., be a sequence of positive num-
bers, satisfying the recursive inequalities

Y, < CHY, e
where C;b > 1 and a > 0 are given numbers. If
Yy < CTabar,
then {Y,} converges to zero as n — oc.

This lemma is on Section 1.4 from [8].
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