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Abstract

We obtain non-Gaussian limit laws for one-dimensional random walk in a random
environment in the case that the environment is a function of a stationary Markov
process. This is an extension of the work of Kesten, M. Kozlov and Spitzer [13] for
random walks in i.i.d. environments. The basic assumption is that the underlying
Markov chain is irreducible and either with finite state space or with transition kernel
dominated above and below by a probability measure.
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1 Introduction and Statement of Results

Let Q = (0,1)Z and let F be the Borel o—algebra on 2. A random environment is an element
w = {w; }iez of Q distributed according to a stationary and ergodic probability measure P on
(Q, F). The random walk in the environment w is a time-homogeneous Markov chain X =
{X,. }nen on Z governed by the quenched law

. . wi ifj=i+1,
Pw(XOZO):l and Pw(Xn—H:j‘Xn:Z):{l_w, lf:;:z_l

Let (ZN, g) be the canonical space for the paths of {X,}, i.e. G is the cylinder o—algebra.
The random walk in random environment (RWRE) associated with P is the process (X, w)
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on the measurable space (Q x N, F® g) having the annealed probability law P = P ® P,
defined by

P(F x G) = / P.(G)P(dw), FeF, Geg.
F
Since the process learns about the environment as time passes according to the Bayes rule,
{X,} is in general not a Markov chain under the annealed measure P. The model goes back to
[17, 23] and, in physics, to [8, 27]. In this introduction we briefly discuss some basic results
on the one-dimensional RWRE. We refer the reader to [25, 28] for recent comprehensive
surveys of the field.

Recurrence criteria and possible speed regimes for the one-dimensional RWRE were es-
tablished by Solomon [23] in the case where {w,} is an i.i.d. sequence and carried over to
general ergodic environments by Alili [1]. Let

1—w,
Pn = )
Wn,

+0o0
Rw) = 1+ pop-1-pn (1.1)

n=0

Ty =0, and for n € N,

T, =min{k: Xy >n} and 7,=T,—T, 1. (1.2)

X, is a.s. transient if Ep(logpy) # 0 and is a.s. recurrent if Ep(logpg) = 0. Moreover, if
Ep(log pp) < 0 then (see [28, Sect 2.1]) lim,, o P(X,, = +00) = 1, T}, are a.s. finite, {7,} is
a stationary and ergodic sequence, and we have the following law of large numbers:

n 1 1

Vp = 11lm — = 1Im — = =
P oY n n—+oo T,  E(m) 2Ep(R)—1’

P — as. (1.3)

Thus, the transient walk X, has a deterministic speed vp = lim,,_.., X,,/n which may be
zZero.

Solomon’s law of large numbers for the transient walks in i.i.d. environment was com-
pleted by limit laws in the work of Kesten, M. Kozlov, and Spitzer [13]. The limit laws for
the RWRE X, are deduced in [13] from stable limit laws for the hitting times 7},, and the
index k of the stable distribution is determined by the condition

Ep(py) = 1.

In particular, under certain conditions the central limit theorem holds with the standard
normalization /n, and this case was extended to stationary and ergodic environments by
Alili [1], Molchanov [18] and Zeitouni [28, Sect 2.2], see also Bremont [7].

In this paper we obtain limit laws for X,, for environments which are pointwise transfor-
mations of a stationary ergodic Markov process which satisfies Assumption 1.5 below. These
laws are related to stable laws of index k € (0, 2], where, under the assumptions below, & is
determined by

n—1 8

A(k) =0, where A(B) := lim ! log Ep (Hi:O pi> . (1.4)

n—oo N
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More precisely:
Basic setup: On a state space S equipped with a countably generated o—algebra 7, let
{x, }nez be a stationary Markov chain, such that w_,, = w(x,) (and hence p_,, = p(x,)) for
measurable functions p,w : § — R. We denote by H(x,-) the transition probability measure
of (z,), by = its stationary probability measure, and use the notation H(z,y) to denote
H(z,{y}) for a single state y € S. With P, denoting the law of the Markov chain with
xo = x, the reader should not confuse P, and P,,.

We shall say that the process log p_,, is a-arithmetic (c.f. [22, 2]) if & > 0 is the largest
number for which there exists a measurable function v : S — [0, &) such that

P(logpo € y(z-1)—7(x0) +aZ) =1, P —as.
The process will be said to be non-arithmetic if no such « exists.

Assumption 1.5.
(A1) Either

S is a finite set and the Markov chain (z,,) is irreducible, (1.6)

or, there exist a constant ¢, > 1 and a probability measure b on (S,7T) such that for some
m € N,

c'P(A) < H™(x,A) < cp(A) Vo e€S,AeT, (1.7)

where the kernel H"(x, A) is defined inductively by H(z, A) = 14(x) for allx € S, A€ T
and H"(x, A) = [ H* Yz, dy)H(y,A), n > 1.

(A2) Ple <wp < 1—¢€) =1 for somee € (0,1/2).

(A8) limsup,,_, % log Ep (H;:Ol pf) < 0 and limsup,,_, ., % log Ep (H;:Ol piﬁl> > 0 for some
constants 3 > 0 and ' > 0.

(A4) log po is non-arithmetic in the sense defined above.

Note that condition (A1) refers to the underlying Markov chain (x,,), whereas conditions
(A2)-(A4) refer to w itself. Assumption (1.6) is not a particular case of assumption (1.7)
since under (1.6) the Markov chain (z,) may be periodic. Under (A1), the environment w is
an ergodic sequence (see e.g. [10, p. 338] or [19, Theorem 6.15]). Condition (A3) guarantees,
by convexity, the existence of a unique x in (1.4). Indeed it will be shown later that the
lim sup is in fact a lim . It also follows from (A3), by Jensen’s inequality, that Ep(log po) < 0,
so that X, is transient to the right. For future reference we denote

1—e€
Cp=—""1 (1.8)
and note that by the ellipticity condition (A2), P(c,' < py < ¢,) = 1.

For k € (0,2] and b > 0 we denote by L, the stable law of index « with the characteristic

function

t

log Era(t) = bl (1 " imf;(t)) , (1.9
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where f.(t) = —tan %FL if K # 1, fi(t) = 2/mlogt. With a slight abuse of notation we use
the same symbol for the distribution function of this law. If K < 1, £, is supported on the
positive reals, and if k € (1, 2], it has zero mean [21, Chapter 1]. Our main result is:

Theorem 1.10. Let Assumption 1.5 hold. Then there is a unique k > 0 such that (1.4) and
the following hold for some b > 0 :

(i) If k € (0,1), then lim, ., P(n™ "X, <3)=1-— Lﬁ,b(g_l/”),

(it) If k =1, then lim, .o P(n~'(logn)*(X, — 6(n)) < 3) =1 — L1,(—3), for suitable A, >0
and 5(n) ~ (Aylogn)~'n,

(iti) If k € (1,2), then lim,_oo P (R (X,, — nvp) < 3) =1 — Lip(—3).
(iv) If k =2, then lim,_ P ((nlogn)~"2(X,, — nvp) < 3) = L2(3).

In the setup of Theorem 1.10 it is not hard to check, and follows e.g. from [28, Theorem
2.2.1], that the standard CLT holds if x > 2.

As in [13], stable laws for X, follow from stable laws for the hitting times 7,,, and we
direct our efforts to obtaining limit laws for the latter. We have:

Proposition 1.11. Let Assumption 1.5 hold. Then there is a unique £ > 0 such that (1.4)
and the following hold for some b >0 :

(i) If k € (0,1), then lim, o P (n"V~T, < t) = L,_;(t),

(it) If & = 1, then lim,_ P(n™ (T, — nD(n)) < t) = L,;(t), for suitable co > 0 and
D(n) ~ ¢ologn,

(iti) If k € (1,2), then lim, oo P (n™V/* (T,, — nvp') <t) = L, 5(t).
(iv) If k=2, then lim, o P ((nlogn)~V/2(T, —nvp') <t) = Ly;(2).

The proof that Theorem 1.10 follows from Proposition 1.11 is the same as in the i.i.d.
case, and is based on the observation that for any positive integers n, (,n

{Te2n) € (X, <) € {Tern 2} (L inf Xi— (C+m) < -} (1.12)

Z4¢+n

Because the random variables inkaTC o Xk — (¢ +n) and infy>o Xj have the same annealed
distribution, the probability of the last event in (1.12) can be made arbitrary small uniformly
in n and ( by fixing 7 large (since the RWRE X, is transient to the right). For x = 1, the
rest of the argument is detailed in [13, pp. 167-168], where no use of the i.i.d. assumption
for w is made at that stage, and a similar argument works for all x € (0,2]. All of our work
in the sequel is directed toward the proof of Proposition 1.11.

Following [13], the analysis of T,, is best understood in terms of certain regeneration
times v, with excursion counts between regenerations forming a branching process Z,, with
immigration in a random environment (see Section 2.2 for precise definitions). In the i.i.d.
setup, the total population of the branching process between regenerations, denoted W,,,
forms an i.i.d. sequence, and much of the work in [13] is to establish accurate enough tail
estimates on them to allow for the application of the i.i.d. stable limit law for partial sums
of W,,. The limit laws for T;, then easily follow from those for W,,.
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In our case, the sequence W, a-priori is not even stationary. However, using the re-
generation property of the underlying Markov chain (x,) (see Section 2.1), we introduce
in Section 2.2 modified regeneration times 7, (a random subsequence of v,) such that the
total population of the branching process between times 7, and 7, , denoted by W, 1, is a
one-dependent stationary sequence. This sequence is i.i.d. if either (1.7) with m = 1 or (1.6)
hold. Again following the proof in [13], we obtain tails estimates for the random variables
W 41 yielding the stable limit laws for T}, stated in Proposition 1.11. Similarly to the i.i.d.
case, the key to the proof is the derivation of tails estimates obtained in Section 2.3 for the
random variable R defined in (1.1).

We conclude the introduction with a characterization of the speed vp under Assumption
1.5, which will not be used in the sequel. Recall that p, = p(x,,) for a measurable function
p:S— R If k <1, then vp = 0, and if £ > 1, then vip' = Ep(p(z0)&(xo)), where the
function £ : S — (0, 00) is the unique positive and bounded solution of the equation

£(z) = / H(x, dy)p(y)y) + 1+ 1/p(x). (1.13)

This formula is essentially due to Takacs [26], who considered finite-state Markov environ-
ments. The proof in the general Markov case is included at the end of Section 2.1.

The rest of the paper is organized as follows. Section 2, divided into three subsections,
contains the proof of Theorem 1.10, except for the proofs of two propositions which are
deferred to the Appendix. In Subsection 2.1 some basic properties of Markov chains that
satisfy Assumption 1.5 are described. In particular, Condition B is introduced and shown to
hold under Assumption 1.5. In Subsection 2.2, Condition C, is introduced and Proposition
1.11 is derived from it and Condition B, making use of the above mentioned branching
process and a regeneration structure it possesses. Finally, Subsection 2.3 is devoted to the
proof that Condition C, holds under Assumption 1.5.

2 Proofs

2.1 Some properties of the underlying Markov chain and their
consequences

We summarize here, using the framework of the Athreya-Ney and Nummelin theory of pos-
itive recurrent kernels (cf. [5, 6, 19]), some properties of the Markov chain (x,) that follow
from Assumption 1.5. The main objectives here are to introduce the regeneration times Ny
and to obtain the Perron-Frobenius type Lemmas 2.6 and 2.8. One immediate consequence
of these lemmas is that Condition B introduced subsequently is satisfied under Assumption
1.5.

First, we define a sequence of regeneration times for the Markov chain (x,,). If (1.6) holds,
let * € § be any (recurrent) state of the Markov chain (z,) and pick any r € (0,1). Let
(Yn)nez be a sequence of i.i.d. variables independent of (x,,) (in an enlarged probability space
if needed) such that P(yo = 1) =7 and P(yo =0) =1 —r, and let

No=0, Npy=min{k >N, :z, =2 y, =1}, n>0.



Then, the blocks (x x RN

N, 7 N, +1’ N1
tributed for n > 1. Note that between two successive regeneration times, the chain evolves
according to the sub-stochastic Markov kernel © defined by

_,) are independent, and z, are identically dis-

H(z,y) = O(x,y) + rlyy— H(z,y), (2.1)
that is

If (1.7) holds, then the random variables Ny can be defined by the following procedure (see
[5, 19] and [3]). Given an initial state zg, generate z,, as follows: with probability r < ¢, !
distribute x,, over S according to 1) and with probability 1—r according to 1/(1—7r)-O(xo, -),
where the kernel O(z, -) is defined by

H™(x,A) =0(z,A) +rY(4), 2€S,AcT. (2.3)
Then, (unless m = 1) sample the segment (:)31, To,. .. ,xm_l) according to the chain’s con-
ditional distribution, given zy and x,,. Generate xy,, and x,, 11, Tpmi2,...,Tom_1 in a sim-

ilar way, and so on. Since the “r-coin” is tossed each time independently, the event “the
next move of the chain (z,,)n>0 is according to " occurs i.o. Let Ny = 0 and {Ny}r>1
be the successful times of its occurrence multiplied by m. By construction, the blocks
(I’Nn RTINS ’anH*l) are one-dependent (if m = 1 they are actually independent), and
for n > 1 they are identically distributed (x, is distributed according to ).

Let us summarize the most important pr(;perty of the regeneration times NV,, as follows.

For n > 0, let

D, = (z, ,x (2.4)

T TR ’anH*l)’
Then:
e The random blocks D,, are identically distributed for n > 1.
e If (1.6) or (1.7) with m = 1 hold, D,, are independent for n > 0.
e If (1.7) holds with m > 1, D,, are one-dependent for n > 0.

In both cases under consideration (either of (1.6) or of (1.7)), there exist constants I,6 > 0,
such that (cf. [5])

inf P,(N; <1)>6>0. (2.5)

zeS

The regeneration times N,, will be used in Section 2.2 for the construction of an auxiliary
sequence W, of stationary and one-dependent random variables playing a central role in the
proof of Proposition 1.11.

We now turn to a Perron-Frobenius type theorem for positive finite kernels, having in

mind applications to the kernels of the form K(x, A) = E, (H?:o o a, € A) . In the fol-

lowing two lemmas, we consider separately the cases of non-finite (assumption (1.7)) and
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finite (assumption (1.6)) state space S. In particular, the properties of the positive kernels
described in these lemmas imply Condition B introduced below and are essential for the
proof of the crucial Proposition 2.38.

Let By be the Banach space of bounded measurable real-valued functions on (S, 7) with
the norm || f|| = sup,es |f(x)|- A positive and finite kernel K (z, A) (a measurable function
of x for all A € T and a finite positive measure on 7 for all x € S) defines a bounded linear
operator on By by setting K f(x) = fs K(x,dy)f(y). We denote by r,. the spectral radius of
the operator corresponding to the kernel K, that is

e = Tim /K] = tim /1K 5z,
where 1(z) = 1.

Although the results stated in the following lemma are certainly well-known and appear
elsewhere, their proofs are provided for the sake of completeness.

Lemma 2.6. Let K(z, A) be a positive kernel on (S,T) such that for some constant ¢ > 1
and probability measure 1),

Ip(A) < Kz, A) < ep(A), VYozeS, AeT. (2.7)

Then,

(a) There ezists a function f € By such that inf, f(z) > 0 and Kf = r,f. There exists a
constant cx > 1 such that c;(lr:; < K"1 < CKTTY for all n € N.

(b) If K = K" for a positive finite kernel K(x, A) and some m € N, then r, = rim and
there exists a function f1 € By, such that inf, fi(z) > 0 and K1 f; = r}(/lmfl.
Proof.

(a) The existence of a function f : & — (0,00) and a constant A > 0 such that Kf = Af
follows from the Example in [19, p. 96]. It follows from (2.7) that f(x) is bounded away
from zero and infinity, ie. ¢! < f(z) < ¢, for some ¢, > 0. Hence, for any n > 0,
K"l < ¢ K"f =c, \"f <N\ Similarly, K"1 > ¢, >A". That is, A = r,.

(b) Set fr =375 (1/r /MK f. O
The finite-state counterpart of the previous lemma is stated as follows:

Lemma 2.8. Let S = {1,2,...,n} and K(i,j) be an irreducible n X n matriz with nonneg-
ative entries. For some constants v € (0,1) and j* € {1,...,n} define the matriz O(i, j)
by

K(i,j) = ©(i, j) + rlg=m K (i, §), 1<ij<n. (2.9)

Then,
(a) Assertion (a) of Lemma 2.6 holds for the matriz K.
(b) There exists a function g € By such that inf, g(z) > 0 and Qg = r89-



(c) re € (0,7,).

Proof. Since © and K have the same adjacency matrices (K (i, ) = 0 iff (i, j) = 0), O is
irreducible as well. Assertions of (a)and (b) follow then from the Perron-Frobenius theorem.
Clearly r_ <. Since r, f > Of, the equality r_ = r, would imply [19, Theorem 5.1] that

f =g and éf =r,f = K[, that is impossible since f > 0 everywhere. Hence r_ <r,. [

Since for any 5 > 0,
n—1
E, (120 (0-0)") = ple)’ 13" 1(2), (2.10)

where Hg(x,dy) = H(x,dy)p(y)?, it follows from Lemmas 2.6 and 2.8 that for some constant
cg > 1 which depends on 3 only,

n—1
'y < E, (szo (,o_k)ﬁ) <col zES neEN, (2.11)

where 75 = Trye Therefore, the following Condition B is satisfied under Assumption 1.5.
With future applications in mind, we make the formulation suitable for non-Markovian
ergodic environments. Let

Fo=0(wp, :n>0) (2.12)
be the o—algebra generated by the “past” of the sequence {w_,}.
Condition B. {w_,} is a stationary and ergodic sequence such that
(B1) Ellipticity condition: P(e <wy < 1—¢€) =1 for some e € (0,1/2).
(B2) For any 3 > 0,
1 n—1
lim —log Ep (szo P ‘.7-"0) = A(B), a.s., (2.13)

n—oo 1

with uniform (in w) rate of convergence, with A(B) as in (1.4). Further, there exists a unique
k> 0 such that A(k) =0, and A(B)(6 — k) > 0 for all B > 0.

The last statement follows since A(3) is a convex function of 5 in [0, 00), taking both
negative and positive values by Assumption (A3%), with A(0) = 0.

We conclude this subsection with the proof of (1.13). It follows from (1.3), (1.1) and (2.11)
that vp = 0 for k < 1. Assume that x > 1 and consider the following decomposition for the
hitting time 7 defined in (1.2)):

T = 1{X1=1} + 1{X1:—1}(1 + 7'(/), + 7‘{),

where 1+ 77 is the first hitting time of 0 after time 1, and 1+ 7 4 7/ is the first hitting time
of 1 after time 1+ 7{/. Taking expectations in both sides of the equation (first for a fixed
environment and then integrating over the set of environments) gives

E(rileo = #) = 1+ p() (1 + E() v = )).
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Since E(7(|zg = z) = E(mi|zy = 2) = [(E(ni|zo = y)H (z,dy), we obtain that the function
E(x) = E(7'1|£L'1 = x)/p(x) solves equation (1.13). Recalling the operator H; : f(x) —
Js H(z, dy)p(y) f(y) acting on By, it follows from identity (2.11) and Condition B, that
its spectral radius is strictly less than one, and a simple truncation argument (by (1.13),
v < Hipyr + 1+ 1/p, where Eyy(x) := E (min{m, M}z, = x) /p(z) for a constant M > 0)
shows that £(z) is a bounded function of z, yielding that E(r1) = Ep(p(z0)&(20)). This
implies (1.13) by (1.3) (Lemmas 2.1.11 and 2.1.17 in [28]).

2.2 The branching model and its regeneration structure

We consider here a branching process {Z,,} in random environment with immigration closely
related to the RWRE (see e.g., [1, 13, 28]). The random variables 7,, are associated by (2.14)
to the partial sums of the branching process Z,,. This leads us naturally to the variables W,
defined in (2.22), which are random partial sums of Z,,. The aim in introducing the branching
process is to transform the limit problem of T}, into a limit problem for the partial sums of
the sequence W, which turns out to be a stationary and one-dependent sequence in a stable
domain of attraction.
Let

:#{k<TnXk:Z, X]H_l:’i—l}, i,n € 7,

the number of moves to the left from site ¢ up to time 7},. Then

T,=n+2)Y U (2.14)
When U} =0,U7_,...,Up_; ; and wy, wy—1 . .. ,wy—; are given, U}, is the sum of U}_; ;+1

i.i.d. geometric random variables that take the value k with probability w,_;(1 — wn_;)*,

k=0,1,... Assuming that the RWRE is transient to the right we have:
Z Ul < total time spent by {X;} in (—o0;0] < 00 a.s. (2.15)
i<0

Therefore, in order to prove the limit laws for T}, it is sufficient to prove the corresponding
result for the sums > | U". These sums have the same distribution as

n—1
>z, (2.16)
k=0

where Zy = 0, Z1, Z, ... forms a branching process in random environment with one immi-

grant at each unit of time.

Without loss of generality, we shall extend the underlying sample space (Q X ZN) to
(2 x T), where T is large enough to fit not only the random walk but also the branching
process, and assume that P, (and hence P) is suitably extended.

Thus, when w and Zj, ..., Z, are given, Z,, .1 is the sum of Z,, + 1 independent variables
V0, Vo, - -, Vaz, each having the geometric distribution
PW{VNJ :k} = Ww- (l_w— ) k_07172 (217)
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Extending (2.12), let for n € N,
fn =0 (Zo, Zl, ZQ, ey Zn—h Zn> Vo (wj : j > —n) , (218)

that is, the o-algebra generated by the branching process {Z;}!, and the environment
{wi}2 11 before time n.
As in [13], the random variables

vy =0, v,=min{k >wv, 1:7Z;, =0}

are the successive stopping times at which the population becomes extinct, and the variables

vn—1

Wo= > Z

k=vn_—1

measure the total number of individuals born between two such extinction times.

Recall the definition of the o—algebra Fy given in (2.12). The proof of the following
proposition, which is a modification of Lemma 2 in [13] adapted to non-i.i.d. environments,
is included in Appendix A.

Proposition 2.19. Assume that Condition B holds. Then, there exist Cy, Cy > 0 such that
P — a.s., Py, > n|Fy) < Cre " for any n > 0.

The following corollary is immediate since C, Cy above are deterministic.

Corollary 2.20. Assume that Condition B holds. Then, with probability one, P(v;41 —
v; > n|F,) < Cie=" for any j > 0 and n > 0, where the constants Cy, Cy > 0 are the
same as in Proposition 2.19.

Let {Ny}32, be the sequence of successive regeneration times for the chain (z,) defined
in Section 2.1, let 7y = 0, and for n > 0 define the stopping times:

Ups1 = inf{k > 7, : k = v; = N; for some 4, j > 0}, (2.21)

and the random variables

177L+1_1

W= > Z (2.22)

k=im

By construction of the random times N,,, the segments of the environment between 7, and
Unt1— 1 are one-dependent (see (2.4) and the subsequent summary), and hence the variables
{W,},>1 form a one-dependent sequence, which is even independent if either (1.6) or (1.7)
with m =1 hold.

Lemma 2.23. Let Assumption 1.5 hold. Then,
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(a) The distribution of vy, conditioned on the “past” has exponential tails: there exist K,
K5 > 0 such that P — a.s.,

P(p, > n|Fy) < Kie ™" ¥n >0, (2.24)
and, more generally,
P(0j11 — 15 > n|Fp,) < Kie ™" (2.25)
for any 5 > 0.
(b) The law of large numbers holds for v, : P (lim,Hoo % = ,u) =1, where i = E(vy—111) > 0.

(¢) The central limit theorem holds for v, : there exists a constant b > 0 such that the law of
(Un, — np)/v/n converges to Loy.

Proof.

(a) Clearly, it is sufficient to prove (2.24), since the constants K; and K, are deterministic.
Let F; = {Z; = 0}, and for 2 < j <[, where [ is defined in (2.5),

Fy={Zy=Zy=.. =2, 1=17;=0},
and
S;={x€S:P,(N,=j)>d/l}.
Then Ué’:1 S; = S, and we have for x € S; :
Py =Ny <llzo=2) > P(F;N{Ni=j}zo=2) =
= Py(Ny = j)P(Fjlag = 2, Ny = j) > ?P(Fﬂf’fo =z, Ny =j).

Using the ellipticity condition (A2), we obtain that P — a.s., P,(F)) = wy > ¢, and for
2<5<,

N

Pu(Fj) = wo(l —wo) | [ (202, (1 —w_p))w? ;g =229 (1 —e)) ' > (1 -,
k=1

.

implying that P(1y = Ny < l|zg = z) > 6/l €(1 — ¢)'"* > 0 for P—almost every z € S.
Thus, in view of Corollary 2.20, 7, is stochastically dominated by a sum of a geometric
random number of i.i.d. variables with exponential tails, yielding (2.24). We note in passing
that, in view of the uniform bounds in the proof above, the same argument yields uniform
exponential tails for the distribution of 7,41 — 7; conditioned on o{w;, j > —7;}.

(b) Follows from (2.24) and the ergodic theorem, since 7,1 — ,, n > 1, are one-dependent
identically distributed variables.

(¢) Follows e.g. from the CLT for stationary and uniformly mixing sequences [10, p. 427]. O
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Recall the function R(w) defined in (1.1). We shall prove in Subsection 2.3 that under
Assumption 1.5 the following condition holds for some x > 0.

Condition C,. There exists a strictly positive random variable function K(w) such that for
some positive constants K3, Ky, t. the following hold P — a.s. :

t"P (R > t|Fy) > K3 Vt>t. and t"P(R>t|Fy) < K4 Vt>0, (2.26)

Tim °P (R > 1) = K(w). (2.27)

It follows from (2.26) and (1.3) that the case k < 1 corresponds to zero speed, and the case
k > 1 to a positive speed. Note that if Condition Cz and Condition B hold simultaneously,
then Kk = k.

For n > 1 let

3

W, =Y W,

j=1

where the random variables W; are defined in (2.22). The next proposition is an analogue
of [13, Lemma 6] for non-i.i.d environments and is applicable for non-Markov environments
too.

Proposition 2.28. Assume Conditions B and C,,. Then, for anyn > 1 there exist constants
tn, Ln, Jn > 0 and a strictly positive random variable K, (w) such that the following hold
P—a.s.:

I < t”IP’( > t\]—“o), Vt>t, and t”IP’( > t\]—“o) <L, Vt>0,  (2.29)
and
lim +°P (W > t\]—“o) = Ko (w). (2.30)
Remark 2.31.

(i) The proof in [13] of the i.i.d. analogue of Proposition 2.28 works nearly verbatim with
Conditions B and C,, compensating for the lack of independence of w. Nevertheless, since the
proof is rather long and technical, its detailed modification is included in Appendix B.

(ii) The proposition remains valid with the random variables Wn replaced by the variables
W, = 51 Wa. The proof is essentially the same, the only (obvious) difference being that
Proposition 2.19 can be applied directly instead of (2.24).

(iii) Just as with Corollary 2.20 and Lemma 2.23 (a) Proposition 2.28 implies the corre-
sponding uniform estimates for the tails P (Wm+n W > t|f,,m> as well, for every m > 1.
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By the bounded convergence theorem, (2.29) and (2.30) yield

lim t"P(W,, > t) = Ep(K,) € (0,00). (2.32)

t—o0

Note that if either (1.6) or (1.7) holds with m = 1, the random variables W, are independent,
and the limit laws for their partial sums follow from the standard i.i.d. limit laws [11, 21].
More generally, we have:

Proposition 2.33. Let Assumption 1.5 hold.
(a) Assume that k # 1. Let B, = n'/* if k € (0,2), B, = (nlogn)'/? if k = 2, and A, = 0 if

k€ (0,1), A, = nE(Wy) if k € (1,2]. Then, (Wn — An> /By, converges in distribution to a
stable law of the form (1.9).

(b) Assume that k= 1. Then, there exist a sequence D(n) ~ logn and a positive constant &
such that the law of% <Wn — &mﬁ(n)) converges to a stable law of the form (1.9).

Proof. The random variables W,, are identically distributed and one-dependent for n > 2
(see the summary after (2.4), and note that we start from n = 2 because the slightly different
law of W ). Clearly, it is sufficient to show that the appropriately normalized and centered
sums S, = >0, W converge to a stable law of the form (1.9). For x < 2, apply [16,
Corollary 5.7], noting that the uniform estimates of Proposition 2.28 imply that

Ve>0, Vj>3, nP (Wy > en® W; > en'/*) —,_ .0,

which is the tail condition needed to apply Corollary 5.7 of Kobus [16].

In the case k = 2, we note first that W, and Wy + W3 both belong by Proposition 2.28
to the domain of attraction of a normal distribution. We seek to apply the limit theorem in
[24, p. 328], for which we need to check that Sy = Wy and S3 = Wy + W3 have different
parameters b; = lim,, ., t*P (S; > t),i = 2, 3. But,

bs = lim t"P (Wy+ W5 > t) > lim #*P (Wp < t, W5 > t) + lim ¢"P (W5 <t, W > #)
= lim t"P (Wg > t|W2 < t) P (Wz < t) + lim ¢"P (Wz > t) P (Wg < t|W2 > t)
t—o0 t—o0
> Ji+ by > bg, (234)

where J; is the constant appearing in (2.29), and we used the uniform exponential estimates
of Proposition 2.28 and the fact that P (Wg < t|W2 > t) —_ .00 1 which is also implied by
these estimates, as can be seen by conditioning on the environment to the right of —us.
Here and in the remainder of the proof, any reference to Proposition 2.28 actually includes
Remark 2.31 (4ii). We have

tllglo]P) (Wg < t|W2 > t) = }E?OE (]P (Wg < t|f,72) |W2 > t) . (235)
By Proposition 2.28,
P (W5 <t|Fp) >1—Lit™, P—as,

13



implying that the limit in (2.35) exists and is equal to 1. Therefore, by (2.34) and since we
know a-priori from (2.30) that b3 = lim;_.o, t"P(Wy + W3 > t) is well-defined, the following
limit exists and can be bounded below by using (2.29):

lim ¢"P (Wg > t|W2 < t) = thm t"E (]P) (Wg > t|f,72) |W2 < t) > Ji.

n—oo

This completes the proof of the proposition. O

Completion of the proof of Proposition 1.11. The limit laws for 7, announced in
Proposition 1.11 are obtained from stable laws for partial sums of W, in the same way as
in [13], by a standard argument using Lemma 2.23. To illustrate the argument we consider
here the case k = 2, omitting the proof for k € (0,2). Let ((n) = max{i : 7; < n} and
s(n) = [n/u — C4/n] for a constant C' > 0. Using part (¢) of Lemma 2.23, we obtain, with
p=E(r — 1),

lim inf P (C(n) >n/p— C’\/ﬁ) > lim P (ﬂg(n) < n)

n—oo n—oo

— lim P <”<("> sl n- g(”)“> = La g, (Cp*?).

n—oo ov/s(n)  — ay/s(n)

Hence, for all € > 0 and some C' = C(g) > 0 and all n > Ny(¢), P (((n) <n/pu— Cy/n) <e.
It follows, letting a = E(W,), that for any n large enough,

n ¢(n)
> i1 Zi —na/p —
IP’( Toa <z | <P ;:1 W; < xy/nlogn+na/p

[n/u—Cv/n)]

<P Z Wi <av/nlogn+na/u | +e— Ly (xy/1n) + ¢,
i—1

where L, ; is the limiting law for sums of W . Similarly,

P (Z?:l Zi —mna/p < :c) > P C(HZ)HWk < xv/nlogn+na/u
vnlogn 1

> P Z Wi < ay/nlogn+an/u —e— Lyg(zy/p) — e

k<n/p+Cy/n

Since ¢ was arbitrary, Proposition 1.11 now follows from the limit laws for partial sums of
Z, by (2.14)—(2.16). Since the law defined by (1.9) has expectation zero, vp = a/u = E(7),
where 17 is defined by (1.2). O
As shown in the Introduction this completes the proof of Theorem 1.10.
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2.3 Tails of distribution of the random variable R

The aim of this subsection is to prove that Condition C, holds for some x > 0. Proposition
2.38 below extends the following theorem, valid in the i.i.d. setup, to some Markov-dependent
variables.

Theorem 2.36 (Kesten). [14, Theorem 5] Let (Qn, M,,), n € N, be independent copies of
a R?-valued random vector (Q, M), satisfying the following conditions:

(i) P(M >0)=1 and P(Q >0) = 1.
(it) For some k>0, E(M*) =1, E(M~log" M) < o0, and E(Q") < .

(7ii) The law of log M is non-lattice (its support is not contained in any proper sublattice
of R) and P(Q = (1 —M)c) <1, Ve eR.

Then there exists a constant K > 0 such that

lim “"P(R>1t) = K, (2.37)

t—o0

where R := Qy + M1(Qz + Ms(Qs ...)).
We have:

Proposition 2.38. Let Assumption 1.5 hold. Then Condition C, is satisfied for the k > 0
defined by (1.4).

Proof. 1f either (1.6) or (1.7) with m = 1 hold, this proposition can be deduced rather
directly from Kesten’s theorem. It will be convenient to give a separate proof for the case
where the state space S is finite, i.e. under assumption (1.6).

Assume first that (1.6) holds. Then, it is sufficient to show that
K, = lim t"P,(R > t) € (0,00)

exists for all x € S. For n > 0, let

Nn+l_2 7 Nn+1_1
Qn =1+ 1N, >N,+2} Z H p—; and M, = H Pi. (2.39)
1=Np ]:Nn 1=Nn

Then, (M,,Qn)n>1 is an ii.d. sequence, and R = Qg + Mo(Q1 + M1(Q2 + ...)). First, we
will show that Kesten’s theorem is applicable to this sequence, that is the following limit

K = lim t*Py(R > t) € (0, 00) (2.40)
exists, where
R=Qi+M(Q2+ M(Qs...)), R= Qo+ MR. (2.41)
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Let f. be a strictly positive Perron-Frobenius eigenvector of the matrix H(x,y) :=
H(z,y)p(y)". By virtue of (2.10) and Condition B, it corresponds to the eigenvalue 1. Recall
now the definitions of the state z* and the matrix © from (2.1). By Lemma 2.8, the Perron-
Frobenius eigenvalue (the spectral radius) of the matrix ©,(x,y) = O(x,y)p(y)" is strictly
less than one. So, the vector f,; normalized by the condition f,(x*)p*(2*) =1 is the unique
positive vector in RISl solving the equation (I — ©,)f = s, where s(z) := H(z,r*). Hence
(this is a very particular case of the results of [6] and [19, Theorem 5.1] )

N1—-1

fol@) = plz)"E, ( H p:) => Ops(x), (2.42)

and
Ni—1
E,- <H p*;) — Ep(MF) = 1. (2.43)
=0

The second equality in (2.42) follows since the chain (z;) evolves according to the kernel ©
until N; (see (2.2)), while (2.43) follows from the normalization condition f,(z*)p*(z*) = 1.

It is not hard to check that assuming (1.6), condition (44) is equivalent to the fact
that log M is non-lattice, and that P(Q; = (1 — M;)c) < 1 for any ¢ € R (since clearly
P(M; > 1) > 0), as required to apply Theorem 2.36. In order to prove (2.40), it remains
to show that Ep(Qf) < oo and Ep (Mf log* Ml) < 00. Thus, it is sufficient to prove that
there exists § > k such that

E, (Qg ) is a bounded function of . (2.44)
Since for any n € N and positive numbers {a;}? ; we have
(a1 +ag +...an)’ <nPd +df +...d7),
we obtain for any >0 and x € S :

oo n—11i-1 B oo n—11i-1 B
Ex((QO - 1)6) = Ex (Z p—jl{len}) = Z Ex <Z Hp—jl{len}>
n=2

n=2 =1 i=1 j=0

(2.45)

A
WE
s
|
—_
=
M
S
R
I
e}
=
=
Y
~

J
spectral radius of the matrices ©, and © are strictly less than one, it follows from (2.45)
that (2.44) holds for some 3 > k. This yields (2.40).
By (2.40) and the bounded convergence theorem, and since the random variables M, and

R are independent under the measure P,, the following limit exists:

But E, (Hi;épéjl{lenQ = p(ﬁ)ﬁ@"_i@iﬁ_ll, where O5(z,y) = O(z,y)p(y)”. Since the

K, := lim t°P,(MoR > t) = KE,(MZ) € (0,00).
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Fix any a € (%, 1). It follows from (2.40) and (2.44) that for all ¢ > 1,

tP(R>1) < t"Py(Qo+ MoR > t, Qo < t*) +t"Po(Qy > t%)
~ tr
< t"P, (M()R > 1 — ta) + ta_ﬁEx(Qg)>

and
t"P,(R > t) = t“P,(Qo + MoR > t) > t“P,(MyR > t).
We conclude, by taking the limit in the above inequalities as ¢ — oo, that

lim t*P,(R > t) = lim t"P,(MoR > t) = K,,

t—o0 t—o0

completing the proof of the proposition in the case (1.6).

Assume now that (1.7) holds. First, we will prove that (2.27) holds for some function
K (w) and constant K. We follow Goldie’s proof [12] of Kesten’s Theorem 2.36. Let

n(x) := log p(z),

n—1

I, =1, Hn:Hp_k, n>1,
k=0

=logp_n, Vi, =logll, n>0,

R=R"=> T, Ry=0, R, an, R"=(R-R,)/,, n>1 (2.46)
n=0
Following Goldie [12], we write for any numbers n € N, ¢t € R, and any point z € S,

P.R>¢') = > [PAe"" 'R >¢') = P.e"" RN > )] + P.(e" R > €).

k=1

We have, by using the identity R*' =1+ p_, 1 RF,

(Vi1 RM1 > ef) — P(es RF > €)
// P(RF' > e oy =) — P(p_,,, R* > " “|z3_1 = 2)|P,(Vi—1 € du, 13,1 € da)

= [ [ ) = PR =1 > P € duins € o)

Thus, letting 6, (z,t) = " P,(e""R" > €') and f(x,t) = " [P,(R > €') — P,(R — 1> €],
r.(t) =" P,(R > €' = //f z,t —u)e™P, (Vi € du,zy, € dz) + 6,(2,t).  (2.47)
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By Lemma 2.6 and (2.10), there exists a positive measurable function h(z) : S — R bounded
away from zero and infinity such that:

— /SH(x, dy)p" (y)h(y).

This implies, by [19, Theorem 5.2], that there is a probability measure 7, invariant for the
kernel H(x,dy) = H(x,dy)p"(y), namely (since r,, =1 by (1.4) and (2.10))

/ H.(x, A)m,(dx) = m(A), VAeT. (2.48)
S
The measure 7, (dz) = h(z)m.(dz) is a finite invariant measure for the kernel

Ff(x,dy) = H,(z,dy)h(y).

1
h(x)
The measure 7, and hence 7, are equivalent to the original stationary distribution 7. Indeed,
by (2.48),

/Hg"”(at,A)ﬂ,i(dx) =m.(4), VAeT.
s

Hence, by (1.7) and the ellipticity condition (A2), ¢, ¢, "m.(A) < 7(A) < c.cme(A), where
the constant ¢, is defined in (1.8).

Let P be the probability measure under which the Markov chain (zy)x> is stationary and
governed by the transition probability measure H (z, A). As usual we denote the conditional
probabilities P(-|zg = z) by P,(-). Then,

P (2)h(2) ~
//fxt—u x)h(x)P(VkEduxkedx)—l—é( t).

Since P — a.s., II,R" — 0 as n goes to infinity, P(limn_)C><J On(z,t) = O) = 1, for any fixed
t>0and z € S. Therefore, P — a.s.,

r.(t) =" P,(R > ¢e') = //f b —u) ;;ZE;))ﬁ(VkEdu xy € dx).

We will use the following Tauberian lemma :

Lemma 2.49. [12, Lemma 9.3] Let R be a random variable defined on a probability space
(Q, F, P). Assume that for some constants k, K € (0, 00), f(f uwP(R > u)du ~ Kt ast — 0.
Then t*"P(R > t) ~ K.

It follows from Lemma 2.49 that in order to prove (2.27), it is sufficient to show that
P — a.s. there exists

lim 7, (t) € (0, 00),

t—o0
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where the smoothing transform ¢ is defined, for a measurable function ¢ : R — R bounded
on (—oo,t] for all ¢, by

q(t) :== /t e~ (u)du.

—00

Let

1 t "
gl@,1) = @) () /_we 0 f(w, u)du
1 t
— —(t—u) Jku P wy_p ] u
ef(@) h(x) /_ooe e Pe(R > ) »(R > e")|du
et et .
= m/o V" [Py(R > v) — Po(R — 1 > v)]dv. (2.50)

Then, since 7,(t) = h(2)p"(2) > E.(g(zy,t — V4)), it is sufficient to show that for any
z €S,

lim > E.(g(z, t — Vi) (2.51)

exists and belongs to (0,00). So, our goal now is to prove (2.51).

Toward this end, note first that the kernel H satisfies condition (1.7) and hence the chain
(2,) is ergodic under the measure P. Further, the random walk V,, = Z;‘:—& n; has a positive
drift under the measure P,. Indeed, similarly to [12] and [14], we obtain for some ¢ > 0 and
any v > 0,

~ 6_'%77(1')
P.’E <€Vn S e_“/n1/4) — h(x) E.’E <€I£Vnh(xn_1); eVn S e—'\/nl/4) S CEI <65Vn; eV” S e_,\/nl/4)
4

—rynt/

< ce

Thus, lim, ... P, (Vo < —yn!/*) =0, implying E.,(n0) > 0 by the central limit theorem for
bounded additive functionals of Doeblin recurrent Markov chains (see e.g. [19, p. 134]).

The limit in (2.51) follows from the version of the Markov renewal theorem as given in
[2, Theorem 1] (see also [4, 15]) when applied to the Markov chain (2,1, p—n), provided that
we are able to show that the following holds:

g(x,-) is a continuous function for 7, — almost all x € S, (2.52)
and
/Z sup  {|g(x,t)|}mp(dx) < oo for some § > 0. (2.53)
S ez nd<t<(n+1)4
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The assertion (2.52) follows from the continuity of foet V[P, (R >v) — P,(R—1>v)|dv
in ¢ for every x € §. For some M > 0 and any € € (0, 1), we get from (2.50):

g(z,t) < Me™ /OEt V*[P,(R > v) — P,(R—1>v)]dv

t

< Me_Et/ VPR > v) — Py(R—1>v)]dv < %e_EItE:E[(R)”Jra — (R — 1),
0

K

where the last inequality follows from [12, Lemma 9.4|. Since for any v > 0 and R > 1,
(R)” — (R —1)" < max{1,7}(R)™>{17}~1 we obtain by Condition B that

EA(R)IH_E _ (R _ 1>n+e] < L,

for some constant L > 0 independent of z, yielding (2.53) and consequently (2.27). In fact
we have shown that the following limit exists m — a.s. :

lim t"P,(R > t) = K;(x) € (0,00). (2.54)

t—o00

We now turn to the proof of (2.26). Fix any point z* € S for which (2.54) holds. Using
(1.8) and (1.7), we obtain for any z € S and t > 0 :

Pi(R>1t) > Py(c,"R™ > t) = / H™(z,dz)P.(c,"R >t) > cr_sz*(c;mR > 1),
S

and
P (R>1t) < Py(mc)+cR" >t)= / H™(z,dz)P.(mc) + ¢'R > 1)
< EPpe(mc) + 'R > t). )
Thus, (2.26) follows from (2.54). O

Remark 2.55. It should be mentioned that essentially the same proof leads to similar tail
estimates for random variables of the form R =", Q, H;:é M; with a more general type
of Markov-dependent coefficients (Qn, M) (e.g. Q. need not be deterministic and M, need
not be a.s. positive). This general result (under somewhat milder assumptions than those
assumed in this paper, namely allowing for periodic Markov chains while relaxing the uniform
bound (1.7) on the kernels H(x,-)) can be found in [20]. While preparing the final version of
the article for publication, we were kindly informed by J. Bremont of the reference [9] where,
by using different methods, a result similar to Proposition 2.38 is obtained for Markov chains

in a finite state space.

3 Summary and Final Remarks

We have dealt with the random walk (X, ),,>0 in a random environment w € [0, 1)%, associating
with it an auxiliary Galton—Watson process (Zy)g>0 with one immigrant at each instant and
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random branching mechanism Geom(w_g).

Without stating it explicitly the following theorem has in fact been proved. Let (G, )nen be
an augmentation of (o(w; : j > —n))neny Which generates the original quenched law, namely

P(:|G.) = P.(+), a.s. Accordingly, let (F, = o(Zo, Z1,...,Zn) V Gun)nen be (F,)’s induced
augmentation.

Theorem 3.1. Assume the environment w satisfies Conditions B and C, (for the k > 0
involved in Condition B) introduced in Section 2. Furthermore, assume the existence of an

increasing sequence of stopping times 1y, with ny = 0, with respect to the filtration (F,)n>0
for which

i) the LLN and CLT hold: there exist pu >0 and c€R such that

n—m—>u as. and I TMH D, N(0,0%)

m vm
.. 1 m D .
ii) for some b > 0, B (Zi:1 Z; — Am) — L, (defined in (1.9))
=0 ke (0,1)

where A,, X ~cimlogm k=1 and B,, = {
= com ke (1,2]

1

mx k€ (0,2)
(mlogm)z k=2

for suitable positive constants cq, cs.

Then the random walk X, satisfies a stable limit law in the sense that the conclusions (i)—(iv)
of Theorem 1.10 hold.

In the Markov setup of this paper, and under Assumption 1.5, we have shown (see
Lemma 2.23 and Proposition 2.33) that the environment w indeed satisfies the conditions of
Theorem 3.1 (with respect to the stopping times 7, = 7,), thus obtaining the stable limit
laws in this case.

It is easy to see that Theorem 1.10 can be extended for instance to the following setup
of hidden Markov models. Let (z,)ncz be a Markov chain defined on a measurable space
(S,7) that satisfies (A1) and (A2) in Assumption 1.5. Assume that in the product space
(S x QB xF),

P((zn,w-n) € AX Blzy,_1 = z,0((x;,w—;) : i <n—1)) = H(z, A x B) (3.2)

forallme Z,AcT,B e F,xz €S, where H is a stochastic kernel on (S,7 x B). Note that
the Markov chain (z,,w_,) might not satisfy Assumption 1.5, so that Theorem 1.10 cannot
be applied directly.

Let Q(z,y,B) = P(w_, € Blr,_1 = z,x, = y). Then, similarly to (2.10),

n—1
E, (H pi-) = pyHy '1(z), B>0,
=0
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where the kernel Hg(z,-) is now defined on (S,7) by

Hy(z,dy) = H(x, dy) / Q(z,y,d=)p°(2). (3.3)

From the ellipticity condition (A2) it follows that py € (¢, ', c,) for some constant ¢, > 0,
and we obtain that Cﬁ_lH(x, dy) < Hg(z,dy) < CgH(x,dy), for a suitable constant Cz > 0.
Thus, Lemma 2.6 is in force for the kernel Hg defined by (3.3).

The non-arithmetic condition needed to apply a Markov renewal theorem (]2, Theorem
1]) now takes the form:

Definition 3.4. [22, 2] The process log p_,, is called a-arithmetic if @ > 0 is the maximal
number for which there exists a measurable function v : S — [0, &) such that

P(logpo € v(z) —v(y) +a - Zlz_y =z,20 =y) =1, P —as.
The process is called non-arithmetic if no such « exists.
We have:

Theorem 3.5. Assume that the underlying model w,, = w(x,) in Theorem 1.10 is replaced by
(3.2) an that Assumption 1.5 holds. Then the conclusions (i)—(iv) of Theorem 1.10 remain
valid.

The proof is the same as that of Theorem 1.10 by using the regeneration times 7,, defined
in (2.21). The only exception is that in the definition of f(z,t) (a line before (2.47)) we would
condition on z_; rather than on xy. Correspondingly, in the definition of r (cf. (2.47)), the
integration would be with respect to the measure Py(Vj € dv, x;_1 € dx).

Appendix

Recall Fy = o(wg : k > 0). For brevity, we denote the conditional probabilities P(-|F,) and
P(-|Fy) by Py and P, = P, ® P, respectively. We usually do not indicate the argument
w of these functions meaning that the inequalities below hold P — a.s. We denote by 6 the
shift on Q, given by (6w); = w;y1. For an event A, the notation I(A) is used to denote the
indicator function of A.

A Proof of Proposition 2.19

The key to the proof is

Lemma A.1l. [13, (2.12)] Suppose that the environment w is stationary and ergodic, and
ap := Ep(logpy) < 0. Choose any v € (ap,0) and define

[y

n—

U, = {logp—i =t (Uo =0),

1=

C() = , Ck—i—l = 1nf{n > Ck : Un < ng}

[en]
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Then there exist constants K5, Kg > 0 such that P — a.s.,
P(vy > G) < Kze ™%k >0.

Remark A.2. This lemma is proved in [13] for the special case v = ap/2, but an inspection
of the proof reveals that ap/2 can be replaced by any constant between ap and zero in the
definition of the random walk U,.

By virtue of Lemma A.1, it is sufficient to find v <€ (ap,0) such that for some constants
b>0and K7, Kg >0

Py (¢, > bk) < Kqe 8% k> 0.
Let n(n) = max{j : (; < n} and recall ¢, = (1 — €)/e. Since for any n > 0,

(n)
Un> ) (U —Ug ) = —n(n)(y +logc,),
=1

3

<
Il

for any k£ > 0, the event {(4+1 > n} = {n(n) < k} is included in {U, > —klogc, — kv}.
Therefore, for any v € (ap,0) and b € N we have

bk—1
Py (Ces1 > bk) < Py (Z log p_; > —klogc, + k(b — 1)7) :
i=0

% - lim %, where A(3) is as in (1.4), noting that since A(f) is convex, 7 is

B—+0
negative by Condition B and is greater than ap by Jensen’s inequality. Hence, by Chebyshev’s

inequality and Condition B, we obtain for any fixed b > 0 and S > 0 small enough,

305
2

Let v =

1 b
lim sup —log [Py (Crs1 > kb)] < Bloge, = (b—1)y8 + =3 <log CpH+ 1) .
k

2

Taking b > —4logc,/~ in the last inequality gives
1
lim sup z log P, (Ck+1 > k:b) < f(=logc, +7v) <0.
k

This completes the proof of Proposition 2.19.

B Proof of Proposition 2.28

As mentioned in Remark 2.31 (7), this proof will follow the one of [13, Lemma 6] very closely,
at times word by word, with the necessary changes made in annealed arguments to take the
dependence of the environment into account. Quenched arguments, where no changes are
needed, will be skipped. o )

Throughout we fix a number n € N and denote W := W, = Zyzl W ;, U := Us. Recall the
filtration (F,,),>0 introduced in (2.12) and (2.18), and for all A > 0 define its stopping time
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¢a = inf{n : Z,, > A}. The random variable W can be represented on the event {sa <7} in
the following form:

sa—1
W=> Z.+S,+ > VY (B.1)
n=0 cas<n<v
where
Znr = number of progeny alive at time & of the immigrant who entered at time n < k,
Y, = Z Znr = #{progeny of the immigrant at time n, not including the immigrant}
Sp = kZ>nn+ total progeny of the Z,, particles present at n.

It will turn out that for large A, the main contribution to W in (B.1) comes from the second
term and P (W > t) ~ P, (SgA >t,64 < 17). If an environment w is fixed, then S., — Z,
counts the progeny of Z., independent particles, and thus with a large probability S, is
not very different from Z, (1 + E,(Y.,)) = Z., R(6~*w), where the random variable R is
defined by (1.1). We will obtain

lim P (W > ¢) = lim lim #°Py (S, > ta < 7) = lim B (Z5,K(04w)ica < 7),

1
t—o00 A—oo0 t—o00

where the random variable K (w) is defined by (2.27).
We shall then end the proof by showing that for all t and A large enough, E (Z Fica < 17)

sA?
and therefore t"IP, (/V[\? > 1) ~ E, (25 K(6*4w);c4 < D) is uniformly bounded away from
zero and infinity by constants independent of w.

To carry out this outline, the three terms in the right-hand side of (B.1) are evaluated in
the following series of lemmas, which are versions of the corresponding statements (Lemmas
2-5) in [13], and their proofs are deferred to the end of this Appendix.

We start with the following corollary to Proposition 2.19.

Lemma B.2. Assume that Condition B is satisfied. Then,
(a) There exist C3, Cy > 0 such that P — a.s., P( > n|Fy) < Cze=%", for any n > 0.

(b) There exists a deterministic function n, > 0, t > 0 such that lim;_n = 0 and
P (sa < 7) < na.

Fix now any 0 > 0. It follows from part (a) of Lemma B.2 that for any A > 0,

min{s4,7}—1
Po| S Zy20t] <PL(A0 2 6t) < Cye A = o(t%), t — o0,

n=0
and thus
P, (W > 0t o > ) < Py (AD > 0t) < Cye 104 = o(t7), t — oo, (B.3)

n=0

sa—1
P, (Z Zn > 0t,ca < ﬂ) <P, (AD > 6t) < Ce @A = o(t7), t — 0. (B.4)
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Lemma B.5.
(i) There exists a constant Ko > 0 such that Py (Yo > t) < Kogt=" for all t > 0.
(ii) For all 6 > 0 there exists an Ay = Ap(d) < 0o such that

P, ( P = 5t> <t for all A > A,. (B.6)

sas<n<v

It follows from (B.1), taking estimates (B.3), (B.4) and (B.6) into account, that for any
A > Ap(5) (where Ay is given by (B.6)) there exists ¢4 > 0 such that

P,(ca < 5,8, >t) <P, (W >1t) <Py(ca <,S, >t(1—26))+ 30", (B.7)

for all ¢ > t4. Thus, W can be approximated by S¢,.

Recall the random variable R defined by (1.1). Note that R(w) = E,(Y}), and, denote
(as in (2.46)) R4 = R(6 “4w). We have the following law of large numbers with random
normalizing constant Z, .

Lemma B.8.

(i) There exist functions K9 = K19(A) > 0 and K13 = K11(A) > 0 independent of w such
that

KlO(A) < E+ (ZH ;64 < ﬂ) < Kll(A) (Bg)

SA?

(i) For all 6 > 0 there exists an Ay = A1(9) such that

Py (|Scy — Zey, R > 6t,sa < ) < 6t7"Ey (20564 < D) (B.10)

sA?
for A> Ay
It follows from (B.7) and (B.10) that for A and ¢ sufficiently large,

Py (4 < 7, Zo R4 > (1 4+ 6)t) — 6t By (Z5 ;60 < 7) <Py (W >1)

SA?

<Pi(a <0, Ze, R > (1=36)t) +6t™" (3+E(Z ;54 <D)). (B.11)

SA?

For a fixed A > 0, we obtain from Condition C, and the dominated convergence theorem
that

lim "Py (¢4 < 7, Zo, R > 1) = lim "By (I(ca < 7) - Po(Zo, B > t| 7))

=E,(I(sa<p)-ZF - K(0w)) =E,(Z7, - K(07*w);54 < D), (B.12)
and, with constants K3 and K, defined in (2.26),

K3y (Z2 564 <) <t"Pi(sa <0, Z, R4 > t) < K4Ey (Z5 564 < D)

for all ¢ sufficiently large.
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It follows from (B.11) and (B.12) that
tlirgo t"P, (W > t) = Algrolo E, (ZfA : K(Q‘”‘w);gA < 17),

where the last limit is finite by (2.26) and (B.9). The limit in the right-hand side exists since
the limit in the left-hand side does not depend of A.
Furthermore, it follows from (B.11) and (2.26) that for some J§y > 0, Ay > 0,

" -
0< (G- Bz <) < PR

Ky . .
< (e + ) B <) v

for all t > to. Therefore, by (B.9),

(1i(7350)” — 50) <P, (W > 1) < Kyy(Ay) (

completing the proof of Proposition 2.28.

K
0< Klo(Ag) ( . ),i ‘I‘CSO) ‘|‘350a

(1— 34,

Proof of Lemma B.2
(a) Follows from part (a) of Lemma 2.23 (which itself is a corollary to Proposition 2.19).

(b) It is enough to consider A € N. For any n > 0 we have
Pi(ca<v) = Pi(ca<iv,o>n)+Pi(ca<v,v<n) <P (0>n)+Pi(ca<n)
< O L P (¢4 < n). (B.13)

For any n € N let b, = (1 — 1/n)"/™ and define a sequence of natural numbers {a;, }*, by
the following rule: ag,, = 0 and

i 1)(1—

Then,

1
P (Z; > ain|Z; < ajp, j=0,1,...,i—1) <

Ey (Zz'|Zi—l = ai—l,n)

i,n

(@icin+ 1)1 —w_i11)

_ < (aic1n +1)(1—¢)

Aip * W_it1 Aijp €

<1-b,.

We conclude that
P—I—(Zz < ai,n‘Zj < jp, J=0,1,...,0— 1) > b,

and hence P (gA(an,n) > n) > P, (ZZ- < i, 1 =1,2,.. .,n) > 1 — 1/n. By construction,
. is a strictly increasing sequence and it follows from (B.13) that for any A > a,,,,

Py (sa(A) < 7) <Py (sa(ann) < 7) < Cye™ " +1/n,

completing the proof. 0
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Proof of Lemma B.5

co n+i—1 e )
(i) Recall R* = 14 %" [[ p—j and let A, = Zo,, — Zo—1p—(n—1)- Then, Yy = A, R"™,
i=1 j=n n=1

and using the identity Y - n~% = 7%/6 < 2, we obtain from Condition C, that

0o 00 0o ¢
P+(YE] > t) = Py (Z A,R" > 677'_2tzn_2> < Z]P)—l- <‘An‘Rn > 2—712)
n=1 n=1 n=1

< 2K Y 0By (|Al7).

n=1

Since (cf. [13, pp. 158-159]) E,(|4,]%) < Ki2Ep (H?;OQp’i/.z‘]-"o) for some constant

7

K5 > 0, it follows from Condition B that P, (Yy > t) < Kot™*, for some Ky > 0.

(ii) Recall the o-algebra F,, defined in (2.18). Using the first part of the proposition, we
obtain:

P, < Z Y, > 6t> =P, <§: Y, I(s4 <n <) > 66tm > f)ﬂ)

sas<n<v n=1 n=1

< iﬂh (I(cA <n<i)P(Y,>1/2 5m—2}fn))

< K2t "0 By (0% 6a < 0) < o2t 6 /By (54+2) - /P (4 < D).

The claim follows now from Lemma B.2, the first square root being bounded and the second
one going to zero as A — oo, both uniformly in w. O

Proof of Lemma B.8
(i) For the lower bound:

]E_|_ (ZR A < l;)

SA?

AHP+ (gA < D) Z AHP+ (Z1 =A + 1) = AH(A)O(l - WO>1+A

>
> A" = K5(A) > 0,

We now turn to the upper bound. For a fixed environment w we obtain, by using the
Markov property of Z, in the second equality and the ellipticity condition (B1) in the last
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two inequalities,

A
E,(zZ5) = ZZ (Z8 | ca=n,2Zn> A Zyy=0a)P,(sa=1n,2Zn1 =a) =
n>1

A
= NS EZ 2> Az = @) P(sa = 2y =)
a=0

n>1
E (Z}| Zn1 = a)
< su E,(Z} Zy>A Zyp1=0a)< su 4
o w,nEN,Ic)LSA ( | ! ) w nEN13L<A P (Zn > A‘ Zn—l = a)
w (27| Zo = A) L -
< < (A+ 1) e 4 2sup B, [(V
< SUPP(ZI>A\Z0—O)_( +1)" e sgp [(Vo,0)"] < o0,

where the random variables V,, ; are defined in (2.17). This completes the proof of part (i)
of the Lemma.

(7i) The proof is similar to that of Lemma B.5. If ¢4 < 7, let
Se,; = number of progeny alive at time j of the Z., particles present at time g4,
and Bj =S¢, j — Sy j-1° p——1)- We have >°2° S, ; —Z R4 = >  B;R/, and obtain

J=SA
from Condition C, that on the set {¢4 < '},

Py (‘ Z S<A7j - Z§AR<A

Jj=sA

> . ot
> 52&’.7—}A> < Z E+(P+(|Bj|R] > m‘Bjach))

J=sA

2\ "
<K (2) S+ 0P BBl 15,

n=0

Since (cf. [13, p. 164]) IE‘,JF(‘BgAJrn‘ﬁi | Feu) < K325 Ep (Hl —. P “/2>, it follows from
Condition C, that for some K4 > 0,

<‘Z Seai = Zea®d

J=SA

K K ~ —K K ~
< (w;‘_) (ZgA;gA < V) < ot E+(Z§A;g,4 < V),

for A > Ay(6). O
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