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Abstract

We consider the equation R, = @, + M,R,_1, with random non-i.i.d. coefficients
(Qn, My,)nez € R?, and show that the distribution tails of the stationary solution to this
equation are regularly varying at infinity.
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1. Introduction and statement of results

1.1. Outline

Let (Qn, Mp)nez be R2-valued random pairs and consider the recursion
R, = Qn + Manfl, nec N, R, € R. (1)

This equation has a wide variety of real world and theoretical applications, see (Embrechts
and Goldie, 1994; Vervaat, 1979). Sufficient (in fact, close to necessary) conditions for
R,, to converge in law, independently of Ry, to R= Qo+ > oo, Q_y, H?;Ol M_;, can be
found in (Brandt, 1986).

The distribution tails of R were shown to be regularly varying in (Kesten, 1973;
Goldie, 1991; Grincevicius, 1975; Grey, 1994) provided that the pairs (@, My, )nez form
an 1.i.d. sequence. In the setup of (Kesten, 1973; Goldie, 1991) the tails are in fact power
tailed. Recall that f: R — R is called regularly varying if f(t) = t*L(t) for some a € R
where L(t) is a slowly varying function, that is L(At) ~ L(t) for all A\ > 0. Here and
henceforth f(t) ~ g(t) (as a rule, we omit “as t — c0”) means lim;_., f(¢)/g(t) = 1.
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The mechanisms leading to regularly varying tails of R are different in (Kesten, 1973;
Goldie, 1991) versus (Grincevicius, 1975; Grey, 1994). In the former case, there exists a
critical exponent « such that E(|M,|*) =1 and E(|Q,|*) < co. Then, R is heavy tailed
essentially because of one atypical fluctuation of S,, = Z?;Ol log | M_;|, which follows from
renewal arguments for 5, under exponential tilt. Remarkably, while no particular tail
behavior is assumed on inputs, exact power law tails appear in the output. In contrast,
the critical exponent is not available in the latter case, where the tails of (),, are assumed
to be regular varied. The second case thus provides an instance of the phenomenon
“regular variation in, regular variation out” for (1). This setup is appealing because
it enables one to gain insight into the structure and fine properties of the sequence
(Rp)nen, including the asymptotic behavior of its partial sums and extremes, see for
instance (de Haan et al., 1989; Davis and Hsing, 1995; Konstantinides and Mikosch,
2005; Rachev and Samorodnitsky, 1995; Rastegar et al., 2010).

The goal of this paper is to study (1) with non-i.i.d. coefficients. The extension
is desirable in many, especially financial, applications. See (Perrakis and Henin, 1974;
Collamore, 2009). We remark that an extension of the main result of (Kesten, 1973;
Goldie, 1991) to a Markov setup has been obtained in (de Saporta, 2005; Roitershtein,
2007; Collamore, 2009).

Definition 1.1. The coefficients (Qn, My)nez are said to be induced by a sequence of
random variables (X, )nez, each valued in a countable set D, if there exist independent
random variables (Qu.i, My.i)nez.icp € R? such that for a fived i € D, (Qu.i, Mn.i)nez
are 1.1.d,

Qn = Z Qn,jI{XW,:j} = Qn,XnaMn = Z Mn,jI{XW:j} = Mn,Xn7 (2)
jED JjED

and (Qn.i, My i )nezicp s independent of (Xp)nez.

Note that if (X,,)nez is a finite Markov chain, then (2) defines a Hidden Markov Model
(HMM), see (Ephraim and Merhav, 2002) for a survey of HMM and their applications.
Heavy tailed HMM are considered for instance in (Resnick and Subramanian, 1998), see
also references therein.

1.2. Markov-dependent coefficients: regular variation in, regular variation out

First, we will impose the following conditions on the coefficients in (1).

Assumption 1.2. Assume that the sequence (Qn iy My i)nez.icp € R? is induced by a
stationary irreducible Markov chain (X, )nez on a countable state space D. Furthermore,
suppose that there exists a constant o« > 0 s. t.:

(A1) There is a slowly varying function L(t) and two sequences of constants (qE"))iEp,

n € {=1,1}, such that lim;_, P(ff’;iﬁjt) = qﬁ”) uniformly in i € D. Moreover, we have

> jep q](.l) >0 and sup;cp max{qj(.l),qj(fl)} < o0,

(A2) There exists 3 > a such that sup;cp E(| Mo ;|?) < oc.

(A3) Let ml(»") = E(IMoi|*T{aty n>0) mi = mg_l) + mgl). Then supm; < 1.
i€D
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(A4) lime o4 P(M1,; <€)= P(My; <0) uniformly in i € D.

Let By, = {x = (Zn)nep : SUPpep |2n| < +o0} C RP be equipped with the norm
|x|| = sup,,ep |zn|. Let H be transition matrix of the stationary backward chain X_,,
that is H(i,j) = P(X,, = j|Xn41 = 7). Define matrices G,, n € {—1,1}, as G,(4,j) =
mE")H(i,j) and set G(i,7) = m;H(i,7), i,j € D. The spectral radius of G (operator in
By) is less than 1 by (A3).

Under Assumption 1.2, the tails of R and Qg have similar structure. Denote q(? =

(qz@))iepv m(" = (mgn))iepv n€{-1,1} and q=q" +q.

Theorem 1.3. Let Assumptions 1.2 hold and suppose that P(My,; > 0) = 1 for all
it € D. Then, for alli € D, P(R > t|Xg =1) ~ Kt~ *L(t), where K = (K;);cp € By is
defined by K = (I — G)"'q™.

Theorem 1.3 yields its analog without the restriction P(My > 0) = 1.

Theorem 1.4. Let Assumption 1.2 hold. Then, P(R-n > t|Xo=1) ~ Ki(n)t_o‘L(t) for
n e {—1,1}, where KM = (Ki(n))z‘el) € By are given by

1
2

K™ — ((I ~&) oV +a" )+l -G +G) oY - q“”))-

Theorem 1.3 and 1.4 are proved in Sections 2 and 3, respectively.

1.3. Kesten’s power law for coefficients induced by chains of infinite order

We next consider coefficients induced by process with infinite memory.

Definition 1.5. A C-chain is a stationary process (X )nez taking values in a finite set
(alphabet) D such that

(i) For any iy,ia,...,i, € D, P(X1 =11, X2 =d9,..., X;, =4,) > 0.

i) For any iy € D and any sequence (in)n>1 € DY, the following limit exists:
Y Y > g

lim P(XO = i0|X_k = ik, 1 S k S n) = P(Xo = i0|X_k = ik, k Z 1),

n—oo
where the right-hand side is a regular version of the conditional probabilities.

(i1i) (fading memory) For n >0 let

. {‘P(Xo_ioX_k_ik, k>1)
= Ssu A "
T =P | P(Xy = jol Xt = J, k= 1)

-1 :iijk, k:l,...,n}.

Then, the numbers 7, are all finite and limsup,, log v, /n < 0.

C-chains are a particular case of chains of infinite order (chains with complete con-
nections), see e.g. (Kaijser, 1981; Iosifesku and Grigoresku, 1990). The distributions of
C-chains (a particular case of g-measures introduced in (Keane, 1972)) are Gibbs states
in the sense of Bowen (also known as Dobrushin-Lanford-Ruelle states), see e.g. (Bowen,
1975; Lalley, 1986).

We have, see also (Berbee, 1987; Ferndndez and Maillard, 2004),
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Theorem A. (Lalley, 1986) Let (X, )nez be a C-chain with alphabet D, S = Un21 D,

and ¢ : & — D be the projection into the last coordinate, i.e. C((sl,...,sn)) = S$p.
Then (in an enlarged probability space) there exist a stationary irreducible Markov chain
(Yo)nez on S, and constants v € N; 6 > 0, s. t. the following Markov representation
holds: X, =((Yy,), n € Z.

Furthermore, for any (Yn)nen € DY and s € N,

(i) P(YnH = (z1,22,...,2)|Y, = (yl,y27...,ys)) = 0 unless eithert =1 ort =s+1
and x; = y; for all i <'s,

(ii) P(Yn+1 = ()[Yos1 €D, Yy = (y1,92,---,¥s)) = P(Yo = (y)[Yo € D).
) P(Ynﬂ € DY, = (y1,¥2,- .- 7y,,w)) =0, for all m € N.

Moreover, without loss of generality, we can assume that

(iv) r is even (see the beginning of the proof in (Lalley, 1986, p. 1266)).

The following result is proved in Section 4.

Theorem 1.6. Assume that the coefficients (Qn, My )nez are induced by a C-chain
(X0 )nez. Furthermore, suppose that

(i) 1Qo| < qo and my*' < |Mo| < mq, a.s., for some constants qo > 0, mg > 0.
(ii) A(B) := liisip % log E (H;L_:Ol |Mi|5) > 0 changes its sign in (0,00).
(iii) P(log|My| =9 -k for some k € Z|My # 0) < 1 for all 6 > 0.
Let X = (X,,)n>0. Then, with oo > 0 defined below in (4):
(a) tlir&to‘P(R - > t|X) = K, (X) for some bounded K, : D+ — Ry, n € {-1,1}.
Moreover, the convergence is uniform on X.
(b) If P(My < 0) > 0 then P(Ky(X) = K_1(X)) = 1.
(¢) If P(Qo > 0, My > 0) = 1 then P(K1(X) > 0) = 1.
(d) Forn € {-1,1}, if P(K,(X) > 0) >0 then P(K,(X)>0) =1.
(e) P(K((X)=K_1(X)=0) =1 iff there is a functionT : D — R s. t.

P(Qo+T(Xo)My =T(Xy1)) = 1. 3)

Moreover, if P(Qoﬂv =q, My, = m) < 1 for all pairs (g,m) € R? and any i € D, then
P(Ki(X)=K_1(X)=0) =1 iff P(Qo+cMy=c) =1 for some c €R.

It turns out (see below, in Section 4) that the limsup in (ii) is in fact a limit, and the
parameter « > 0 is (uniquely) determined by

1 -1
A(a) =0, where A(5) = lim —logE (H;;O |M,;|ﬁ) . (4)
n—oo N,

We remark that condition (3) is a natural generalization of the criterion that appears in
the i.i.d. case, see Theorem B in Section 4 below.

Following the idea of (Mayer-Wolf et al., 2004), Theorem 1.6 is obtained in Section 4
rather directly from its i.i.d. prototype (cited as Theorem B below) by applying a
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Doeblin’s “cyclic trick” and associating R to a linear recursion with i.i.d. coefficients.
Though a reduction to the main results of (Roitershtein, 2007) is possible, it would
anyway entail considerable extra work. The approach taken here enjoys the finite range
and mixing properties of X,,, in addition to the existence of Y,,. It is much “lighter” than
those used in (Roitershtein, 2007) for general Markov chains and in (de Saporta, 2005)
for a finite state case, both built on techniques of (Goldie, 1991).

We conclude with the remark that, using the Markov representation for C-chains, it
is straightforward to deduce the following from Theorem 1.4.

Theorem 1.7. Assume that the coefficients (Qn, My )nez are induced by a C-chain
(X0 )nez. Furthermore, suppose that there exists o > 0 such that:

(m)

(i) There is a slowly varying function L(t) and two sequences of constants (g;

n € {—1,1}, such that for all n € Z lim;_, P(g’;ilzgt) = ql("),

)iE'Dv

(ii) There exists 3 > a such that sup,cp E(| My ;|°) < oc.
Let X = (X,)n>0. Then, for some bounded function K™, n € {—1,1}, we have
P(R-n>t|X) ~ KM (X)t=*L(t), a.s. Moreover, P(K("(X) #0) > 0.

2. Proof of Theorem 1.3

The key to the result is Proposition 2.1 extending the corresponding statement in
(Grincevicius, 1975; Grey, 1994).

Proposition 2.1. LetY be a random variable such that:
(i) Y € 0(Xn,Quis My,i :n < 0,i € D).

(i) Formn € {—1,1} there exist non-negative constants (Cz('n))ieD such that
(a) lim;_ o Wt'ﬁiizl(}g’:i) = 6577), uniform on i € D.
(b) sup;ep cgn) < 00.
Then tlg(r)lo P(Qﬁt]‘_ﬁi(i;‘XFi) = qgl) + ml(.l) > H(i,j)cﬁl) uniformly on i € D.

JED
Proof. Let (Y;);ep be random variables independent of both (X,,)nez and (Q1 5, M1 ;)iep,
such that P(Y; < t) = P(Y < t|Xg = i) for all ¢t € R and i € D. It follows from
P((Q1, M,Y) € -|X1 =i,X0 =j) = P((Q,5, M1,;,Y;) € -) that
P(Q1+ MY > t| X = i) =
=D P(Qi+ MY >t|X) =i, Xo = j)H(i, j)
JED
=Y P(Qui+ My Y; > t)H(i,j). (5)
jED

By (Grey, 1994, Lemma 2), which is the i.i.d. prototype of our proposition,

P(Qu + MYy > 1) ~ t7L(t) (g + PmV). (6)
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To complete the proof, it suffices to show that the convergence in (6) is uniform on ¢, j.
To this end we decompose P(Q1,; + M ,;Y; > t) into individually tractable terms, as in
(Grey, 1994, Lemma 2). Fix ¢ € (0,1) and write

P(Qui + MYy > t) = AN (1) — A (6) + A (1) + AL (1), where

AP (1) = P(Qui > t(1+¢)), AP} (1) = P(Qui > (1 + &)t Qui + MY <),
Az(s)( ) = (|Q1 i — t| < et, Q1,1 + Ml,zyvj > t)?
(

A () = P(Qui < (1 —e)t, Qui + MY > t).
&)
By (A1), % converges uniformly in i, j to q( )(1 +e¢e)~“. For A ) write

AP @) = P(Qri> (1+6)t, Qui+ MY <t Y; < —ct'5)

0.
+P(Qui> (14 e)t, Quit MYy <t Y; > —et' )
< P(My;Y; < —et, Yy > —et 3 ) + P(Qui > (1+e)t, Y; < —et )
< P(My,; > 55 ) + P(Qus > (1 +)t) P(Y; < —et' 5 ).

At
= 0] tending to zero uniformly on 7,5 € D as t — 0o, we use
(A2), Chebyshev’s inequality P(M;; > tW) < E(Mlﬂl) =%, and the inequality
P(Y- < —5t%) < C(st%)faL(st%), which is true for some C' > 0 in virtue of

(3)

condition (ii) of the proposition. A uniform bound on tAa L(t)) which tends to0 as e — 0
follows directly from (A1l). Finally, denote g;:(a,b) = P(Y; > a~'(t — b)), fix constants
m >1and n > 1, and let AE? (t) = Aglj’l)(t) + Agflj’Q) )+ Ag?g)(t), where

To obtain a bound on

A(él)(t) = E(gj,t(Ml,hQl,i)I{Ql,iS(l_E)t}I{Mlyi>m})
4,2
AGP) = B(gra(Myi Qua)lig, i <a-on L c<myLiu>n))
43
A6 = E(g7(Mri, Q1) q, <—on Lian <myXfiar <n})-
AL () per(Myi0) (M fet) “L(Myjet)
Note that =475y < E<(M;?J€'t)‘7aL'(M;36t) o) I{M“>m}) Hence, by con-
(4,1)
dition (ii)-(b) of the proposition, fjaiL((tt)) < E(C]E\/il'i . %I{M >m}) for some con-

stant C' > 0. By (Grey, 1994, Lemma 1), for any § > 0 there is K = K () > 0 such that
SUPs~ L(( )) < max{\¥, KA~°} for all A > 0. Using \ = M1 ¢and 6 = ﬁ , We obtain

A£4]1)(t) a —o -1 _\« -1 _\—5=
i < POMRE max((MTte), KM

5,2

)

B—a —a
B(CM{ e (M 0e® + KM, 2 ¢ 5 ) Ias omy)-
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Holder’s inequality with p = = + 5’ g= = ylelds
AV
L Y e R[4 KM, )T
t—oL@t) - ° [(1+ KM, ) (M1 >m}]
ﬁ Bta a+B s
< Ce™ E[(1+KM171_2 )od»ﬁ} 5 P(My; > m)
ats 5o atp .
< Ce ﬁE[(l-&—KﬂiﬁaMlﬁ) o] 2P P(M11>m) ZB,

where we used the inequality (z + y)? < 2P~1(2P + yP) which is valid for z, > 0 and

A4
p > 1. Since P(M;; > m) < m_ﬁE(Mﬁ ), it follows from (A2) that t"‘iL((t))

bounded by a function of m which tends to zero when m — oo. The term A (4. 2)( t) is
treated similarly, and we therefore omit the details. We next show the asymptotlc of
A(4 3)( t). If Q1 < (1—¢)t and M;; < m, then Ml_ﬂ-l(t — Q1) > m~'et. Hence, in virtue
of (Al) and condition (ii) of the proposition, we have P — a.s., uniformly on i, € D,

is uniformly

95,6 (M1, Q1.0 L g, .<1—o)ny a1 <m)
(M7} (t— Q1) “L(M(t— Q1))

Furthermore, with probability one, uniformly on i € D,

—t—o00 C I{M1 i<m}- (7)

ta( ( Ql l))iaI{M1,iva|Q1,zﬂ|§n} t—oo MﬁiI{Ml,ivalQl,i‘Sn}' (8)

By (Bingham et al., 1987, Theorem 1.2.1), we have a.s., uniformly on i € D,
L(M;}(t = Q1))

L(t) I{m*1<M1,i§m,\Q1,i|§n} t—oo I{m’1<M1,iSm7|Q1,i\Sn}' (9)

By (Bingham et al., 1987, Theorem 1.5.6), ¥ § > 0 3 to = to(0) such that

LM} (t—Qu,)) mit
i —1 - <—1 - t > to. 1
10 (M1 <m=|Qual<n} S 7 Lan gy, B> Mo (10)
Estimates (7)-(10) along with assumption (A4) and the bounded convergence theorem
show that hm = ;JL((tt)) = c(l)E(Mﬁi) uniformly on 4, j. O

To enable us to use Proposition 2.1 iteratively we need the following:

Lemma 2.2. Let Y satisfy the conditions of Proposition 2.1, and let Y = Q1+ MY
Then'Y satisfies condition (ii) of the proposition.

Proof. Apply Proposition 2.1 to (Y, Q1, M1) and (=Y, —Q1, My). O
The next technical lemma is immediate from Proposition 2.1 and (A3).

Lemma 2.3. 3 a random variable Z > 0 satisfying the conditions of Proposition 2.1, s.
t. P(Qr+MiZ >t X1 =49 <P(Z>tXy=1),t>0,i€eD.

We are now in position to complete the proof of Theorem 1.3.
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Lemma 2.4. For all i € D, limsup P(R > t|Xo = 1)

t—o0 tiaL(t) = (I - G)_lq(l)(l)

Proof. Let Ry = Z, where Z is as in Lemma 2.3. Then, for all ¢ > 0 and ¢ € D, we have
P(Ry > t|X1 =1) < P(Rp > t|Xo = ). This yields:

P(Ry>t|Xy =i) =Y P(Qa+ MyRy > t|Xy =i, Xy = j)H(i, )

JED
=" P(Qai + MaiRy > t| Xy = j)H(i, j)
j€D
<> P(Qui+ My iRo|Xo = j)H(i,§) = P(Ry > t| Xy = i).
JED

Therefore P(Ry > t| X2 = i) < P(Ry > t|X; = 7). Iterating, we obtain

P(R, > t| X, =1) < P(R,—1 >t|X,-1=1), YneNieD, t>0. (11)

By Proposition 2.1, %Ll(ﬁ;:i) ~ [q(l) + G g+ c*G"l] (i), where ¢* > 0 is
a constant such that P(Z > t) ~ ¢*L(t)t~ and 1 € RP has all components equal to 1.
Since P(Z > 0) = 1, it follows from (11) that P(R, > ¢|X,, = i) > P(R > t| Xy = 4) for

P(Rt?atgéo) =9 < (I —@G)~tqM (i) for all i € D. O

n > 0. Hence, limsup,_,

P(R > t| Xy = i)
toL(t)

Proof. Let R = Q-1+ M_1Q o+ M_ 1M 5Q_35+ .... Let Ry > 0 be independent
of (XnyQi,naMi,n)nZLieDa s. t. P(Ro > t) = P(R > 0,00 > t) for ¢ > 0. Then
P(Ry > t|Xo = 1) < P(Qo + MoR > t|Xog = i) = P(R > t|Xo = i). We will now use
induction to show that for n > 0,

Lemma 2.5. For alli € D, liminf;_, > (I-G)"'qM(i).

P(R, >t|X, =i) < P(R>t|Xg=i) VYt>0,icD. (12)

Specifically, assuming (12) for some n > 0 we obtain

P(Rn+1 > t|Xn+1 = l) = Z P(Qn+1,i + Mn:l,iRn > t|Xn = ])H(Zaj)
JjeD
<> P(Qui+ MR > t|Xo = j)H(i,])
jJED
:P(Q1+M1R>t‘X1 :i):P(R>t|X0:i)7
P(Ro>t|Xo=i) _ P(Qo,i>t)P(R>0|Xo=i)
el LD
qgl)P(R > 0| Xy = 4). Let e = (€;);ep. Then, by Proposition 2.1, P(R, > t|X,, =) ~
t=*L(t)- [V +GqM +...+G""1q(V) + G"e] (7). This completes the proof of Lemma 2.5
in view of (12). O

Moroever, uniformly on ¢ € D,

~ e;, where e; =



3. Proof of Theorem 1.4
The following result extends Lemma 4 of (Grey, 1994).

Lemma 3.1. Let Y € O'(Xn,ani,Mn’i :n < 0,1 € D) be a random wvariable s. t.

an) := lim sup mﬂfiﬁé(;:i) and dz(m = litrn inf mﬂfi%’:i) are finite for all i € D and
t—o0 e

n € {=1,1}. Then for alli € D,n € {-1,1},

. Pl(Qi+MY)n>t| X1=1i ..

hﬁi‘ip ( T=oL(t) } ) < ql(n) +Zj€D Z'ye{—l,l} GV(W)C;”) and
.. o PLQ1H+MLY)n>t| X1=i .

htrggjlf (@ =T ‘ ) > ql(n) +> jep Z'ye{—l,l} Gv(%])dg'w'

Proof. Let (Y;)ep be random variables independent of both (X, )nez and (Q1 4, M1 4)ie,
such that P(Y; -n > t) = P(Y -n > t|Xo = j) for n € {—1,1}. Then we have
P((Q1+ MY)-n > t|X, =i) = djep P((Q1,i + My;Y;)-n > t)H(i,j) according
ro (5). To complete the proof, apply (Grey, 1994, Lemma 4) separately to each term
P((Qui + My,;Y;) -n>t). O

Let R* = |Qo|l + > 0o, |Q_n|H?;01 |M_;| be a stationary solution of the equa-
tion Ry41 = |Qn| + |Mp|R,. Notice that —R* is a stationary solution of the equa-

tion Rpy1 = —|Qn| + |Mp|Ry,. Since P(—R* < R < R*) = 1, Theorem 1.3 ensures

that Lemma 3.1 can be applied with ¥ = R. Let az(-n) = limsup,;_, mﬂfi%’:i)

and bgn) = liminf; 713(%752'();0:”. Denote a(m = (al(-"))iep, b = (bgn))lED

a=al"Y +a® b=>bY 4+ bW The application of Lemma 3.1 yields a < q+ Ga and
b > q + Gb, which implies (I — G)"'q < b < a < (I — G)~'q. This is only possible if
a(m = b the inequalities in the conclusions of Lemma 3.1 are actually equalities, and
thus a = q + Ga + G_;a=" which implies the result of Theorem 1.4.

and

4. Proof of Theorem 1.6

Consider the backward chain Z, = Y_,, n € Z, with transition matrix H(z,y) =

P, = ylYny =) = gggiz; - P(Yo41 = ylY, = z). Fix y* € S and a constant

€ (0,1). Let (nn)nez be a sequence of i.i.d. “coins” independent of both (Z,)nez
and (Qm,Mm)neZJGD, such that P(npg = 1) =r, P(no = 0) =1 —1r. Let Ny =0
and N; = inf{n > N1 : Z, = y",nn = 1}, @ € N. The blocks (Z,...,Z,,, _,)
are independent for ¢+ > 0 and identically distributed for ¢ > 1. Between two successive
regeneration times N; the chain (Z,),>0 evolves according to a sub-Markov kernel ©

given by H(z,y) = O(x,y) + rlyy—y-1 H(z,y), i.e.

O(z,y) = P(Z1 =y, N1 > 1|2y = x). (13)

Theorem A implies that E (eﬁN 1|Z0) is uniformly bounded for some 5 > 0 (see the
paragraph following Theorem 1 in (Lalley, 1986)). For i > 0, let

Ai = Q}\ri +QN1+1MN7; + . +QN1.+171MN1‘MN1.+1 "'MN,;+1—2
Bi = MM, ..M, _ _,.
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The pairs (A;, B;) are independent for ¢ > 0, identically distributed for ¢ > 1 and
R=Ag+ Y, A, T1'=, Bi. To prove Theorem 1.6 we will verify the conditions of the
following theorem for (A;, B;)i>1.
Theorem B. (Kesten, 1973; Goldie, 1991) Let (A;, B;)i>1 be i.i.d. and
(i) For some oo >0, E (|A1]*) =1 and E (|B1|*log™ |B1]) < .
(i) P(log|B1| = ¢ - k for some k € Z|B; # 0) < 1 for all § > 0.
Let R=A; + 500, A, TI'= Bi. Then
(a) tlim tO‘P(E >t) =K, tlim taP(R < —t) = K_ for some K, K_ > 0.
(b) If P(By <0) >0, then K, = K_.
(¢) Ki+ K_ >0 if and only if P(Ay = (1 — By)c) <1 for all c € R.

For 3 > 0 define matrices Hz and ©g by setting Hg(z,y) = H(z,y)E(|Moce|?)
and Og(z,y) = O(x,y)E(|Mo ¢(,)|?). Since we have E(H?:0|M—i|ﬁI{Zn:y}’ZO =z) =
E(|M0|ﬂ}ZO = m)Hg(x,y) and, for Y 7é y*a

E(I{n<N1,Zn:y}H:;O|M—i|B‘Zo = fE) = E(|M0|6’Z0 = 2)0%(z,y),

(Roitershtein, 2007, Lemma 2.3 and Proposition 2.4) show that (4) holds and that the
spectral radius of H, is 1, while the spectral radius of ©, is less than 1. Hence, see
(2.43) in (Mayer-Wolf et al., 2004), we have:

Lemma 4.1. E(|B1]¢) =1

We next show that log | By| is a non-lattice random variable if y* € D.

Ni—1
Lemma 4.2. Assume y* € D' and let V = Y log|M_,| = log|Bo|. Then for any
n=0
0 > 0 we have P(VE(S-Z‘ZO:y*) <1, where 6 - Z :={k-9:k € Z}.
Proof. Fory € D and k € N, let ;) denote (y1,...,yx) € DFsuchthatyo = - =yp =y
and ¢, = y*. By Lalley’s Theorem A, for any y € D,
P(ZO = y(1)7Z1 =Ym)r - L1 = ZN1,1 = y(g)) >0 (14)

for some m > 1. Therefore, P(V € & -Z|Zy = (y*)) = 1 along with (14) imply: (i)
using y = y*, P(m -log|Moy-| € 6-Z|Zy = (y*)) = 1; (ii) using general y € D,
P((m — 1) - log|Moy| + log [Mo,~| € 6 - Z|Zy = (y*)) = 1. Therefore, we would have
P(m(m — 1) -log|Mo,| € 6 - Z|Zy = (y*)) = 1 for any y € D, contradicting condition
(iii) of Theorem 1.6. O

The proof of the next lemma is verbatim the proof of (2.44) in (Mayer-Wolf et al.,
2004), and therefore is omitted.

Lemma 4.3. 3 5> a s. t. E[(Zﬁigl ?;01 \M,i|)B|ZO] is bounded a.s.
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Completion of the proof of Theorem 1.6.

(a)—(d) It follows from Lemmas 4.1-4.3 that the conclusions of Theorem B can be
applied to (A1, By). Claims (a) through (d) of Theorem 1.6 follow then from the identity
R = Ay + BOE and the independence of (Ag, By) of R under the conditional measures
P(:|Zy = z). In particular, for n € {—1,1},

Jim P(R-n>t|Zy) = E(|Bo|*({pym>01 K+ + I{pym<or K-)| Zo) (15)

Note that Theorem A-(iv) implies P(N7 is odd) > 0 and P(N; is even) > 0. Therefore,
P(Mp < 0) >0 yields P(By < 0|Zyg=z) >0 for all z € S.

(e) First, (3) implies P(R,, = I'(X,,)) = 1 provided that Ry = I'(Xy). Hence if (3) is true
and Ry = I'(Xp), then R, can take only a finite number of values from {I'(:) : i € D}
and cannot converge in distribution to a power-tailed random variable. Therefore, (3)
implies P(Kl(X) + K _1(&X) = 0) =1.

Assume now P(K;(X)+ K_;(X) = 0) = 1. Then (15) and Theorem 1.6-(b) imply
K, = K_ =0. Then, by Theorem B, P(A; + ¢(y*)B; = c(y*)) = 1 for a constant c(y*).
Hence P(Qo + MoR = c(y*)|Zo = y*) = 1, with R= RJ;[?O. Since R is conditionally
independent of (Qo, Mp) given Zy,

P(R=c(y")|Zo=y") = P(R=c1(y")|Z-1 = y") = 1, (16)
P(Qoc(yr) + Mocmer(y) = cly) =1, (17)

for some constant ¢1(y*). It follows from (16) and the Markov property that P(R =
al)|Zo=y)=1VyeSs. t. P(Zy=y|Z_1 =y*)>0. Then

P(R = c(y")

Zai=z)=1VzeSs t. P(Zo=y"|Z_1=x)>0. (18)

Thus P(R = c1(z) = c(y*)|Z-1 = ) = 1 whence P(Zy = y*|Z_y = x) > 0. Since y* € S
is arbitrary, P(Qo ¢(zo) + Mo,c(z0)¢1(Zo) = ¢1(Z-1)) = 1 due to (17). This is exactly (3)
once one sets I'(Y,,) = ¢1(Z_,,).

Suppose now in addition that (Qo;, Mo;), i € D, are non-degenerate. Since the
system ¢ + mec; = ¢, ¢ + mé; = ¢ for unknown variables ¢, m has a unique solution
unless ¢; = ¢, it follows from (17) that ¢; depends on ((y*) only. Let I'(i) = ¢1(y*) for
i = ((y*). Then, (17) and (18) imply P(Qo + MoI'(Xy) = I'(X1)) = 1. Hence, in virtue
of (i) of Definition 1.5, P(I'(X,) = ¢) = P(Qo + Moc = ¢) = 1 for some constant c € R.
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