THE CLASSICAL RAMSEY NUMBER R(3,3,3,3) IS
NO GREATER THAN 62

RICHARD L. KRAMER

ABSTRACT. In this paper we show that R(3,3,3,3) < 62, that is, any edge
coloring of a complete graph on 62 vertices with four colors must contain a

monochromatic triangle.
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1. INTRODUCTION

An edge coloring of a complete graph is called good provided that there do not
exist monochromatic triangles. There are, up to isomorphism, exactly two good
edge colorings with three colors on the complete graph with 16 vertices. (See [6].)
These are called the untwisted and twisted colorings. The automorphism group
on each of these colorings acts transitively on the vertices. By removing a single
vertex from each of these colorings (along with all edges incident with the removed

vertex), we get two non-isomorphic good edge colorings with three colors on the
1
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complete graph with 15 vertices. We refer to these as the untwisted and twisted
colorings on 15 vertices. There are no others, up to isomorphism. (See [5].)

All of the arguments in this paper are based on our intimate knowledge of the
untwisted and twisted colorings on 15 and 16 vertices with three colors, together
with the knowledge that these are the only such good edge colorings possible. If
we knew the good edge colorings on 16 vertices, but not on 15 vertices, then the
arguments in this paper (with trivial and obvious modifications) would suffice only
to prove that R(3,3,3,3) < 64, instead of R(3,3,3,3) < 62, as we prove here.

In this paper, we improve the known upper bound for the classical Ramsey
number R(3,3,3,3). It is trivial to see that

R(3,3,3,3) <4-(R(3,3,3;2) = 1)+ 1+1
=4 - (17T-1)+1+1
= 66.

(See [4].) In Folkman [3], it is shown that R(3,3,3,3) < 65. In Sanchez-Flores [9], it
is shown that R(3,3,3,3) < 64. In this paper, we improve this to read R(3,3,3,3) <
62. That is, we show that for any coloring of a complete graph with 62 vertices
using four colors, there must exist a monochromatic triangle. The best known
lower bound for R(3,3,3,3) was provided by Chung [1], who constructed two non-
isomorphic monochromatic triangle free edge colorings, from the untwisted and
twisted good colorings of K16 with three colors, using four colors of the complete
graph with 50 vertices, thus showing that R(3,3,3,3) > 51.

The paper is organized as follows. As noted below, the reader who wishes to
get a feel for the global structure of the proof without reading the entire paper is
advised to begin reading at section 4.

Section 2 contains the basic definitions needed to read this paper. Also included
are some lemmas about the good edge colorings on the complete graph on 15 or 16
vertices with three colors, some without proof. Lemmas 9 through 17 are needed
only in subsections 3.10, 3.11, and 3.12. Some easy propositions about good edge
colorings on the complete graph on 62 vertices with four colors are also proved here.

Section 3 is responsible for most of the length of this paper, and is best read
with a good supply of colored pencils. It contains all of the local arguments. Its
only purpose is to prove Theorem 14 at the beginning of section 4. The reader who
believes Theorem 14 may skip this section. Suppose that we are given a good edge
coloring, with four colors, on the complete graph on 62 vertices. Let u and v be
two distinct vertices and let § be any color. Suppose that ||Ss(u)|| = ||Ss(v)| = 16.
(According to Definition 1 in section 2, we define the set ||Ss(u)]|| to be the set of all
vertices x such that the edge from u to z is of color §.) Then the set Ss(u) N S5(v)
is referred to as an attaching set. The structure of a potential attaching set is
quite limited. Our discussion of a potential attaching set is split into subsections
according to the cardinality of the attaching set. With only one exception, the
subsections of section 3 are independent of each other. The single exception is
Theorem 12 in subsection 3.12, which uses Proposition 18 from subsection 3.10.
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Each subsection culminates in a single theorem, which, except for subsection 3.11,
prohibits the existence of the attaching set in question. In subsection 3.11, the pos-
sibility of the existence of attaching sets of cardinality 5 is still allowed, but only
under severely limited conditions. The longest and most complex subsections of
section 3 are subsection 3.11, which deals with attaching sets of cardinality 5, and
subsection 3.12, which deals with attaching sets of cardinality 4. Except for Propo-
sition 22, which makes use of Proposition 21, the propositions in subsection 3.11
are all independent of each other. Similarly, except for Proposition 28, which makes
use of Proposition 27, the propositions in section 3.12 are all independent of each
other.

Section 4 contains all of the global arguments, that is, arguments which consider
more than one attaching set at a time. The reader who wants to get a feel for
the global structure of the proof, without reading the entire paper, is strongly
advised to begin reading here, accepting Theorem 14 on faith and referring to the
definitions and propositions of section 2 only as needed. (Not much is needed
here.) Theorem 14 states that all attaching sets in a good edge coloring on the
complete graph on 62 vertices with four colors must have cardinalities 0, 1, 2, or
5. Furthermore, attaching sets of cardinality 5 are severely restricted. As stated
above, the sole purpose of section 3 is to prove this theorem. From this theorem
alone, with the help of rather trivial results from section 2, we prove our main
result, Theorem 18, that R(3,3,3,3) < 62.

The results of this paper were the subject of a semester long series of talks given
in the Graph Theory Seminar at Iowa State University during the spring semester
of 1994.

2. PRELIMINARIES
Notation. For convenience, we define
[i1,...,in] = { (if(l), . ,if(n)) | f is a permutation on {1,...,n} }

We also write u —— v, where u and v are vertices in some edge colored graph and
a is a color, to indicate that the edge connecting u and v is of color «.

Definition 1. Let V be the vertex set of an edge colored complete graph. Let a
be a color and let v € V. Then we define

So(v)={zeV]z"v}.

Definition 2. Let vg,...,v15 be vertices of an edge coloring of a complete graph,
and let a;, B, and 7 be colors. We define the following predicates:

(1) Pﬂ,a(vl, ey U5) iffdf
B

B B B B e a a @
U1 (%) V3 V4 Vs V1 and V1 V3 Vs (%)

V4 - V1.
(2) Mﬂo,a,’y(vl’ ce 7U10) iffdf

v v
Pgo(v1,...,v5) and Pgq(ve,...,v10) and v3 —— vg,v7,09,v10 and vg ——
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¥ ¥ ¥ v
v1, V2,04, 05 and v1 —— vg and vo —— vy and v3 —— vg and vy —— vg9 and

B B B B B B
U5 v19 and vy V7 vy v19 and vg Vg Vg vs and
« @ (e} @ « «
Vg V10 U1 vg and vy Vs Ve V4.
1 .
Mg (V1,0 v10)  iffar
¥ ¥
Pg o(v1,...,v5) and Pgq(ve,...,v10) and v4 —— vg,vs, Vg, v10 and vy ——
¥ y v v
v1, V2, V3, Vs and vg —— wvg and vy —— v7 and v; —— vg and vg —— vg and
¥ B B B B B B
v —— v19 and v1 —— v19 and vy Vg Vs Vg V3 vg and
« (e} « o (e} «
V3 V10 Vg ve and vs Vg U1 vg.
2 .
M,B,a,'y(vl’ N ,’010) lffdf
¥ ¥
Pﬁ,a(vl, e ,U5) and PB,Q(UG, . ,’U10> and Vs —— Vv7,VUs, Vg, V10 and Ve ——
¥ y y y
v1, V2, v3,V4 and v; —— v1g and vs —— vg and v —— vy and v —— vg and
B B B B B B
Vg vg and vo V10 vy vg and v3 vy U1 vg and
« « « « « «
vg —— vy and vy Vg Vg Vg V3 v10-
0 .
N@a’,y(vl, . ,’Ug) lffdf
¥ ¥
P, o(v1,v2,v3,v4,v5) and P, o (vs,ve,v7,v8,v1) and v7 —— vz and vg —— vy
bl B B B B B B
and vg —— vo and vg Vg vy V4 Vg V3 vg.
1 .
NG oo (V1,00 0s)  iffae
v ¥
Py o (v1,v2,v3,v4,05) and Py (vs, ve,v7,vs,v1) and vz —— v3 and vg N
B B B B B B8 ey
and vg Vg V7 Uy Ve V3 vg and vg —— vg.
2 .
Nﬁ)aw(vl, cooyvs)  iffgr
y ¥
P, (v1,v2,v3,v4,v5) and Py o(vs,vs,v7,v8,v1) and vg —— vy and vy —— vg
b B B B B B B
and vg —— v3 and vg Vg Ve Vg V7 V3 Vg.
0 .
Aa,ﬁ,'y<v1""7v10) lffdf
B B
Pg o(v1,v2,v3,04,v5) and Py g(vs, v7,vs, Vg, v10) and vy —— v and vy —— vy
/8 « « «
and vs vg and vy vg and vs —— w19 and vy Vg Vs
vy Vg Vg V3 V10 Vo vy vy and v —— vy ——
v ¥ ¥ ¥ ¥ ¥ ¥ v
U3 Vg Us Ve V2 Ug V4 V10 1.

A;ﬁﬂ(vl, ce ,’010) iffdf

B B
Pg o (v1,v2,v3,v4,v5) and P, g(vg, v7, 8,9, v10) and v, —— v and vy —— vy

B I6] 16 a «a «a
and v3 — wvg and vy —— wvg and vs —— wv1g and vy vy Vs
e Vg V10 U3 Vg Vo Vg vy and v —— vy ——
v v ¥ ¥ ¥ ¥ ¥ v
U3 ) Us Ve V4 vs V2 V10 v1.

C’gﬁﬁ(vl, ey 1}15) iffdf

A 5 (011,012, V13, V14, V15, V1, U2, V3,04, v5) and AD _ (v1,va, U3, V4, Vs, Vs, VT,
vs, vg, v1g) and A | 5(ve,v7, Vs, V9, V10, V11, V12, V13, V14, V15)-

03767,7(1}1, ‘e ,1}15) iffdf

AL 5, (11,012, V13,014, V15, 01, V2, U3, V4, 05) and Af (1,02, 03, V4,05, V6, V7,
vg, v9,v10) and AL | 5(ve, v7,vs,v9, V10, V15, V14, V13, V12, V11)-
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0 .
(12) B 5., (vo, ..., v15) iffar
0 o B
C’Oé’ﬁﬁ(vl, ..., 015) and vg —— v, V2, V3, Vg, U5 and vg —— vg, V7, Ug, Vg, V19 and
¥
Vo —— V11, V12, V13, V14, V15-
1 .
(13) Baﬁﬁ(vo, R ,1115) iffqs

1 o B
Cop(v1,. .. v15) and vo v1, Vg, U3, Vg, U5 and vg —— vg, U7, Vg, Vg, V10 and

i
Vo — V11, V12, V13, V14, V15-

Lemma 1. Let U be the vertex set of a complete graph with a good edge coloring,

colored with the pairwise distinct colors a, B, and ~y. If ||U|| = 16, then there exist

Zoy ..., 215 € U and some i € {0,1} such that Béﬂﬁ(:vo, cey X15)

Proof. See Kalbfleisch and Stanton [6]. O

Lemma 2. Let U be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors a, B, and ~. If ||U|| = 15, then there exist
..., 215 € U and some i € {0,1} such that C!, 5_(x1,...,715)

Proof. See Heinrich [5]. O

Remark. In Lemmas 1 and 2, ¢ = 0 if the coloring is untwisted, and ¢ = 1 if the
coloring is twisted.

Lemma 3. Let U be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, 3, and §. Let A, B C U both contain no
edges of color 6. Suppose that |U|| > 15 and |A|| = ||B|| = 5. Then ||[AN B| €
{0,2,5}.

Proof. Clearly, |[U]| < R(3,3,3;2) —1 =17 —1 = 16 so that the conclusion follows

from Lemmas 1 and 2 by inspection. ([l

Proposition 1. Let V' be the vertexr set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that

V|| =62 and let x € V. Then

(ISa (@)l 1S5 (@)1 1185 (@)1, 1S5 ()]l
€ (16,16, 16,13] U [16, 16,15, 14] U [16, 15, 15, 15].
Proof. 1t is clear that
62 = [|V7]
= {2} W Sa(z) ¥ Ss(z) & .5, (z) & Ss(2)
=1+ [Sa(@)]| + [[Sp(@) [l + 155 @) + [|Ss(2)]-

Also, for any n € {«,3,7,9 }, we see that the induced good edge coloring on the
complete graph with vertex set S, (z) cannot contain any edges of color 7, since
otherwise we would have a monochromatic triangle of color 7 in V| contradicting
the goodness of the original coloring. Thus, we have

[Sa (@), 115 (@), 15y (@) 1l; 1S5 (2) ]| < R(3,3,3;2) =1 =17 — 1 = 16.
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The proposition follows. O

Proposition 2. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, (3, «v, and §. Suppose that
IV = 62 and let u € V' with ||Ss(u)|| = 16. Then for any x € Ss(u) we have

155 (u) N Sa ()|l = (195 (w) N Sp(x)l| = |95 (w) NSy ()] = 5.
Proof. Note that Ss(u)NSs(z) = 0, since otherwise we would have a monochromatic
triangle. Thus, we have
16 = [|S5(w)||

=|{z}w (Ssu) N Salx)) W (Ss(u) N Ss(x)) W (Ss(u) N Sy(x))||

=1+8s5(u) N Sa(@)|| + ||Ss(w) N Sa(@)]| + [|Ss(u) N S, (2)]|-
But, since Ss(u) N S, (z) has no edges of colors d or n whenever 1 € { o, 3,7}, we
see that

[195(u) N Sy(x)l| < R(3,3;2) =1 =6-1=5
for any 1 € { o, 3,7 }. The proposition follows. O
Proposition 3. Let V' be the vertexr set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
VI = 62 and let u,v € V with ||Ss(uw)| = ||Ss()|| = 16. Ifn € {a, 5,7} and
x € Ss(u) N Ss(v) with ||Sy(z)|| > 15, then
155 (u) N Ss(v) NSy ()]l € {0,2,5}.

Proof. Without loss of generality, we assume that n = v. Let U = S,(z). Let
A = S5(u) N Sy(z) and B = S5(v) N S,(x). Note that A,B C U. Also, the
complete graph with vertex set U has no edges of color 7 under the induced good
edge coloring, and thus is colored with the colors o, (3, and . Also, neither A nor

B has any edges of color §. Furthermore, |U]|| > 15. By Proposition 2, we see that
Al = ||B|| = 5. We may now apply Lemma 3 to see that

155 (u) 1.S5(v) N Sy (@)l = [AN B| € {0,2,5},
as desired. O

Proposition 4. Let V' be the vertexr set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
V]| = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. If x € Ss(u) N Ss(v), then

1{n€{a,B,7} | 1S5(u) N S5(0) N Sy(@)] € {0,2,5} ] > 2.
Proof. First note that
{ne oy} IS @) >15)

C{nefa.B.v}]|5(u)nSsw)nS, ()| €{0,2,5}}
by Proposition 3. But

[{ne{aBr}|IS,@)] =15} =2
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by Proposition 1. The proposition follows. O

Lemma 4. Let U be the vertezx set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, 8, and . Let ||U|| = 16 and let a € U.
Then |[{z € U |z > a}|| = 5. Furthermore, there exists wo, w, wy, ws, ws € U
such that { wo, w1, we, w3, wy } ={x €U | x — a} and Pg . (wo, w1, we, ws, wy).
Moreover, if x,y € U satisfy a 2z e Y —— a, we may assume that T = wy
and y = wy.

Proof. We omit the proof. |

Lemma 5. Let U be the vertex set of a complete graph with a good edge coloring
with the pairwise distinct colors o, B, and vy, with ||U|| = 16. Let a,b € U with
a —~—b. Then there exist xg,...,T15 € U such that one of the following holds:

(i) C’gﬁﬁ(:ﬁo, .., X15) with a = xo and b = 3.
(ii) C’éﬁﬁ(xo, ..., T15) with a = xg and b = x3.
(iti) CF 5. (20,- -, 715) with a = xo and b= 3.
(iv) C’éﬁﬁ(zo, .o, Z15) with a = xo and b = 7.

Proof. We omit the proof. O

applies if the coloring is twisted.

Lemma 6. Let U be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, 3, and . Let ||U|| = 16 and let a,b € U
with a ——b. Then, we have the following:

(1) {zeUla——z ——b}| =2

@) {reUla o b} =1

3) {eeUla "2 " b} =2

Proof. We omit the proof. O

Lemma 7. Let U be the vertex set of a complete graph with a good edge coloring,

colored with the pairwise distinct colors «, 8, and ~y. Suppose that |U|| = 16 and

ne€{a,B,v}. Ifa,be,de €U are pairwise distinct and satisfy a oy e

and d —— e, then there exists some = € {a,b,c} and some y € {d,e} such that
n

x—y.

Proof. Suppose not. Then there exist distinct zg,z1 € U with b - o, L1 1 q
and there exist distinct yg,y; € U with b 0 Y0, Y1 ~7_ ¢ But {zg,z1 } N
{yo,y1 } = 0, since otherwise we would have a monochromatic triangle. Clearly
a,c ¢ {xo,21,Y0,y1 }, since we cannot have any 7 colored edges from {a,c} to
{d,e}. thus, we have pairwise distinct elements a, ¢, g, 21, yo,y1 € U with b 1
a, ¢, Ty, T1,Yo, Y1, which is impossible, by Lemma 3. O

Lemma 8. Let U be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors «, 3, and . Suppose that |U|| = 16 and
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ne€{a,B,v}. Ifabed e U are four pairwise distinct elements which satisfy
a—"1p-T g a, then for any u € U ~{a,b,c,d} there exists a unique
v e {a,b,c,d} such that u .

Proof. By lemma 4, there exist pairwise distinct xg,z1,z2 € U ~ {d, b} such that
a1 b,d,xg, 1, 2. Similarly, there exist pairwise distinct yo,y1,y2 € U ~{a,c}
such that b —— a, ¢, Yo, Y1, Y2, pairwise distinct zg, 21,202 € U ~ {b,d } such that
c—1- b,d, zo, 21, 22, and wo, w1, we € U ~ { ¢,a } such that d—"- ¢, a, wp, Wy, Ws.

Note that the elements xq, z1, 2, Yo, Y1, Y2, 20, 21, 22, Wy, W1, w2 Must be pairwise
distinct, since otherwise we would either get a monochromatic triangle, or else a
violation of Lemma 6(1). Thus, we have

U ={a,b,c,d, 0,71, 72,Y0,Y1, Y2, 20, 21, 22, Wo, W1, W }.
The lemma follows. O
Lemma 9. Let ug, uy,us, us, uq, vg, V1, V2, V3, V4 be vertices in some good edge col-
oring of a complete graph on either 15 or 16 vertices, colored with the three pairwise
distinct colors «, 3,7. Suppose that the following hold:
{wo, ur,uz, ug, us } N {vo,v1,v2,v3,04 } =10
Pﬂ,()t(u3a Ugq, U, U1, UQ)

Pﬁ,a(v3,v471}07v13v2)

vy

Uz —— V3
bl

Uy — Uy
vy

Uy — 0
vy

Ug — V2

Then ug T vo. Furthermore, one of the following 25 cases must hold:
(1) Mga7(“07“17“27”3?”43UO,U17U27U37U4)
) (ul,U27U3,U4,'LLO,’l)l,'l)Q,Ug,U4,’00)
) Mﬁa,Y(UQ,’LL;)”U4,’LL0,’U,1,7}2,’1)37’U47’U(),U2)
) Mg, ~(u3,ug, uo, u1, Uz, v3, V4, Vo, V1, V2)
) MﬁaW(’UJ4,U0,U1,U2,U3,1}4,110,1}1,’02,’03)
) Mﬁa,Y(’LL(),ul,UQ,Ug,U4,U0,’l)1,U2,U3, 4)
) Mga7(u17U27U3,U4,Uo,v1,U2,U3W47UO)
(Viii) Mﬁa,Y(UQ,’LL;)”’U,4,’LL0,U1,7}2,U37U4,’U(),U1)
) (u3, w4, U0, U, Uz, V3, V4, Vo, V1, V2)
) Mﬁa7(’UJ4,’U¢0,U1,U2,U3,U4,U0,U1,’02,’Ug)
) Mga7(u4,U37UQ,Ul,Uo,U4,U3,U2,UhUO)
) Mga7(U37U27U1,uo,u4av3,v2,v1avo7 4)
) Mg, (ua, w1, uo, ua, ug, v2, V1, Vo, V4, V3)
) Mj (w1, u0, ua, ug, ug, v1, Vo, V4, V3, V2)
) ( )

—
»
<

Mﬁ a,y Up, Ug,us, U2, U1, Vo, V4, V3, V2, V1
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2
Mﬁ’a’»y Ug, U1, U2, U3, U4, Vo, V1, V2, V3, V4
2
Mﬁ any

Mﬁa"f

Ui, U2, U3, U4, Uo, V1, V2, V3, V4, Vo
Uz, U3, Uq, Uo, U1, V2, V3, V4, Vo, U1
U3, Ug, Up, U1, U2, U3, V4, Vo, V1, V2

) (
) (
) (
) (

(XX) ME’QW(u4,uo,ul,u2,u;),,114,110,111,1)2,1}3
) (U47U37U27U1,U0,U4,U37U27'Ula'00
) (usaU27U1,U0,U4,03,02,01,UO, V4
) (2, ur, ug, ug, uz, v2,v1, 00, V4, V3
) (

ﬂ o,y U/l UO,U4,U3,U2, 'U]_,'U07’U4,'U3,UQ

(XXV) Mﬁ o ,Y(UO,U,47U3,’LL2,U1, Vo, V4, U3, V2, U1

)
)
v1)
)
)
)
)
)
)
)

Moreover, if the coloring is untwisted, then one of the cases (i), (i), (iil), (iv),
or (v) must hold.

Remark. Note that the question of which of the 25 cases is determined by a choice
ofi,j€{0,1,2,3,4} such that u; —1 g, v1, 02,03, v4 and v; 1 g, ur, U, Uz, U

Proof. We omit the proof. O
Lemma 10. Let ug, u1, us, ug, Uq, Vg, V1, V2, V3, V4 be vertices in some good edge col-

oring of a complete graph on either 15 or 16 vertices, colored with the three pairwise
distinct colors a, 3,7y. Suppose that the following hold:

{Uo,ul,UQ,U3,U4 } N {Uo,Ul,UQ,U3,U4} = @
Pﬂva(u3au47u07ulau2)

Pﬁ,a(v3vv47007vlav2)

vy

us —— U3
¥

U — Vo
¥

Ug —— V2

(Then either both u; - vy and uy - vg hold or else one of the following 10
cases must hold:
(1) Mﬂa7(u47u07ul,u27u3av271}3av477)07v1
i U1, U, Ug, U, U2, V3, V2, V1, Vg, V4
Ui, U2, Us, Ug, U, V4, V3, V2,01, Vo
Mﬁ ay Uup, U1, U2, U3, U4, Vg, V4, V3, V2, V1

Mg a,y (U1 U, Ug, U3, U2, Vo, U1, V2, V3, Vg

)
vg)
)
)
Uz, Uq, U, U1, U2, U2,1117Uo,v4,’03)
)
vg)
Ug, Uo, U1, Uz, U3, Vo, V4, U3, V2, V1)

)

) Mg (
) Mg o4(
) (
) (
(vi) Mg a 7(u27U17UO,U4,U3,W3,U4,UO,1)1,712
) (
) M o4
) (

Mﬁa’y Uyg, U3, U2, U1, UQ, V2, V3, V4, Vg, V1
(x) M3, . (u1,uz,u3,us, 0, V3, V2,01, 0, Va)
. S . . v v
Moreover, if the coloring is untwisted, then either both u; —— v and uy —— vy
hold or else one of the cases (iii) or (iv) must hold.
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Remark. Note that under the hypotheses of Lemma 10, in case we have both w4 -
vy and uy T vg holding, we see that the hypotheses of Lemma 9 are satisfied.
Thus, we see that under the hypotheses of Lemma 10, either one of the 10 cases of
Lemma 10 holds or else one of the 25 cases of Lemma 9 holds.

Proof. We omit the proof. O

Lemma 11. Let ug, u1, uo, us, ug, Vo, V1, V2, V3, V4 be vertices in some good edge col-
oring of a complete graph on either 15 or 16 vertices, colored with the three pairwise
distinct colors a, 3,7y. Suppose that the following hold:
{uo, w1, uz, uz, ug } N {vo,v1,v2,v3,04 } =0
Pﬁ,a(USa Ugq, U, U1, UQ)

Pﬁ,a(UB,UZJLvUOvvl”UQ)

v

Uy — Vg
v

Up — Vo
v

uy — U1

Then either both us —— vy and U3 S vy hold or else one of the following 10
cases must hold:

(1) Mﬁ «@ ,Y(UO,U47U3,U2,U1,/U47'U3,'UQ,’Ul,UO

Mﬁ a,y Uyq, U3, U2, U1, UQ, V4, Vo, V1, V2, VU3

)

(il) M3, ., (uo,u1,ua, uz, ta, v1,va, V3, V4, Vo)
(iif) ﬁa’y(u Ug, U1, Uz, U3, V1, V0, V4, V3, V2)
(iv) Mﬁav(u U3, Ug, Ug, U, U3, V2, V1, V0, Vg)
(v) gay(u Ug, Ug, U1, Uz, V2, V1, V0, V4, U3)
(vi) Mﬁay(u U, UQ, Ug, U3, V3, Vg, Vo, V], V2)
(vii) ga»y(u Uz, U3, Ud, Ug, V1, V0, V4, U3, V2)
iii) ( v3)
) )

Mﬁ a 7(“27’“37“47”07”13 Vo, V4, U3, V2, V1
(X) Mﬁ,aﬁ(ul’n U2, U1, U, U4, Vo, U1, U2, U3, ’04)
. L ) . v Y
Moreover, if the coloring is untwisted, then either both us —— vo and uz —— v3
hold or else one of the cases (iil) or (iv) must hold.

Remark. Note that under the hypotheses of Lemma 11, in case we have both s T
vg and ug S vg holding, we see that the hypotheses of Lemma 9 are satisfied.
Thus, we see that under the hypotheses of Lemma 11, either one of the 10 cases of
Lemma 11 holds or else one of the 25 cases of Lemma 9 holds.

Proof. We omit the proof. O

Lemma 12. Let uy,usg, us, uqg, s, g, U7, Ug be vertices in some good edge coloring
of a complete graph on either 15 or 16 wvertices, colored with the three pairwise
distinct colors «, 3,7y. Suppose that the following hold:

{u27u37u4}m{u67u7;u8}:®
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P’y,ﬂ(ulv U2, U3, Uq, U5)
P'Yvﬁ(u57 Ug, U7, US, ul)
Then one of the following 5 cases must hold:

(i) N3 5. (1, ug, us, ua, us, us, ur, ug)
(il) No g~ (w1, uz, uz, ug, us, us, ur, ug)
(iti) N 5. (u1,us, ur, us, us, ug, uz, uz)
(iv) N27ﬁ,7(u17u27u37u47u5au67u77u8)
(v) N2 5 (ur,us, ur, ug, us, us, us, us)

Moreover, if the coloring is untwisted, then case (i) must hold.
Proof. We omit the proof. O

Lemma 13. Let ug, u1, us, ug, Uq, Vg, V1, V2, V3, V4 be vertices in some good edge col-
oring of a complete graph on either 15 or 16 vertices, colored with the three pairwise
distinct colors o, 3,7y. Suppose that the following hold:

{ w0, w1, uz, uz, us } N { vo,v1,v2,v3,04 } =0

Pp o (u3,uq, ug, ur, uz)

Pﬂ,a(v3,v471}07v13v2)
v

Up —— Vo, V1, V2, V3, V4
¥

Vo — Up, U1, U2, U3, Usq

Then one of the following 10 cases must hold:

(1) Mﬁ a,y us, uq,Up, U1, U2, 0V3, V4, Vg, V1, U2

ga,y uz, U4, g, U1, U2, V2, V1, Vo, V4, U3
(111 ﬁa»y Uz, U3, U4, Ug, U1, V4, Vo, V1, V2,03
(IV ﬁa»\/ uz,us, U4, Ug, U1, V1, Vo, V4, V3, V2
(vi Mga,y ug, Uz, U1, U, U4, V1, V0, V4, V3, U2
(vii ga,y U1, Uz, U3, Usg, Ug, Vo, U1, V2, V3, Vg

Uy, U2, U3, Ug, Ug, Vo, V4, U3, V2, U1
Mﬁ a,y Ugq, U3, U2, U1, UQ, Vo, V1, V2, V3, V4

( )

) Mg o )

) Mg, ( )

) Mg, ( )

(v) MB o 7(’&3,’LLQ,Ul,UO,U4,’U4,’U0,Ul,’02,’03)

) ( )

) M5 o oy

) A( 1)

) ( )
(

(X) Mg a,y ’LL4,U37U2,U1,UO,’U(),’U4,1)3,’02,’01)

Moreover, if the coloring is untwisted, then one of the cases (i) or (ii) must hold.
Proof. We omit the proof. |

Lemma 14. Let ug, u1, ug, us, ug, Vo, V1, V2, V3, V4 be vertices in some good edge col-
oring of a complete graph on either 15 or 16 vertices, colored with the three pairwise
distinct colors o, 3,y. Suppose that the following hold:
{ w0, ur, ug, uz, ug } N {vo, v1,v2,v3,v4 } =0
P o (us, ug, uo, u1, uz)

Pﬂ,a(v37v47’007vlav2)
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Then there exists some x € {ug,u1,us,us,uq t and some y € { vy, vy, va,vs, vy }
such that
¥ ¥

T —— 0, V1,V2,V3,04 and Y —— Uo, U1, U2, U3, Ud.

Furthermore, if u; g for somen € {«a, B}, then
. n } v
H{J € {051727374} | Up — }” = ”{J € {051727374} | WUy — V5 }” =2
Similarly, if v; T y for somen € {a, B}, then
. n . ¥
{7 €{0,1,2,3,4} [vi —u; }|=I{j€{0,1,2,3,4} [v; —u;}[=2.
Proof. We omit the proof. O
Lemma 15. Let ug, u1, uo, us, ug, Vg, V1, V2, V3, V4 be vertices in some good edge col-
oring of a complete graph on either 15 or 16 vertices, colored with the three pairwise
distinct colors a, 3,7y. Suppose that the following hold:
Pﬁ,a(“?,, Ug, U, UL, UQ)
Pp o (v3,v4,v0,v1,02)

Then

[{ wo, w1, ua, uz, uq } N {vo,v1,v2,v3,v4 }|| €{0,2,5}.
Proof. We omit the proof. ([l
Lemma 16. Let U be the vertex set of a complete graph with a good edge coloring,
colored with the colors «, B, and ~y. Let ||U|| € {15,16 } and suppose that A, B C U
each have no edges of color v in the induced colorings, where ||A|| = ||B|| =5 and

ANB =0. Then, there exist xg,x1,%2,%3,74 € A and yo,y1,Y2,Y3,Ys € B such
that Mé,aﬁ(ﬂfo@l,wz, Z3,T4,Y0, y17y23y37y4) holds fO’I‘ some i € {07 13 2 }

Proof. We omit the proof. O

Lemma 17. Let U be the vertex set of a complete graph with a good edge coloring,

colored with the colors «, 3, and . Let |U|| = 16 and suppose that a,b,c € U with

a—"—b o ¢ ——a. Then there exists a unique d € U such that d o a,b,c.

Proof. We omit the proof. O

3. THE LocAL ARGUMENTS

3.1. Attaching Sets of Cardinality 15 or 16.

Theorem 1. Let V be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, B, 7, and §. Suppose that ||V || = 62 and
let u,v € V with u# v and ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)|| < 14.

Proof. Suppose not. Then ||Ss(u) N Ss(v)|| > 15. Since Ss(u) N Ss(v) # 0, we must
have u —— v for some n € {a,B,v}. Without loss of generality, we may assume
that u —— v. Thus, we have S, (u) N Sy (v) = 0, so that

Sa(u) = {v} ¥ (Salu) NSs(v) W (Salu) NSy (v) W (Salu) N Ss(v)).
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It is clear that
[|Sa(uw) N Sa()|], [|Sa(u) N Sy (v)]| < R(3,3;2) —1=6—1=05.
Also, we have ||Sq(u)|| > 13 by Proposition 1, so that
13 < 14545+ [[Sa(u) N Ss(v)||.
Thus, we have
|Sa(u) N Ss(v)| =2
Now, note that
S5(v) = (Sp(u) N Ss(v)) W (S, (u) N Ss(v)) W (Sa(u) N Ss5(v)) ¥ (S5(u) N S5(v)),
so that
16 > ||Sp(u) N Ss5(v)|| + || Sy (w) N Ss(v)]| +2 + 15,

which gives the desired contradiction. The theorem is proved. ]
3.2. Attaching Sets of Cardinality 14.

Proposition 5. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, (3, 7y, and 6. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 14. If x € Ss5(u) N S5(v), then

(1S5 (w) N S5(v) N Sa(@)l], [|S5(w) N S5(v) N S()l, 155 () N Ss(v) N Sy (2)]])

Proof. First note that for any n € {a, 8,7} we have
195 (u) N S5(v) N Sy ()

since Ss(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(x) =0,
since otherwise we would have a monochromatic triangle. Thus, we have
Ss(u) N Ss(v) = {z} W (Ss(u) N Ss(v) N Salz))
) (Sg(u) N Sg(@) n Sﬁ(l‘)) ] (55(u) n Sg(v) n Sv(x)),

<R(3,32) —1=6—-1=5,

so that

14 = ||S§( )N Ss(v H —1+H55 )N Ss(v H
JrHSg ﬂSg( ) 5 x ||+||Sg(u)055(v)ﬂ5.y(:c)||.
Thus, we have
(1S5(u) N Ss(v) N Sal@)]s [1S5(u) N S5(v) N Sa()], [|Ss(u) N Ss(v) NS, (@)|])
€ [5,5,3|U[5,4,4].

The proposition now follows by an application of Proposition 4. (I
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Theorem 2. Let V be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, B, 7, and §. Suppose that ||V || = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)|| # 14.

Proof. Suppose not. Then |[|Ss(u) N Ss(v)|| = 14. Let Ss(u) ~ Ss(v) =
Without loss of generality, we may assume that a b By Lemma 6(2
)

{a,b}.
), there

exists some z € Ss(u) with a —~— x Iy, Clearly, we have z € Ss(u) N Ss(v).
Note that

(Ss(u) N Ss(v) N Sa(x)) W{a} = Ss(u) N Sa(x),

(Ss(u) N Ss(v) N Sp(x)) W {b} = Ss(u) N Sp(x),
and

Ss(u) N Ss(v) N Sa(x) = Ss(w) N Sy (x).

But [|Ss(u) NS, (x)|| =5 for n € { o, B,y } by Lemma 4. Thus, we have

(1S5 (w) N S5(v) N Sa(@)ll, [|S5(w) N Ss5(v) N S()l, 1S5 () N Ss(v) N Sy (2)]])
= (4,4,5) ¢ [5,5,3],
which contradicts Proposition 5. The theorem is proved. O
3.3. Attaching Sets of Cardinality 13.

Proposition 6. Let V' be the verter set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, (3, 7y, and 6. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[19s(u) N Ss(v)|| = 13. If x € Ss5(u) N S5(v), then

(1185 (u) N S5(v) N Sa ()], 1185 (1) N S5(v) N Sp()]l, [1S5(w) N Ss(v) N S, (2)]])

Proof. First note that for any n € { a, 8,7} we have
[|S5(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6-1=5

since S5(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(z) =0,
since otherwise we would have a monochromatic triangle. Thus, we have
Ss(u) N Ss(v) = {x} W (Ss(u) N Ss(v) N Salz))
W (Ss5(uw) N Ss(v) N Se(x)) W (Ss(u) N Ss(v) NSy (x)),
so that
13 = ||S5( OS(; H —1+H55 055 H
+ |85 (u) N Ss(v ) Sp(x || + [|Ss(u) N Ss(v) NS,y ()]

Thus, we have
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(I1S5(u) N Ss(v) N Sa (@), [1Ss(w) N Ss(v) N Sa()|], |Ss(u) NSs(v) NS, (2)]])
€ [5,5,2]U[5,4,3] U [4,4,4].
The proposition now follows by an application of Proposition 4. U
Theorem 3. Let V be the vertex set of a complete graph with a good edge coloring,

colored with the pairwise distinct colors «, 3, 7, and §. Suppose that |V| = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)| # 13.

Proof. Suppose not. Then ||Ss(u) N Ss(v)|| = 13. Let Ss(u) ~ Ss(v) = {a,b,c}.
For any = € Ss(u) N Ss(v), we must have x " a4, b, c for some ne{a,B,7}, by
Proposition 2 and Proposition 6. Thus, we have

Ss(u) N Ss(v) = L—Ij (Ss5(u) N Ss(v) NSy(a) NS, (b) N Sy(c)).
ne{a,B,v}

This will give the contradiction
13<1+1+1

once we show that

|55 (w) N Sy (a) NS, (b) N Sy(c)|| <1
for any n € {«,3,7}. Suppose not. Then we may find distinct z,y € Ss(u) N
Sy(a) N Sy(b) NS,(c). But Lemma 6(1) implies that

I{z€Ss(w) |z 2"y} =2

which is impossible since a,b,c € {z € Ss5(u) | = A y }. The theorem is
proved. ([l

3.4. Attaching Sets of Cardinality 12.

Proposition 7. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, B3, «v, and §. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 12. If x € S5(u) N S5(v), then
(IS5 (w) N Ss(v) N Sa ()], 1S5 (u) N S5(v) N Sp(@)l], [|Ss5(w) N Ss(v) NS, (x)])
€ [5,5,1]U[5,4,2].
Proof. First note that for any n € { a, 8,7} we have
||Ss(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6—1=5,

since S5(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Sg(u) N Ss(v) N S(;(J?) =0,
since otherwise we would have a monochromatic triangle. Thus, we have
Ss(u) N Ss(v) ={a}w (Ss(w) N Ss(v) N Sa(z))
W (Ss(u) N Ss(v) N Sa(z)) W (Ss(w) N Ss(v) NSy (x)),
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so that

12 = ||S§(u) n S(;(U)H =1+ HSg(u) N 55(’0) n SQ(Z)H
+ ||Ss(w) N Ss(v) N Sa(@)]| + ||Ss(w) N Ss(v) N S, ()|

Thus, we have

(1S5 (w) N S5(v) N Sa(@)l], [|S5(w) N S5(v) N S()|l, [185(w) N S5(v) N Sy (2)]])
€ [5,5,1]U[5,4,2] U[5,3,3] U[4,4,3].

The proposition now follows by an application of Proposition 4. O

Theorem 4. Let V' be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors «, 3, 7, and §. Suppose that ||V| = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)|| # 12.

Proof. Suppose not. Then ||Ss(u) N Ss(v)|| = 12. Let Ss(u) ~ (Ss(u) N Ss(v)) =
{ap,a1,az,a3}. For each i € {0,1,2,3}, we define

U= |J [)(Ssw)nS,(ay)).
ne{a,By} i
By Proposition 2 and Proposition 7, we see that
Sg(u) N 55(11) CUyUU,UUy UUs.
This will give the contradiction
12<1+1+4+1+1,

once we show that ||U;|| < 1 for each ¢ € {0,1,2,3}. Suppose not. Then we
may find distinct x,y € U; for some fixed i. Without loss of generality, we may
assume that ¢ = 3. Then there exist n,¢ € { «, 3,7 } such that o ag, a1, as and

Y s ap, a1, as. But Lemma 6 implies that
n 3
I{z€Ss(u) o =Sy} <2,

which is impossible since ag,a1,as € {z € Ss(u) | & —— 2 s y }. The theorem
is proved. (Il

3.5. Attaching Sets of Cardinality 11.

Proposition 8. Let V' be the vertexr set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[|Ss(uw) N Ss(v)|| = 11. If & € Ss(u) N S5(v), then

(1185 (w) N S5(v) N Sa ()], 195 (w) N S5(v) N Sp(@)], [|Ss(w) N Ss(v) N S, (x)]])
€ [5,5,0]U[5,3,2].
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Proof. First note that for any n € { «, 5,7} we have
||Ss(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6—1=5,

since S5(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(z) =0,
since otherwise we would have a monochromatic triangle. Thus, we have
Ss(u) N Ss(v) = {z} W (Ss(u) N Ss(v) N Salz))
() (Sg(u) N Sg(@) n Sﬁ(l‘)) ] (55(u) n Sg('u) N Sv(x)),
so that
11 = HS(;(U) N 5’5(1))H =1+ HS(;(U) NSs(v) N Sa(a:)H
+ |S5(w) N Ss(v) N Sp()|| + || Ss(w) N Ss(v) NSy ().
Thus, we have
(1S5 (w) N Ss(v) N Sa ()], 1S5 (u) N S5(v) N Sp(@)l], [1Ss5(w) N Ss(v) NS, (x)])
€1[5,5,00U[5,4,1]U[5,3,2] U[4,4,2] U [4,3,3].
The proposition now follows by an application of Proposition 4. U

Theorem 5. Let V' be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, 3, 7, and §. Suppose that ||V || = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)|| # 11.
Proof. Suppose not. Then [|S5(u) N Ss(v)| = 11. For any n € { o, 3,7} we define

U, = {:v € Ss(u) U Ss(v) | |Ss(w) N Ss(v) NSy ()] =5 }
By Proposition 8, we see that

S(s(u) n Sg(?)) =U,U Uﬁ U U’Y’

so that we must have ||U,|| > 4 for some 7. Fix such an n € {«a,8,7}. We will
consider the graph with vertex set Ss(u) N Ss(v) whose edges are the 7 colored
edges. The elements of U, all have degree 5 in this graph. Clearly, not all of the

edges in U,, can be of color 7. Choose distinct z,y € U, such that the edge from x
to y is not of color 7. By Lemma 6(1), we see that

155 (u) N Sy () 0 Sy(y)l| = 2.

But ||S5(u) NSy, (z)|| <5 =Ss(u) N Ss(v) NS, ()|, since x € Uy, so that Ss(u) N
Ss(v) N Sy(x) = Ss(u) N Sy(x). Thus, we actually have

155 (u) N Ss(v) NSy () NSy ()l = [155(w) NSy () NSy ()l
=2.
Thus, we may suppose that

Ss(u) N Ss(v) = { =, y,uo, w1, uz, wo, wy, v, v1,v2, 2 },
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where

Ss(u) N Ss(v) NSy (x) = { wo, ur, u2, wo, wr }
and

Ss(u) N Ss(v) NSy (y) = {vo,v1,v2, wo, wy }.

Clearly, we cannot have u; 1 w; or v; e w; foranyi € {0,1,2}and j € {0,1},
since otherwise we would have a monochromatic triangle. Similarly, we cannot have
wWo o w1, since otherwise we would have a monochromatic triangle. Thus, we
have Ss(u) N Ss(v) N Sy(w;) € {z,y,z} for all ¢ € {0,1}, so that wy,wy ¢ U,.
Now, since U, C { z,y, uo, u1, u2,vo, v1, v2, 2 } with ||Uy| > 4, we must have either
u; € Uy orv; € Uy, for some i € {0,1,2}. Without loss of generality, we may assume
that ug € U,. We cannot have ug 1 u; for any ¢ € {1,2}, since otherwise we
would have a monochromatic triangle. But then we have Ss(u) N Ss(v) NS, (ug) C
{x,z,v9,v1,v2 }, so that, since ug € U,, we must have ug 1 o, v1,vs, which

contradicts Lemma 6(1) since y o Vg, V1, V2. O
3.6. Attaching Sets of Cardinality 10.

Proposition 9. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, B3, 7y, and 6. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 10. If x € Ss5(u) N S5(v), then
(1185 () N Ss(v) N Sa ()], 1S5 (u) N S5(v) N Sp(@)l], [|Ss5(w) N Ss(v) NS, (x)]])
€ [5,4,0]U[5,2,2].
Proof. First note that for any n € {a, 3,7} we have
[|S5(u) N Ss(v) N Sy(x)]| < R(3,3;2) —1=6-1=5

since S5(u) N Ss(v) NS, («) has no edges of colors 6 and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(z) =0,
since otherwise we would have a monochromatic triangle. Thus, we have
Ss(u) N Ss(v) = {x} W (Ss(w) N Ss(v) N Sa(x))
W (Ss(uw) N Ss(v) N Ss(x)) W (Ss(u) N Ss(v) NSy(z)),
so that
10 = HS(;(u) N S(;(’U)H =1+ HS(;(U) NSs(v) N Sa(a:)H
+ |S5(w) N Ss(v) N Sp()|| + | Ss(w) N Ss(v) NSy ().
Thus, we have

(1S5(w) N Ss(v) N Sal(@)], [1S5(u) N S5(v) N Sa(x)]], [|1Ss(uw) N Ss(v) N S, (@)|)
€ [5,4,00U[5,3,1] U [5,2,2] U[4,4,2] U [4,3,3).
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The proposition now follows by an application of Proposition 4. O

Theorem 6. Let V' be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, 3, 7, and §. Suppose that |V| = 62 and
let u,v € V with | Ss(w)]| = [1S5(v)| = 16. Then [|S5(u) N S(v)]| # 10.

Proof. Suppose not. Then ||Ss(u) N Ss(v)|| = 10. For any n € {a, 5,7} we define
Uy ={z € S5(u) USs(v) | |S5(u) N Ss(v) N Sy(x)] =5}
By Proposition 9, we see that
Ss(u) N Ss(v) = Uy UUZ UU,,

so that we must have ||U,|| > 4 for some 7. Fix such an € {«,3,v}. We will
consider the graph with vertex set Ss(u) N Ss(v) whose edges are the 7 colored
edges. The elements of U,, all have degree 5 in this graph.

Clearly, not all of the edges in U,, can be of color 7. Choose distinct =,y € U,
such that the edge from x to y is not of color . By Lemma 6(1), we see that

155 () 0 Sy () 0 Sy (y)[| = 2.

But [|S5(u) NSy (2)]| <5 =|Ss(uw) N Ss(v) N Sy(z)||, since x € Uy, so that Ss(u) N
Ss(v) N Sy(x) = Ss(u) NSy(x). Thus, we actually have

155 (u) N Ss(v) 0.8y () NSy ()l = [155(w) NSy () NSy ()l
=2.

Thus, we may suppose that
S5(u) mS&(U) = {$7y,u07U1,U27’w0,w1,'Uo,’l}l,’l]z},

where
Ss(u) N Ss(v) N Sn(fﬂ) = { wo, u1, uz, wo, wy }
and

55(11’) N S§('U) N S”](y) = {7)0,'[}1,’[)27100,101 }

Clearly, we cannot have u; e w; Or V; S wj forany i € {0,1,2} and j € {0,1},
since otherwise we would have a monochromatic triangle. Similarly, we cannot have
wy —— w1, since otherwise we would have a monochromatic triangle. Thus, we
have S5(u) N Ss(v) NSy (w;) ={x,y} forall i € {0,1}, so that wy, w1 ¢ U,. Now,
since U, C { x,y, ug, u1, u2, Vo, v1,v2 } with ||U,|| > 4, we must have either u; € U,
or v; € Uy, for some ¢ € {0,1,2}. Without loss of generality, we may assume
that ug € U,. we cannot have ug e u; for any i € {1,2}, since otherwise we
would have a monochromatic triangle. But now we have S5(u) N Ss(v) NS, (ug) C
{x,vp,v1,v2 }, which contradicts the fact that uy € U,,. O
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3.7. Attaching Sets of Cardinality 9.

Proposition 10. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, (3, 7y, and 6. Suppose that
VIl = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[1Ss(w) N Ss(v)|| =9. If x € Ss(u) N Ss(v), then

(I1S5(u) N Ss(v) N Sa (@), 1Ss(w) N Ss(v) N Sp(@)|], 1Ss(u) NSs(v) NS, (2)]])
€1[5,3,0]U[5,2,1] U [4,2,2].
Proof. First note that for any n € { o, 3,7} we have
| Ss(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6—-1=5

since S5(u) N Ss(v) NS, (x) has no edges of colors 6 and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(x) =0,

since otherwise we would have a monochromatic triangle. Thus, we have

Ss(u) N Ss(v) ={a} W (Ss(u) N Ss(v) N Sa(z))
W (Ss(u) N Ss(v) N Sa(z)) W (Ss(w) N Ss(v) NSy (x)),
so that
9= HSg( ﬂSg || —1+HS5 055 H
+H55 ﬂS(s( )OSQ x ||+HS5(U)QSJ(1})QSFY($)H.
Thus, we have
(1S5 (w) N Ss(v) N Sa (@)l 1S5 (u) N S5(v) N Sp(@)l], [|Ss5(w) N Ss(v) NS, ()]l)
€[5,3,00U[5,2,1]U[4,4,0] U [4,3,1] U[4,2,2] U [3,3,2].
The proposition now follows by an application of Proposition 4. (I

Theorem 7. Let V be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors «, 3, 7, and §. Suppose that ||V| = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)|| # 9.

Proof. Suppose not. Then ||Ss(u) N Ss(v)|| = 9. For any n € {«, 8,7} we define
Uy ={x € Ss5(u) USs(v) | |S5(u) N Ss(v) N Sy(x)]| >4}
and
= { @ € S5(u) USs5(v) | |S5(u) N Ss(v) N Sy(x)|]| =5}
By Proposition 10, we see that
Ss(u) N Ss(v) = Uy UUZ UU,,

so that we must have ||U,| > 3 for some 7. Fix such an n € {«,5,v}. We will
consider the graph with vertex set Ss(u)NSs(v) whose edges are the 1 colored edges.
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The elements of U, all have degree either 4 or 5 and the elements of U; C U, all
have degree 5 in this graph.

Clearly, not all of the edges in U,, can be of color 1. Choose distinct z,y € U,
such that the edge from x to y is not of color 7.

First, we show that either x ¢ U} or y ¢ U,. Suppose not. Then x,y € U;. By
Lemma 6(1), we see that

155 (w) N Sy(x) N Sy(y)l = 2.
But [|Ss(u) NSy (x)]| <5 =|Ss(w) N Ss(v) N Sy(z)|, since z € Uy, so that Ss(u) N
Ss(v) NSy (x) = Ss(u) NSy (x). Thus, we actually have
195 (w) N S5(v) NSy (@) N Sy ()l = [155(w) N Sy(x) N Sy(y)
= 2.
Thus, we may suppose that there are pairwise distinct
Z,Y,Ug, U1, U2, Wo, W1, Vo, V1, V2 € S(S(U) N S(S(’U),

where

Ss(u) N Ss(v) NSy(x) = { uo, ur, ug, wo, wy }
and

Ss(u) N Ss(v) NSy (y) = { vo,v1,v2,wo, w1 }.
But this is clearly impossible, since Ss(u) N Ss(v) has only 9 elements. Thus, we
have shown that either = ¢ U, or y ¢ Uy, as desired.

Next, we show that z,y ¢ U7’7. Suppose not. Then we may assume, without loss
of generality, that » € U, and y € U, ~ U;. By Lemma 6(1), we see that

155 () NSy () NSy (y)]| = 2.
But ||S5(u) NSy, (x)|| <5 =Ss(u) N Ss(v) NS, ()|, since x € Uy, so that Ss(u) N
Ss(v) N Sy(x) = Ss(u) N Sy(x). Thus, we actually have
155 (u) N S5(v) 0.8y (x) O Sy ()l = [155(w) N Sy2) N Sy(y)
=2.
Thus, we may suppose that
S5(“’) N 55(1}) = { x,Y,Up, U1, U2, Wo, W1, Vo, V1 }7
where
55(1,&) N S5(U) N Sﬁ(m) = {u03u17u27w0aw1 }
and
Ss(u) N Ss(v) N Sy(y) = {vo, v1, wo, w1 }.
Clearly, we cannot have u; —— w; for any i € {0,1,2} and j € {0,1}, since other-
wise we would have a monochromatic triangle. Similarly, we cannot have v; . w;
for any ¢ € {0,1} and j € {0,1}, since we would then have a monochromatic tri-
oo n . .
angle. Likewise, we cannot have wy —— wi, since otherwise we would have a

monochromatic triangle. Thus, we have Ss(u) N Ss(v) N Sy (w;) = {x,y} for all
i € {0,1}, so that wo, w1 ¢ U,. Now, since U, C {z,y,uo,u1,u2,vo,v1 } with
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|Uy|l > 3, we must have either u; € U, for some i € {0,1,2} or v; € U, for some
i €{0,1}. But, for any ¢ € {0,1,2}, we have S5(u) NS5(v) NSy (u;) C {z,v0,v1 },
so that u; ¢ U,. Thus, we must have v; € U,, for some i € {0,1}. Without loss of
generality, we may assume that vy € U,. But then we have Ss(u)N.S5(v) NS, (vy) C
{y,u0,u1,us } so that, since vg € U,, we must have vg 1 ug, U1, Uz, which con-
tradicts Lemma 6(1) since x e up, u1,uz. Thus, we have shown that z,y ¢ Uy,
as desired.
Now, by Lemma 6(1), we see that

155 (u) N Sy () N Sy(y)l| = 2.

But, ||Ss(u) N Ss(v) NSy ()] = [|Ss(w) NSy (x)|| — 1, since ||S5(u) NSy (z)|| =5 by
Proposition 2 and y € U,, ~ U1’7. Thus, we actually have

155 (u) (S5 (v) N Sy(x) N Sy(y)ll € {1,2}

Next, we show that ||Ss(u) N Ss(v) N Sy(x) NSy (y)|| = 2. Suppose not. Then
[|Ss(w) N Ss(v) N Sy(z) NS, (y)|| =1, so that we may assume that

Ss(u) N Ss(v) = {2, y, uo, ur, ua, wo, vo, v1,v2 },
where
Ss(u) N Ss(v) NSy () = {wo, w1, u2, wo }
and

Ss(uw) N Ss(v) N Sy(y) = {vo,v1,v2, wo }.

‘We cannot have w e u; Or Wy 1 v; for any ¢ € {0,1,2}, since otherwise we
would have a monochromatic triangle. Thus, we have Ss(u) N Ss(v) N Sy (wo) =
{z,y}, so that U, C {z,y,uo,ur1,us,v9,v1,v2 }. Since ||U,|| > 3, we have either
u; € Uy or v; € U, for some i € {0,1,2}. Without loss of generality, we may
suppose that ug € U,. We cannot have ug T u; for any ¢ € { 1,2}, since otherwise
we would have a monochromatic triangle. Thus, we have S5(u) N Ss(v) NSy (up) C

. . . n . ..
{x,vp,v1,v2 }, which implies that uy —— vg,v1,v2 since ug € U,. But this is
n

impossible, by Lemma 6(1), since y

155 (w) (S5 (v) N Sy(x) N Sy ()] = 2,

Vg, V1, v2. Thus, we have shown that

as desired.
Thus, we may suppose that
Ss(u) N Ss(v) = { z,y,u0, w1, wo, w1, vo,v1, 2 },
where
Ss(u) N Ss(v) NSy(x) = { uo, ur, wo, w1 }
and
Ss(u) N Ss(v) N Sy(y) = { vo, v1, wo, wr }.
Clearly, we cannot have u; —— w; for any ¢ € {0,1} and j € {0,1}, since other-

. — . n
wise we would have a monochromatic triangle. Similarly, we cannot have v; —— w;
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for any ¢ € {0,1} and j € {0,1}, since we would then have a monochromatic tri-
N n . .
angle. Likewise, we cannot have wy —— w;i, since otherwise we would have a
monochromatic triangle. Thus, we have Ss(u) N Ss(v) N Sy(w;) € {x,y, 2z} for all
n

i € {0,1}, so that wo,wr ¢ U,. Since x T w Y wy —— x, we see
by Lemma 8 that either z S W Or % T wi but not both. Without loss of
generality, we may suppose that z e wg. Thus, we have

Ss(u) N Ss(v) N Sy(wo) ={x,y,2},
so that, by Proposition 10, we have
155 () N S5(v) N Se(wo)| =5

for some § € {O@ﬁv'}/} ~ {77} But, S&(U) n 55(1}) N Sf(wo) - {UO,U1,U11,U(),U1 }a
so that we must have

w1, g, v1 € Ss(u) N Sy(y) N Se(wo),
which is impossible, since
I1S5(u) 11, () 1 Se(wo)l| < R(3:2) ~1 =3 —1=2.
The proof is complete. U
3.8. Attaching Sets of Cardinality 8.

Proposition 11. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, B, 7y, and 6. Suppose that
VIl = 62 and let u,v € V with ||[Ss(u)|| = [|Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 8. If x € Ss(u) N Ss(v), then
(1S5 (w) N S5(v) N Sa(@)l], [|S5(w) N S5(v) N S()|l, 185 () N Ss(v) N Sy (2)]])
€ [5,2,00U[3,2,2].
Proof. First note that for any n € {«, 3,7} we have
| Ss(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6—-1=5

since Ss(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(x) =0,
since otherwise we would have a monochromatic triangle. Thus, we have
Ss(u) N Ss(v) ={a} W (Ss(w) N Ss(v) N Sa(z))
W (Ss(u) N Ss(v) N Ss(x)) W (Ss(u) N Ss(v) NSy (x)),
so that
8 = ||Ss(u) N Ss(v)|| =1+ ||Ss(u) N Ss(v) N Salz)||
+ HSg(u) N Ss(v) N Sg(ﬂf)” + ||S§(u) N Ss(v) N S.y(x)H

Thus, we have
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(I1S5(u) N Ss(v) N Sa (@), [1Ss(w) N Ss(v) N Sa()|l, [|Ss(u) NSs(v) NS, (2)]])
€[5,2,00U[5,1,1]U[4,3,0]U[4,2,1] U[3,3,1] U [3,2,2].
The proposition now follows by an application of Proposition 4. (]
Proposition 12. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, 7y, and 6. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[1Ss(w) N Ss(v)|| = 8. If x € Ss(u) N Ss(v), then
(1S5 (w) N S5(v) N Sa(@)ll, [|S5(w) N S5(v) N S()l, 155 () N Ss(v) N Sy (2)]])
€ [3,2,2].

Proof. Suppose not. Then, by Proposition 11, we may suppose, without loss of
generality, that there exists some z € Ss(u) N Ss(v) such that

155 (u) M S5(v) N Sa ()] =5,

1155 (u) N Ss(v) N Sp(2)] = 2,
and
195 (w) N Ss(v) NSy ()] = 0.
Let Ss(u) N S5(v) N So(z) = {wo, wr,ws, ws,ws } and Ss(u) N S5(v) N Ss(x) =

{y07y1 }
For each ¢ € {0,1,2,3,4}, we define

ni =[|{j €{0.1} [wi——y; }||
For each j € {0,1}, we define
mj = [[{i€{0,1,2,3,4} | w; ——y; }|-

Note that we cannot have w; —— wy for any distinct 7,7 € {0,1,2,3,4}, since
otherwise we would have a monochromatic triangle. Thus, we have Ss(u) N Ss(v) N
So(w;) C {x,yo,y1 } for any ¢ € {0,1,2,3,4}. By Proposition 11, we see that,
for any i € {0,1,2,3,4}, we have || Ss(u) N Ss(v) N Sa(w;)| € {0,2,3,5}, so that
1S5 () N S5(v) N Se(w;)|| > 2, since w; —— x. Thus, for any i € {0,1,2,3,4}, we
have w; —— y; for some j € {0,1}, so that n; > 1.

Thus, we have

mo+my=ng+ny+ne+ng+ns>1+14+14+14+1=25,

so that we must have m; > 3 for some j € {0,1}. Without loss of generality, we

may suppose that yg e wp, w1, wo. But this is impossible, by Lemma 6(1), since
«

x wo, w1, ws. The proposition follows. O

Theorem 8. Let V' be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, 3, 7, and §. Suppose that |V| = 62 and
let u,v € V with ||Ss(u)|| = [|Ss(v)[| = 16. Then |[S5(u) N Ss(v)]| # 8.
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Proof. By Proposition 12, we have ||S5(u) N S5(v) N S, (z)| € {2,3} for any = €
Ss(u) N Ss(v) and any n € { o, 3,7 }. For each n € { o, 3,7 }, we define
Uy ={a € Ss(u) N Ss(v) | [9s(u) NSs(v) N Sy(x)]| =3}
By Proposition 12, we see that
Ss(u) N Ss(v) =Ua WUz W U,.
Note that the number of edges of color n € {a, 8,7 } in Ss(u) N Ss(v) is

31Ul +2- (8 —Uyll)
5 )
It follows that ||U,|| is even for every n € { a, 3,7 }. Thus, we have

(T NTs11 1U51) € [8,0,0] U [6,2,0] U [4,4,0] U [4,2,2].
Thus, there exists some n € { a, 8,7} such that
1Un]l € {0,2}.

Fix such an n. We will consider the graph with vertex set Ss(u)NSs(v) whose edges
are the n colored edges.

If |Uy]| = 0, then the graph under consideration is a triangle free graph with 8
vertices which all have degree 2. Such a graph has exactly 8 edges. There are two
such possibilities. The first possibility is

n n n n n n n n
Wo w1 w2 w3 Wy Ws We wy wo

where S5(u) N Ss(v) = {wp,...,wr}, which fails by Lemma 7 by consideration of
n n n e
wy —— w1 —— wg and wy —— ws. The second possibility is

U] n U] n
Zo T1 x2 z3 Zo

and

n n n n
Yo Y1 Y2 Ys Yo,

where Ss(u) N Ss(v) = { o, 21, T2, 23, Y0, Y1, Y2, Y3 }, which fails by Lemma 7 by

consideration of zg —— z1 —— x5 and yo — y1. Thus, we cannot have | Uyl = 0.
Therefore, we must have ||U,|| = 2. Thus,the graph under consideration is a
triangle free graph with 8 vertices, 2 of which have degree 3, and 6 of which have
degree 2. Such a graph has exactly 9 edges. Let U,y = {a,b}.
Ifa b, there are two possibilities for the remaining 8 edges. The first
possibility is

n n n
a o T b

and
n n n n n
a Yo Y1 Y2 Y3 b,

where Ss(u) N Ss(v) = {a,b,x0,1,Y0,Y1,Y2, Y3 }, which fails by Lemma 7, by

consideration of @ —— o 1 x1 and 1 1 y2. The second possibility is

n n n n
a o T To b




26 RICHARD L. KRAMER

and

n n n n
a Yo Y Y2 b,

where Ss(u) N Ss(v) = {a,b, g, 1, %2, Yo, Y1, Y2 }, which fails by Lemma 7 by con-
sideration of zg o T A 9 and Yo R Y1-
Thus, we cannot have a ~"_ . Here there are three possibilities. The first
possibility is
n n

a——xg——0b
and
n n LN
a Yo Y1
and
n n n n
a 20 21 29 b,

where Ss(u) N Ss(v) = {a,b, xo, Yo, Y1, 20, 21, 22 }, which fails by Lemma 7 by con-
sideration of @ —— Yo o y1 and z; S z2. The second possibility is

n n

a—xg——0b
and
n n
a——7yo——0b
and
n n n n n
a 20 z1 Z9 23 b,

where Ss(u) N Ss(v) = {a,b, zo, Yo, 20, 21, 22, 23 }, which fails by Lemma 7 by con-
sideration of zg o 1 o z9 and xg ~ b, The third possibility is

n n n
a To T b
and
n 7 n
a Yo Y1 b
and
n n n
a 20 21 b,

where Ss(u) N Ss(v) = {a,b, zo, 21, Y0, Y1, 20, 21 }, which fails by Lemma 7 by con-
. . n n n
sideration of zg —— a —— yp and z; —— b.
The proof is complete O

3.9. Attaching Sets of Cardinality 7.

Proposition 13. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
VIl = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[|Ss(u) N Ss(v)|| =7. If x € Ss(u) N S5(v), then

(I1S5(u) N Ss(v) N Sa (@), [1Ss(u) N S5(v) N Sa()|l, [|Ss(u) NSs(v) NS, (2)]])
€[5,1,0]U[4,2,0]U[2,2,2].
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Proof. First note that for any n € { «, 5,7} we have
| Ss(u) N Ss(v) N Sy(z)|| < R(3,3;2) —1=6—-1=5

since S5(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(z) =0,

since otherwise we would have a monochromatic triangle. Thus, we have

Ss(u) N Ss(v) ={a} W (Ss(u) N Ss(v) N Sa(z))
W (Ss(u) N Ss(v) N Sa(z)) W (Ss(w) N Ss(v) NSy (x)),
so that

7= |Ss(u) N Ss(v)|| =1+ ||Ss(w) N Ss(v) N Sa()]|
+ S5 (w) N Ss(v) N Sp()|| + || Ss(w) N Ss(v) NSy ().

Thus, we have

(1S5 (w) N S5(v) N Sa(@)l], [|S5(w) N S5(v) N S()|l, 155(w) N Ss(v) N Sy (2)]])
€[5,1,00U[4,2,0]U[4,1,1]U[3,3,0] U [3,2,1] U [2,2,2].
The proposition now follows by an application of Proposition 4. O
Proposition 14. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[|Ss(u) N Ss(v)|| =7. If x € Ss(u) N S5(v), then
(IS5 (w) N Ss(v) N Sa ()], 1S5 (u) N S5(v) N Sp(@)l], [|S5(w) N Ss(v) NS, (x)]])
€ [4,2,0]U [2,2,2).

Proof. Suppose not. Then, by Proposition 13, we may suppose, without loss of
generality, that there exists some = € Ss(u) N Ss(v) such that

185 (u) N Ss(v) N Sa(z)| =5,
[[S5(w) N Ss(v) N Sp(@)]| =1,
and
195 (u) N Ss(v) NSy ()] = 0.
Let Ss(u)NS5(v) NSa(x) = { wo, w1, ws, ws, ws } and Ss(u) N Ss(v)NSs(x) ={y}.
By Lemma 6(3), we see that
15() 1 Sa(2) 1 8, wr) | =2

forany i € {0,1,2,3,4} andn € {5, }. But S5(u)NSs(v)NSy(x) = Ss(u)NSy ()
since ||Ss(u) NSy (x)]| = 5 by Proposition 2 and [|S5(u) N.Ss(v) NS (x)|| = 5. Thus,
we actually have

(155 (w) (1S5 (v) N Sa(@) N Sy(wi)|| = 2
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for any i € {0,1,2,3,4} and n € {3,~7}. Since 2 —>— w; for all i € {0,1,2,3,4},
we must have w; —— y, by Proposition 13. But now we have y 2 wo, w, Wa, W3, Wy,
which is impossible by Lemma 6(3), since e wg, W1, W, W3, Wq.

The proof is complete O

Proposition 15. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
IV = 62 and let u,v € V with ||Ss(w)|| = [|Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 7. If x € Ss(u) N Ss(v), then
(1S5 (w) N Ss(v) N Sa ()], 1S5 (u) N S5(v) N Sp(@)l], [1S5(w) N Ss(v) NS, (2)]])
€1[2,2,2].

Proof. Suppose not. Then, by Proposition 14, we may suppose, without loss of
generality, that there exists some = € Ss(u) N Ss(v) such that

155 (w) N S5(v) N Sa ()|l = 4,

[155(u) N S5(v) N ()| =2,
and
155 (u) N S5(v) NSy ()] = 0.
Let Ss(u)NSs(v)NSa(z) = { wo, w1, ws, ws } and Ss(u) NSs(v)NSz(z) = {yo,v1 }.
By Lemma 6(3), we see that
[[95(w) N Sa(z) NSy (wi)|| =2

for any i € {0,1,2,3} and n € {8, }.
But ||Ss(u) N Ss(v) NSy (x)]] = ||Ss(u) N Sy(x)]| — 1 since ||Ss(u) N So(z)|| =5
by Proposition 2 and ||S5(u) N Ss(v) N Sa(x)|| = 4. Thus, we actually have

155 (u) N S5(v) N Salz) N Sy(wi)] € {1,2}

for any i € {0,1,2,3} and n € {8, }. Since z —— w; for all i € {0,1,2,3}, we
must have
155 (u) (S5(v) N Se(wi)]| # 0
for all i € {0,1,2,3} and all £ € {«, 3,7 }. Thus, by Proposition 14, we see that
15() 1 S5(0) 1 Sewn) | =2
forallie {0,1,2,3} and all £ € {, 5,7 }.

Now, note that we cannot have yq e Y1, since then we would have a monochro-
matic triangle. Thus, we have

S5(U) n S5(U) N Sﬁ(yl) g {wo,UJh’U)Q,U)g,Z}

for all 4 € {0,1}. Now, suppose that ||Ss5(u) N Ss(v) N Sz(y;)|| # 2 for some

i € {0,1}. Then, since y; e x, we must have, by Proposition 14, ||Ss(u) N
Ss(v) N Sa(ys)|| = 4 But then Ss(u) N Ss(v) N Sa(y;) N Sa(xz) = 3. But, this is
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impossible, since ||.S5(u) N.Ss(v) N Sa(y:) N Sa(z)|| < R(3;2) —1 =3 —1 =2. Thus,
we have

155 (u) (S5 (v) N Sp(ya)ll = 2.

In fact, we have now shown that
195 (u) N Ss(v) N Sp(z)] =2

for all z € Ss(u) N S5(v).

Now, we consider the graph with vertex set Ss(u) N Ss(v) whose edges are the 3
colored edges. This graph is a triangle free graph on 7 vertices, all of which have
degree 7. Such a graph has exactly 7 edges. There is only one possibility. We must

have

B B B B B & B
20 21 22 Z3 24 Z5 26 20,

where Ss(u) N Ss(v) = {zp...,26}, which fails, by Lemma 7, by consideration of

20 o 21 o 29 and 24 o z5. The proof is complete. O

Theorem 9. Let V be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors o, B, 7, and §. Suppose that ||V || = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)|| # 7.

Proof. Note that

155 (u) N Ss(v) N Sp(2)]| = 2
for all z € S5(u) N Ss(v), by Proposition 15. Consider the graph with vertex set
Ss(u) N Ss(v) whose edges are the 3 colored edges. This graph is a triangle free
graph on 7 vertices, all of which have degree 2. Such a graph has exactly 7 edges.
There is only one possibility. We must have

B B B B B B B
Z0 Z1 Z2 Z3 Z4 %5 26 20,

where Ss(u) N Ss(v) = {z0..., 2}, which fails, by Lemma 7, by consideration of
20 o Z1 o 29 and z4 o 25.

The proof is complete. (]
3.10. Attaching Sets of Cardinality 6.

Proposition 16. Let V be the verter set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, (3, «v, and §. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 6. If x € Ss(u) N Ss(v), then
(IS5 (w) N Ss(v) N Sa(@)l, 1S5 (u) N S5(v) N Sp(@)|], [|S5(w) N Ss(v) NS, (2)])
€ [5,0,0]U[3,2,0]U[2,2,1].

Proof. First note that for any n € { «, 3,7} we have
| Ss(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6—-1=5
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since S5(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(z) =0,

since otherwise we would have a monochromatic triangle. Thus, we have

Ss(u) N Ss(v) = {x} W (Ss(u) N Ss(v) N Salz))
W (Ss(uw) N Ss(v) N Sp(x)) W (Ss(u) N Ss(v) NSy (z)),
so that

6 = ||S5(u) N Ss(v)|| = 1+ ||Ss(w) N S5(v) N Sa(z)
+ |95 (u) N S5 (v )mSﬁ )|+ [|Ss(w) N Ss(v) NSy ().

Thus, we have

(1S5(u) N Ss(v) N Sal@)]s [1S5(u) N S5(v) N Sa()], [|Ss(w) N Ss(v) NS, (@)])
€[5,0,0] U4,1,0]U[3,2,0] U [2,2,1].

The proposition now follows by an application of Proposition 4. (I

Proposition 17. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
IV = 62 and let u,v € V with ||Ss(w)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 6. If x € Ss(u) N Ss(v), then

(1185 (w) N S5(v) N Sa ()], |95 (w) N S5(v) N Sp(@)], [[Ss(w) N Ss(v) N S, (x)]])
€[3,2,0]U[2,2,1].

Proof. Suppose not. Then, by Proposition 16, we may suppose, without loss of
generality, that there exists some = € Ss(u) N Ss(v) such that

155 (u) M1Ss5(v) N Sa ()| = 5,
155 (u) N S5(v) N Sp(x)]| = 0,
and
155 (u) NS5 (v) N Sy ()| = 0.
By Proposition 1, either | Sz(z)|| > 15 or ||Sy(z)|| > 15. Without loss of gen-
erality, we may suppose that ||S,(z)|| > 15. By Proposition 2, we have ||Ss(u) N

Sy(x)]| =5 and ||S5(v) N Sy(z)|| = 5. Thus, by Lemma 16, we see that there exist
To, x1, T2, 3, Ts € S5(u) NSy (x) and Yo, Y1, y2,y3,Ya € Ss(v) NS, (x) such that

Mé,a,é(x07$17m2ax37x47y0ay17y27y35 y4)

for some ¢ € {0,1,2}. Note also that Ss(u) NS5(v) NSy (x) = Ss(u) NSy(x), since
[|Ss(u) N Sa(z)|| =5 by Proposition 2 and ||Ss(u) N Ss(v) N Sy (z)|| = 5.

First, suppose that i = 0. Note that x Tz y T4 —— x with T,T0,24 €

Ss(u). Thus by Lemma 17, there exists some w € Ss(u) with w —— z, ¢, z4.
Since w —— 2y —— y3,ys and W —— T4 —— yo, 71, we have Ss(v) NSy (z) N
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So(w) C {y2}. But, since w € Ss(u) N Sy (x) C Ss(v), we see by Lemma 6(3), that
[|Ss(v) NSy (z) N Se(w)|| > 2, which is impossible. Thus, 7 # 0.

Next, suppose that ¢ = 1. Note that = i g 7 T T 2 with T,%o,T1 €

Ss(u). Thus, by Lemma 17, there exists some w € Ss(u) with w —— z, xg, 1.
Since w —— zg —— y2,y3 and w o Y0, Ya, we have Ss(v) NS, (x) N
Sao(w) C {y1 }. But, since w € Ss(u) NSy (z) C Ss(v), we see by Lemma 6(3), that
[|Ss(v) NSy (z) N Se(w)|| > 2, which is impossible. Thus, 7 # 1.

First, suppose that ¢ = 2. Note that x i To b T3 T 2 with T,To,T3 €

Ss(u). Thus, by Lemma 17, there exists some w € Ss5(u) with w —— x, x, 3.

Since w —— xg —— yz,ys and w —— x3 —— y1, we have S5(v) NS, () N Sa(w) C
{yo,y2 }. But, since w € Ss(u) N Sy(z) C Ss(v), we see by Lemma 6(3), that
[1S5(v) N Sy(x) N Sa(w)| > 2, which implies that w —— yo,y2. But this gives a
monochromatic triangle, since yq — yo. Thus, i # 2.

The proof is complete. O

Proposition 18. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, (3, 7y, and 6. Suppose that
IVl = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose that a,b,c,d €

Ss(u) N Ss(v). a ——b ¢ -2 d-*aanda P e andb L d. Then
[[95(w) N Ss(v)l| ¢ {4,6}

Proof. Suppose not. Then ||Ss(u) NSs(v)|| € {4,6}.

First, we show that there exists some = € a,b,c,d} with ||[Ss(u) N Ss(v) N
Sao(x)|| = 2. Suppose not. Then there exist a’, ', ¢/, d’ € Ss(u)NSs(v) ~{a,b,c,d}
such that @ —~— a/, b —= ¥, ¢ —~ ¢/, and d —— d’. By Lemma 8, we have
I{a,b,c,d,a’ b, c,d }|| = 8, which contradicts the fact that ||Ss(u) N Ss5(v)| €
{4,6}. Thus, there exists some = € {a,b,c,d} with ||Ss(u) N Ss(v) N Sa(z)|| = 2,
as desired.

Without loss of generality, we may suppose that [|Ss(u) N Ss(v) N Sa(a)|| = 2.
By Lemma 4, there exist zg, 21,22 € Ss(u) N Su(a) and yo,y1,y2 € Ss(v) N Sy(a)
such that both Ps (b, zo, 21, z2,d) and Pg (b, yo, y1,y2, d) hold.

Now, we show that ¢ o T, T2, Yo, Y2. Suppose not. Without loss of generality,

we may suppose that ¢ xo fails. Since ¢ b, d, we must have Ss(u) NS, (a)N
Sg(c) € {xo,z1 }. By Lemma 6(3), we see that ||S5(u) N Sa(a) NSs(c)] = 2, so

that ¢ e xg, 1. But this gives a monochromatic triangle, since xg o 1. Thus,

[0

we have
B
& Lo, L2,Y0, Y2,

as desired.
Now, we note the following:

Either zo —— Yo OF g 0 Y2 since g, y2 € So(a) N Ss(c).

. g .
Either 25 —— 1o or 23 —— yo since o,y € Sa(a) N Ss(e).
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Note further that b,xg,x1,x2,d,y2,y1,¥0 € Sa(a). Note also that the following
hold:

{zo, 1,22} N {y2,y1, 50} =0
Pﬁ»’Y(ba xvalvaad)

Pﬁﬁ(d? Y2, Y1, Yo, b)
Thus, we may apply Lemma 1212 with

(Ul, e 7u8) = (b; xvalvaadv yQaylvyO)

to see that ||S.(a)] < 14.

But this is easily seen to be impossible. If ||S5(u) N Ss5(v)|| = 4, then Ss(u) N
Ss(v) ={a,b,c,d}, sothat ||Ss(u)NSs(v)NSs(a)|| = 1 so that, by Proposition 3, we
have ||Sg(a)|| < 14, which is impossible, by Proposition 4, since ||So(a)|| < 14. If, on
the other hand, we have [|Ss(u) N Ss(v)|| = 6, then we have, by Proposition 17, that
[|Ss(w)NSs(v)NSy(a) € {1,3} for some n € {B, v}, since ||S5(u) NSs(v)NSa(a)] =
2. Thus, we have [|S,(a)|| < 14 for some n € {f3,~}, which is impossible, by
Proposition 4, since [|Sy(a)|| < 14.

The proof is complete. U

Proposition 19. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, =, and §. Suppose that
V|l = 62 and let u,v € V with ||Ss(u)|| = [|Ss(v)|| = 16. Suppose that a,b,c,d €
Ss(u) N Ss(v). If a ——b P el g anda > candb % d, then
195 (w) N Ss(v)]| # 6.

Proof. Suppose not. Then ||Ss(u) N Ss(v)|| = 6. Since a g’ b, we

have, by Proposition 17,
(195 (u) N Ss(v) N S]], 155(w) N Ss(v) N Sp(d)]| € {2,3}-

First, we show that either ||.S5(u)NSs(v)NSs(c)|| = 2 or ||Ss(w)NSs(v)NSz(d)|| =
2. Suppose not. Then ||Ss(u) NSs(v)NSa(c)|| = ||Ss(w)NSs(v)NSz(d)|| = 3. Thus,
there exists x,y € Ss(u) N Ss(v) ~{a,b,c,d} with Ss(u)NSs(v)NSs(c) ={b,d,x}
and Ss(u) N Ss(v) N Ss(d) = {a,c,y}. Since z el gqg? Y, we must
have  # y. Thus, we have Ss(u) N Ss(v) = {a,b,¢,d,xz,y}. Since ¢ o z,b,d
and ¢ —— a, we see, by Proposition 17, that ¢ — y. Since d o y,a,c and
d = b, we see, by Proposition 17, that d ~%_ 2. Note that z —— b since
z,b € S5(u) N Sy (d) N Sz(c), and that y —— a since y,a € Ss(u) N Salc) N Sz(d).

We cannot have b o y, since, if we did, we would get a contradiction with

Proposition 18, by consideration of y ? d ? c g b y y and d % b and

y —— ¢. Thus, we have b —— y, since b,y € Ss(u) N Sy(a). Also, we cannot have

T o a, since, if we did, we would get a contradiction with Proposition 18, by

consideration of x b c & d & a b z and ¢ —

a and z —=— d. Thus, we
have a —— x, since a, z € S5(u)NS,(b). Now, we consider the color of the edge from
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rtoy. Ifx e y, we get a contradiction with Proposition 17, since then we would

have z —— a, d, y and x e candz b Ifx e y, we get a contradiction with

Proposition 18, by consideration of x 7 Y g d 7 c ? z and * —— d and

Y Y e I y, we get a contradiction with Proposition 18, by consideration

v il v
b

of x y a z and 2 —— a and Y . Thus, we must have

x o y. But this gives a monochromatic triangle, since x o U o y. thus, we
have shown that either ||S5(u) N Ss(v) NSa(c)|| =2 or ||Ss(uw) NSs(v) N Se(d)| = 2.
Without loss of generality, we may suppose that

[155(u) N S5(v) N Sp(e)|| = 2.
By Lemma 4, there exist zg,z1,22 € S5(u) N Sg(c) and yo,y1,y2 € Ss(v) N .Ss(c)
such that both P, ~(b, zg, 1, x2,d) and Py, ~(b, yo,y1, y2,d) hold.

Now, we show that a L Zg, T2, Yo, Y2. Suppose not. Without loss of generality,
we may suppose that either a —2 2 fails or else a —— x fails.

Suppose that a —% 20 fails. Since a T banda e d, we must have Ss(u) N
Sa(c)NSa(a) € {x1,z2 }. By Lemma 6(3), we see that ||S5(u)NSg(c)NSq(a)| =2,
so that @ —— x1,x2. But this gives a monochromatic triangle, since x; o To.

Suppose that a —*— z, fails. Since a —— b and a 2 d, we must have Ss(u) N
Sa(e)NSa(a) C {xo,z1 }. By Lemma 6(3), we see that ||S5(u)NSa(c)NSa(a)| = 2,
so that a —— o, 1. But this gives a monochromatic triangle, since xg e 1.

Thus, we have

«
a ——— X0, T2,Y0, Y2,
as desired.
Now, we note the following;:

Either zq . Yo OT Tg B Y2 since g, y2 € Sg(c) N Sq(a).
Either 25 —— 1o or a2 o Yo since x2,yo € Sa(c) N Sa(a).
Note further that b, zo,x1,22,d,y2,91,y0 € Sg(c). Note also that the following
hold:
{zo,z1, 22} N {y2, 41,90} = 0
Py (b, 0,21, 22,d)
P~ (d, y2,91,Y0,b)
Thus, we may apply Lemma 12 with

(U1, e ’U’8) = (b? anxhx?vdv yQaylvyO)

to see that ||S(c)| < 14.

But this is easily seen to be impossible. By Proposition 17, we have ||Ss(u) N
Ss(v)NSy(c) € {1,3} for some n € { o, 7 }, since ||Ss(u)NSs(v)NSs(c))|| = 2. Thus,
we have [|S,(c)|| < 14 for some n € {a,~v }, which is impossible, by Proposition 4,
since ||Sg(c)| < 14.

The proof is complete. O
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Proposition 20. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors o, (3, v, and §. Suppose that
IV = 62 and let u,v € V with ||Ss(w)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 6. If x € Ss(u) N Ss(v), then

(I1S5(u) N Ss(v) N Sa(@)]l, [1Ss(w) N Ss5(v) N Sa(@)|l, [Ss(u) NSs(v) NS, (x)]])
€2,2,1].

Proof. Suppose not. Then, by Proposition 17, we may suppose, without loss of
generality, that there exists some = € Ss(u) N Ss(v) such that

155 (u) M S5(v) N Sa ()] = 3,
155 (u) 0S5(v) N Sp(x)]| = 2,

and

155 (u) NS5 (v) NSy ()] = 0.
The induced coloring on the complete graph with vertex set Ss(u) N Ss(v) NS, (x)
has three edges, each of which is colored with either § or . Thus, there exists some
y € Ss(u) NSs(v) N Sy(x) such that both edges from y are the same color.

By Lemma 5, there exist zg, ..., z15 € Ss(u) such that one of the following cases
hold:

(1) Cg,gﬂ(ﬁo, ...,%15) where © = xo and y = x3 and Ss(u) N S5(v) N Sa(z) =

{3?3,:1)1,335 }

(2) C’g’gﬁ(mo, ...,x15) where © = 2o and y = x3 and Ss(u) N Ss(v) N S (z) =
{933,1‘2,174 }

(3) Ccly)ﬂﬂ(xo, ...,x15) where © = xo and y = x3 and Ss(u) N S5(v) N Su(z) =
{z3,21,25 }.

(4) CL 5 (x0,...,215) where = x9 and y = x3 and Ss(u) N S5(v) N Sa(x) =
{$3,JJ2,$4 }

(5) Ccly”@ﬁ(xo, ...,x15) where x = xp and y = x9 and Ss(u) N Ss(v) N Sy (x) =
{22, 24,25 }.

(6) C’é,ﬁﬁ(wo, ...,x15) where x = xp and y = x2 and Ss(u) N Ss(v) N Sy (x) =
{.’1?2,1‘1,1‘3 }

(7 C’i’ﬁﬂ(:ﬁo, ...,x15) where x = xo and y = x; and Ss(u) N Ss(v) N Sy (x) =
{1’1,173,134 }

(8) Cé,ﬁﬁ(mo, ...,%15) where © = 2o and y = 21 and Ss(u) N S5(v) N Sa(z) =
{21, 22,25 }.

Note that in all cases, we have
Ss(u) N Ss(v) N Sa(x) C {xe, x7, s, 9, T10 }-

For case (1), first note that zg ¢ Ss(u) N Ss(v) N Sg(z), by Proposition 18, by
B

. . ol ¥ B B B
consideration of x;1 —— x5 and x3 —— x5 and 23 s Ts5 T3 Ty.

Also, z7 ¢ S5(u) N Ss(v) N Sz(x), by Proposition 18, by consideration of zg o T

and e z3 and zg —— 1 —— 27— 13 —— xo. Also, zg ¢ Ss(u) N Ss(v) N
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Ss(z), by Proposition 18, by consideration of zg C s a2 - 1

and x 2 g9 and xp 2 zg. Finally, Ss(u) N Ss(v) N Sa(z) # {xe,z10}, by

Proposition 17, by consideration of 3 o Tr1,Ts5,Tg, X19. Thus, all possibilities for
Ss(u) N Ss(v) N Sz(x) in case (1) lead to contradiction.
For case (2), first note that zg ¢ Ss(u) N Ss(v) N Sg(z), by Proposition 18, by

consideration of zg “ To < Tg < Ty “ zo and xg o zg and o o

xq. Also, Ss(u) N Ss(v) N Sg(x) # {xe, 10}, by Lemma 8, by consideration of
ey @ B8 B B B

rg — x3 and xg —— x19 and xg T10 T3 g xo. Also,

Ss(u)NSs(v)NSs(x) # { xe, 7 }, by Lemma 7, by consideration of 4 o Zo, Tg, L7
and 24 —— 70 and 74 T x3. Also, S5(u)NS5(v)NSs(x) # {x9, x10}, by Lemma 7,
by consideration of xo o T4,29, 210 and o ~% 2o and 2o - x3. Also,
Ss(u)NS5(v)NSa(x) # { x6, 9 }, by Lemma 7, by consideration of zg o X0, T3, Tq
and 15 —— 5 and zg T xg. Also, S5(u) N Ss(v) N Sg(x) # {x7,z10}, by
Lemma 7, by consideration of x1g e o, T2, x3 and x1g ~% 2, and T1g T 7.
Thus, Ss(u) N Ss(v) N Sg(x) = {x7,x9 } for case (2). We handle this situation
below.

For case (3), first note that zs ¢ Ss(u) N Ss(v) N Sg(z), by Proposition 18, by

. . B B B B ¥ b
consideration of x1 T8 T5 T3 z1 and x1 —— x5 and 3 —— 3.

Also, z7 ¢ S5(u) N Ss(v) N Sg(x), by Proposition 18, by consideration of zg e X7
and x1 e z3 and Tg —— 11 —— 27 —— T3 —— 7. Also, g ¢ Ss(u) N Ss(v) N
Sa(z), by Proposition 18, by consideration of zg C w2 w23 -2 1

and xg o x9 and zp 2 xz. Finally, S5(u) N Ss(v) N Sg(x) # {ze,z10}, by

Proposition 17, by consideration of 3 o Tr1,Ts5,Tg,X19. LThus, all possibilities for
Ss(u) N Ss(v) N Ss(x) in case (3) lead to contradiction.
For case (4), first note that zg ¢ Ss(u) N Ss(v) N Sg(z), by Proposition 18, by

. . @ a @ o B8 B
consideration of x To Tg Ty To and g —— xg and 9 ——

x4. Also, Ss(u) N Ss(v) N Sg(x) # {x6, 10}, by Lemma 8, by consideration of
a « B B B B

To —— x3 and xg —— x19 and xzg T10 T3 Tg xo. Also,

Ss(u) N Ss(v) N Sy(x) # { 6,27 }, by Lemma 9, by consideration of g —— x5 and

26— z7 and z7 —— o / Zg 7 Zo o z7. Also, Ss(u) N Ss(v) N Sp(x) #
B

{x9,210 }, by Lemma 9, by consideration of zg x T4 b 10 b o Tg

and xg —— x4 and 19 —— @9. Also, S5(u) N Ss(v) N Ss(x) # {xe, 9}, by

Lemma 7, by consideration of zg o o, T3, T4 and xg - To and g . Tg.
Also, Ss(u) N Ss(v) N Sy(x) # { 27,210 }, by Lemma 7, by consideration of x5 ——

x4 and 210 —— 27 and 210 o X0, T2, 3. Thus, S5(u)NSs(v)NSs(x) = {x7, 29 },
for case (4). We handle this situation below.

For case (5), first note that z7 ¢ Ss(u) N Ss(v) N Sg(z), by Proposition 18, by

. . B B B B ¥ y
consideration of xo T5 T7 T4 To and x9 —— x7 and T4 —— 5.

Also, zs ¢ S5(u) N Ss(v) N Sg(x), by Proposition 18, by consideration of zg e xg
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and xo e zqand Tg —— Ty Ty 14— x0. Also, 210 ¢ Ss(u) N Ss(v) N
« « (e}

Sa(z), by Proposition 19, by consideration of z1¢ T Ts o To Z10
and z 2 210 and o e x5. Finally, Ss(u) N Ss(v) N Sg(x) # {xe,z9}, by
Proposition 17, by consideration of x5 e T4,T5,Tg, Tg. Thus, all possibilities for

Ss(u) N Ss(v) N Sz(x) in case (5) lead to contradiction.
For case (6), first note that z7 ¢ Ss(u) N Ss(v) N Sg(z), by Proposition 18, by

consideration of x “ T < T7 “ T3 “ To and xg o x7 and x1 o 3.
Also, Ss(u) N Ss(v) N Sp(x) # {6, xs }, by Proposition 19, by consideration of
Ty —— g R Te R T 2l 9 and xp e xg and xo e xg. Also, Ss(u) N

Ss(v) N Sp(x) # { x6,x9 }, by Proposition 17, by consideration of g o To,T1, T2
and 29 —— z3 and Tg —— . Also, Ss(u) N Ss(v) N Sp(x) # {6,210}, by

Proposition 17, by consideration of x3 o Tr1,Tg,T10 and T3 — zo and x3 T
x2. Also, Ss(u) N Ss(v) N Sp(x) # {xs,z9 }, by Proposition 17, by consideration

of Ty e 23,78, Tg and 71 —— xo and 77 —— x5. Also, Ss(u) N Ss(v) N Sp(x) #

{ s, 210 }, by Proposition 19, by consideration of z; ? Ty —— Ty —— 19 —
21 and 1 —— x5 and x5 —— x10. Also, Ss(u) N Ss(v) N Sa(z) # {xg,x10 },
by Proposition 19, by consideration of xo i T3 —— B9 —— T19 —— 9 and

To o T9 and 3 o x10. Thus, all possibilities for Ss(u) N Ss(v) N Sz(x) in case
(6) lead to contradiction.

For case (7), first note that z¢ ¢ Ss(u) N Ss(v) N Sg(z), by Proposition 19, by

. . a B B B ¥ 2
consideration of xg Ty T T3 rg and xr1 — xg and x3 —— x4.

Also, z7 ¢ S5(u) N Ss(v) N Sg(x), by Proposition 18, by consideration of zg e x7

and x1 il‘g and 29— 1 —— X7 x5 — 2. Also, Ss(u) N Ss(v) N

Sg(x) # {xs,x9 }, by Proposition 17, by consideration of x1 —— 3, x4, Ts, Tg.

Also, Ss(u) N Ss(v) N Sp(x) # {9,210}, by Proposition 19, by consideration of

To —— x4 and 29 —— 710 and 24 i Tg 7 To b T10 b x4. Finally, S5(u)n

Ss(v)NSa(x) # { xs, 210 }, by Proposition 17, by consideration of z1¢ o g, T3, Ta
and 219 —— 1 and 219 —— xs. Thus, all possibilities for Ss(u) N Ss(v) N Sa(z) in
case (7) lead to contradiction.

For case (8), first note that z19 ¢ Ss(u) N Ss(v) N Sz(x), by Proposition 19, by

consideration of x5 i T ——— Ty —— 29 —— 25 and z . T10 and x5 e

xg. Also, Ss(u) N Ss(v) N Ss(x) # {x6, 27}, by Proposition 19, by consideration
Y B B B a a

of x7 To g o x7 and xg —— xo and g —— x7. Also,

Ss(u) NSs(v) N Sp(x) # { xe, s }, by Proposition 17, by consideration of z; S
T, x5, 2 and T1 —— z0 and 1, e xg. Also, Ss(u)NSs(v)NSs(x) # {xe,x9 }, by

Proposition 17, by consideration of x T Ty, X5, Tg and xq L To and x1 o Tg.
Also, Ss(u) N Ss(v) N Sp(x) # {x7,xs}, by Proposition 17, by consideration of

T5 —— 29 and 25 —— 2, and x5 e Z2,T7,2s. Also, Ss(u) N Ss(v) N Sz(x) #
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{ 27,29 }, by Proposition 17, by consideration of xg h To, 1,29 and Tg —— x5

and zg —— x7. Finally, Ss(u) N Ss(v) N Ss(x) # {xs,x9 }, by Proposition 18, by

. . B B B B a o
consideration of x g T Tg ro and xg —— 1 and xg —— xg.

Thus, all possibilities for Ss(u) N Ss(v) N Sg(z) in case (8) lead to contradiction.
We have thus shown that for some ¢ € {0,1}, there exist zq,...,z15 € Ss(u)

with C’ééﬁﬁ(xo, ...,x15) such that z = z9 and y = x3 and Ss(u) N Ss(v) =
{ Loy XL2,L3,T4,T7,T9 }

Switching the roles of v and v in this argument shows that for some j € {0,1},
there exist 4o, ..., y15 € Ss(v) with C’iﬂﬁ(ym ...,y15) such that ¢ = yp and y = y3
and Ss(u) N S5(v) = { Yo, Y2, Y3, Y4, Y7, Yo }-

Since x = xg = yg, there are two possibilities. The first is

Lo = Yo
T2 = Y2
T3 =1Ys3
T4 = Y4
L7 =Yr
L9 = Yo
The second is
Zo = Yo
T2 = Y4
L3 = Y3
Ty = Y2
7 = 1Yo
T9 = Y7

Actually, these possibilities represent isomorphic situations. Thus, we may assume,
without loss of generality, that the former possibility holds. As luck (and a clever
choice of notation!) would have it, we may ignore the indices ¢ and j. We will use
only edges where the twistedness or untwistedness does not matter. Let S5(u) N
Ss(v) ={a,b,c,d,e, f}, where the following hold:

a=o=1Yo
b=x9 =1ys
C=1T3=1Y3
d=124=1ys
€ =27 =Y7

f =9 =1y
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Now, we note the following:

1)

r11 —— y11 since @11, y11 € Sy(a) N Sa(c) N Sp(e).
12— g1 since T12, Y12 € Sy(a) N Sa(d) N Sa(b).
P14 Y14 since 14, y14 € Sy(a) N Sa(b) N Ss(d)
P15 Y15 since 15, y15 € Sy(a) N Sa(c) N Sa(f).

. § .
Either 3 o Y12 O T11 —— Y12 since z11,y12 € Sy(a) d).

. 4 .

Either z9 o Y11 OF T12 —— Y11 since z12,y11 € Sy (a) d).
. B ) .

Either 15 —— y14 Or T15 —— Y14 since z15,y14 € Sy(a)

. B 5 .
Either x1; —— Y15 Or T11 —— Y15 Slnce ri1,Yis € S,y(a) alc).

. B
Either x15 —— y11 or 15

N Sa

N Sa(
Either x4 o Y15 OT T14 B Y15 since 14, y15 € Sy(a) NSy (b).

N Sa(

N Sa

NSy(c).

)

)

)

b).

)

y11 since 15, y11 € Sy (a) )

Note further that z11, 12, 13, €14, 15, Y11, Y12, Y13, Y14, Y15 € Sy(a). Note also that
the following hold:

{z11, 212, 213, 14, 215 } N { Y11, Y12, Y13, Y14, Y15 F = 0

P/B,a(xn, T12,T13,L14, 51715)

Ps.o(y11, 912, Y13, Y14, Y15)

Since ||S5(u) N Ss(v) N Se(a)|| = 3, we see, by Proposition 3, that ||S,(a)|| < 14, so
that, by Proposition 1, we have

15y (a)|| = 15.
Thus, we may now apply Lemma 9 with

(us, ua, o, ur, u2) = (11, T12, T13, T14, T15)
and

(U3,7)4,’Uo,’l)1,’l)2) = (y117y127y137y147y15)

to see that

: 0
either Mg,a75($12, T11, %15, %14, z137y127y117y157y14,y13)

M)
or g,a,5($13,$12,$11,$15,$147y13,y12,y11,y15,y14)

M3
or ,@,a,g(xu,x127x13,x147x157yu7y127y13,y14,y15)

M3
or 5,a,5(1:15,m14,x13,x12,x11,y15,y147y137y127y11)-

Thus, we see that

« «
12 — Y14 and T4 — Y12.
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Finally, note that d, y14,¥s, y12,b, 12, T3, z14 € S, (c). Note also that the following
hold:
{y1a,98, 912 N {212, 28, 214 } = 0

Pp.o(d,y14, Ys, Y12, b)

Pp (b, z12, 78,714, d)
Since ||Ss(u) N Ss(v) N Sa(c)]| = 3, we see, by Proposition 3, that ||S,(c)|| < 14, so
that, by Proposition 1, we have

155 (e)ll = 15.

Thus, we may now apply Lemma 12 with

(ula v 7u8) = (da Y14,Y8, Y12, b, T12,8, 5L’14)
to produce the desired contradiction. The proof is complete. ([l
Theorem 10. Let V be the vertex set of a complete graph with a good edge coloring,

colored with the pairwise distinct colors «, 3, 7, and §. Suppose that ||V || = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then || Ss(u) N Ss(v)|| # 6.

Proof. For any n € { «, 3,7}, we define
U, = {a: € Ss(u) N Ss(v) | 1S5 (u) N Ss(v) NSy(x)|| =1 }
By Proposition 20, we see that
Ss(u) N Ss(v) = Uy WUz W U,.
Thus, we have
6 = [Uall + 1Usll + [[UAl

Note that the number of 1 colored edges in the induced coloring on the complete
graph with vertex set Ss(u) N Ss(v) is

Uyl +2- (6 = [[Uyl)
2
Thus, ||Uy| is even for each n € { «, 3, } It follows that
Ul Ul UL ) € [6,0,0] U [4,2,0] U [2,2,2].

Next, we show that ||U,|| # 2 for all n € { &, 8,7 }. Suppose not. Then ||U,| = 2
for some n € { o, 3,7 }. We consider the graph whose edges are the 7 colored edges

of Ss(u) N Ss(v). This graph is a triangle free graph with 2 vertices of degree
1 and 4 vertices of degree 2. Such a graph has exactly 5 edges. There is only
one such graph up to isomorphism. Thus, we may suppose that Ss(u) N Ss(v) =
. U U U n n n
{wo,wy,we, ws, z,y } with wy wq wa w3 wo and x — .
Lemma 8 then gives a contradiction. Thus, we have ||U, | # 2 for all n € { o, 8,7 }.
It follows that

(IUall; 1Tl 1U51]) € [6,0,0],

so that, we may assume, without loss of generality, that

1Uall = 6,



40 RICHARD L. KRAMER
and
1Usll = U, = 0.

Such a coloring on a complete graph with 6 vertices is clearly impossible. The proof
is complete. ([l

3.11. Attaching Sets of Cardinality 5.

Proposition 21. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, 7y, and 6. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(w) N Ss(v)|| = 5. If x € Ss(u) N Ss(v), then
(1S5 (w) N Ss(v) N Sa ()], 1S5 (u) N S5(v) N Sp(@)l], [|Ss5(w) N Ss(v) NS, (x)])
€ [4,0,0] U [2,2,0].
Proof. First note that for any n € {a, 8,7} we have
| Ss(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6—-1=5

since Ss(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(x) = 0,
since otherwise we would have a monochromatic triangle. Thus, we have
Ss(u) N 85(v) = {a} W (S5(u) N S5(v) N Sa(x))
W (Ss(uw) N Ss(v) N Ss(x)) W (Ss(u) N Ss(v) NSy (x)),
so that
5= |[S5(u) N Ss(v)|| = 1+ ||Ss(w) N S5(v) N Sa ()
+ S5 (w) N Ss(v) N Sp()|| + | Ss(w) N Ss(v) NSy (2)]-
Thus, we have
(1S5(uw) N Ss(v) N Sal@)], 1S5 (u) N S5(v) N Sa(x)], [|Ss(w) N Ss(v) NS, (@)|)
€[4,0,00U[3,1,1]U[2,2,0]U[2,1,1].
The proposition now follows by an application of Proposition 4. ([l

Proposition 22. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, (3, 7y, and 6. Suppose that
IVl = 62 and let u,v € V with ||Ss(w)|| = ||Ss(v)|| = 16. Suppose further that
[1Ss(u) N Ss(v)|| = 5. If x € Ss(u) N Ss(v), then

(1S5(w) N Ss(v) N Sal@)], 1S5 (u) N S5(v) N Sa(x)]], [|1S5(w) N Ss(v) NS, (@)|)
€[2,2,0].
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Proof. Suppose not. Then by Proposition 21, there exist some x € Ss(u) N Ss(v)
such that ||Ss(u) N Ss(v) NS, (z)| = 4 for some n € {,B,7}. We may suppose
that Ss(u) N Ss(v) = {2, wo, wy,ws, ws}. Clearly, we cannot have wy —— w; for
any ¢ € {1,2,3}. Thus, we have |[Ss(u) N Ss(v) NS, (wo)|| = 1, which contradicts
Proposition 21.

The proof is complete. O

Proposition 23. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xo,...,215} and Ss(v) = {yo,...,y15 } with
Béﬁﬁ(xo, ..., %15) and Bé)ﬁﬁ(yo, ..., y15) such that Ss(u) N Ss(v) ={a,b,c,d,e}
where a = T12 = Y12, b = 213 = Y11, ¢ = Ty = Y15, d = T15s = Yua, and
e =1x11 = y13. LThen the graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:

UF— VU
a+—a
b—er—b
c—d+—c
x; — yi— x; forall i€{0,...,15}
Note that the symmetry © acts on the colors as follows:
ar—
pr—p
v
o9

Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.
First, we note the following:

x3 o y1 since z3,41 € S, (c) N Sa(e) N Ss(b).
Z10 o yg since x10,ys € Sy(c) N Sa(e) N Sa(a).

T3 . y7 since x3,y7 € Sy(c) N Sa(d) N Ss(b).

Ty o y1 since zg,y1 € S4(c) N Sa(a) NSa(b).

T 0 ya since xg,ys € Sy(c) N Sa(a) N Ss(d).
Either 3 e Yg O T3 L ys since x3,ys € Sy(c) N Sa(e).
Either 2 —— Y OT Tg U yg since xg,ys € S, (c) N Sa(d).
)

Either zg —— Y7 OT Tg 0 yr7 since zg,y7 € Sy(c) N Sa(b).
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Note further that xz,z1, 9, Zo, 210, Y1, Y4, Y7, Y0, ¥s € Sy(c). Note also that the
following hold:
{ @3, 21,29, 20, 210 } N { Y1, Y1, Y7, Y0, Y8 } = 0
P o (73,71, 29, T0, T10)
Pﬂ,a(ylay47y7ay0ay8)
. s
Now, we show that if ||S,(c)|| > 15, then x9 —— y1,y4, Y7, Yo, ys. To that end,
suppose that ||.S,(c)|| > 15. Applying Lemma 14 with
(u3, w4, uo, ur, uz) = (23,21, 9, To, T10)
and
(U?’a V4, 1)07”17’02) = (y17y4ay77y07y8)

to see that either xg o Y1, Y4, Y7, Yo, Ys or else there are exactly two d-colored
edges from xg to {y1,y4,y7,Y0,Yys }- as the former is what we seek to show, we
assume the latter. We already have two such edges above, namely zg B y1 and
Tg o y4. Thus, none of the edges from g to { y7,yo0,ys } can be §-colored. But,
by the above, we have either xg ——— Yg OF X9 o ys. Also by the above, we have
o ) «a e .
Tg9 —— Y7 or £g —— y7. Thus, we must have g —— yg, y7. But this is impossible,
since otherwise the fact that yg - y7 would give a monochromatic triangle, thus
giving a contradiction. Thus, we have shown that

. §
(1) if ||S"/(0)H 2 15’ then L9 — Y1,Y4, Y7, Y0, Y8,

as desired.
Now, we may apply Lemma 9 and Lemma 11 with

(us, ua, o, u1, uz) = (3,21, Tg, To, T10)
and

(’Ug,’l}4, v()?UlaUQ) = (y17y47y77y07y8)

to see, with the help of (1), that ||Sy(c)|| < 14 so that, by Proposition 1, we have
(2) [Sa () 1580l = 15.
Next, we note the following:

X4 o Yo since x4,yg € Sg(c) N Sy(a) NS, (b).

24 . Y5 since x4,ys € Sg(c) NS (e) N Sy (b).
Note further that d,ys, y9,¥10,b, s, x4, 26 € Sg(c). Note also that the following
hold:

{ys, 99, y10 } N {xg, 24,26 } =0
Paﬁ(d, Ys, Y9, Y10, b)

Pa,’y(b7 938,174, "136, d)
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Since [|Sg(c)|| > 15 by (2), we may apply Lemma 12 with
(ut,...,us) = (d, Y5, Yo, Y10, b, Ts, ¥4, Tg)
to see that
(3) N§., o(d, z6, 24,5, b,y10, Y0, Y5)-
Now, we note the following:
x5 o Y since x5, ys € Sa(c) N Sz(d) NS, (a).
x7 o Yy since x7,ys € Sq(c) N Sz(b) NS, (a).

Note further that a,ys,ys, ys, e, x7,T5,22 € Sa(c). Note also that the following
hold:

{y2,96,y3 } N {27, 25,22} =0
Pﬂ;y((l, Y2,Y6, Y3, 6)

Pg (e, x7,25,22,a)
Since ||Sa(c)]| > 15 by (2), we may apply Lemma 12 with
(ut,...,us) = (a,y2,Y6, Y3, € ¥7, T5, T2)
to see that
(4) N§ ., 5(a, @2, 35,77, €,3, Y, Y2).-
Now, we note the following:
T —— yo by (3).
x7 o ys3 since z7,y3 € Sg(e) N Sa(c) NS, (a).
Z1 o ys since z1,ys € Sg(e) N Sa(b) NS, (d).

Note further that a,ys,ys,yr,d, z6, z7,21 € Sg(e). Note also that the following
hold:

{vo, y3,y7} N {xs, 27,21} =0
Pa,'y(ay Y9, Y3, Y7, d)

P ~(d, x¢, 7,21, 0)
We may now apply Lemma 12 with
(w1, ... us) = (a,99,y3,y7. d, T, ¥7, 1)
to see that ||Sz(a)|| < 14 so that, by Proposition 1, we have
(5) 1Sy (e)ll = 15.

From (3), we see that

(6) Tg ¢ Yg.
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An application of the symmetry O to (6) gives
(7) 9 e Ye-
Finally, we note the following;:

Ts 0 ya since z5,y4 € Sy(e) NSy (b) N Sp(d).

)
5
xg — Y10 by (3).

Note further that o, s, s, 2,9, Y0, Y10, Y4, Y2, Ys € Sy(€). Note also that the
following hold:

{20, 28,75, 22,29 } N {0, Y10, Y4, Y2, 96 } = 0
Pg o(z0, s, 5, T2, Tg)
P (Y0, Y105 Y4, Y2, Y6)
Since ||S(e)|| > 15 by (5), we may apply Lemma 11 with

('U/Sa U4,U0,U1,’U,2) = (-7507-'1787$5; m27w9)

and

(/037 V4, V0, V1, ’UQ) = (yOa Y10, Y4, Y2, yﬁ)
to produce the desired contradiction. The proof is complete. ([
Proposition 24. Let v and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xg,..., 215} and Ss(v) = {yo,...,y15 } with
Bl 5 (x0,...,215) and Bl 5_(yo,.-.,vy15) such that Ss(u) N S5(v) = {a,b,c,d,e}
where a = 713 = Y13, b = 214 = Y14, ¢ = 15 = Y15, d = T11 = Y11, and
e = x12 = Yy12. If the graph has at least 62 vertices, then for any w € {a,b,c,d,e}
we have ||Sy(w)|| < 14, and both So(w) and Sg(w) are twisted. (Note that both
[|Sa(w)], [|Sa(w)|| > 15 in this case, so that it makes sense to ask whether they are
twisted in this last sentence.)

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:
U+— U
Vv
a—a
br—cr—er—d+—b

Ty — T
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T3 — Ty — T3
L1 T7 == T5 —> Tg — T
Ty > T1p > T4 — Tg — T2
Yo — Yo
Ysr——Ys— Y3
Y= Yyr—Ys— Yo — Y1
Yar— Yo == Ya = Yo —— Y2
Note that the symmetry © acts on the colors as follows:
a— Bfr—
Y=
o0
We assume that the graph has at least 62 vertices. First, we note the following:
T2 - Yo since za,y2 € Sy(a) N Sa(b) N Ss(e).
N

5 .
6 — Yo since ¢,y € Sy(a)

S

Sa(c) N Sa(d).
Z10 o Y10 since 19, y10 € Sy(a) N
S

)
)
Sa(d) N Ss(e).
x4 o ya since z4,y1 € S, (a) N Sa(d) N Sa(D).
Either 219 —— Yo OT T1g o Yo since z10,y2 € Sy (a) N Ss(e).
Either 26 —— Y4 O Tg 0 ya since zg,ys € Sy(a) N Sp(b).
Either o5 —— Y10 OT T2 o Y10 since x2, Y10 € Sy(a) N Sp(e).
Either 2, —— Y6 OT T4 L Yo since x4,ys € Sy(a) N Ss(b).
Either x5 o Yg OT To o Yo since 9, ys € S (a) N Sa(c).
Either x4 o 110 OT T4 L Y10 since x4, Y10 € Sy(a) N Sa(d).
Either zg o Yo OF Tg o Yo since g, y2 € Sy (a) N Sa(c).
Either x19 o 14 OT T1g L ya since 10,y4 € Sy (a) N Sa(d).

Note further that s, z6, 2o, 10, T4, Y2, Ys, Yo, Y10, Y4 € Sy(a). Note also that the
following hold:

{22, 6,20, 10,74 } N { Y2, Y6, Y0, Y10, 94 } = 0
Pﬁ,a(x27$67$0»$107$4)
Ps.0(Y2, Y65 Y0, Y105 Y4)
We may now apply Lemma 9 with

(Ug,’LL4,U0,’U,1,’U,2) - (1'2; Z6, L0, L10, fE4)
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and
VU3, V4, v0,V1,V2) = (Y2, Y6, Y0, Y10, Y4
( )= ( )
to see that
(8) if ||S (a)|| > 15, then Mg, 5(22, %6, T0, 10, T4, Y2, Y6, Yo, Y10, Ya)-

Next, we note the following:

5
x1 — 1 since xq,y1 € Sy (b
(

5 .
Tg —— Yy since xg, Y9 € S, (b) N

Sa(a) N Sp(d).
Sale) ).
Sa(d) N Ss(c).
) ).

)n

)N NSa(a
10 0 Y10 since 19, y10 € Sy (b) N

T3 o y3 since x3,y3 € Sy(b) NS, (c) N Ss(a

Either 7g —— Y10 OT Tg L Y10 since g, y10 € S4(b) N Ss(c).
Either 219 —— yo or 10 o Yoy since z10,y9 € S,(b) N Sp(c).
Either z¢ —— Y3 OT Tg L ys since xg,y3 € Sy(b) N Sg(a).
Either 23 —— Y9 O T3 0 Yo since 3,49 € S(b) N Sz(a).
Either z; o Yo OT T 0 Yo since 1,y9 € S (b) NSy (e).
Either zg o Y1 OT Tg L y1 since zg,y1 € Sy(b) N Sa(e).
Either z19 e Y3 Or Z1q o y3 since 10, y3 € S(b) NS (d).
Either z3 e Y10 OT T3 L Y10 since x3, Y10 € Sy (b) N Sa(d).

Note further that z1, 9, 0, 10, T3, Y1, Y9, Yo, Y10, Y3 € S4(b). Note also that the
following hold:

{1, 29,20, 10,23 } N {Y1,Y9,Y0,Y10,y3 } =0
Pg o(x1, 29, 20, T10, T3)
Pﬁ,a(y1,y9,y0,y10,y3)

We may now apply Lemma 9 with

(u37u47u07u17u2) = (xlu 9,20, L10, 373)

and
(03704,7)0,111,1)2) = (y17y97y07y107y3)
to see that
(9) if ||S’y(b)|| Z 15,th€1’l Mg’a,,y(.'lfo, x10,23,T1,29,Y0,Y10,Y3, Y1, y9)

Next, we note that x, o ya since x4, ys € Sp(b) NS (d) NS, (a). Note further
that ¢, yg, ya, Ys, @, s, Za, 6 € Sp(b). Note also that the following hold:

{ye,ya,ys } N {8, 24,26 } =0
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Pa,’y(cv Y6, Y4, Y8, CL)

P, (a,zs, 24,26, C)
We may now apply Lemma 12 with
(ut,...,us) = (¢, Y6,Ya,Ys, a, Ts, Ta, Tg)
to see that
(10) if ||Sg(b)|| > 15, then Sg(b) is twisted
and either Nﬁma(c, Y6, Yd, Ys, @, Tg, Tg, Tg)

2
or N&,ry,a(ca x67x47x87a7y87y47y6)~

Next, we note that x5 U ys since x5, ys5 € S, (b) N Sg(c) NSy (d). Note further
that e, yo, y5, Y7, d, 7, T5, 2 € So(b). Note also that the following hold:

{y2, 95,97 } {7, 25,22} =0
Pﬁv'y(evaa Ys, Y7, d)
Pﬂy’Y(da .’E7,£B571'2,6)

We may now apply Lemma 12 with
(w1, ..., us) = (& Y2, Y5, Y7, d, 27, T5, T2)
to see that
(11) if ||Sa(b)]] > 15, then S, (b) is twisted
and either N(;Q),Y’ﬁ(e,yg,yg,,y%d, X7, T5,T2)

2
or Né,'y,ﬁ(e’ $2,$57.T7,d7 y77y57y2>-

Next, we note that x3 o ys3 since z3,ys € Sz(a) N Sa(c) NSy (b). Note further
that b, y7, y3,y9, €, T9, T3, 27 € Sz(a). Note also that the following hold:

{yr,us,90 } N {wo, 23,27} =0
P’la’Y(ba Y7,Y3, Yo, 6)

P, (e, x9,23,27,b)
We may now apply Lemma 12 with
(u,...,us) = (b,y7, Y3, Yo, €, ¥g, T3, T7)
to see that
(12) if ||Sg(a)|| > 15, then Ss(a) is twisted
and either N(;Qma(b, Y7, Y3, Yo, €, Tg, T3, T7)
or N(?,'y,a(b7 L7, 3,29, €,Y9, Y3, Y7)-

From (8), we see that

(13) if ||Sy(a)|| > 15, then z o Y10 and zg —— y4 and T4 —— yg.
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From (9), we see that
(14) if ||S5(b)]] > 15, then z o y10 and g L y3 and x3 L Yg-
From (10), we see that
(15) if ||Sz(b)|| > 15,then S3(b) is twisted
and either xg o Y4 OF Xy o Ye-
From (12), we see that
(16) if ||Sg(a)|| > 15,then Sg(a) is twisted
and either xg e Y3 OT X3 e Yo.
From (13) and (14), we see that
(17) either ||S,(a)|| < 14 or ||S,(b)]| < 14.
From (13) and (15), we see that
(18) either ||S,(a)|| < 14 or [|Sz(b)| < 14.
From (14) and (16), we see that
(19) either ||S,(b)|| < 14 or [|Ss(a)| < 14.
From (17) and (18), by Proposition 1, we see that
(20) 15, (@) < 14.
From (19) and (20), by Proposition 1, we see that
(21) 15, ()] < 14
From (20) and (16), by Proposition 1, we see that
(22) Sy (a)|| < 14 and Sg(a) is twisted.
By an application of the symmetry © to (22), we see that
(23) ISy (a)]| < 14 and S, (a) is twisted.
From (22) and (23), we see that
(24) |Sy(a)|| < 14 and both Sg(a) and S(a) are twisted.
From (21),(11), and (15), by Proposition 1, we see that
(25) IS4 (b)]| < 14 and both Sg(b) and S, (b) are twisted.
By an application of the symmetry © to (25), we see that
(26) ISy (c)|| < 14 and both S, (c) and Sg(c) are twisted.
By an application of the symmetry © to (26), we see that
(27) ISy (e)|l < 14 and both Sg(e) and S, (e) are twisted.
By an application of the symmetry © to (27), we see that
(28) [I1S4(d)]| < 14 and both S, (d) and Sz(d) are twisted.
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By (24), (25), (26),(27), and (28), we see that the proof is complete. O

Proposition 25. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xo,...,x15} and Ss(v) = {yo,...,y15 } with
Bg7ﬁ77($0, ..., %15) and Bé)ﬂw(yo, ..., y15) such that Ss(u) N Ss(v) ={a,b,c,d,e}
where a = 113 = Y13, b = T14 = Y14, ¢ = 15 = Y15, d = T11 = Y11, and
e =12 = y12. Then the graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:

U—u
Vv
ar—a
b—cr—er—d+—b
Ty — Tg
T3 —> Xg — T3
L1 T9g —— T5 —> Ty —— T
T2 T > T4 = T10 > T2
Yo — Yo
Yst——=Yys+——1Ys
Y= Yyr—Ys—— Yo — Y1
Y2r—Yio——Yas Y6 — Y2
Note that the symmetry © acts on the colors as follows:
a— fr—
Y=y
o9
Working toward a contradiction, we assume that the graph has at least 62 ver-

tices.
First, we note the following:

T o Yo since x2,y2 € Sy(a) N Sa(b) N Ss(e).
Z10 o Yo since 19, Y6 € Sy(a) N Sa(c) N Sa(b).
Te o Y10 since g, y10 € Sy(a) N Sa(d) N Ss(c).
x4 o ya since z4,y4 € S, (a) N Sa(d) N Sa(d).
Either 25 —— ys or xg o Y2 since zg,y2 € Sy (a) N Sa(e).

. é .
Either 219 —— Y4 O T19 —— Ya since x19,ya € Sy(a) N Ss(b).
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Either o5 —— Y10 OT T2 L Y10 since x2, Y10 € Sy(a) N Sp(e).
Either 2, —— Y6 OF T4 U Yo since x4,ys € Sy (a) N Ss(b).
Either . Yg OT To o Yo since 9, ys € S (a) N Sa(c).

Either x4 o Y10 OT T4 o Y10 since x4, Y10 € Sy(a) N Sa(d).
Either zg o Yq OT Tg o ya since x6,y1 € Sy (a) N Sa(d).

. 9 .
Either z19 e Y2 O T1g —— Yo since x1g,y2 € Sy(a) N S (c).

Note further that xo,z10, Zo, 6, T4, Y2, Y6, Yo, Y10, Y2 € S(a). Note also that the
following hold:

{22,210, w0, @6, 4 } N { Y2, Y6, Y0, Y10, Y2 } = 0
Pg o (22, 10, 0, T6, T4)
Pg.a (Y2, Y6, Yo, Y105 Y1)
We may now apply Lemma 9 with

(Us,u4,u07ulyu2) = (1“2,33107930,336,334)
and

(03,U4700,U1,U2) = (y2,y67y07y107:l/4)
to see that

(29) if ||S'y(a)|| > 15; then Mg,a76(x27$107x07x671.47y27y6ay07y107y4)~

Next, we note the following:
x3 o ys since z3,y3 € Sy(b) N Sa(c) N Ss(a).
7 o Yy since x7,yg € S, (b) N Sa(e) N Ss(a).

T L Y10 since g, y10 € S4(b) N Sa(d) N Ss(c).

7 0 y1 since z7,1 € S, (b) N Sa(e) N Sz(d).

s )

x5 —— Yo since 5,y € Sy (b) NS, (e) N Sa(c).

Either x5 —— y19 or w5 0 Y10 since x5, 410 € S, (b) N S(c).
)

Either x7 —— y3 or x7 L ys since z7,y3 € S,(b) N Sa(a).
Either zg —— y9 or g L Yo since g, yg € Sy (b) N Sp(c).
Either 3 —— yg or 3 L Yo since x3,y9 € S, (b) N Sa(a).
Either z5 o Y1 OT Ty o y1 since 5,51 € Sy (b) NSy (a).
Either z¢ o Y3 O Tg o y3 since xg, Y3 € S4(b) NS (d).

5
Either z3 e Y10 O T3 —— Y1o since x3, y19 € S (b) N Sa(d).
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Note further that z3,zs, 27, zo, Z6, Y3, Y1, Y9, Yo, Y10 € S,(b). Note also that the
following hold:

{23, 25,27, 20,76 } N { Y3, Y1, Y9, Y0, Y10 } = 0
P3.o (3,25, 27, %0, T6)
Pps.0(Y3, 91, Y9, Y0, Y10)
We may now apply Lemma 9 and Lemma 10 with
(us, uq, up, u1,u2) = (3, 5,7, To, T6)
and

(03,U4,U0,U1,U2) = (y3ay17y97y07y10)
to see that

(30) if ||S5(b)|| > 15, then M}, - (zo, %6, T3, T5, T7, Y3, Y10, Y0, Yo, Y1)-
By an application of the symmetry © to (30), we see that
(31) if [|.Sy(c)|| > 15, then Miﬂﬁ(xo,m,xg,xy,xlyg,y4,y0,y1,y7).
By an application of the symmetry © to (31), we see that
(32) if ||Sy(e)|| > 15, then Mg,a75($071'10,.%3,5617Ig,yg,yﬁ,y07y7,y5).
By an application of the symmetry © to (32), we see that
(33) if ||Sy(d)|| > 15, then M 4 5(z0, 22, s, T9, 5, Ys, Y2, Yos Y5, Yo )-
Now, note that ¢, ys, ¥4, Ys, @, Ts, T4, 10 € S3(b). Note also that the following hold:
{ve,ya,y8 } N {ws, 4,710} =0
Po (¢, Y6, Y4, Y8, a)

P, (a,xs, 4,10, C)
We may now apply Lemma 12 with
(ut,...,us) = (¢, Y6, Y1, Ys, @, Ts, T4, T10)
to see that
(34) if 210 —— y4 and x4 —— y10, then ||Sz(b) < 14.

Next, we note the following:

x5 ys since z5,y5 € Sg(c) N Sa(a) NSy (b).

Ts o Yo since x5,y9 € Sz(c) NS, (e) N Sy (b).
Note further that b,ys, Yo, Y10, d, 6, 5, T9 € Sg(c). Note also that the following
hold:
{5, 99,910 } N { @6, 25,79 } =0
Py (b,ys5,Y9,Y10,d)

Pa,’y(dy L6, L5, L9, b)
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We may now apply Lemma 12 with
(ut,...,us) = (b,ys, Y9, Y10, d; T6, 5, T9)
to see that
(35) if ||Ss(c)|| > 15, then N3, (b, 9, x5, %, d, Y10, Yo, Ys)-
Next, we note the following:
X 0 y1 since 1,41 € S3(d) NSy (a) NS, (c).

x1 o y7 since z1,y7 € Sz(d) NS (b) NS, (c).
Note further that e, y1,y7, Y6, ¢, 10, 21,27 € Sg(d). Note also that the following
hold:
{y1, 9796 } N { w10, 21,27} =0
Po (€91, 97,96, €)
P, ~(c,x10, 21,27, €)

We may now apply Lemma 12 with

(ut,...,us) = (e,y1,Y7, Y6, ¢, T10, T1, T7)
to see that
(36) if ||Sz(d)|| > 15, then N(?’,Y’a(e,x%xl,xlo,c, Y6, Y7, Y1)-
Finally, note that b, y7, y3, %9, €, 27, 3,9 € Sz(a). note also that the following
hold:
{yr.y3.99 } {27, 23,29} =0
P (b,y7,93,99, €)
P, (e, x7,x3,9,b)
We may now apply Lemma 12 with
(u,...,us) = (b,y7, Y3, Yo, €, ¥7, T3, T9)
to see that
(37) if 29— yo and z7 —— yr, then ||S(a)|| < 14.
Now, we show that ||.S,(a)| < 14. Suppose not. Then |S,(a)|| > 15, so that

Zo 0 yo by (29). But then ||S,(b)|| < 14, since otherwise, we would have zq ——
Yo by (30). Since ||.S,(b)|| < 14, we must have ||Sg(b)|| > 15, by Proposition 1. But
(29) implies that 219 - ys and x4 e Y10, which gives a contradiction by (34).
Thus, we have

(38) 155 ()]l < 14,

as desired.
Next, we show that either ||S,(c)|| > 15 or ||S,(d)|| > 15 (or both). Suppose not.
Then ||Sy ()|, [|Sy(d)|| < 14. But this, in turn, implies that ||[Sg(c)||, [|Ss(d)|| > 15,
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by Proposition 1. Thus, we now have zg —— yo by (35) and z7 —— y7 by (36).
But then (37) implies that ||Sg(a)|| < 14, which contradicts (38). Thus, we have

(39) either ||y (c)[| > 15 or ||S,(d)]| > 15,
as desired.
By (39),(31), and (33), we have
(40) o —— Yo-
By an application of the symmetry © to (40) we have
(41) Zo o Yo-
(40) and (41) together produce the desired contradiction. The proof is complete.
(]
Proposition 26. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xo,...,x15 } and Ss(v) = {yo,...,y15 } with
Bgﬁﬁ(xo, ..., x15) and Bgﬁ’,y(yo, ..y y15) such that Ss(u) N Ss(v) = {a,b,¢c,d, e}
where a = 13 = Y13, b = T14 = Y14, ¢ = T15 = Y15, d = Ty = Y11, € =
Z12 = y12. If the graph has fewer than 62 vertices, then for any w € {a,b,c,d, e}
we have ||Sy(w)|| < 14, and both So(w) and Sg(w) are twisted. (Note that both
|Sa(w)], [|Sa(w)|| > 15 in this case, so that it makes sense to ask whether they are
twisted in this last sentence.)

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:
U—u
Vv
a+—a
b—cr—er—d+—b
Ty — Xo
T3 —> Xg — T3
L1 > X9 —> Ts —— Ty —— I
Ty == Te —— Ty —— T10 —— T2
Yo = Yo
Ys——Ys—> U3
Nr—Yor—Ys——Yyr—— Y1
Y=Y /= Ys —> Y10 — Y2
Note that the symmetry © acts on the colors as follows:
a— r— «

Yy
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o6
Next, we note that the hypotheses of the proposition are preserved by the following
symmetry ¥

U—u

Vv

a—br—cr—dr—er—a
Ty — Tg
T1 > Lo —> X3 — Ty — Ty — I
T Ty > Ty > Tg — T10 — Tg
Yo — Yo
Y1—Y2——Ys—Ys—Ys— Yo
Yo — Y7 —— Y8 —— Yo —— Y10 —— Ye
Note that the symmetry ¥ acts on the colors as follows:
ar—
8— 3
Y=
o090

We assume that the graph has at least 62 vertices.
First, we note the following:

(@) N Sa(b) N Sp(e).

10— Y10 since 210, y10 € Sy (a) N Salc) N S5(b).
) N Sa(d) N Sa(c).

) ) )-

5
To —— Yo since xa,ys € S, (a) N

Tg L Yy since xg,ys € Sy(a) N (

T4 L ya since z4,ys € Sy (a) N Sa(d) N Sa(d
Either 7g —— Yo OT Tg L Y2 since xg,y2 € Sy (a) N Sa(e).
Either 25 —— Y6 O Lo 0 ye since 9, ys € Sy(a) N Sz(e).
Either 219 —— Y4 OT T1g L ya since 10, ys € Sy (a) N Sa(d).
)N Sp(b
Either x5 o Y10 OF T3 L Y10 since x2,y10 € Sy(a) N Sy
) N Sa(

+(
. 8 .
Either x4 e Y10 OF T4 —— Y10 Since x4, Y10 € S, (a
+(
. B 4 .
Either 10 —— Y2 Or T190 — Y2 SINCe Tip, Y2 € S (a
. 5 .
Either x¢ e Ya OF Tg —— Ya since xg, ys € Sy(a) N Sa(d).

. g .
Either x4 e Yo OF T4 —— Yg since x4, ys € Sy(a) N Sa(d).
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Note further that z2,x10, Zo, T6, T4, Y2, Y10, Y0, Y6, Y4 € S(a). note also that the
following hold:

{22,210, 0, @6, 4 } N { Y2, Y10, Y0, Yo, Y1 } = 0
Pg o (22, 10, 0, T6, T4)
Pp3.0(Y2, Y10, Y0, Y6 Y1)
We may now apply Lemma 9 with
(Ug,u4,uo7U1,U2) = (172,1?107I0,176,£E4)
and

(U3,U4’007U1,U2) = (y27y10,1/07y6,y4)
to see that

(42) if ||S (a)|| > 15, then M3, 5(22, 210, %o, T6, T4, Y2, Y10, Y0, V6> Ya)-

Now, note that z¢ o Yo since g, Y € Sa(d)NSs(c)NSy(a). Note further that
a, Y3, Y6, Y4, 0, T4, Te, T3 € So(d). Note also that the following hold:

{ys,y6,ya } N {4, 26,23} =0
Ps . (a,y3, Y6, Y4, b)
Pﬁa’Y(bv T4,T6,T3, a)

We may now apply Lemma 9 with
(u1,...,ug) = (a,y3, Y6, Ya, b, T4, T, T3)

to see that
(43) if ||Sa(d)|| > 15, then S, (d) is twisted

and either meﬁ(a, Y3, Y6, Y4, b, Ta, Te, T3)

or Ngmﬁ(a, X3, %6, T4, b, Ya, Y6, Y3)-
By (43), we see that

(44) if ||Sa(d)|| > 15,then S, (d) is twisted

. 5 )
and either xg —— y4 or T4 —— ys.

Suppose that [|Sy(a)|| > 15. Then, by (42), we have z¢ o y4 and x4 o Y-
By (44), this implies that [|S,(d)|| < 14. Thus, we have shown that

(45) if ||Sy(a)|| > 15, then ||Sa(d)|| < 14.
From (45), by Proposition 1, we see that

(46) if |95 (a)[| > 15, then [|S, ()| = 15.
By an application of the symmetry © to (45), we see that
(47) if |9, (a)[| = 15, then [|Sp(e)|| < 14.
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By an application of the symmetry ¥ to (45), we see that
(48) if |.S,(b)|| > 15, then [|Sy(e)|| < 14.

Repeated applications of the symmetry ¥ to (46) shows that either ||.S, (w)|| > 15
for all w € {a,b,¢c,d,e} or else ||S,(w)| < 14 for all w € {a,b,c,d,e}. Suppose
that ||.S,(w)|| > 15 for all w € {a,b,c,d,e}. Then by (48), we have ||S,(e)|| < 14.
But (47) implies that ||Sg(e)|| < 14, which is a contradiction. Thus, we have

(49) ISy (w)|| > 15 for all w € {a,b,c,d,e}.
By (49) and (43), we see that
(50) Su(d) is twisted.
By repeated applications of the symmetry ¥ to (50), we see that
(51) Sao(w) is twisted for all w € {a,b,¢,d, e }.
by an application of the symmetry 6 to (51), we see that
(52) Ss(w) is twisted for all w € {a,b,c,d,e}.
By (49),(51),and (52), we see that the proof is complete. O

Theorem 11. Let V be the vertex set of a complete graph with a good edge col-
oring with four colors. Suppose that |V| = 62 and let u,v € V be such that
1Ss(w)|| = [|ISs()|| = 16 and ||Ss(u) N Ss(v)|| = 5, for some color §. Then
there exist xg,...,x15 € Ss(u) and yo,...,x15 € Ss(v) with x; = y; for all i €
{11, 12,13,14, 15} and there exists some j € {0,1} and colors a, B, and 7y, such
that Bi,ﬁ,'y(x()’ ce ,1’15) and Bi,ﬁ,'y(y()’ e ,y15) with

Ss(u) N S5(v) = { z11, 712, 713, T14, T15 } = { Y11, Y12, Y13, Y14, Y15 }-
Furthermore, for each w € Ss(u) N Ss(v), we have ||Sy(w)|| < 14, and both So(w)
and Sg(w) are twisted.
Proof. Since [|S5(u) N Ss(v)|| = 5, we may suppose that

Ss(u) N Ss(v) = {wo, w1, wa, w3, wy }.

By Proposition 22, we may suppose, without loss of generality, that

(53) Wo L w1, Wya
and

B
(54) Wwo —— W2, W3.

By (53), we cannot have w —% wy, since otherwise we would have a monochro-
matic triangle. Thus, since w; —— wy by (53), we see, by Proposition 22, that
either wy ——— wsy or wy —— ws. Without loss of generality, we may suppose that

[e3%

(55) w1

wsa.
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By (54), we cannot have wy e ws, since otherwise we would have a monochro-

matic triangle. Thus, since wy —— w; by (55) and ws o wp by (54), we see, by
Proposition 22, that

(56) w2 e w3
and

B
(57) W —— W4.

« . .
By (53), we cannot have ws —— w;, since otherwise we would have a monochro-

matic triangle. Thus, since ws —— wg by (53) and wy o wo by (57), we see, by
Proposition 22, that

(58) T
and
(59) Wy “ ws.

Since wy —— wg, ws by (53) and (55), and w; o wy by (58), we see, by Propo-
sition 22, that
(60) wy —2 s
Thus, we see, by (53), (54), (55), (56), (57), (58), (59), and (60), that
Py, 5(wo, w1, wa, w3, wa).

The conclusion now follows by Proposition 23, Proposition 24, Proposition 25, and
Proposition 26.
The proof is complete. O

3.12. Attaching Sets of Cardinality 4.

Proposition 27. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
IV = 62 and let u,v € V with ||Ss(w)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 4. If x € Ss(u) N Ss(v), then
(1185 (u) N Ss(v) N Sa (@), 1S5 (w) N Ss(v) N Sp(@)l], 1S5 (w) N Ss(v) N Sy (@)]])
€[3,0,0]U[2,1,0].
Proof. First note that for any n € { o, 3,7} we have
[|S5(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6-1=5

since S5(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(z) =0,

since otherwise we would have a monochromatic triangle. Thus, we have

Ss(u) N Ss(v) = {x} W (Ss(w) N Ss(v) N Sa(x))
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W (S5 (u) N Ss(v) N Se(x)) W (Ss(u) N Ss(v) NSy (x)),
so that

4= ||Ss(w) N Ss(v)|| =1+ ||S5(u) N Ss(v) N Sa(a)||
+ S5 (w) N Ss(v) N Sp()|| + | Ss(w) N Ss(v) NSy ().

Thus, we have

(1S5 (w) N Ss(v) N Sa ()], 1S5 (u) N S5(v) N Sp(@)l], [1S5(w) N Ss(v) NS, ()])
€[3,0,0]U[2,1,0] U[1,1,1].
The proposition now follows by an application of Proposition 4. [l

Proposition 28. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors a, (3, «v, and §. Suppose that
VI = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[I1Ss(u) N Ss(v)|| = 4. If x € Ss(u) N Ss(v), then

(1S5 () N Ss(v) N Sa(@)l, 195 (u) N S5(v) N Sp(@)l], [1S5(w) N Ss(v) NS, ()])
€[2,1,0].

Proof. Suppose not. Then, by Proposition 27, we may suppose, without loss of
generality, that Ss(u) N Ss(v) = { x, wo, w1, ws } with x % wo, wr, we. We cannot
have wy —— w; for any i € {1,2}, since otherwise we would have a monochromatic
triangle. Since wy — x, we may, by Proposition 27, suppose, without loss of
generality, that wq o w1, ws. Now, we must have w; S wy , Since wi,ws €
Sa(x) NSg(we) N Ss(u). Thus, we have wq ~—% 2 and w, o wo and wq . wa,
which contradicts Proposition 27.

The proof is complete. O

Proposition 29. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xg,...,x15 } and Ss(v) = {yo,...,y15 } with
Bé’ﬁﬁ(zo, ..., x15) and Béﬁﬁ(yo, ...y y15) such that Ss(u) N Ss(v) = {a,b,c,d}
where a = g =Yg, b = 1 = Y1, ¢ = T12 = Y12, and d = x4 = y4. Then the graph
has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:
U u
Vv
ar—br—cr—d+—a
T > T13 —— T9 —— Te —— T2
T3 Ty == L1y = 11 —— T3

Ty —> T —— L5 —— T8 —— T
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Y2r—Y13 =Yg — Y6 — Y2
Ys—yYr—Y1a—— Y11 —> Y3
Ys—— Yo ——Yis —— Ys — Ys
Note that the symmetry © acts on the colors as follows:
a—
Br—yr—f
o9
Next, we note that the hypotheses of the proposition are preserved by the following
symmetry W:
UF— VU
a—a
b—b
c—c
d—d
xi— y;— x; forall i€{0,...,15}
Note that the symmetry ¥ acts on the colors as follows:

oa—
ﬁ — ﬁ
Y=
O— 0
Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.
Note that S5(u) N Sy(a) = { z11,¢, 13, 214,15 } C Sy(a) and Ss(v) N Sy (a) =
{v11, ¢, v13, y14, y15 } C S (a). Note further that both Pg o (211, ¢, 213, 214, 215) and
P3.o(y11, ¢ Y13, Y14, y15) hold and that

{11, ¢, 13, 214, 215 } N { Y11, ¢, 913, v14, 915 | = [[{ e} = 1.
By Lemma 15, we see that ||Sy(a)|| < 14 so that

(61) 1Sa(a)ll; [[Ss(a)]| = 15.
Repeated applications of the symmetry © to (61) give
(62) [1Sa (B[], 15 (b)II = 15,
(63) [Sa (o)l [19s(e) |l > 15,
and

(64) [Sa(@)] |55 (d)] = 15.
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Now, we note the following:
Zg o Yy since zg,ys € Sg(a) NS (d) NS, (D).
Zg o Yo since xg, Yo € Sz(a) N Sy(c) NS, (d).
x7 . y7 since z7,y7 € Sg(a) N Sa(b) N Sy(c).
Either z19 - Y10 O T1g L Y10 since x10,y10 € Sg(a) N Sy (b).
Either zg T yg OT Tg L ys since xg,ys € Sg(a) NSy (d).
Either 7 S Y10 OT T7 o Y10 since x7,y10 € Sg(a) N S (b).
Either z1g . Y7 OT T1g L y7 since 10, y7 € Sg(a) NSy (b).
Either z¢ - yg O Tg 0 ys since xg,ys € Sg(a) N Sa(d).
Either zg —— 1Y OT Tg B Yo since xs,ys € Sg(a) NS (d).
Either 24 —— Y7 OT Tg L y7 since g, y7 € Sg(a) NS, (c).
Either 27 —— yg or a7 B ye since x7,ys € Sg(a) NS, (c).

Note further that xs, s, z9, X7, Z10,Ys, Y6, Y9, Y7, Y10 € Sg(a). Note also that the
following hold:

{ 28,26, 29, 7,210 } N { Y8, Y6 Y9, Y7, Y10 } = 0
P, o(zs,z6, 9, T7,T10)
Py o (ys, Y6, Yo, Y7, Y10)
Since ||Sg(a)|| > 15 by (61), we may apply Lemma 9 and Lemma 11 with
(u3,ug, ug, ur, u2) = (8, T, T, T7, T10)
and

(1)37“47/1}0’ Ulv”?) = (ySa y67y97y77y10)

to see that one of the following six possibilities must hold:

(Ai) MY, (9, 27,10, T8, L6, Y9, Y7, Y10, Y3, Ye)
(Aﬁ) Ms,a,é(l’?,l’107Is,!E6,I9,y7,y10,y8,y6,y9)
(Aiii) Ms,a s(z10, 77,9, T6, T8, Y10, Y7, Y9, Y6, Ys)
(Aiv) M’iaﬁ(l‘&3767*%'9’1'7737107/!/87yGaygayﬁyIO)
(Av) M2, 5(z9, T6, T8, T10, T7, Y6, Ys, Y10, Y7, Yo)
(Avi) Ms,a s(®9, ¥7, 10, T8, T6, Y7, Y10, Y85 Y65 Y9)

test
Now, we show that (Ai) must fail. Suppose not. Then (Ai) holds, so that
25 —— yg and 25 —— ys. Note that a,yi1,Ys, Ys, ¢, T, T, T11 € Sa(d). Note also
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that the following hold:

{yi1,y8,96 } N {ws, 28,211 } =0
Py s(a,y11, s, Ye, )
P, g(c, ¢, 8, 211,0)

Since || S (d)|| > 15 by (64), we may apply Lemma 12 with

(ula e ,Ug) = (aayll,y87y67cv m6a$87x11)

to get a contradiction. Thus, (Ai) must fail.
Now, we show that (Aii) must fail. Suppose not. Then (Aii) holds, so that
@7 —— y1o and 19— y7. Note that a,y13, 10, Y7, ¢, &7, 210, 13 € Su(b). Note

also that the following hold:
{y13, 910,97 F N {27, 210,213} =0
P, 5(a,y13, Y10, Y7, €)
P, s(c,x7, 10, 13, 0)
Since || S (b)|| > 15 by (62), we may apply Lemma 12 with
(u1,...,ug) = (a,y13, Y10, Y7, ¢, T7, 10, T13)

to get a contradiction. Thus, (Aii) must fail.

Since both (Ai) and (Aii) fail, one of (Aiii), (Aiv), (Av), or (Avi) must hold. An
application of the symmetry © to this says that one of (Biii), (Biv), (Bv), or (Bvi)
must hold.

(Bii) Mg a 5(3?1575814,%6,902,$5,y15,y14,y67y2,y5)
(Biv) M3 o 5(x5, T2, T6, T14, T15, Y5, Y2, Y6, Y14, Y15)
(Bv) g,ag(x T2, T5, 15, T14, Y25 Y5, Y15, Y14, Y6)
(Bvi) M3, 5(x6, 14, T15, T5, T2, Y14, Y15, Ys» Y2, Y6)

An application of the symmetry © to this says that one of (Ciii), (Civ), (Cv), or

(Cvi) must hold.

(Ciii) fy o 5(558;xll,1'2755137$107y87y11»y27y137y10)
(Civ) 5($107$137$2,$11,37873/1073/1373/27%17?/8)
(CV) 7a5($ x137x10ax87xllaﬁUlSaleay&yll)yQ)
(Cvi) MZ , s(x2, 211, T8, T10, 13, Y11, Ys, Y10, Y13, Y2)
An application of the symmetry © to this says that one of (Diii), (Div), (Dv), or
(Dvi) must hold.

(Diii) Mﬁ a 5(355,303,9013,969,$15,y57y3»y13»y97y15)
(Div) MB, 5(T15, 9, 013, T3, 5, Ys, Y3, Y13, Y9, Y15)
(Dv) «0,0(T13, X9, 15, T5, T3, Yo, Y15, Y5, Y35 Y13)
(Dvi) M@a s(z13, 23,75, T15, 79, Y3, Ys, Y15, Y9, Y13)
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Now, we show that (Biii) must fail. Suppose not. Then (Biii) holds. If (Ciii)
holds, then z1; . ys. But x4 . y2 by (Biii), which gives a monochromatic
triangle since x1; 2 2 Thus, (Ciii) fails. If (Civ) holds, then x4 — Y11-
But 5 —— 314 by (Biii), which gives a monochromatic triangle since y1; —— y14.
Thus, (Civ) fails. If (Cv) holds, then z19 —— 1. But z¢ —— 5 by (Biii), which
gives a monochromatic triangle since xg % Z0. Thus, (Cv) fails. Therefore, we
conclude that (Cvi) must hold. If (d.iii) holds, then x3 - y13. But x11 . Y13
by (Cvi), which gives a monochromatic triangle since 11 —% ys. Thus, (Diii)
fails. If (Div) holds, then zg —~— y13. But zg —— y13 by (Cvi), which gives a
monochromatic triangle since xg —% zg. Thus (Div) fails. Therefore, we conclude
that either (Dv) or (Dvi) must hold. But then x5 e Y5, which is a contradiction,
since w5 o ys by (Biii). Thus, we have shown that (Biii) fails, as desired.

Note that nga’,y(y15, Y14, Y6, Y2, Ys, 15, 14, L6, T2, T5) must also fail, by an ap-
plication of the symmetry W. It is trivial to see, directly from Definition 2(4), that
Mg)aﬁ(yw,yu,yG,yg,y5,x15,x14,:c67x2,m5) is equivalent to (Biv). Thus, we have
shown that (Biv) fails, also. That is, both (Biii) and (Biv) must fail. Thus, we
have

(65) either (Bv) holds or (Bvi) holds.

Repeated applications of the symmetry © give

(66) either (Cv) holds or (Cvi) holds,
(67) either (Dv) holds or (Dvi) holds,
and

(68) either (Av) holds or (Avi) holds.

Now, suppose that (Cv) holds. Then we must have x1¢ T Y10, by (Cv). Also,
T13 o y2 by (Cv) , and ys T y7 so that the edge from z13 and y; cannot be
of color 7, since otherwise we would have a monochromatic triangle. Note that
@, Y13, Y10, Y7, C, 7, 10, 13 € So(b). Note also that the following hold:

{y13, 910,97 F N {27, 210,213} =0
Py 5(a, 113, Y10, Y7, €)
P, 5(c,x7, 210, 213, Q)
Since ||S(b)|| > 15 by (62), We may apply Lemma 12 with
(u1, ..., ug) = (a,y13, Y10, Y7, C, T7, T10, T13)

to get

1
Né,ﬁ,'y(aa T13, T10, 7, C, Y7, Y10, Y13)-

But then z13 e yr. If (Dvi) holds, then z13 e Y5, which gives a monochromatic

triangle, since ys e y7. Thus, (Dvi) fails, so that by (67), (Dv) must hold. Thus,
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we have shown that

(69) if (Cv) holds, then (Dv) holds.
By an application of the symmetry © to (69), we see that
(70) if (Dv) holds, then (Av) holds.

Now, we show that (Cv) must fail. Suppose not. Then (Cv) holds. By (69) and

(70), (Av) also holds. But z5 0 Y15 by (Cv), whereas x5 —— 15 by (Av), which
is a contradiction. Thus, we have shown that

(71) (Cv) fails,
as desired.

By (66) and (71), we see that
(72) (Cvi) holds.

The fact that M2, ;(ya2, Y13, Y10, Ys Y11, 13, T10, Ts, 11, T2) is equivalent to (Cvi)
follows trivially from Definition 2(4). Thus, we have

2
(73) M’y,a,&(y27 Y13, Y10, Y8s Y11, L13, T10, T8, T11, L2)

by (72). By an application of the symmetry ¥ to (73) we see that

(74) (Cv) holds.
Thus, we have the desired contradiction, by (71) and (74). The proof is complete.
(I
Proposition 30. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors «,
B, v, and §. Suppose that Ss(u) = {xo,...,215} and Ss(v) = {yo,...,y15 } with
Bl 5 (x0,...,215) and B 5 (yo,-..,y15) such that S5(u) N Ss(v) = {a,b,c,d}
where a = g = Yo, b = 1 = Y4, ¢ = 12 = Y12, and d = x4 = y1. Then the graph
has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:
uU—u
Vv
ar—br—cr—d+—a
To —— X13 —— Tg —— Tg — T2
I3 —— L7 ——> T14 — T11 —— T3
Tp = T10 > L15 —— Ty —— Ts
Y= Y6 — Yo — Y13 —— Y2
Ys——yur—Yuar——yr——1y3

y5}—>y8}—>y15}—>y10l—>y5
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Note that the symmetry © acts on the colors as follows:
ar—
Br—yr—f
o9
Next, we note that the hypotheses of the proposition are preserved by the following
symmetry W:
U— VU
a+—a
b—d+—b
c—c
x; — yi—x; forall i€{0,...,15}
Note that the symmetry ¥ acts on the colors as follows:
a—
B—s B
el
o090

Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.

Note that S5(u) N Sy(a) = {z11,¢, 213,214,215 } C Sy(a) and Ss(v) N Sy (a) =
{11, ¢, 113, y14, 15 } € S (a). Note further that both Ps o (x11, ¢, 213, €14, %15) and
Pg o (Y11, ¢, Y13, Y14, Y15) hold and that

[{ @11, ¢, 213, 210, 215 } N { w11, ¢, 913, v14, 915 H| = [{ e H = 1.
By Lemma 15, we see that ||Sy(a)|| < 14 so that

(75) [Sa(a)ll; [[Sp(a)]| = 15.
Repeated applications of the symmetry © to (75) give
(76) [1Sa @], 15, (®)[ = 15,
(77) 1Sa (), [158() || = 15,
and

(78) [Sa (D], 1Sy(d)]| = 15.

Note that either 2o —— Yo OT To L Yo since x2,y2 € Sa(a) N Ss(c). Note
further that d,ys, ys, y2, b, x3, 5,22 € So(a). Note also that the following hold:
{ys, 5,92 } N {3, 25,22} =0
Ps(d, y3,ys5,y2,b)
Pﬁ,"y(ba XT3, T5,T2, d)
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Since [|Sq(a)|| > 15 by (75), we may apply Lemma 12 with
(u1,...,us) = (d,ys, ys, y2, b, €3, T5, T2)
to see that
(79) either N(glmﬁ(d, X9, X5, 3,0, Y2, Ys, Y3)
or N3, 5(d, w2, 25, 23,b,52,Ys,Y3)-
By repeated applications of the symmetry ©, we see that

(80) either N<517577(a7x137$103'r7a67 vaySayll)

2
or Né,ﬁ,y(aw’fl&xlo,x%c» Y6, Y8, Y11),

(81) either Ny 5(b, zo, 215, 214, d, Yo, Y15, Y14)

2
or Né,'y,ﬁ(b7 T9,T15,L14, da Y9, Y15, y14),

(82) either Ny 5 (¢, 6, 28, 11, a, Y13, Y10, Y7)
or N(?,B,’y(ca Te, T8, T11,a, Y13, Y10, Y7)-
Now, we note the following;:
To o y3 by (79).
T14 o y15 by (81).
2 o ys since x2,y3 € Sy (b) N Sa(a) N Sa(d).
T14 o Yo since 14, Yo € S, (b) N Sal(a) N Sa(d).
Either xg —— Yg O Tg L Yo since 2,y € S4(b) N Sp(d).
Either 25 —— 413 OF Tg o Y13 since x9, 313 € S, (b) N S(c).
Either x4 —— Y3 OT T14 o ys since x14,y3 € S, (b) N Sa(d).
Either 25 —— Yo OF Zg 0 Yo since xg,y9 € S (b) N Ss(a).
N Sa(a).
N Sa(a).

. é .
Either z¢ e Y13 O Tg —— Y13 since xg, y13 € Sy(b) N Sa(d).

)

. B 5 .
Either xo —— y5 or o —— ys5 since z9,y5 € S, (b)
)

. 0 .
Either z5 o Y5 or x5 —— Y5 since x5, ys € S, (b

. 4 .
Either z15 o Yg O T15 —— Yo since Z1s, Yo € Sy (b) N Sa(c).

Note further that z15, x5, 22, T6, T14, Y15, Y5, U3, Y13, Yo € S (b). Note also that the
following hold:

{15, 25,2, 26,214 } N { Y15, Y5, Y3, ¥13, 99 } =0
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Pg o(z15, x5, T2, Tg, T14)
P .o (Y15, Y5, Y3, Y13, Yo)
Since ||S4(b)|| > 15 by (76), we may apply Lemma 9 and Lemma 10 with
(u3, us, uo, u1,uz) = (15, T5, T2, T6, T14)
and
(v3,v4,v0,v1,V2) = (Y15, Y5, Y3, Y13, Y9)
to see that if x5 L Y15, then we get a contradiction. Thus, we cannot have

5
Z15 —— Y15, so that, since x15, 315 € S, (b) NS4 (c), we must have 15 o y15. But
this, combined with (81), implies that

(83) Nj - 5(b, 29, 15, 214, d, Yo, Y15, Y14)-
By repeated applications of the symmetry ©, we see that
(84) Ny 5.(¢, 6, 8, 711, 0, Y13, Y10, Y7),
(85) Ny, 5(d, 32,35, 23, b,y2,Y5,Ys),
and

(86) N§7B77(a7$13,$10,$7, Cy Y6, Yss Y11)-

Finally, we note the following;:
15 —— o by (83).
Za 0 y3 by (85).
14— y15 by (83).
L5 2 ys by (85).
Z6 o y13 by (84).

B
T15 —— Y15 by (83).

Note further that z15, x5, x2, T6, T14, Yo, Y13, Y3, Y5, Y15 € S+ (b). Note also that the
following hold:

{215, %5, 02,6, 714 } N { Yo, Y13, Y3, Y5, Y15 } = 0
Pg o(z15, x5, T2, Tg, T14)
Ps,a (Y9, Y13, Y3, Y5, Y15)
Since ||Sy(b)|| > 15 by (76), we may apply Lemma 9 and Lemma 10 with
(u3,ug, ug, ur, uz) = (T15, s, T2, T, T14)

and
(U37U47UO,U1,U2) = (yg,y13,y3,y57y15)

to get the desired contradiction. The proof is complete. (I
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Proposition 31. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors o,
B, v, and §. Suppose that Ss(u) = {xg,...,x15 } and S5(v) = {yo,...,y15 } with
Bl 5 (x0,...,215) and B, 5_(yo,...,y15) such that S5(u) N Ss(v) = {a,b,c,d}
where a = 192 = Y12, b = T13 = Y11, ¢ = T14 = Y15, and d = T15 = y14. Lhen the
graph has fewer than 62 vertices.

Proof. Working toward a contradiction, we assume that the graph has at least 62
vertices.

Note that Ss(u) N Sg(a) = {b,xs,z2, 210,211 } € Sg(a) and Ss(v) N Sg(a) =
{b,v13,¥s,Y2,y10 } € Sg(a). Note further that both P, ~(b,zs,z2, 210, 211) and
P, (b, y13,ys, Y2, y10) hold and that

{0, 28, z2, 210, 11 } N { b, ¥13, Y8, Y2, 410 H = [{ 0} = 1.
By Lemma 15, we see that ||Sg(a)|| < 14 so that
(87) [Sa(@)ll, 155(a)] = 15.

Note also that Ss(u) NSy (b) = {d, 11,21, 28,25 } T S, (b) and Ss(v) N Sy (b) =
{d, 13,3, y10,¥2 } C Sa(b). Note further that both Ps(d,x11,21,2s,25) and
P3.~(d, y13,Y3, Y10, ya) hold and that

{d,z11, 21,28, 25 } N {d, y13,¥3, Y10, ya H| = [{d}] = 1.
By Lemma 15, we see that ||.S,(b)]| < 14 so that
(83) 15O, 155 B) ]| = 15.

Note also that Ss(u) N Sy(c) ={a,x2, x5, 27,211 } C So(c) and Ss(v) N Sy(c) =
{a,y13,93,Y6,y2 } C Sa(c). Note further that both Pz (a,zs, 25,27, 211) and
Pg(a, 13,3, Y6, y2) hold and that

H{a7m2,x5,x7,x11 } N {a7y137y3ay67y2 }” = ||{(L}|| =1L
By Lemma 15, we see that ||S.(c)|| < 14 so that
(89) 15a()l; [[Sy ()]l = 15.

Note also that Ss(u) N Ss(d) = { ¢, 25,29, 10,211 } C Sp(d) and Ss(v) N Ss(d) =
{c,y13,s,y4,96 } € Sp(d). Note further that both P, (c,zs,T9,210,211) and
P, (¢, 913,83, Y4, ys) hold and that

I{ e, 25,29, 10,211 } N { ¢, y13,Ys, Y4, Y6 | = [[{ c }| = 1.
By Lemma 15, we see that ||S3(d)|| < 14 so that

(90) [Sa(@)] |5 (d)] = 15.

Now, we note the following;:
Zg o y1 since zg,y1 € S4(c) N Sa(a) NSs(b).
Zg o Yy since xg,ys € Sy(c) N Sa(a) N Sa(d).

Either zg —— yg O Tg 0 yg since zg,ys € S, (c) N Sa(d).
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B
Either zg —— Y7 or 9 —— yr since xg, y7 € S, (c) N Sa(d).

Note further that 1,9, zo, 10, 23, Y1,Ys, Yo, Y7, Y4 € s4(c). We also note the fol-
lowing:

{@1,29, 0, 710,73 } N {Y1,Ys, Yo, Y7, ya } = 0
Pg o (21,9, To, T10, T3)
Ps (Y1, s, Y0, Y7, Ya)
Since [|Sy(c)|| > 15 by (89), we may apply Lemma 14 with
(uz, ug, ug.u1, us) = (21, xg, T, T10, T3)
and
(v3,v4,v0,v1,v2) = (Y1, Y8, Yo, Y7, Y1)

. 5
to see that either xg —— y1, ys, Yo, Y7, Y4 Or else xg ——— ys, y7. But we cannot have
L9 —— yg,yr since ys —— yz, so we must have

s
(91) L9 — Y1, Y8, Y0, Y7, Ya-
Next, we note the following:
s
r9 —— y7 by (91).
x3 o y7 since Sg(b) N Sq(d) NSy (a).

Note further that a,y1,y7,ys, ¢, o7, 23,29 € Sg(b). Note also that the following
hold:

{y1y7.96 } N {27, 23,29} =0
Pa,'y(avyla Y7, Ye, C)

Pa,’y(c7 ZT7,T3,T9, 0,)
Since ||Sg(b)|| > 15 by (88), we may apply Lemma 12 with

(ula cee 7u8) = (a’7y17y7ayﬁac7 .’1777.'173,(1)9)

to get

(92) N627fy7a(aa Y1,Y7,Ys, C, 937,1’3,1'9).

Now, we note the following:
Zg o ys since g, ys € Sy (a) N Sa(d) N Ss(c).
7 - ye by (92).
25— yr by (92).
z3 o ye by (92).
x5 o Yy since x5, ys € Sy (a) N Sa(c) NSs(d).

X7 - Y7 by (92)



THE CLASSICAL RAMSEY NUMBER R(3,3,3,3) IS NO GREATER THAN 62 69

Either z3 e Y5 OT T3 L ys since z3,y5 € Sy (a) N Sa(d).
Either z¢ o Y7 OT Tg L y7 since z6,y7 € Sy(a) NSy (d).
Either 7 e Y3 O X7 L y3 since z7,ys € Sy (a) N Sa(c).
) N Sa(c)
Note also that the

(
. B 5 .
Either x5 —— y3 or x5 —— y3 since x5,y3 € Sy (a) N Sa(c).
)

Note further that zg,zo,z7, %5, T3,Ys, Y3, Y6, Yo, Y7 € S~(a).
following hold:

{.13&@'0,377,1‘5,.%‘3 } N {y57y37y67 2/0797} = @
Pﬁ,a(zﬁ,xo,$7,l’5,ﬂf3)
Ps.a (Y5, Y3, Y6, Yo, Y7)

Since ||Sy(a)|| > 15 by (87), we may apply Lemma 9 and Lemma 10 with

(Ug, U4,U0,U1,UQ) = (I67I0,$7,I5,$3)

and
(’03, V4, Vg, V1, 1)2) = (y57 Y3, Y6, Yo, y7)
to see that
(93) either M3 , s(x5,T7, %o, T6, T3, Yo, Yo, Y7 Y5, Y3)

or Mg,a,a(%,ﬂ?% T5, T3, 76, Y6, Y35 Y5, Y7, Yo)-
Next, we note the following:
26— s by (93).
To 0 Yo since z2,y2 € Sy(b) N Sa(c) N Ss(a).
T4 o Yo since z4,y9 € S4(b) NSy (a) NSa(c).
Lo — ys by (93).
Either zg —— 1o OT Tg B yo by (93).
Either 219 —— Yo O T1g 0 yo since 210, y2 € S,(b) N Sa(a).
Either 19 —— ys or Z10 L yg since x10,ys € S, (b) N Sa(a).
Either 2, —— Y5 O T4 L ys since x4,y5 € Sy (b) N Sp(c).
Either 25 —~— yg or a5 o yg since x9,ys € S, (b) N Sa(a).
Either 2 —— Yo OT Tg L Yo since w6, yg € Sy (b) N Sp(c).
) N Sal
) N Sa(

. § .
Either z¢ e Y2 OF Tg —— Yo since xg, y2 € Sy (b) N Sa(d).

)
. B 5 .
Either xo —— y5 or &y —— ys5 since z2, y5 € S4(b) N S (d).



70 RICHARD L. KRAMER

Note further that zo,z¢, 2, T4, 10, Ys, Y5, Y2, Yo, Yo € S,(b). Note also that the
following hold:

{zo, 26,22, 24,210 } N {Ys, Y5, Y2, Y9, Y0 } =0
Pﬁ,a($0,$67$2,$4,$10)
Pﬂ,a(ysaymyz,ys),yo)

Since ||.S;(b)|| > 15 by (88), we may apply Lemma 9 and Lemma 11 with

(U3,U4,UO7U1,U2) = (Io,$6,$2,$479€10)

and
(7)3;'0471)0,1]171)2) = (y8,y57y27y97y0)
to see that
(94) either Mé,a,(s(xﬁa Zo,T105 T4, L2, Y5,Y8, Y0, Y9, yQ)

0
or Mﬁ,a,é(fl?lm1’07Iﬁ,zz,u,ys,yo,yg,ymys))

1
or Mﬁ,a,a(%a$07$107$4,$27y57y27y9,y07y8).

Note that xo e ys by (94). We cannot have x5 e ys, since if we did, the
fact that x4 e x5 would result in a monochromatic triangle. Since we cannot

have x5 e Y5, we see from (93) that

(95) M3 ., 5(x0, 7, 5,23, T6, Yo, Y3, Ys» Y7 Yo)-
Now, note that z¢ - yo by (95), so that we see from (94) that
(96) M3, 5(z10, 0, T6, T2, Ta, Ys, Yo, Yo, Y2, Ys)-

By (95), we have x3 e Yo. By (96), we have x1q o 1o. But this gives a

monochromatic triangle since x3 e Z10, thus producing the desired contradiction.
The proof is complete. O

Proposition 32. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xg,...,x15} and Ss(v) = {yo,...,y15 } with
Bé’ﬁﬁ(zo, ..., x15) and Bi’ﬁﬁ(yg, ..., y15) such that Ss(u) N Ss(v) = {a,b,c,e}
where a = X123 = Y12, b = T13 = Y11, ¢ = T14 = Y15, and e = x11 = Y13. Then the
graph has fewer than 62 vertices.

Proof. Working toward a contradiction, we assume that the graph has at least 62
vertices.

Note that Ss(u) N Sa(a) = {¢, 215,29, 21,24 } € Sa(a) and Ss(v) N Sy(a) =
{¢,y9,91,91,y14} € Sa(a). Note further that both Pg(c, 215,29, 21,24) and
Ps ~(c,99,Y1,Ya,y14) hold and that

H{c x5, 29, 21,24 F OV { e 90, y1, Ya, y1a H| = [[{ e} = 1.
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By Lemma 15, we see that ||Sy(a)|| < 14 so that
(97) 1Ss(@)ll 155 (@)]| = 15.

Note also that Ss(u) N So(b) = { e, x15, x5, 25,21 } C Sa(b) and Ss(v) N S, (b) =
{e,y3,y10,Y1,y14 } € Sa(b). Note further that both Pg.(e,z15,25,2s,21) and
Pgs (€93, Y10, Y4, y14) hold and that

I{e,z15, 25, s, 21 } N {e,y3,y10,ya, y14 } = [[{ e} = 1.
By Lemma 15, we see that ||.S,(b)]| < 14 so that
(98) 15O, 15, ®)]| = 15.

Note also that S5(u) N Sg(c) = {b, xs, x4, x6,z15 } T Sp(c) and S5(v) N Sa(c) =
{b,910,Y9,Y5,y14 } € Sp(c). Note further that both P, (b, xs, x4, zs,z15) and
Pa,’y (bv Y10, Y9, Y5, y14) hOld and that

{0, 28, 24, 76, 215 } N { b, Y10, Yo, Y5, y14 H| = [[{ b} = 1.
By Lemma 15, we see that ||Sg(c)|| < 14 so that
(99) [Sa (Al 155 (@)l = 15.

Note also that Ss(u) N Sg(e) = {a,z1,x7, 6,715 } C Sg(e) and S5(v) N Sp(e) =
{a,99,y3,y7,y14 } C Sg(e). Note further that both P, ,(a,z1,27,zs,z15) and
Pa,'y (aa Y9,Y3, Y7, y14) hold and that

I{a,z1,27, 26, 215 } N {a,y9, y3, y7, 914 H| = [{a}]| = 1.
By Lemma 15, we see that ||Sg(e)|| < 14 so that
(100) 1Sa(e)ll; 155 (e)]| = 15.

Note that o . Yo since x2,y2 € Sg(a) N Sa(c) N Sy(e). Note further that
e, Ys, Y2, Y10, b, Tg, T2, 10 € Sg(a). Note also that the following hold:

{ys,y2.v10 } N {28, 22,710 } =0
Po~ (€, Y85 Y2, Y10, b)
P, (b, xs, x2, 10, €)
Since [|Sg(a)|| > 15 by (97), we may apply Lemma 12 with
(u1,...,us) = (e, s, Y2, Y10, b, Ts, T2, T10)
to see that
(101) either N(;Qma(e, Y8, Y2, Y10, b, Tg, T2, T10)
or N, (e, 210,72, 28,b, Y10, Y2, ys)-
Next, we note the following:
s o Y10 since xg, Y10 € S, (e) NS, (b) N Ss(a).
Ta L Yo since x2,y2 € S, (e) NSy (c) N Sz(a).

. 5 .
Either x5 e Y2 OF s —— Yo since x5, y2 € Sy(e) N Sa(c).
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Either x5 o Y4 OF T 0 ya since 5,91 € Sy(e) N Sq (D).
Either zo o 1Yg OT To L Y since z2,ys € Sy(e) N Sa(c).
Either x5 o Y10 O 5 o Y10 since x5, y10 € Sy(e) NS4 (b).
Either xg o Y4 OF Tg 0 ya since xg,ys € Sy(e) N Sq (D).
Either x5 e Ye O Ty o ye since 5,ys € Sy(e) NSy (b).
Either g o Y4 OT Tg o ya since g, ys € Sy(e) N Sa(a).
Either vg —— Yo OT Tg L Yo since g, y2 € Sy (e) N Sz(a).

) 5 .
Either 25 —— Y10 OF To —— Y1o since x2,y10 € Sy (e) N Sp(a).

Note further that xg,zo,xs, 5, T2, Ys, Yo, Y10, Y4, ¥2 € Sy(e). Note also that the
following hold:

{xo, 0, s, 25,22 } N { Yo, Yo, Y10, y4,52 } = 0
Pg o(z9, 0, 28, T5, T2)
P, (Y6, Y0, Y10, Y4 Y2)
Since ||.Sy(e)|| > 15 by (100), we may apply Lemma 9 and Lemma 10 with

(u3; u47u03u17u2) = (.'I;97-'L'0,$8, $57$2)

and
(v3,v4,v0,v1,v2) = (Y6, Y0, Y10, Y4, Y2)
to see that
) 5
(102) if g —— ye, then Mg,a,7($8,$57$27$9,$0, Y10, Y4, Y2, Y6, Yo)-

. § 1) §
Now, if g —— yg, then we would have both g —— y2 and xo —— y310 by (102),
. . 9 .
which would then contradict (101). Thus, we cannot have zg —— g, so that, since

xg, Yo € Sy(e) N Sa(b), we must have
(103) 2

[e3

Ys-

Note that xg, zo, s, 5, T2, Ys, Yo, Y10, Y4, Y2 € S,(e). Note also that the following
hold:

{9, 0, 8, 5,22 } N { Y6, Y0, Y10, Ya,y2 } =0
P3.o(x9, 0, x8, 5, T2)
Pﬂ,a(yﬁay(hyl()a y4792)

Noting also that ||.S,(e)|| > 15 by (100), we will apply Lemma 14 several times in
what follows with

(us, ua, uo, ur, u2) = (29, Tg, T3, 5, T2)

and

(v3,v4, V0, V1,02) = (Y6, Y0, Y105 Y4> Y2)-
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)
We now show that zs —— y4. Suppose not. Then x5 e Yy since zs5,y4 €
Sy (e) NSy (b). We also note the following:

L9 — ye by (103).

xg o Y10 since g, y10 € Sy(e) NSy (b) N Ss(a).

T2 - Yo since z2,y2 € Sy(e) N Sa(c) N Sp(a).

x5 0 Y2 since x5, Y2 € Sy(e) N Sa(c) N Sp(ya).
s L Y10 since x5, y10 € Sy(e) N Sa(b) N S5(ya).

Z5 e ye by Lemma 14, since x5 L Y2, Y10 and T o ys and x5, Y6 € S (xg).
Ty —— ye by Lemma 14, since x5 o Y2, Y10 and x5 e Ya, Y6-

T o Y since z2,ys € Sy(€) N Sa(c) N Sp(xs).

xs o Ya since xg,ys € S,(e) NS (b) N Sp(xs).
zs L Y since zg,ys € Sy(€) NSy (x9) N Sa(xs).

0 . 4
g — Y2,Y0 by Lemma 147 sSmcee rg ——— Yo, Y10, Ya-

. §
Now, by Lemma 14, since xg . s —— Y, Y0, Y10, Y4, Y2, we must have two

s
a-colored edges from zg to {ys, Yo, Y10, Ya, Y2 }. But 29 —— yo and x9,y4,y10 €
Sa(ys) and zg, 29 € S (ys), so that this is impossible, thus giving a contradiction.
Therefore, we have

(104) Ty — Y4,

as desired.
Finally, we note the following:

xg o Y10 since xg, Y10 € Sy(e) NS (b) N Sa(a).
s L ys by (104).
vy Yo since x9,y2 € S,(e) N Sa(c) N Sp(a).
T —— 1y by (103).
Either x5 e Yg OF T o Yo since 9, ys € Sy(e) N Sa(c).

Note further that xo,zs, s, T2, 9, Yo, Y10, Y, Y2, Y6 € Sy(e). Note also that the
following hold:

{zo, 28,25, 22,29 } N {0, Y10, Y2, Y2, Y6 } =0
P3.o(x0, x8, x5, T2, Tg)

P57a(y07y107y4ay27y6)
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Since ||S(e)|| > 15 by (100), we may apply Lemma 11 with

(U/Su u47u07u17u2) = (x07x87x57x27x9)

and

(’Ug,’U4,Uo,’U1,U2) == (y07y107y47y2ay6)
to see that
(105) Mj , 5(x2, 9, To, T8, T5, Y2, Y4, Y10, Yo, Y6 )-

Finally, we note the following:
B
x5 —— y2 by (105).
X7 . ye since x7,ys € Sy(e) N Sa(c) N Ss(b).

Note further that a,ys,ys, ys, €, x7, 5,22 € Sa(c). Note also that the following
hold:

{y2,96,y3 y N { @7, 25,22} =0
Pﬁ,"{(a’a Y2,Y6, Y3, 6)
P577(€,£E7,£L'5, X2, a)

Since ||Sa(c)]| = 15 by (99), we may apply Lemma 12 with

(ula cee ,’U,g) = (a7 Y2,Y6,Y3,€, L7, Ts, .’£2)
to produce the desired contradiction. The theorem is proved. O
Proposition 33. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xg,...,x15 } and Ss(v) = {yo,...,y15 } with
Béﬁﬁ(a:o, ..., x15) and Biﬂ,,y(yo, ...y y15) such that Ss(u) N Ss(v) = {b,c,d,e}
where b = T13 = Y11, ¢ = T14 = Y15, d = T15 = Y14, and e = 11 = y13. Lhen the
graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:
UF— VU
b—er—b
c—d—c
x; — yi—x; forall i€{0,...,15}
Note that the symmetry © acts on the colors as follows:
ar—
pr—p
Y7
o6
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Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.

Note that Ss(u) N Sa(c) = {e,z12, 22, 25,27} C Sa(c) and Ss(v) N Su(c) =
{e, 12,92, ¥6,y3} € Sa(c). Note further that both Pg (e, z12,22,25,27) and
Ps ~(e,y12,Y2,Ys, y3) hold and that

[{e @12, 22,25, 27 } N { €, y12, 92, ¥, y3 H| = [[{ e} = 1.

By Lemma 15, we see that ||.S,(c)|| < 14 so that
(106) 15a()l; [[Sy ()]l = 15.
An application of the symmetry © to (106) gives
(107) [1Sa(d)]], 15y (d)|| = 15.

First, note that ¢, ys, y4,¥s, €, T10, Tg, 5 € Sz(d). Note also that the following
hold:
{6, ys,y8 } N { w10, 79,25 } =0
Pa,’y(c7 Y6, Y4,Ys, 6)
Po (e, 10,79, 75, C)

Since [|Sg(d)|| > 15 by (107), we may apply Lemma 12 with

(uh cee 7u8) = (Ca Y6,Y4,Ys8,€,T10, L9, (E5)
to see that

(108) if x9 — Ys, then N(?,’y,a(g Y6, Y4, Y8, 6,!1710,’139,335).

Next, we show that xg o ys. Suppose not. Then xg —— ys, since xg,ys €
Ss(d) N S, (c). But then, we have x5 —— 4 by (108), which is impossible since
Z5,Ys € Sa(b). Thus,

é
(109) To —— ys,

as desired.
Note that 3, z1, 29, 20, 10, Y7, Yo, Ys, Y1, Ya € S(c). Note also that the following
hold:
{.’L’g,l’l,(Eg,fL'o,l']O } N {y77y07y87y17y4} - (Z)

Pg o (23,21, 29, %0, T10)

Pﬂ,(x(y'?a Yo, Ys, Y1, y4)
Noting also that ||.S,(e)|| > 15 by (106), we will apply Lemma 14 several times in
what follows with

(U3,U4,UO7U1,U2) = (903,171@9733075010)

and

(03,1)4,1107@17@2) = (y77y0ay8aylay4)~
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5 s .
We now show that x1g —— y4. Suppose not. Then x19g —— w4, since x19,y4 €
Sy (c) N Sg(d). We also note the following:

6 .
L9 —— ya since xg,ys € S,(c) N Sa(x10) N Ss(d).
. 3 .
Either 29— y1 or 29 —— ¥ since g, y1 € S, (c) N Ss(b).
. é .
Either xg —— y7 or 29 —— y7 Since xg, y7 € S, (c) N Sa(b).
Also, xg o Y1, Yo, Y7 since otherwise we would have, by Lemma 14, in view of

5 C. . .
the fact that xg —— ys, y4, that xg - Y1, Y7, which is impossible since y; - Y7.

. 8
But now, since 3 —— y1,y7 and z3 L 19, we must have two a-colored edges
from x3 to {ys,¥o,¥a }, by Lemma 14. But x3,ys € S,(e), so that we must have
T3 Yo, Y4. but this gives a contradiction since g e y4. Thus, we have

5
(110) T10 — Y45

as desired.
Now, note that the following hold:

x3 o y7 since z3,y7 € S, (c) N Sa(d) N Sa(b).
29— ys by (109).
10 —— y4 by (110).

z3 o y1 since 3,31 € S, (c) NSy (e) N Ss(b).

10 L yg since 10, ys € Sy(c) N Sa(e) N Ss(d).
Either 21 —— y7 or x1 o y7 since z1,y7 € Sy(c) N Sz(e).
Either z3 o yg OT T3 B ys since z3,ys € Sy(c) N Sy(e).
Either xg —— y;1 or a9 o y1 since zg,y1 € Sy(c) N Sa(b).

Note further that zs, 1,9, Zo, Z10,Y7, Y0, Ys,Y1,Ys € Sy(c). Note also that the
following hold:
{@3,21,29, 70,210 } N { Y7, Y0, Ys, Y1,y4 } = 0

Pgs o (23,71, 29,70, 210)

P3.o (Y7, Y0, Y8, Y1, Ya)
Since ||.Sy(e)|| > 15 by (111), we ma apply Lemma 9 and Lemma 10 with

(u3,us,ug, ur, us) = (3,21, 9, o, T10)

and

(v3,v4,v0,v1,02) = (Y7, Y0, Ys, Y1,Y4)

to get the desired contradiction. The proof is complete. (I
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Proposition 34. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors o,
B, v, and §. Suppose that Ss(u) = {xg,...,x15 } and S5(v) = {yo,...,y15 } with
Bl 5 (20, 215) and Bl 5 (yo,-..,y15) such that Ss(u) N Ss(v) = {b,c,d,e}
where b = T14 = Y14, ¢ = T15 = Y15, d = T11 = Y11, and e = T13 = y12. Lhen the
graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:
U— U
Vv
b—cr—er—d+—b
Ty — Tg
13 —— T13
L3 = Ty — T3
L= Ty — T5 — X9 —— I1
T2 —— T10 —— T4 —— Tg —— T2
Yo — Yo
Y13 /> Y13
Ys——Ys——> 13
Y= Yyr=—Y—— Yo —— U
Y2—— Yo~ Ya———Ye — Y2
Note that the symmetry © acts on the colors as follows:
a— fr—a
Y
00

Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.

Note that Ss(u) N Sz(b) = {c,z6, 24,28, 213} C Sg(b) and S5(v) N Sp(d) =
{¢,Y6,y4,Ys,y13} C Sp(b). Note further that both P, ,(c,zs,x4,xs,x13) and
Pa,'y (Ca Y6, Y4, Ys, le) hold and that

I{ e, w6, x4, 28,213 } N { ¢, Y, yas ys, yas Il = [{ e = 1.
By Lemma 15, we see that ||Sg(b)|| < 14 so that
(111) [Sa (O)]], 155 (B) ]| = 15.
An application of the symmetry © to (111) gives
(112) 15 (A, 155 (e) ]| = 15.



78 RICHARD L. KRAMER

5
Now, note that xg —— yy. Note further that d, y10, Y9, ys5, b, 5, 9, £10 € Sg(c).
Note also that the following hold:

{y10,99,¥5 } N {25, 29,710 } = 0
Pa,'y(du Y10, Y9, Y5, b)

P, (b, x5, 29,210, d)
Since ||Sg(c)|| > 15 by (112), we may apply Lemma 12 with
(u1,...,us) = (d, Y10, Y9, Y5, b, ¥5, T9, T10)
to see that
(113) either N(?,%a(d, Y10, Y9, Y5, b, T5, Tg, T10)

2
or N(S,'y,a(da T10, T9, 5, b, Ys, Y9, Y10)-

Next, note that either x1g o Yo OF Tg L y10 by (113). Note also that the
following hold:

Ty - Yo since g, yg € Sy (b) N Sa(e) N Ss(c).
T10 o Y10 since 19, Y10 € Sy(b) N Sa(d) N Ss(c).
x1 o y1 since 1,31 € S, (b) N Sa(e) N Sz(d).
Either x3 o Y3 Or T3 o y3 since x3,y3 € S (b) NS4 (c).
Either z3 e Y10 OT T3 B Y10 since x3, Y10 € Sy (b) N Sa(d).
Either z1g o Y3 OT T1g L ys since z19,y3 € Sy (b) N Sa(d).

ale).

Either x e Yo OT T o Yo since 1,39 € S,(b) NS,
. 4 .
Either zg o Y1 Or &g —— Y1 since xg,y1 € S,(b) N Sa(e).

) 5 .

Either zg —— Y10 OF Tg —— Y1o since xg, y10 € Sy(b) N Sz(c).
. 0 .

Either 219 —— Yo O T19 —— Yo since x19, Yo € S(b) N Sa(c).

Note further that zg,zo, 10, T3, 21, Y9, Y0, Y10, Y3, y1 € S4(b). Note also that the
following hold:

{ @9, 20, 710, 73, 21 } N { Y9, Y0, Y10, Y3, Y1 } = 0
Pg,a(zg, z0, 210, 23, 21)
Ps.0(Y9, Y0, Y10, Y3, Y1)
Since ||.Sy(b)|| > 15 by (111), we may apply Lemma 9 and Lemma 10 with
(us, ua, o, u1, uz) = (Z9, o, T10, T3, T1)
and

(v3,v4, 00, v1,v2) = (Y9, Y0, Y105 Y3, Y1)
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to see that

(114) either M , 5(23, Z10, 0, 9, 1, Y10, Y3, Y1, Y9, Yo )
or Mé,a,a(xoaxmml,%,95107y1,y9,yoay107y3)~

By (114), we have
(115) To —— Yo
Applying the symmetry © to (115) gives
(116) 2o —2— yo.
(115) and (116) together produce the desired contradiction. The proof is complete.
O

Proposition 35. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors o,
B, v, and §. Suppose that Ss(u) = {xo,...,215 } and Ss(v) = {yo,...,y15 } with
B 5 (20, 215) and B 53 (yo,...,y15) such that S5(u) N Ss(v) = {a,b,c,d}
where a = x13 = Y13, b = T14 = Y14, ¢ = T15 = Y15, and d = 11 = y11. Lhen the
graph has fewer than 62 vertices.

Proof. Working toward a contradiction, we assume that the graph has at least 62
vertices.

Note that Ss(u) N Sg(a) = {b,x7,x3,29,212 } C Sg(a) and Ss(v) N Sz(a) =
{b,y7,y3,Y9,y12 } C Sp(a). Note further that both P, (b, z7,xs,x9,x12) and
Po~(b,y7,y3,Y9,y12) hold and that

[{b, 27,23, 29, T12 } N { b, y7,y3, Y9, y12 }|| = ({0} = 1.
By Lemma 15, we see that ||Sg(a)|| < 14 so that
(117) [Sa(a)ll; Sy (a)]| = 15.

Note also that Ss(u) N Sa(c) = { a,z12, 2, x6, 23 } C Salc) and S5(v) N Sa(c) =
{a,y12,¥2,Y6,y3 } C Sa(c). Note further that both Pg.(a,z12,x2,xs,x3) and
Ps ~(a, Y12, Y2, Y6, y3) hold and that

I{a,z12, 72, 26,23 } N {a,y12, 92,96, y3 }| = [{a }|| = 1.
By Lemma 15, we see that ||.S,(c)|| < 14 so that
(118) 1Ss()l 155 ()] = 15.

Now, note that xg o yg since xg, ys € Sa(a)NSe(b) NS, (c). Note further that
d,y1,Ys, Y5, C, 5, Tg, T1 € So(a). Note also that the following hold:

{y1,y8,95 } N {5, 28,21} =0
Pﬁaﬂé(d? y17y8ay5ac)
Pg o(c, x5, 8,21, d)
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Since [|Sq(a)|| > 15 by (117), we may apply Lemma 12 with
(u,...,us) = (d,y1,Ys,Ys, ¢, T5, Ts, ¥1)

to see that

(119) either Ngﬁﬁ(d, Y1,Y8, Y5, C, T5, Tg, 1)

or Né%«,,ﬁ(daxlax&l"mca Ys, Y8, Y1)-

Thus, by (119), we see that

(120) either xg e Y1 Or 1 o Ys-

Also, by (119), we see that

(121) either x; o Ys Or Tg o Y1-

Next, we note the following:

x1 . y1 since 1,31 € Sy(c) N Sa(a) N Sa(d).
xg o ys since xg,ys € S(c) NSy (a) NSs(b).
x7 0 y7 since x7,y7 € Sy(c) N Sa(b) N Ss(a).
T4 — ya since x4,ys € Sy(c) NS, (d) N Sz(b).

Note further that x1,xs,xo, 27, %4, Y1, Ys, Yo, Y7, ¥4 € Sy(c).
following hold:

{1, 28,0, 27,24 } N {y1,Ys, Y0, Y7, 91} =0
Pg o(x1, 28,20, %7, Ta)
Pp,o (Y1, Ys: Yo, Y7, Ya)
Since ||Sy(c)|| > 15 by (118), we may apply Lemma 9 with
(u3, uq, ug, ut,us) = (x1, s, o, L7, Tq)
and

(U37’U4,’U07’U1,’02) = (ylvySay07y77y4)
to see, with the help of (120) and (121), that

(122) either M,{%,a7'y(x0a L7y T4, T1, T8, Y0, Y7, Y4, Y1, y8)
or Mg,a,y($8,$173347337;$0ay87y1,y473/7790)-
Thus, we have

(123) either zq — Y4 OF Ty . Yo,
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by (122).
Finally, we note the following:
T10 o Y10 since 10, Y10 € Sy(a) N Sa(d) N Sp(c).
x4 o ya since x4,ys € Sy(a) N Sa(d) N Se(b).
Zg o Yo since g,y € Sy(a) N Sa(c) NSs(b).
20— yo by (122).
Either z1g o Y4 OT T1g L Ya since z10,ys € Sy(a) N Sa(d).

. s .
Either z4 o Y10 OF T4 —— Y1o since x4, y19 € Sy(a) N Sa(d).

a(c)

Either z2 o Yg OT T o Y since z2,ys € Sy(a) NS, .
Either xg e Yo O Tg o Yo since xg, Y2 € Sy (a) N Sa(c).
) .
) )

. 3 .
Either 26 —— y4 Or 25 —— y4 Since Tg, ys € Sy (a) N Sa(b)

Either 24 —— yg or 4 U Yo since x4,ys € Sy (a) N Sp(b)
Note further that 19,24, 22, T6, o, Y10, Y4, Y2, Y6, Yo € Sy(a). Note also that the
following hold:
{210, %4, 72,6, 70 } N { Y10, Y4, Y2, Y6, %0 } =0

Pﬁ,a(x107 T4,T2,T6, JCO)

Pﬁ,a(yloa Y4,Y92, Y6, yO)
Since ||Sy(a)|| > 15 by (117), we may apply Lemma 9 with

(Ug, Ug, Ug, U1, u2) = (:17107 Ty,T2,T6, ‘TO)
and
(03,1)47110,?11,712) = (y1o7y4,y27y67y0)

to get, with the help of (123), the desired contradiction. The proof is complete. O
Proposition 36. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xg,...,x15 } and S5(v) = {yo,...,y15 } with
Bgﬂﬁ(mo, ...,T15) and Bé’ﬁﬁ(yo, ...yy15) such that Ss(u) N Ss(v) = {b,c,d,e}

where b = x14 = Y14, ¢ = T15 = Y15, d = T11 = Y11, and e = X125 = Y12. Then the
graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:

uU+— u

Vv

b—c+—er—d—b
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Ty — o
T13 = T13
Ty — Ty — T3
Ty g — Ty — Ty — T
Lo == Te —— Ty —— T10 —— T2
Yo — Yo
Y13 — Y13
Ys——Ysr—>1Us
YBi——Yyr——Ysr——> Yo — U1
Y= Yo = Ya = Yo —— Y2
Note that the symmetry © acts on the colors as follows:
a+— r— «
Sl
od— 9

Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.

Note that Ss(u) N Sz(b) = {c¢,z13, %8, 24,210} C Sp(b) and Ss(v) N Sz(b) =
{¢,¥13,ys8,Y1,y6 } € Sp(b). Note further that both P, .(c,x13,xs,4,210) and
P, (¢, y13,Ys, Y, ys) hold and that

I{ ¢, z13, 28, 24, 210 } OV { €018, s, ya, w6 I = [ e} = 1.
By Lemma 15, we see that ||Sg(b)|| < 14 so that
(124) [1Sa @], 155 (B)[| = 15.
An application of the symmetry © to (124) gives
(125) 15 (A, 155 (c)]| = 15.

Now, we note that x; o Yo since x5,y9 € Sg(c) N Sa(e) NS, (d). Note further
that b, ys, Y9, Y10, d, Ts, 5, Tg € Sg(c). note also that the following hold:

{Ys,99, 910 } N {6, 25,29 } =0
Pa,'y(ba Ys5,Y9, Y10, d)

P, ~(d, zg, x5, T9,b)
Since ||Sg(c)|| > 15 by (125), we may apply Lemma 12 with
(ut,...,ug) = (b,ys, Y9, Y10, d, Te, T5, T9)
to see that
(126) either Ngma(b, Y5, Yo, Y10, d, L6, L5, Tg)

2
or N(S,’y,a(b7 L9, L5, L6, d; Y10, y97y5)'
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By an application of the symmetry © to (126), we see that
(127) either N62,’y7ﬁ(c7 y97y15y47ba 334,17771'5)

or N(%%B(C, T5,T7,T4, ba Ya,Y1, y9)
By (126), we see that

. é §
(128) either x5 —— y19 and zg e Yo OT T . y10 and zg — yo.

By (127), we see that

§ 8
(129) either x; o Yo and x5 —— Y1 or x7 —— Y9 and x5 o Y1-

Next, we note the following:
x5 " yo by (127).
26 —— y10 by (126).
x7 o y1 by (127).
Either z3 o Y10 OF T3 o Y10 since x3,y10 € S, (b) N Sa(d).
Either z3 e Y3 Or T3 o ys since x3,ys € S (b) NS, (d).

Either z¢ o Y3 OT Tg L ys since g, y3 € Sy (b) NSy (d).

83

Note further that s, 3, zs, %o, 7, Yo, Yo, Y10, Y3, Y1 € Sy(b). Note also that the

following hold:
{5, 23,26, 20, 7 } N { Y9, Y0, Y10,¥3, 91 } = 0
Pﬂ,a(zfj, X3,T6,L0, 177)

Pﬁ,a(ysaayo,ylo,yzayl)

Since ||Sy(b)|| > 15 by (124), we may apply Lemma 9 and Lemma 10 to see that

(130) either Mﬁ17a75 L6, L0, L7, L5, 2T3,Y10,Y3, Y1, Y9, yO)

1
or Mﬁ,a,é 0, T6, T3, T5, L7, Y9, Y1, Y3, Y10, Yo

2
or M@a,a(% y L6, L3, L5, L7, Y10, Y3, Y1, Y9, Yo
2

or Ma,a,a(ff » L5, L7, X0, L6, Y1, Y9, Y0, Y10, Y3

0 )

0 )

or M3, s(x3, 6, To, T7, T5, Y10, Yo: Yo, Y1, Y3)
3 )

)

2
or M, a,6\L0,T7,T5,X3,T6,Y9,Y1,Y3,Y10,Y0)-
B,a,

By (130), we see that
(131) if xg B Yo, then either x5 o 1o and xg o Yo

«@ S
or 5 — yo and xg —— ¥yog.

Again by (130), we see that

(132) if zg o Yo, then either z7 o yo and xg e 1
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B B
or x7 —— yg and xg —— y1.
Again by (130), we see that
. B . 5 5
(133) if xg —— yo, then either x5 —— yo and xg —— yo
or T5 —— yo and xg — Yg.
Again by (130), we see that
(134) if zo —— o, then 27 —— yo and z e Y1
By an application of the symmetry © to (131), we see that
(135) if zg U Yo, then either x7 S yo and xg . Y1
B 5
or x7 — Yo and xg — y1.
From (132) and (135) and the fact that x¢,yo € S,(a), we conclude that
(136) either xg —— 1o OT Tg o 0.
By an application of the symmetry © to (133), we see that
(137) if 29 —— yo, then either z7 B 1o and xg B Y1
B B
or x7 — yo and xg —— y1.-
From (134), (137), and (136), we conclude that
B
(138) o — Yo.

An application of the symmetry © to (138) gives

«

(139) Zo Yo-

Now, (138) and (139) together produce the desired contradiction. The proof is
complete. O
Proposition 37. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xo,...,215 } and S5(v) = {yo,...,y15 } with
BY 520, 215) and B 5 (yo,-..,y15) such that S5(u) N Ss(v) = {a,b,c,d}
where a = x13 = Y13, b = T14 = Y14, ¢ = T15 = Y15, and d = 11 = y11. Lhen the
graph has fewer than 62 vertices.

Proof. Working toward a contradiction, we assume that the graph has at least 62
vertices.

Note that Ss(u) N S,
{a,y3,96,y2, 12} € Sa
Ps.+(a,y3, Y6, Y2, y12) ho

(¢) = {a,z3,210,72,212 } C Suo(c) and Ss(v) N Su(c) =
(¢). Note further that both Pg,(a,zs,z10,x2,212) and
1d and that

I a,z3, w10, 22,212 } N { a, Y3, Y6, Y2, 12 }|| = [[{a }]| = 1.
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By Lemma 15, we see that ||S.(c)|| < 14 so that
(140) 15, (e)| = 15.

Note also that Ss(u) N Sg(a) = {b, xg, x3, 27,212 } C Sp(a) and Ss(v) N Ss(a) =
{b,y7,y3,Y9,y12 } C Sp(a). Note further that both P, (b, z9,xs,x7,z12) and
Po~(b,y7,Y3,Y9,y12) hold and that

H{ b? X9, L3,T7,T12 } N { b7 Y7,Y3,Y9, Y12 }” = ||{b}|| =1
By Lemma 15, we see that ||Sz(a)|| < 14 so that
(141) 1, @)l = 15.

Now, we note the following:

x4 —— ya since z4,ys € Sy(c) NS, (d) N Ss(b).

X 0 y1 since z1,y1 € Sy(c) N Sa(a) N Ss(d).

xg o ys since xg,ys € S(c) NSy (a) NSs(b).

1 L y7 since x1,y7 € Sy(c) NSy (b) N Ss(d).
Either 27 —— y7 or &7 — y7 since 7, y7 € Sy (c) N Sa(d).
Either 27 —— y; or a7 - y1 since 7,31 € S, (c) N Se(d).
Either x4 —— yg O Ty o yg since z4,ys € Sy(c) N Sa(b).
Either zg —— y4 or xg —— y4 since g, ys € S, (c) N Sa(b).
Either 1 —— ys or 1 —— ys since x1,ys € S,(c) N Sa(a).
Either &g —— y1 or xg —— y1 since xg,y1 € S,(c) N Sa(a).

Note further that x7,xz4,x1,Zs, %0, Y7, Y1, ¥1,Ys, Yo € Sy(c). Note also that the

following hold:
{x771.47x17x87x0 } N {y77y47y17y87y0 } - @
Pg.o(x7, 24,21, 28, Z0)
Pﬂ,a(y7ay47ylay87y0)
Since [|Sy(d)|| > 15 by (140), we may apply Lemma 9 and Lemma 11 with

(ug,u4,u0,u1,u2) = (3377964,371,338,330)

and
(’Ug,’l)4,’l)0,"01,1)2) = (y7,y47y17y87y0)
to see that
(142) either Mﬁl7a,5(l‘47 T7,T0, T8, T1,Y4,Y1,Y8,Y0, Z/?)

1
or Mﬂ,a,é(x77x05 ‘TSa‘Tlvx47y1ay87y0ay77y4)'
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Finally, we note the following:
Ty o Ya since z4,ys € S, (a) N Sa(d) N Sa(d).
Z10 o Ye since 10, ys € Sy(a) N Sa(c) NSs(d).
Zg o Y10 since xg, Y10 € Sy(a) N Sa(d) N S(c).
Zo . yo by (142).
Either zo o Yo OF To o Yo since z2,y2 € Sy (a) N Sa (D).

Note further that x4, 2,210, %0, T6, Y4, Y2, Ys, Yo, Y10 € S(a). Note also that the
following hold:

{ @4, 22,10, 0, 6 } N { Ya, Y2, Y6, Yo, Y10 } =0
Pp o (74,72, 210, T0, T6)
Pp,0(Y1, Y2, Y6, Yos Y10)
Since ||.Sy(a)|| > 15 by (141), we may apply Lemma 11 with

(U3,U4,UQ,’U,1,UQ) = (J}4, T2,210,%0, xﬁ)

and

(/037 V4, Vg, V1, ’U2) = (y47 Y2, Y6, Yo, yl())
to produce the desired contradiction. The proof is complete. ([l
Proposition 38. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xo,...,215 } and S5(v) = {yo,...,y15 } with
BY 520, 215) and By 5 (yo,---,y15) such that Ss(u) N Ss(v) = {b,c,d,e}
where b = T14 = Y14, ¢ = T15 = Y15, d = T11 = Y11, and e = T13 = y12. Lhen the
graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:

Ur—u
Vv
b—scr—er—d+—b
To—— To
T13 —— T13
T3 —— g —— I3
X1 —— XgrH—— 5 ——> Ty —— X1
T F——=>Tg — Ty — T10 — T2
Yo = Yo

Y13 — Y13
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Ys——Ysr—>1Us
Y=Y ——Ys——Yyr—y1
Y2 Y6 — Y4 — Y10 — Y2
Note that the symmetry © acts on the colors as follows:
ar— fr—«
Y=
o9

Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.

Note that Ss(u) N Sz(b) = { ¢, z10, x4, 28,213} C Sg(b) and Ss(v) N Sz(b) =
{¢,910,y4,ys,y13 } C Sp(b). Note further that both P, (¢, 210,24, xs,213) and
P, (¢, 910, y4,Ys, y13) hold and that

||{C,.’E10,$4,5U8,.’E13 } N {Cv y107y4ay87y13}” = H{C}H =1
By Lemma 15, we see that ||Sz(b)|| < 14 so that
(143) 155(®)]| = 15.

Now, we note the following:
x5 o ys since x5,ys € S, (b) NSy (e) N Ss(c).
26— yo since g, yo € Sy (b) N Sa(d) N Ss(c).

T L y7 since 7,y7 € S, (b) N Sa(e) N Sp(d).

(

(

(
Either z5 o Y7 OT T L y7 since 5, y7 € Sy(b) N Sa(e).
Either z7 e Y5 O Ty o ys since z7,y5 € S (b) N Sa(e).
Either z3 o Y3 OT T3 L y3 since x3,ys € Sy (b) NS, (d).
Either x3 e Ye OF T3 o ye since z3,ys € S (b) N Sa(d).
Either z¢ e Y3 O Tg L y3 since xg,ys € S (b) NS (d).
Either z5 —— yg or x5 L Ye since 5,ys € Sy (b) N Sp(c).

Either 6 —— ys5 or zg o ys since x6,ys € S(b) N Sz(c).

Note further that x5, x3, z6, o, 7, Y5, Y3, Ys, Yo, Y7 € S(b). Note also the following:
{5, 23, 6, %0, 27 } N {Y5,Y3, Y6, Yo, y7 } =
Pgo(2s, 3, 26, T0, 27)

Pg.o (Y5, Y3, Y6, Yo, Y7)

Since ||.Sy(b)|| > 15 by (143), we may apply Lemma 9 and Lemma 11 with

(Ug, 'U,4,’LLQ,’LL1,U2) - (x5,$3,x6,x0,:c7)
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and
(123,1}4,’007’1}1,’02) = (957y3,96,y07y7)
to see that
(144) either M,Bo,a,é Lo, X7, L5, L3, L6, Y0,Y7, Y5, Y3, Y6

0
or Mg,a,a(ﬂﬁ:&yﬂ?ﬁy Lo, T7,25,Y3, Y6, Y0, Y7, Y5
M}
or ﬂ,a,a(%,5170,137,95573537%,9071/7,3/5,2/3
(3
2
or Mﬁ,a,é(x?)?xﬁa Zo,T7,T5,Y6,Y3,Ys5,Y7, Y0

)
)
)
or M} , s(3, 25,27, 0, T6, Y3, Ys, Y7: Y0, Ys)
)
)

or Mg,a,(s 0, T75 T5, T3, L6, Y5, Y7, Yo, Y6, Y3)-
By (144), we see that
(145) o L ys and x5 L Yo-
By an application of the symmetry © to (145), we see that

(146) o B y7 and 7 B Yo-
Now, from (146) and (144), we see that

(147) Mg,a,a(ﬂ%l’ﬁ,zo, T7, 25, Y3, Y6, Y0, Y7, Us)-
By (147), we see that

(148) T3~ Ys, yr-

An application of the symmetry © to (148) gives

B
(149) Ts Y1, Y1.
An application of the symmetry © to (149) gives

(150) 23— Y1, Yo.

By (148) and (150) we get x3 —% 4y, y1, which gives a monochromatic triangle,
since ¥y _— y7, thus producing the desired contradiction. The proof is complete.
O

Proposition 39. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good
edge coloring of a complete graph, colored with the four pairwise distinct colors o,
B, v, and §. Suppose that Ss(u) = {xg,...,x15 } and S5(v) = {yo,...,y15 } with
BY 520, 215) and B, 5 (yo,--.,y15) such that S5(u) N Ss(v) = {a,b,c,d}
where a = 14 = Y13, b = T15 = Y14, ¢ = T11 = Y15, and d = x12 = y5. Then the
graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:

Uu——mu
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ar—br—d—c—a
Lo = Zo
Z13 —— T13
T3 —> Xy — T3
Tl — XTg — Ty — T7 — T
Lo —— Tg —— Ty —— T10 —— T2
Yor— Yo —— Y1 = Ys —— Yo
YrH——Ysr——= Y2 == Yr —— Y2
Yo — Yo —=> Y11 —— Ys —— Ye
Note that the symmetry © acts on the colors as follows:
ar— fr—a
e’
0— 9

Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.

Note that Ss(u) N Sg(a) = {b,x13, 25,24, 210 } € Sp(a) and Ss(v) N Sg(a) =
{b,y12,y9,y3,y7 } C Sg(a). Note further that both P, ~(b,z13, s, x4, z10) and
Pu ~(b,y12,Y9,y3,y7) hold and that

{0,213, x8, 24,210 } N { b, y12,99,y3,y7 }H| = [[{b}]| = 1.
By Lemma 15, we see that ||Sg(a)|| < 14 so that

(151) [Sa(a)ll, 15y (a)]| = 15.
Repeated applications of the symmetry © to (151) give
(152) 155 ®)I[, [15(b)]| = 15,
(153) [Sa ()], 1Sy ()] = 15,
and

(154) 155 (I, 155 (c)]| = 15.

s .
First, we show that x5 —— yo. Suppose not. Then x5 o Yo since xs,yo €

Sa(d) N Sy(a). Note also that 7 - Yy since x7,yg € Sa(d) N Sz(c) NSy (b). Note
further that a,yg, o, Ys, b, T5, 7,24 € So(d). Note also that the following hold:

{yo, 90,96 } N {5, 27,24 } =0
Pﬁ»’Y(a’ y97y0’y67b)
P/@a’Y(ba X5,T7,T4, a)

Since || S (d)|| > 15 by (153), we may apply Lemma 12 with

(uh cee ,Ug) = (aa y9,y07y6,b7 l’5,1’7,$4)
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to get a contradiction. Thus, we have shown that

é
(155) L5 —— Yo,

as desired.
By an application of the symmetry © to (155), we see that

5
(156) 27— 0.

Next, we note the following:
27— y10 by (156).
Zg o Yo since xg, Y2 € S, (a) N Sa(c) NSs(d).
Ts L y10 by (155).
T o Yo since g,y € S(a) NSy (c) NSs(b).
s Ly(; since x5,ys € Sy (a) N Sa(d) N Se(b).

5
Either z- o Y Or Ty —— Yg since x7,ys € S~ (a) N Su(d).

1)
Either x3 e Y OF T3 —— Yo since x3,y2 € S~ (a) N Sy (c).

(

(

)

B8 5

Either 7 —— yg or z7 —— yp since z7,yg € S (a) N So(d).

)

)N

Either xg —— y4 or xg L ya since zg,ys € Sy (a) N Sa(d).
)

5
¥ )
+( (c)
B 5
Either &3 —— yg or 3 —— yg since x3,ys € S,(a) N Sa(c).
+( )
Either x5 —— y4 or x5 0 ya since x5, y1 € Sy(a) NSa(b).
)-

Note further thatxzr,zo, 26, T3, 25, Y10, Y4, Y2, Ys, Yo € Sy(a). Note also that the

following hold:
{27, 20,76, 23,25 } N { Y10, Y2, Y2, Y6, Y0 } = 0
Pg.o(x7, 20, 6, T3, T5)
P57Ot(y107 Ya,Y2, Y6, yo)
Since ||S,(a)|| > 15 by (151), we may apply Lemma 9 and Lemma 10 with

('U/3a Ug, anu17u2> = (x77-7507$67 m37x5)

and
(U3,U4’U0,U1,U2) = (y107y4,y27y6,y0)
to see that
(157) either M3 , 5(x3, 25,27, %0, 6, Yo, Yo, Y10 Y4, Y2)

2
or M3, s(x3,%6, %0, T7, T5, Y6, Y2, Y45 Y10, Y0 )-

By (157), we have

(158) To — Y2.
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Applying the symmetry O to (158), we get
(159) Zo e Ys3.

Applying the symmetry O to (159), we get

B
(160) Lo — Y12-
But (158) and (160) give a monochromatic triangle, since y, e Y12, thus produc-
ing the desired contradiction. The proof is complete. (I
Proposition 40. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors «,
B, v, and §. Suppose that Ss(u) = {xo,...,215} and Ss(v) = {yo,...,y15 } with
B 5 (20, 215) and B, 53 (yo,-..,y15) such that S5(u) N Ss(v) = {a,b,c,d}
where a = 14 = Y13, b = T15 = Y14, ¢ = T11 = Y15, and d = x12 = y5. Then the
graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:
U+— U
Vv
ar—br—d—c—a
To = Zo
T13 —— Z13
T3 —> Xy — T3
T1 > Ty —> X5 — Tg — T
Lo = T10 —— L4 — T —— T2
Yor— Yo —— Y1 == Y+ = Yo
Y=Y Y2 —— Yr —— Y2
Yo r—Yo— Y1 —> Ys — Ys
Note that the symmetry © acts on the colors as follows:
ar— fr—
Sl
od— 9

Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.

Note that Ss(u) N Sg(a) = {b, 213,28, 24,26 } C Sg(a) and Ss(v) N Sz(a) =
{b,y12,y9,y3,y7} C Sp(a). Note further that both P, (b, z13,zs,24,26) and
Po (b, 412, Y9, Y3, y7) hold and that

{0, z13, 28, 24,26 } N { b, y12, 90, y3,y7 }|| = [[{b}]| = 1.
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By Lemma 15, we see that ||Sg(a)|| < 14 so that

(161) [1Sa ()], 15y (a)l| = 15.
Repeated applications of the symmetry © to (161) give
(162) 155(B)I, 155 ()| = 15,
(163) [Sa )l 1194 (d)]] = 15,
and

(164) 15a()l; 1194 (c)]| = 15.

First, we show that zg L Yo- Suppose not. Then xg o Yo since xg,yo €
Sa(d) NS, (c). Note also that x4 - Yy since x1, yg € Sa(d) N Ss(c) NS, (b). Note
further that a,yg, Yo, Ys, b, T9, 1,24 € S (d). Note also that the following hold:

{y9,90,96 } N{wo, w1, 204 } =0
Ps(a,Y9, Yo, Y6, b)
Pg (b, z9, 1,24, Q)
Since [|S(d)]| > 15 by (163), we may apply Lemma 12 with
(u1,...,us) = (a, Y9, Y0, Ys, b, To, X1, X4)
to get a contradiction. Thus, we have shown that
(165) Ty B Yo,

as desired.
By an application of the symmetry © to (165), we see that

(166) T 0.
Next, we note the following:
29— yo by (165).
210 o yo since S, (a) NSy (c) N Ss(d).
x o y10 by (166).x9 o ye since Sy (a) N Sa(d) N Sp(d).
Z10 o ye since S, (a) NSy (c) N Sp(b).
T3 o Y6 O T3 o ye since x3,ys € Sy(a) NSa(c).
T3 e Yo OF T3 U Y2 since z3,y2 € Sy (a) N Sa(c).
Sa

5 .
1 o Yo OF T1 —— Yg since x1,ys € S (a d).

) (

) (
21 —2 o or 21 —2— o since @1, yo € Sy(a) N Sa(d).

) N Sal

) N Sp(

s .
Ty —— Y4 OF Tg —— Y4 Since Tg, ys € Sy (a) N Sa(b).

s .
10 —— Ya OF T1p —— Ya since x19,ys € Sy(a) N Sz(b).



THE CLASSICAL RAMSEY NUMBER R(3,3,3,3) IS NO GREATER THAN 62 93

Note further that xg,zo, 10, %3, T1,%0, Y6, Y2, Y4, Y10 € S(a). Note also that the
following hold:

{29, 20,210, 3,71 } N { Yo, Y6, Y2, Y4, Y10 } =0
P (29,20, T10, 3, 71)
Ps.a (Y0, Y6, Y25 Y4, Y10)
Since ||S(a)|| > 15 by (161), we may apply Lemma 9 and Lemma 10 with

(u37u4au07u17u2) = (-759; Lo, 210, L3, xl)

and
(’U3,’U4,’UO, Ul?”?) = (yOa y67y27y47y10)
to see that
(167) either M3 , 5(z0,T10, T3, X1, T9, Y6, Y2, Y45 Y10, Yo)

or M3, 5(z0, 9, 21,3, 210, Y6, Yo, Y10 Y4, Y2)-
By (167), we see that
B

(168) T3 —— Yo.

Applying the symmetry © to (168) gives

(169) T —— ys.

Applying the symmetry © to (169) gives

(170) 23— .

But (168) and (170) give a monochromatic triangle, since yo e Y12, thus produc-
ing the desired contradiction. The proof is complete. (]
Proposition 41. Let u and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xo,...,215} and Ss(v) = {yo,...,y15 } with
Béﬁﬁ(xo, ..., %15) and Béﬁﬁ(ym ...y y15) such that Ss(u) N Ss(v) = {a,b,c,d}
where a = x13 = Y13, b = T14 = Y14, ¢ = 15 = Y15, and d = x5 = y5. Then the
graph has fewer than 62 vertices.

Proof. First, we note that the hypotheses of the proposition are preserved by the
following symmetry O:
U—u
VH——7v
ar—br—d—c+—a
To —— T10 —— T1 —— T4 — Tg
T = T3 ——> T12 —— T7 —— T2
T —— L9 = T11 F—— T8 —— T

Yo—Yo—yYy1——Ys— Yo
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Y=Y Y2 == Yr —— Y2
Yo —— Yo — Y11 —> Ys — Ys
Note that the symmetry © acts on the colors as follows:
ar— fr—
Yy
od— 0

Working toward a contradiction, we assume that the graph has at least 62 ver-
tices.

Note that Ss(u) N Sg(a) = {b,x12,29, 23,27 } C Sg(a) and Ss(v) N Sz(a) =
{b,y12,y9,y3,y7} € Sp(a). Note further that both P, (b, z12,29,23,27) and
Pu ~(b,y12,Y9,y3,y7) hold and that

H{b7m12ax97x37$7}m {b7y127y9ay37y7}” = ||{b}|| =1
By Lemma 15, we see that ||Sg(a)|| < 14 so that

(171) [Sa(a)ll; Sy (a)] = 15.
Repeated applications of the symmetry © to (171) give
(172) 1551, 115, ()] = 15,
(173) [Sa ()]l [[S4(d)]] = 15,
and

(174) 15a()l; [[Sy ()]l = 15.

Now, we show that x4 o ya. Suppose not. Then x4 e Y4 since T4, ys €
Sy (a) NSg(b). We also note the following:

T L ya since zg,ys € Sy(a) N Sq(xa) NSa(b).

Zo o Yo since 9, y2 € S, (a) N Sa(b) NSa(d).
s .

T4 — Y since x4,y € Sy(a) N Sq(ya) N Ss(b).

Zg o Yo since 6,y € S(a) NSa(c) NSs(b).

. 9 .

Either zq e Yo OF To —— Yg since xg, ys € Sy(a) N Sa(d).
. 1) .

Either z e Yo or xg —— Yo since xg, yo € Sy(a) N Sy (d).
. 5 .

Either zg e Yo Or Tg —— Yo since xg, yo € Sy(a) N Sa(d).

. ) .
Either 219 —— Y10 OF T10 —— Y10 since z19, Y10 € Sy(a) N Sa(c).

Note further that o, zs, 22, 4, 10, Y10, Y4, Y2, Y6, Yo € Sy(a). Note also that the
following hold:

{o, ¢, T2, x4, 10 } N { Y10, Y1,Y2, Y6, Y0 } =0
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Pg o (20, 6, T2, T4, T10)
P (Y10, Y4, Y2, Y6: Yo)
Since ||Sy(a)|| > 15 by (171), we may apply Lemma 9 and Lemma 11 with
(us, ua, uo, u1, uz) = (o, Tg, T2, T4, T10)
and
(v3, V4,00, v1,v2) = (Y10, Y4, Y2, Y6 Yo)

to get a contradiction. Thus, we have

1
(175) T4y,

as desired.
By repeated applications of the symmetry © to (175), we see that

5
(176) To —— Yo,
5
(177) Z10 — Y10,
and
5
(178) T —— Y1

95

Now, note that xg o yo by (176). Note further that a,yo, Yo, ys, b, s, To, Tg €

Sa(d) Note also the following:

{y9,90,y6 } N {6, 20,29} =0
Pﬂ77(aay97y07y67b)

Pg (b, z6, x0, 9, a)
Since || S (d)|| > 15 by (173), we may apply Lemma 12 with
(u1,...,us) = (a,Y9, Y0, Y6, b, T, To, T9)
to see that
(179) either N(?’%ﬁ(a,yg,yo,yf;,b, Zg, L0, Tg)

2
or N57y7ﬁ(aax97 X, L6, b7 y67y0799)~

By (179), we have
. 8 8
(180) either z¢ —— yg or xg — ys.
Finally, we note the following:
5
zo — Yo by (176).
Tg 0 Yo since 6, ys € Sy(a) N Sa(c) N Sa(b).
s
s
10 — Y10 by (177)

Either z( o Y6 O Tq o Yo since o, ys € Sy(a) N Sa(d).
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. 4 .
Either z¢ o Yo Or Tg —— Yo since xg, Yo € Sy(a) N Sa(d).

. é .
Either xg o Y2 OF Tg —— Y since xg, Y2 € Sy(a) N Sa(c).
N Sa(c).

(a)
(a)

. B 5 .
Either xo —— yg or £o2 —— yg since 2, ys € Sy (a)
Either 26 —— y4 or z¢ o ya since xg,ys € Sy(a) N Sa(b).
(a)

. 5 .
Either 24 —— Yo OF T4 —— Yg since x4,ys € S, (a) N Sa(b).

Note further that xg,z¢, 2, T4, 10, Y0, Y6, Y2, Y4, Y10 € S(a). Note also that the
following hold:

{20, 26, 22, 24, 210 } N { Yo, Y6, Y2, Y4, Y10 } = 0
Pg o (20, 6, T2, T4, T10)
Ps.a (Y0, Y6, Y25 Y, Y10)
Since ||Sy(a)|| > 15 by (171), we may apply Lemma 9 with

(U3,U4,UO7U1,’LL2) = (:I:Ou CEG,.’IJQ,CC47.T10)

and

(v3,v4,v0,v1,02) = (Yo, Y6, Y2, Y4, Y10)
to produce, with the help of (180), a contradiction. The proof is complete. ([l
Proposition 42. Let uw and v be vertices with ||Ss(u)|| = ||Ss(v)|| = 16 in a good

edge coloring of a complete graph, colored with the four pairwise distinct colors c,
B, v, and §. Suppose that Ss(u) = {xg,...,x15 } and Ss(v) = {yo,...,y15 } with
Béﬁﬁ(a:o, ..., x15) and Béﬁ’,y(yo, ..y y15) such that Ss(u) N Ss(v) = {a,b,e,d}
where a = x13 = Y13, b = T14 = Y14, ¢ = T15 = Y15, and d = x11 = y5. Then the
graph has fewer than 62 vertices.

Proof. Working toward a contradiction, we assume that the graph has at least 62
vertices.

Note that Ss(u) N Sg(a) = {b, 212,29, 23,27 } C Sg(a) and Ss(v) N Sz(a) =
{b,y12,y9,y3,y7} C Sp(a). Note further that both P, (b, z12,z9,23,27) and
Poc,’)’(b, Y12, Y9, Y3, y7) hold and that

{0, w12, 29, 23, 27 } N { b, y12,90,y3,y7 }| = [{ b} = 1.
By Lemma 15, we see that ||Sg(a)|| < 14 so that
(181) [Sa(a)ll; Sy (a)]| = 15.

Note also that Ss(u) NSy (b) = {d,x7, 25, 72,712 } C Se(b) and Ss(v) N S, (b) =
{d,y2,y12, 511,97 } C Sa(b). Note further that both Pj(d,x7,2s5,z2,212) and
Pg3(d,y2,Y12,y11,y7) hold and that

{d,z7, 25, 22, 212 } N {d, y2, 12,911, 97 H| = [{d }]| = 1.
By Lemma 15, we see that ||.S,(b)]| < 14 so that
(182) 155 0)1; [[S5(B) ]| = 15.
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Note also that Ss(u) N Sy (c) = {a,z12, 22, 26,23 } C Sy(c) and Ss(v) N Sy(c) =
{a,y12,92.¥6,y3 } C Sa(c). Note further that both Pz (a,z12,22,26,23) and
Ps ~(a, Y12, Y2, Y6, y3) hold and that

H{a7$12,I2,I67I3 } N {a7y127y25y67y3 }” = ||{a’}|| =1
By Lemma 15, we see that ||.S,(c)|| < 14 so that
(183) 1Ss()l; [[Sy ()]l = 15.

Note also that Ss(u) N Sz(d) = { ¢, z12, 21, 27,26 } C Sp(d) and Ss(v) N Sz(d) =
{¢,y2,y8,y7,y3} € Sp(d). Note further that both P, ,(c,z12,21,27,2¢) and
P, (¢, y2,ys,y7,y3) hold and that

\|{c,x12,z1,x7,x6}ﬂ {Cay27y8ay77y3 }H = ||{C}|| =1
By Lemma 15, we see that ||Sg(d)|| < 14 so that
(184) [Sa(@)] 15, (d)] = 15.

Note that z¢, 2, T4, 10, 0, Y4, Y2, Y6, Yo, Y10 € Sy(a). Note also that the follow-
ing hold:

{6, w2, 24, 210,20 } N { Y4, 2,6, Y0, Y10 } =0
Pg7a($6,xg,$4,1’10,$0)
Ps o (Y1, Y2, Ys, Yo, Y10)

Noting also that ||.S,(a)|| > 15 by (181), we will apply Lemma 14 several times in
what follows with

(u3au47u07u17u2) = (xﬁa T2,T4,T10, :I:O)

and

(U3a V4, UOv’Ul?’UQ) = (y47y2ay67y07y10)'

We now show that x, 0 Y6 Suppose not. Then x, e Y¢ since Ta,Ys €
Sy (a) NSa(c). We also note the following:

T o Yo since g, Y € Sy (a) NSy (c) NSa(b).
T4 o Y since x4,ys € Sy (a) N Sa(d) N Sa(b).

Also, z1g o Y since otherwise, by Lemma 14, in view of the fact that z19,ys €
5 5
Sy (a) NSy (d), we would have ys —— x¢, T4, T10, SO that y¢ —— x2, zo, also, which

would contradict the fact that xo o 1. Now, note the following:
T o Y2 since 9, y2 € Sy(a) N Sa(b) N Ss(ys)-

T10 o Yo since z10,yo0 € Sy(a) N Sa(d) N Sa(ys)-
T . Yo since xg,y2 € Sy (a) N Sa(c) NSs(d).

. g .
Either x4 e Yo O T4 —— Yo since x4, yo € Sy(a) N S (d).
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Note further that xg,z2, x4, T10, To, Y4, Y2, Ys, Yo, Y10 € S(a). Note also that the
following hold:

{ w6, 22, 24,710, %0 } N { Ya, Y2, Y6, Yo, Y10 } = 0
Pp o (76, 72, 24, T10, T0)
Ps.a(Ya, Y2, Y6, Yo, Y10)
Since ||.Sy(a)|| > 15 by (181), we may apply Lemma 9 and Lemma 11 with
(Ug,u4,U07U1,U2) = (176,132,14,%10,130)
and
(v3, V4, V0, v1,02) = (Y4, Y2, Y6, Yo, Y10)

to get a contradiction. Thus, we have

é
(185) T2 —— Y,

as desired.
Now, we note the following:

22— ye by (185).
Zg 0 Yo since g, Y € Sy (a) NSy (c) NSa(b).
Xy o Yo since x4,ys € Sy(a) N Sa(d) N Sa(b).
Thus, by Lemma 14, we have
(186) x6,x27m4,$10,xoiy6.
Next, we note the following:
210 —— ye by (186).
T10 o Yo since 10, Yo € Sa(d) N Ss(c) NS, (D).
Note further that a,yo, Yo, ¥s, b, 4, 10,23 € So(d). Note also that the following
hold:
{v9,90.y6 } N {4, 210,23} =0
Ps,(a, 9,90, Y6, )
Pg (b, x4, %10, %3, a)
Since || S (d)|| > 15 by (184), we may apply Lemma 12 with
(ut,...,us) = (a, Y9, Y0, Y6, b, T4, 10, T3)
to see that
(187) either N((;),%ﬁ(a,yg,yo,yg, b, x4, 10, T3)
or N; ., 5(a, 99,0, Y6, b, T4, T10, 3)

or N(Sl,fy,ﬁ(a’ x)’?” Z10, T4, b7 Ye, Yo, y9)~
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Next, we note the following:

Note further that zg,zs, 2, 24, 10, Y4, Y2, Ys, Yo, Y10 € Sy(a).

Tg o Yo since xg,y2 € Sy(a) N Sa(c) N Sa(d).
5
x4 —— yo by (187).
é
T, T6, T2, T4, T10 —— Yo by (186).

3
x19 —— Yo by (187).

. 9 .
Either 26 ——— 14 or 26 —— y4 since g, ys € Sy (a) N Sa(b).

following hold:

Since ||S(a)|| > 15 by (181), we may apply Lemma 9 and Lemma 11 with

and

to see that

(188)

{I’Oa Le, L2, L4, T10 } N {y47y27y67 y07y10} = @
Pg o (20, 26, T2, T4, 210)

Pg3.0(Ya, Y2, Y6, Yo, Y10)
(u37u47u07u17u2) = (x0,$6,$2,1'47.’1710)
(U37U4aU07U17U2) = (y4a92796a907910)

: 2
either Mj , s(x2, 24,710, %0, T6, Y6, Y0, Y105 Y4, Y2)

2
or Mj ., 5(w2,%6, %0, T10, T4, Y6, Y2, Y4, Y105 Yo -

Next, we note the following:

24 2 o by (188).

21— ys since z1,ys € S,(¢) N Sala) N Sp(d).

20— ya by (188).

~(€) N Sa(b) N Sp(d).

xg o ys since xg,ys € S(c) N Sa(a) N Ss(b).
Ty —— yo by (188).

5 .
r7 —— Y7 since x7,y7 € S

. 0 .
Either z; o y1 or 1 —— Y1 since x1,y1 € Sy(c) N

. § .
Either z4 —— Y Or T4 —— Yg since x4,ys € Sy(c) N Sa(b).

(¢) N Sa(a)
( (b)
Either 24 —— Yg O Ty L ya since z4,ys € Sy(c) N Sa(b).
Either o7 —— Y7 O X1 L y7 since z1,y7 € S, (c) N Se(d).

( (b)

)
)
)
)

. 5 .
Either xg Ly4 or xg —— ¥4 since xg,y4 € S, (c) N Ss(b).

a).

99

Note also that the
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B
Either 27 —— ys or x7 —— ys since x7,ys € S, (c) N Sa(d).

Note further that x4,z1, s, Zo, 27, Y0, Ys, Y1, Y1, y7 € Sy(c). Note also that the
following hold:

{24, 21,28, 00,27 } N {0, Ys, Y1, Y2, y7 } =0
Pg o(z4, 71,28, T0, T7)
Ps,a (Y0, Ys: Y1, Y4, Y1)
Since [|S(c)|| > 15 by (183), we may apply Lemma 9 with

(Ug, U4,U0,U1,U2) - (l’4,1’1,$8,x0,$7)

and
(v3,v4,00,v1,v2) = (Yo, Y8, Y1, Y4, Y1)
to see that
(189) either M[?J,a,é(x()?x% x4axlax8ay4ay77y07y87yl)

2
or Mﬁ’a,é(mlax4a $7ax07x87y87y07y77y47y1)~

Now, note that zg U ys, y1 by (189). Note further that ¢, y11, y1, ys, d, 1, Ts, T5 €
Sa(a). Note also that the following hold:

{yi, 91,98 } N {z1, 28,25} =0
Pﬁ,’y(c7 y117y17y87d)
Pﬁﬁ(d,xl,xg,a:&c)

Since ||Sq(a)]| > 15 by (181), we may apply Lemma 12 with

(u1,...,us) = (¢,y11,Y1,¥s,d, T1, T8, T5)
to see that
(190) N§. 5(cy11, 01, us, dy 21, o, 5).
From (190), we get
(191) z1 2 Y1-
From (191) and (189), we see that
(192) M3 o 5(x0, %7, T4, T1, 28, Ya, Y7, Yo, Ys: Y1)-
From (192), we get
(193) 24—y
From (193) and (188), we see that
(194) Mg,a75(132,$6,5007Ilo,x4,y6,y27y4,y10,yo)-

Finally, we note the following:

§
o — Y1 by (192)
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5
10 —— Yo by (187).
é
r3 — Yo by (187)
5
z3 —— Y9 by (187).
i) e Yo by (192)
i) - Y10 by (194)
B
10 — Yo by (194)
B
x1 —— y1 by (191).
B
1 —Yo by (192)
Note further zg, xo, 10, T3, %1, Y3, Y1, Y9, Yo, Y10 € S4(b). Note also that the follow-
ing hold:
{29, 20,210, 73,21 } N {Y3,91,Y9,%0, Y10 } =0
Pgs.o(x9, 70, 210, T3, 71)
Pﬂ,a(y37 Y1, Y9, Yo, le)
Since ||.Sy(b)|| > 15 by (182), we may apply Lemma 9 and Lemma 11 with
(u3au47u07u17u2) = (xga Z0o,T10,T3, xl)
and

(113,@4,”0,1)1,112) = (y3,y1799ay0,y10)

to produce the desired contradiction. The proof is complete. O

Theorem 12. Let V be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors «, B, 7, and §. Suppose that ||V || = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)| # 4.

Proof. Suppose not. Then ||Ss(u) N Ss(v)|| = 4. There are, up to isomorphism,
exactly three possibilities consistent with Proposition 28. Let Ss(u) N Ss(v) =

{w03w17w27w3 }

The first possibility is wyg T — w3 < wgo and wy o wy and
w1 e ws. In this case, we get a contradiction by Proposition 18.
The second possibility is wq < w1 < wWa < w3 < wo and wq o

wo and w; T wsz. In this case, we get a contradiction by Proposition 29 and
Proposition 30.
@

Finally, we consider the third possibility, namely, wq o wy —— ws and

w1 ’ w3 b wo ’ ws. In this case, we get a contradiction by Proposition 31,

Proposition 32, Proposition 33, Proposition 34, Proposition 35, Proposition 36,
Proposition 37, Proposition 38, Proposition 39, Proposition 40, Proposition 41,
and Proposition 42.

The proof is complete. O
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3.13. Attaching Sets of Cardinality 3.

Proposition 43. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, (3, v, and §. Suppose that
VIl = 62 and let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Suppose further that
[|Ss(uw) N Ss(v)|| = 3. If x € Ss(u) N S5(v), then

(1S5 () N Ss(v) N Sa ()], 1S5 (w) N S5(v) N Sp(@)l], [|Ss5(w) N Ss(v) NS, (x)])
€ [2,0,0].
Proof. First note that for any n € { «, 3,7} we have
| Ss(u) N Ss(v) N Sy(x)|| < R(3,3;2) —1=6—-1=5

since S5(u) N Ss(v) NS, (x) has no edges of colors ¢ and 7, so that the induced good
edge coloring has only two colors. Note that

Ss(u) N Ss(v) N Ss(x) = 0,
since otherwise we would have a monochromatic triangle. Thus, we have
Ss(u) N S5(v) = {a} ¥ (Ss(u) N S5(v) N Sa(2))
W (S5 (u) N Ss(v) N Se(x)) W (Ss(u) N Ss(v) NSy (x)),
so that
3= HSg('LL) N Sg(”U)H =1+ ||S(;(u) n Sg(’u) n Sa(x)H
+ ||Ss(w) N Ss(v) N Sa(@)]| + ||Ss(w) N Ss(v) N S, ()|
Thus, we have
(1S5 (w) N Ss(v) N Sa ()], 1S5 (u) N S5(v) N Sp(@)l], [|S5(w) N Ss(v) NS, ()])
€1[2,0,0]U[1,1,0].
The proposition now follows by an application of Proposition 4. ([l

Theorem 13. Let V be the vertex set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors v, 3, 7, and §. Suppose that ||V || = 62 and
let u,v € V with ||Ss(u)|| = ||Ss(v)|| = 16. Then ||Ss(u) N Ss(v)|| # 3.

Proof. Suppose not. Then ||Ss(u) N Ss(v)|| = 3. But there are no possibilities
consistent with Proposition 43. g

4. THE GLOBAL ARGUMENTS

Theorem 14. Let V be the vertex set of a complete graph with a good edge coloring
with four colors. Suppose that ||V|| = 62 and let u,v € V with u # v be such that
1Ss(w)|| = ||Ss(v)|| = 16 for some color §. Then ||Ss(u) N Ss(v)|| € {0,1,2,5}.
In addition, if ||Ss(u) N Ss(v)|| = 5, then there exist xg,...,x15 € Ss(u) and
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Yo, -+, Y15 € S5(v) with x; = y; for all i € {11,12,13,14,15} and some j € {0,1}
and colors «, 3, and v, such that Ba ¥ ﬂ{(xo, ...,x15) and Bflﬁﬂ(yg, ooy Y15) with
Ss(u) N Ss(v) = { w11, 212,213, T14, T15 } = { Y11, Y12, Y13, Y14, Y15 }-
Furthermore, if ||Ss(u) N Ss(v)|| = 5, then for each w € Ss(u) N Ss(v), we have

IS (w)|| < 14, and both Sy (w) and Sg(w) are twisted.

Proof. This is a trivial consequence of Theorem 1, Theorem 2, Theorem 3, Theo-
rem 4, Theorem 5, Theorem 6, Theorem 7, Theorem 8, Theorem 9, Theorem 10,
Theorem 11, Theorem 12, and Theorem 13. (I

Theorem 15. Let V be the vertex set of a complete graph with a good edge coloring,

colored with four colors. Suppose that ||V || = 62 and let u,v,w,z,y € V be pairwise
. . . . s

distinct vertices which satisfy u,v,w —— x,y for some color §. Then, for some

z € {u,v,w,z,y} we have ||S5(2)|| < 15.

Proof. Suppose not. Then ||Ss(z)|| = 16 for all z € {u,v,w,z,y}. Thus, by
Theorem 14, we have ||Ss(z) N Ss(y)|| € {0,1,2,5}, so that, since u,v,w € Ss(x) N
Ss(y), we must have

195 () N Ss(y)[| = 5.

Next, we show that ||.Ss(u) N Ss(v)|| = ||Ss(w) N Ss(w)|| = ||Ss(v) N Ss(w)]|| = 5.
Suppose not. Then we may, without loss of generality, suppose that [|Ss(u) N
Ss(v)]| # 5, so that, by Theorem 14, we have ||Ss(u) N Ss(v)|| < 2. But, z,y €
Ss(u) N Ss(v), so that we must have Ss(u) N S5(v) = {z,y} C Ss(w). But then we
have (Ss(u) ~ Ss(w)) N (Ss(v) ~ Ss(w)) = 0. Thus, we see that

62= [V

> HSa(u)US(s(v)US(;( YU Ss(z) U Ss(y H

= [|(Ss(z) ~ S5(y)) W (Ss(y) ~ S5()) & (S5(x) N S5(y))w
(S5(u) ~ S5(w)) & (S5(v) ~ 55( ) W Ss(w)||

= [|S5(x) ~ Ss(y)|| + || 9s(y) ~ H+Hst ) N S5(y)||+
|55 (w) ~ Ss(w) || + |95 (v) ~ Ss(w)|| + || Ss(w)|

=114 1145 + ||Ss(u) ~ Ss(w) H + HS§ v) ~ Ss(w)]| + 16

>11+11+54+11411416

— 65,

which is a contradiction. Thus, we have
155 (w) N S5 (v)]| = [1S5(w) N Ss(w)]| = [|S5(v) N Ss(w)|| = 5,

as desired.
We may now apply Theorem 14 to each pair in {u,v,w } to see that there exist
colors v,~',7" # & such that

Ss(u) N Ss(v) contains no edges of color v and ||S,(z)|| < 14,
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Ss(u) N Ss(w) contains no edges of color 7" and ||S, ()| < 14,
and
Ss(v) N Ss(w) contains no edges of color 7" and ||S,~(z)| < 14.

By Proposition 1, we see that v =+ =+".
Thus, there exists some 7 # 0, such that ||S,(z)| < 14 and
0 = (S5(u) NSy () N (S5(v) N Sy(x))
= (S5(u) N Sy(x)) N (Ss(w) N S, (x))
— (S5(0) N1.8,(2)) N (Sa(w) N1 S, (@),
Next, we show that ||S5(z) NS, (z)| < 4 for some z € {u,v,w}. Suppose not.
Then [|S5(z) N Sy(z)|| =5 for all z € {u,v, w}. Thus, since
W (S5(:) 1 8,(0) € 8, ).
ze{u,vw}
we must have 5+ 5 + 5 < 14, which is impossible.
Thus, we may suppose, without loss of generality, that ||Ss5(u) NS, (z)| < 4. Let

« and ( be the two other colors. Then, since u o x, we must have
16 = 1850
=|[{z}w (Ss(u) N Salz)) W (Ss(u) N Ss(z)) W (Ss(u) N Sy(x))||
= [ ¥ + [1S5(u) 1 Sa@)]| + [} S5(w) 1 S5(@)]| + [|S5() 1 5, @)
<14+5+5+4
=15,
which is impossible.

The proof is complete. U

Theorem 16. Let V be the vertez set of a complete graph with a good edge coloring,
colored with the pairwise distinct colors «, (3, 7, and 6. Suppose that u,v € V with

Ss(u) = {zo,..., 715} and S5(v) = {yo,..., 15} with B 5_(x0,...,715) and

Béﬂﬁ(yo,...,yw) such that Ss(u) N Ss(v) = {a,b,c,d, e} where a = x135 = Y13,
b= 214 = Y14, ¢ = T15 = Y15, d = T11 = Y11, and e = T13 = Y12. Suppose further
that [|V[| = 62. If [[Sa(a)|| = 16, then |[Sa(b)|| = [[Sa(e)l| = 15. If [|Ss(a)|| = 16,
then [[Sp(d)|| = [Ss(c)|| = 15.

Proof. First, note that the hypotheses of the theorem are preserved by the following
symmetry O:
U+— U
Vv
a—a
b—cr—er—d—b
Lo = Zo

T3 > Ty —— T3
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Ty — Ty — T — Tg — T1
T2 == T10 > Tq4 > Te /> T2
Yo — Yo
Ysr——Ys——> Y3
i Yyr— Ys—— Yo
Yar— Yo ——Yar— Y6 — Y2
Note that the symmetry © acts on the colors as follows:
ar— fr—
vy
o9
First, we show that if ||S,(a)| = 16, then ||S,(b)|| = 15. Suppose not. That
is, suppose that || Sy (a)|| = 15 but [|S4(b)]| # 16. By Theorem 14, we see that
IS4 (b)]| < 14, so that, by Proposition 1, we must have ||So(b)| > 15, so that, in

fact,
[1Sa(®)]| = [Sa(a)|| = 16.

Applying Theorem 14 once again, this time to a and b, and using the fact that
x5, Ys,d € Sa(a) N Se(b) are pairwise distinct elements, we see that

[Sa(a) N Sa(b)]| = 5.
Furthermore, note that s 0 Ys, since x5,ys5 € So(a) N Sg(c) NS, (d). Note also
that d —— x5, rg. Thus, by Theorem 14, applied to a and b, we see that
1Sa(d)] < 14.
But by Theorem 14, applied to u and v, we see that
15y (d)]| < 14,
which is impossible, by Proposition 1.
Thus, we have shown that
if ||Sa(a)|| = 16, then || S, (b)]| = 15.
Repeated applications of the symmetry © give
if [|Sp(a)ll = 16, then [|Ss(c)[| = 15,
if ||Sa(a)|| = 16, then ||S,(e)|| = 15,
and
if ||Ss(a)|| = 16, then || Sz(d)|| = 15.
The proof is complete. O
Theorem 17. Let V be the vertex set of a complete graph with a good edge coloring,
colored with four colors. Then there exists some color a and vertices u,v € V, such

that || Se(w)|| = [|Sa(0)|| = 16 and ||Sa(u) N Se(v)]] = 5 with both Su(u) and Sa(v)
twisted.
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Proof. By Proposition 1, for each z € V there exists some color 7 such that
IS5 (2)|| = 16. Thus, we have

1 o) | 185(2)]l = 16 }|| > 62.

Thus, there must exist some color § such that
1{= | 155(z)]l = 16 }|| > 16.

Let zg, 21, 22, 23, 24, 25 € V be pairwise distinct vertices such that ||S5(z;)|| = 16 for
alli€{0,1,2,3,4,5}.

First, we show that ||S5(2;)NS5(2;)|| = b for some ¢, € {0,1,2,3,4,5}. Suppose
not. Then, by Theorem 14, we see that [|Ss(z;) N Ss(z;)|| < 2 for any distinct
i,7€{0,1,2,3,4,5}. Thus, we have

62 = |[V]|
> HSg(Z()) U Ss(21) U Ss(2z2) U S5(23) U Ss(z4) U 55(25)H
>16+14+12+10+8+6
= 66,

which is impossible. Thus, we see that there exist some i,5 € {0,1,2,3,4,5}, such
that ||Ss(z;) N S5(2;)|| = 5. Let © = z; and y = 2;.

Thus, we have ||Ss(z)|| = ||Ss(y)|| = 16 and ||Ss(2)NSs(y)|| = 5. By Theorem 14,
applied to z and y, we see that there exist colors «, 3, and v, such that ||.S, (w)]| < 14
for all w € Ss(x) N Ss(y) and that all of the edges in Ss(u) N Ss(v) are colored with
the colors a and (3.

By Proposition 1, we see that for any w € Ss(u) N Ss(v), we have either
[|Sa(w)]] = 16 or ||Sg(w)|| = 16 (or both). But ||Ss(z) N Ss(y)| = 5, so that there
must exist pairwise distinct u,v,w € S5(z) N Ss(y) such that either ||Sq(u)|| =
[Sa (W)l = [1Sa(w)l] = 16 or [|Ss(w)]| = [Ss(v)[| = [|Ss(w)[| = 16. Without loss of
generality, we may suppose that

[Sa ()]l = 1Sa(@)]| = [|Sa(w)]| = 16.

Since {u,v,w} C S5(x) N Ss(y), we see that all of the edges in { u, v, w } must be
colored with the colors o and 8. Since all three edges in {u,v,w } cannot be the
same color, at least one such edge must be of color 3. Without loss of generality,
we may suppose that
ut .

By Theorem 14, applied to = and y, we see that there exist wg, w, ws € Ss(z) N

Ss(y) such that
P3 o (u, wo, wy, we,v).

Note that w; —— u,v and that w; is the only such element of Ss(x) N S5(y).
Since ||Ss(x)|| = ||Ss(y)|| = 16, we may apply Lemma 6(1), to see that there exists
some z € Ss(x) ~ Ss(y) and some 2z’ € Ss(y) ~ Ss(x) such that wy, z, 2" € S, (u) N
Su(v). Clearly, the elements wy, z, 2’ are pairwise distinct, so that, since ||Sq (u)|| =
[I1Sa(v)]| = 16, we see, by Theorem 14, applied to u and v, that || S, (u)NS.(v)| = 5.
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To see that S, (u) and S, (v) are twisted, we need only apply Theorem 14 to x and
y, noting that ||Ss(z)|| = [|S5(y)|| = 16 and [|Ss(z) N Ss(y)|| = 5 and that the edges
in S5(x) N Ss(y) are colored with the colors a and §.

The proof is complete. O

Theorem 18. R(3,3,3,3) < 62.

Proof. Suppose not. Then there exists a good edge coloring, using four colors,
on a complete graph with vertex set V where ||V|| = 62. By Theorem 17, there
exists some color ¢ and vertices u,v € V such that ||Ss(u)|| = ||Ss(v)|| = 16 and
[I1Ss(u) N Ss(v)|| = 5 with both Ss(u) and Ss(v) twisted.

By Theorem 14, there exist xg, ..., z15 € Ss(u) and yo, . .., y15 € Ss(v) with x; =

y; for alli € {11,12,13,14, 14 } and colors «, 8, and v, such that Béﬂﬁ(mo, cey X15)

and Bé’@,y(yo, ...yy15) with Ss(u) N Ss(v) = {a,b,e,d, e}, where a = 13 = y13,
b= Z14 = Y14, ¢ = T15 = Y15, d = T11 = Y11, and € = T12 = Y12.

First, note that the entire situation so far is preserved by the following symmetry
O:

Ur—u
Vv
a—a
b—cr—er—d+—b
ZTo — T
T3 —— Tg ——> I3
Ty Ty —> Ty — Tg — T
Tg — T19 — T4 — Tg — T
Yo — Yo
Ysr——Ys— Y3
Y1 Yyr—Ys—— Yo — Y1
Yar— Yo == Ya = Yo —— Y2
Note that the symmetry © acts on the colors as follows:
ar— fr—
Yy
o9

By Theorem 14, applied to u and v, we see that [|S,(w)| < 14 for all w €
{a,b,c,d,e}.

Now, Suppose that [|S,(a)|| = 16. Then, by Theorem 16, applied to u and
v, we have ||So(b)]| = [|Sa(e)|| = 15. But [|S4(b)|| = ||S,(e)|| = 14, so that, by
Proposition 1, we have ||S5(b)|| = [|Ss(e)|| = [|Sg(d)]] = ||Ss(e)|]] = 16. Since
b,e,a - u, v, we see, by Theorem 15, that || Ss(a)|| < 15, so that, since ||Ss(a)|| <
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14, we see, by Proposition 1, that ||Sg(a)|| = 16. Likewise, since b,e,c o u, v,
we see, by Theorem 14, that ||Ss(c)|| < 15, so that, since ||Ss(c)|| < 14, we see, by
Proposition 1, that ||Sg(c)|| = 16. But, by Theorem 16, applied to u and v, we
cannot have ||Sg(a)|| = [|Sg(c)|| = 16, thus giving a contradiction.
Thus, we have shown that
[Sa(a)ll < 15.

An application of the symmetry to this gives
[Sp(a)]| < 15.

Since ||S(a)|| < 14, we get a contradiction, by Proposition 1.
The theorem is proved. (Il
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