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The classical Ramsey number
R(3,3,3,3) < 62
The global arguments
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ABsTrRACT. We show that R(3,3,3,3) < 62, that is, any good edge coloring of a
complete graph on 62 vertices with four colors must contain a monochromatic
triangle. This paper gives the global arguments of the proof.
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1. Introduction

An edge coloring of a complete graph is called good provided that there do
not exist monochromatic triangles. There are, up to isomorphism, exactly two
good edge colorings with three colors on the complete graph with 16 vertices.
(See [6].) These are called the untwisted and twisted colorings. The automorp-
hism group on each of these colorings acts transitively on the vertices. By
removing a single vertex from each of these colorings (along with all edges inci-
dent with the removed vertex), we get two non-isomorphic good edge colorings
with three colors on the complete graph with 15 vertices. We refer to these as
the untwisted and twisted colorings on 15 vertices. There are no others, up to
isomorphism. (See [5].)

All of the arguments in this paper are based on our intimate knowledge of the
untwisted and twisted colorings on 15 and 16 vertices with three colors, together
with the knowledge that these are the only such good edge colorings possible. If
we knew the good edge colorings on 16 vertices, but not on 15 vertices, then the
arguments in this paper (with trivial and obvious modifications) would suffice
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only to prove that R(3,3,3,3) < 64, instead of R(3,3,3,3) < 62, as we prove
here.

In this paper, we improve the known upper bound for the classical Ramsey
number R(3,3,3,3). It is trivial to see that

R(3,3,3,3) <4-(R(3,3,3;2) — 1)+ 1+1
=4-(17T-1)+1+1
= 66.

(See [4].) In Folkman [3], it is shown that R(3,3,3,3) < 65. In Sanchez-
Flores [10], it is shown that R(3,3,3,3) < 64. In this paper, we improve this
to read R(3,3,3,3) < 62. That is, we show that for any coloring of a com-
plete graph with 62 vertices using four colors, there must exist a monochro-
matic triangle. The best known lower bound for R(3,3,3,3) was provided by
Chung [1], who constructed two non-isomorphic monochromatic triangle free
edge colorings, from the untwisted and twisted good colorings of K¢ with three
colors, using four colors of the complete graph with 50 vertices, thus showing
that R(3,3,3,3) > 51.

The paper is organized as follows. In §2, we give a few preliminary defini-
tions and facts, including some facts about the good colorings on the complete
graphs K4 and K75 using three colors, which will be needed in in later sec-
tions. Suppose that we are given a good edge coloring, with four colors, on the
complete graph on 62 vertices. Let u and v be two distinct vertices and let d be
any color. Suppose that ||Ss(u)|| = ||Ss(v)|| = 16. (According to Definition 2.2
in section §2, we define the set Ss(u) to be the set of all vertices x such that
the edge from u to x is of color §.) Then the set Ss(u) N Ss(v) is referred to
as an attaching set. The structure of a potential attaching set is quite limited.
The section ends with a statement, given without proof, of Theorem 2.5, which
gathers together the results of the local arguments into a single theorem, This
theorem limits the structure of potential attaching sets. More specifically, it
states that every attaching set has cardinality 0, 1, 2 or 5. It further states that
the structure of attaching sets of cardinality 5 are severely restricted. In §3, we
give the global arguments, that is, arguments which require the consideration
of multiple attaching sets at the same time. There we assume Theorem 2.5 for
every attaching set in a given good coloring of Kgo with four colors, and use
that fact to derive a contradiction, thus proving that no such good coloring on
Ko exists. This is the main result, Theorem 3.4, that is, R(3,3,3,3) < 62.

2. Preliminaries
Notation 2.1. For convenience, we define
[i1,...,in] = { (if(l), . 7if(n)) ’ f is a permutation on {1,...,n} }

We also write u —— v, where u and v are vertices in some edge colored graph
and « is a color, to indicate that the edge connecting u and v is of color c.



R(3,3,3,3) < 62: THE GLOBAL ARGUMENTS 3

Definition 2.2. Let V be the vertex set of an edge colored complete graph. Let
a be a color and let v € V. Then we define

So()={zxeV]z v}

Definition 2.3. Let vg,...,v15 be vertices of an edge coloring of a complete
graph, and let «, 3, and vy be colors. We define the following predicates:

(1) Pga(vi,---,vs) iffy

8 B 8 B I a a a
Vi — Vo —— V3 —— V4 —— Vs — U1 andvl —— V3 —— Vs ——
Vg oy . (See Figure 1.)
.@.

V1 V2 V3 V4 Vs

FIGURA 1. Pgo(v1,...,0s5)

(2) A9 5, (vi,..v00)  iff g

B B
nga(vl,’U27U3,U4,'U5) andP’Y,ﬁ(v6vv7av83v97U10) and vy — Us and vy ——
B B B « @
vy and v3 —— vg and v4 —— vg and vs —— vig and V| —— Vg ——
« [0 [ « [e3 (03 «
Us U7 V4

«
Vg —— V3 —— Vg —— Vg —— Vg —— v1 and
v il v vy vy v v y ol
Vv — VU7 —— V3 — V9 — VU5 — Vg — V2 — U8 — Vg ——
vy
V1o — V1.
1 .
(3) Ag g (v, yv10)  iffyr

B B
Ppg.(v1,v2,v3,v4,v5) and Py g(ve, v7,vs, Vg, U10) and vy —— v and vy ——

B B B @ a
vy and v —— vg and v4 —— vg and vs —— vig and V1 —— Vg ——
@ « (e}

« « « « (e}
Vs —— U7 —— Vg —— Vg —— V3 —— Vg —— Vg —— Vg —— v1 and
¥ ¥ ¥ ¥ ¥ v v ¥ ¥
U1 U7 U3 Vg Us Ve V4 (% V2
¥
V1o — V1.

(4) 03757,7(?}17 e ,’1}15) fodf
A9, 5 (11,012, V13, V14, V15, 01, V2, V3,04, 05) and AY (01, 02,03, 04, Vs, V6,
v7,v8,v9,v10) and AY , 5(ve, v7, Vs, Vg, V10, V11, V12, V13, V14, V15).-

(5) Céﬂ’,y(’l)h N 7’1}15) iffdf
A(ll,ﬁw(vlb V12, V13, V14, V15, V1, U2, U3, V4, ’1)5) and Aé),y)a(vl, V2, V3, V4, Vs, Vg,
v7,v8,v9,v10) and Al 5(ve, vr, Vs, Vg, V10, V15, V14, V13, V12, V11).-

(6) Bgﬂﬁ(vm ‘e ,1}15) iffdf
C’gﬁﬁ(vh o u1s) and v —— vy, va, V3, V4, V5 and Vo . Vg, U7, Vg, V9, V10
and vg L0117U12,1}13,’l}14,1}15. (See Figure 2.)

(7) Bl g (v0,--sv15)  iffyy
C’éﬁﬁ(’ul, ... v15) and vy —— vy, Vg, V3, V4, Vs and vy e vg, U7, Us, Vg, U10

¥ )
and vg — v11, V12, V13, V14, V15- (See Figure 3.)
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Lemma 2.1. Let U be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors o, 3, and . If ||U|| = 16, then

there exist xg,...,x15 € U and some i € {0,1} such that fo’ﬁﬁ(mo, cey X15)

Demostracion. See Kalbfleisch and Stanton [6]. o
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Lemma 2.2. Let U be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, 3, and v. Let |U|| = 16

and let a,b € U with a b, Then, we have the following:
(W) {zeUla-"a b} =2
@) [{zeUla——z " b} =1
@) [{zelUla—"—2 ——b}|=2

Demostracion. Follows immediately by inspection from Lemma 2.1. o

Lemma 2.3. Let U be the vertexr set of a complete graph with a good edge

coloring, colored with the pairwise distinct colors a, 8, and . If ||U|| = 15, then
there exist x1,...,215 € U and some i € {0,1} such that C}'y,ﬂﬁ(xh ceyX15)
Demostracion. See Heinrich [5]. o

Remark 2.1. In Lemma 2.1 and Lemma 2.3, © = 0 if the coloring is untwisted,
and © = 1 if the coloring is twisted.

Proposition 2.4. Let V be the vertex set of a complete graph with a good edge
coloring, colored with the pairwise distinct colors «, 3, v, and §. Suppose that
V|| =62 and let x € V. Then

(ISa (@)l 1S5 (@)I1, 1185 ()1, 1S5 ()]
€ [16,16,16,13] U [16,16, 15, 14] U [16, 15, 15, 15].
Demostracion. It is clear that
62 = [|V]|

= [{z} ¥ Sa(x)w Sp(z) w5, () W Ss()|

=1+ [[Sa(@) + [19s@)] + 119, (@) + 1S5 (2)]-
Also, for any n € {a,3,7,d }, we see that the induced good edge coloring on
the complete graph with vertex set S,(z) cannot contain any edges of color

7, since otherwise we would have a monochromatic triangle of color n in V,
contradicting the goodness of the original coloring. Thus, we have

[Sa @), 115 (@)II, 1Sy ()1, [[Ss ()] < R(3,3,3;2) =1 =17 -1 = 16.
The proposition follows. v

The following theorem summarizes the results of the local arguments of [7],
that is, arguments that proceed by consideration of a single attaching set. In
these arguments, all potential attaching sets of cardinalities other than 0, 1, 2,
and 5 are eliminated, and the structure of any attaching sets of cardinality 5
are severely restricted. This theorem is used repeatedly in the global arguments
of the next section.
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Theorem 2.5. Let V' be the vertex set of a complete graph with a good edge
coloring with four colors. Suppose that |V|| = 62 and let u,v € V with u # v
be such that ||Ss(u)|| = ||Ss(v)|| = 16 for some color §. Then ||Ss(u) N Ss(v)| €
{0,1,2,5}. In addition, if ||Ss(u) N Ss(v)|| = 5, then there exist xg,...,x15 €
Ss(u) and yo,...,y15 € Ss(v) with x; = y; for all i € {11,12,13,14,15} and

some j € {0,1} and colors a, B, and v, such that Biﬂw(ﬂﬁoanwiﬂls) and

Biﬁ,v(yov ...y Y15) with

Ss(u) N Ss(v) = { z11, 12, 213, T14, T15 } = { Y11, Y12, Y13, Y14, Y15 }-

Furthermore, if ||Ss(u) N Ss(v)|| = 5, then for each w € Ss(u) N Ss(v), we have
IS (w)|| < 14, and both S, (w) and Sg(w) are twisted.

Demostracion. See [7]. o

Remark 2.2. Note that if ||S,(w)|| < 14, then Sq(w), Sg(w) > 15 fory # «, B,
by Proposition 2.4, so that by Lemma 2.1, Lemma 2.8 and Remark 2.1, it
makes sense to say that S,(w) and Sg(w) are twisted in the last sentence of
Theorem 2.5.

3. The Main Theorem

In this section, we present the global arguments, that is, arguments that
consider more than one attaching set at a time. Essentially, Proposition 2.4
guarentees that there lots of neighborhoods of cardinality 16, and therefore
lots of attaching sets. Theorem 2.5 applies to every attaching set, and will be
our main tool.

Theorem 3.1. Let V be the vertex set of a complete graph with a good edge
coloring, colored with four colors. Suppose that ||V || = 62 and let u,v,w,z,y €

o . . ) . s
V' be pairwise distinct vertices which satisfy u,v,w —— x,y for some color §.
Then, for some z € {u,v,w,z,y } we have ||Ss(2)| < 15.

Demostracion. Suppose not. Then ||Ss(z)|| = 16 for all z € {u,v,w,z,y }.
Thus, by Theorem 2.5, we have [|S5(z) N S5(y)|| € {0,1,2,5}, so that, since
u,v,w € S5(x) N S5(y), we must have

195(x) N Ss(y)|l = 5.

Next, we show that ||Ss(u)NSs(v)|| = ||Ss(w)NSs(w)|| = ||Ss(v)NSs(w)|| = 5.
Suppose not. Then we may, without loss of generality, suppose that ||Ss(u) N
Ss(v)|| # 5, so that, by Theorem 2.5, we have |Ss5(u) N Ss(v)|| < 2. But,
x,y € Ss(u) N Ss(v), so that we must have Ss(u) N S5(v) = {z,y} C Ss(w).
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But then we have (Ss(u) ~ Ss(w)) N (Ss5(v) ~ Ss(w)) = 0. Thus, we see that
62 = ||V
> ||85(u) U Ss(v) U Ss(w) U Ss(x) U Ss(y) ||

= ||(Ss(z) ~ S5(y)) W (Ss(y) ~ 55( )) W (Ss(x) N S5(y))w
(S5(u) ~ S5(w)) W (S5(v) ~ Sé( ) W Ss(w)]|

= ||Ss(x) ~ Ss(y)]|| +||Ss(y) ~ Wﬂ&)m (v)||+
||S§(u) ~ Sa(w)“ + ||S§(U H + HSa(w H

=114 1145+ [|Ss(u) ~ Ss(w) |} + ||S(; ~ Ss(w)|| + 16

>11+11+54+11+11+16

= 65,

which is a contradiction. Thus, we have

155 (u) N S5 () || = [155(w) N Ss(w)[| = [[S5(v) N Ss(w)]| = 5,

as desired.
We may now apply Theorem 2.5 to each pair in { u,v,w } to see that there
exist colors v,7’,~"” # & such that

Ss(u) N Ss(v) contains no edges of color v and ||S,(z)| < 14,
S5(u) N Ss(w) contains no edges of color 7" and ||S (z)| < 14,
and
Ss(v) N Ss(w) contains no edges of color " and ||S,~(z)| < 14.

By Proposition 2.4, we see that v =~ = +".
Thus, there exists some 7 # 0, such that ||S,(z)|| < 14 and

D = (S5(u) N S, () N (S5(v) N 5, (@)
= (S5(u) N S, (2)) N (S5(w) N1 S, ()
= (S5(v) NS, (2)) N (S5(w) 1 S, (2))

Next, we show that ||S5(z) NS, (x)| < 4 for some z € {u,v,w }. Suppose
not. Then ||S5(z) N Sy(x)|| =5 for all z € {u,v,w }. Thus, since

W (Ss(:) N8, (@) € 8, (a),

ze{u,v,w}

we must have 5 + 5 + 5 < 14, which is impossible.
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Thus, we may suppose, without loss of generality, that ||Ss(u) NS, (z)| < 4.
Let o and 3 be the two other colors. Then, since u o r, we must have
16— [1S5(0)
— [{a } i (S(u) 1 Sa()) © (S5() N1 S5(@) © (Ss(u) 1 8, (@) |
= H{x}” + HS(s(u) NSq(x) ’ + HS(;(u) N Sg(x)H + HS(;(U) N Sv(ar)H
<1+4+5+4+5+4
=15,
which is impossible.
The proof is complete. v

Theorem 3.2. Let V' be the vertex set of a complete graph with a good ed-
ge coloring, colored with the pairwise distinct colors «, (B, v, and §. Suppose
that u,v € V with Ss(u) = {xo,...,215} and Ss(v) = {yo,...,y15 } with
Béﬁ’,y(xo, ..., T15) and Biﬁﬁ(yo, ...y y15) such that Ss(u)NSs(v) = {a,b,c,d,
e} where a = x13 = Y13, b = T14 = Yuu, ¢ = Ti5 = Y15, d = T11 = Y1,
and e = 12 = y12. Suppose further that ||V| = 62. If ||Sa(a)|| = 16, then
182 ®)]l = [Sa(e)| = 15. I [ Sa(a)]| = 16, then [1S5(d)]| = [ISa(0)] = 15.

Demostracion. First, note that the hypotheses of the theorem are preserved by
the following symmetry ©:
U— U
)
ar—a
b—cr—er—d—b
Ty — Xg
T3 —— Ty —— T3
T = T == Ty —— Tg — I1
T2 == T10 V= T4 —— Tg — T2
Yo — Yo
Ys——Ys— Y3
NDir—Yyr=——Ys— Yo — Y1
Ya—Yi0o—— Y+ —— Yo — Y2
Note that the symmetry © acts on the colors as follows:
a— fr— a
Y7
d— 0

First, we show that if ||S,(a)|| = 16, then ||S,(b)|| = 15. Suppose not. That
is, suppose that ||Sq(a)]] = 16 but ||S,(b)]| # 15. By Theorem 2.5, we see that
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IS5 (D)|| < 14, so that, by Proposition 2.4, we must have ||S,(b)|| > 15, so that,
in fact,

[1Sa (D)l = [|Sa(a)]] = 16.

Applying Theorem 2.5 once again, this time to a and b, and using the fact that
Z5,Ys5,d € So(a) NS (b) are pairwise distinct elements, we see that

[[Sa(a) N Sa(b)]| = 5.

Furthermore, note that x5 L ys, since x5,ys € Sa(a) N Ss(c) N S, (d). Note
also that d —— T5,Yys5. Thus, by Theorem 2.5, applied to a and b, we see that
[1Ss(d)[| < 14.

But by Theorem 2.5, applied to v and v, we see that
15, ()] < 14,

which is impossible, by Proposition 2.4.
Thus, we have shown that

if [|Sq(a)]| = 16, then || S, (b)|| = 15.
Repeated applications of the symmetry O give
it 5(a) | = 16, then [|S(c)| = 15,
if [|Sy(a)]| = 16, then || Sa(e)|| = 15,
and
if ||Sa(a)|| = 16, then ||S5(d)|| = 15.
The proof is complete. v

Theorem 3.3. Let V' be the vertex set of a complete graph with a good edge
coloring, colored with four colors. Then there exists some color v and vertices
u,v € V, such that ||Se(u)| = ||Sa(v)]] = 16 and [|Sa(u) N Sy (v)|| = 5 with
both So(u) and S, (v) twisted.

Demostracion. By Proposition 2.4, for each z € V there exists some color 7
such that ||S,(2)|| = 16. Thus, we have

1 (zm) | 1S4(2)]| = 16 }|| > 62.

Thus, there must exist some color d such that
1{z ] 1Ss(=)ll = 16 }|| > 16.

Let zo, 21, 22, 23, 24, 25 € V be pairwise distinct vertices such that ||Ss(z;)|| = 16
forall i € {0,1,2,3,4,5}.
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First, we show that [|Ss(z;) N Ss5(2;)|| = 5 for some 4,5 € {0,1,2,3,4,5}.
Suppose not. Then, by Theorem 2.5, we see that ||.S5(z;) N S5(2;)| < 2 for any
distinct 4,5 € {0,1,2,3,4,5 }. Thus, we have

62 = [|V/]
Z ||S§(Zo) @] 55(21) @] S(;(ZQ) @] S(;(Zg) ] 55(24) ] 55(25)”
>16+14+12410+8+6
= 66,

which is impossible. Thus, we see that there exist some 4,5 € {0,1,2,3,4,5},
such that ||Ss(z;) N S5(2;)|| = 5. Let ¢ = z; and y = z;.

Thus, we have ||Ss(z)|| = ||Ss(y)|| = 16 and ||Ss(x) N Ss(y)|| = 5. By Theo-
rem 2.5, applied to x and y, we see that there exist colors «;, 3, and -y, such that
ISy (w)|| < 14 for all w € S5(z)NSs(y) and that all of the edges in Ss(u)N.Ss(v)
are colored with the colors a and (.

By Proposition 2.4, we see that for any w € Ss(u) N Ss(v), we have either
[ISa(w)]] = 16 or || Sg(w)]|| = 16 (or both). But ||S5(x)NSs(y)|| = 5, so that there
must exist pairwise distinct u, v, w € S5(x) N Ss(y) such that either || S, (u)| =
152 (@)l = [1Sa(w)]| = 16 or [Sa(u)] = S5(0)] = |Sa(w)]| = 16. Without loss
of generality, we may suppose that

[Sa (Wl = 1Sa(0)| = [|Sa(w)]| = 16.

Since { u,v,w } C S5(x) N Ss(y), we see that all of the edges in { u, v, w } must
be colored with the colors a and (3. Since all three edges in {u,v,w } cannot
be the same color, at least one such edge must be of color 8. Without loss of
generality, we may suppose that

B

u V.

By Theorem 2.5, applied to z and y, we see that there exist wg, wy,ws €
Ss(x) N Ss(y) such that

Pg,o(u, wo, w1, wz,v).
Note that w; —— u,v and that w; is the only such element of Ss(x) N S5(y).
Since ||Ss(x)|| = [|Ss(y)|| = 16, we may apply Lemma 2.2(1), to see that there

exists some z € S5(x) ~ Ss(y) and some 2’ € S5(y) ~ S5(x) such that wy, z, 2" €
S ()N S4(v). Clearly, the elements w, 2, 2’ are pairwise distinct, so that, since

[[Sa(w)]] = ||Sa(v)|| = 16, we see, by Theorem 2.5, applied to u and v, that
[[Sa(u) N Sa(v)]| = 5. To see that S, (u) and S, (v) are twisted, we need only
apply Theorem 2.5 to x and y, noting that [|Ss(z)|| = ||Ss(y)|] = 16 and

[[Ss(z) N'S5(y)|| = 5 and that the edges in Ss(x) N Ss(y) are colored with the
colors « and (.
The proof is complete. o

Theorem 3.4. R(3,3,3,3) < 62.
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Demostracion. Suppose not. Then there exists a good edge coloring, using four
colors, on a complete graph with vertex set V where ||V|| = 62. By Theorem 3.3,
there exists some color § and vertices u,v € V such that ||Ss(u)|| = [|Ss(v)| =
16 and || Ss(u) N Ss(v)|| = 5 with both Ss(u) and Ss(v) twisted.

By Theorem 2.5, there exist xg,...,z15 € Ss(u) and yo,...,y15 € S5(v)
with z; = y; for all ¢ € {11,12,13,14,15} and colors «a, 3, and =, such that
Béﬁﬁ(:vo, ...,215) and B}lﬂﬂ(yo, ...y y15) with Ss(u) N Ss(v) ={a,b,c,d, e},
where a = 13 = Y13, b = T4 = Y14, ¢ = T15 = Y15, d = 11 = Y11, and
€ =1T12 = Y12.

First, note that the entire situation so far is preserved by the following
symmetry O:

Ur—u
Vv
a—a
b—cr—er—dr—b
To —— Zo
,’,Eg [ [L‘S > 1'3
L1 —— X7 —— 5 —— XTg —— X1
Tog——> T19g——> Ty —— Tg —— T2
Yo = Yo
Ya——Ys— Y3
y2b—)ylol—>y4l—>y6l—>y2
Note that the symmetry © acts on the colors as follows:
a— fr—a
Y7
b0

By Theorem 2.5, applied to v and v, we see that ||.S,(w)| < 14 for all
w € {a,b,c,d e}

Now, Suppose that ||S,(a)|| = 16. Then, by Theorem 3.2, applied to u and

v, we have [|S,(b)|| = ||Sa(e)]| = 15. But [|S4(b)|| = ||S,(e)|| = 14, so that,
by Proposition 2.4, we have ||Ss(b)|| = [|Ss(e)|| = 1S5(b)|| = ||Ss(e)|| = 16.
Since b, e, a B u,v, we see, by Theorem 3.1, that [|Ss(a)| < 15, so that,
since ||Ss(a)|| < 14, we see, by Proposition 2.4, that ||Sz(a)| = 16. Likewise,
since b, e, c - u,v, we see, by Theorem 2.5, that ||Ss(c)|| < 15, so that,
since ||S5(c)|| < 14, we see, by Proposition 2.4, that ||Sg(c)|| = 16. But, by
Theorem 3.2, applied to u and v, we cannot have ||Sg(a)|| = ||Ss(c)| = 16,
thus giving a contradiction.
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Thus, we have shown that
[Sa(a)]| < 15.

An application of the symmetry to this gives

158 (a)ll < 15.

Since ||S;(a)|| < 14, we get a contradiction, by Proposition 2.4.

1]

The theorem is proved. vf
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