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§0. INTRODUCTION

In this paper we introduce a finitely axiomatizable equational class of relation
type algebras which we call REL. This class includes all relation algebras and
is closed under relativization to an arbitrary element. Thus REL contains every
relativization of SRelU, where PReU is the relation algebra of all binary relations on
the set U. The main theorem is the REL Representation Theorem 5.4, in which
every complete atomic algebra in REL is shown to be isomorphic to a relativization
of a representable relation algebra, and hence, since every algebra in REL has a
perfect extension in REL, every algebra in REL is isomorphic to a subalgebra of a
relativization of some ReU. This characterizes REL.

The paper is organized as follows. In §1 we define the class REL by giving a finite
equational axiomatization. We also prove some elementary facts about algebras in
REL that are needed for later sections. In §2 we show that REL is closed under
relativization to arbitrary elements. In §3 we study a construction for adjoining
converses, and in §4 we study a construction for adjoining identity elements. In §5
we use the results of §3 and §4 to prove the REL Representation Theorem, making
use of the WA Representation Theorem (Theorem 5.20 of Maddux [2]).

The author would like to thank Roger Maddux for many useful conversations
regarding this article.

§1. AXIOMS AND ELEMENTARY PROPERTIES

Definition 1.1. NREL s defined to be the class of all relation type algebras
A = <A7+7'7_707 17 ;7U717>

which satisfy Ax1 through Ax8 below. REL is defined to be the class of all algebras
20 € NREL which also satisfy Ax9. Also, we define || = A.

Ax1. BIA = (A, +,-,—,0,1) is a Boolean algebra.
Ax2. (x -y ) =2 -y.
Ax3. (x+y);z=z;z2+y;z and x;(y + 2) = 3y + x; 2.
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Ax4. 1;0=0 and 0;1 =0.

Ax5. zvyy-z=a"ly- x5z -z and iy -z =[x 23y sy 2.

Ax6. ;2 < x and ;1 < z.

AXT. U:1 = 1.

Ax8. —17; —1"-1 =0.

Ax9. (z-1);(y;2) = (= - 1');5(ys52), (z5(y- 1))z =2;((y - 1');2), and
(z59);(2- 1) = 23 (y; (2 1))

REMARK 1.2. In general, we do not have —(z”") = (—xz)” in NREL or in REL.
We use the convention that —x” = —(x”). Thus, for example, Ax8 says that
~(1); = (1) - 1 =0,

See Definitions 1.1 and 1.11 in Jénsson-Tarski [1] for the definitions of normal,
monotonic, additive, completely additive, conjugate, and self-conjugate.

Theorem 1.3. Let 2 be a relation type algebra satisfying Ax1 and Ax2. Let x,y €
2.
(i) ¥ is normal, i.e., 00 = 0.
(ii) ~ is self-conjugate, i.e., x -y =0 iff z* -y = 0.
(iii) ~ is completely additive. In particular, (x+vy)” =2 +vy~, and if v < y then

T <y
(iv) 7 =x-17. In particular, 17 = 1" and 27~ < .
(v) " =ua".
(Vi) (z-y) =2y
(vil) 27 <y iff a7 <y~
(vili) (—x)" = -2 - 1"
(ix) =24z -1
Proof.
(i) 0" =(0-07)

=0"-0 by Ax2

(ii). This follows from (i) and Ax2 by Theorem 1.16 of Jénsson-Tarski [1].
(iii). This follows directly from (ii) by Theorem 1.14 of Jénsson-Tarski [1].

(iv). T =1-27)
=1z by Ax2
(v) e = (1) by (iv)
=12 by Ax2
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(vi). (z-y)" = (z-y) -

=(z-y- 1" ) by Ax2

= (7 Yy by (iv)

=z -y by Ax2
=z -y by (v)

(vii). If 2” < g7, then 7~ <y~ by (iii). If 27~ <y, then 27 =277 <y =y°
by (iii) and (v).

(viii). This follows from

(—z) -2 =(—x-x) by (vi)
=0
=0 by (i)
and
(—z) 42" =(—x+x) by (iii)
pu— 1\‘,
(ix). r=z-1"+xz -1 by (iii)
=z +zx- -1 by (iv) O

Theorem 1.4. Let 2 be a relation type algebra satisfying Ax1 and Ax2. Let
xo,x1 € |A]. Then the following statements are equivalent.

(1) mO - xl;

(H) - .1’0,
(iii) :1;0 <z and z7 < o,
(iv) for any z € |A|, zo-2" =0 iff x1 - 277 = 0.

Proof. (i)=-(ii). Suppose z{” = z7. Then

Ty =Ty by Th.1.3(v)
=y by (i)

(ii)=-(iii). Suppose z7” = zj. Then
vy = a7 by (i)

=z -1 Th.1.3(iv)
<2
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and

r; =x7" by Th.1.3(v)
= 2o by (ii)
=z 1" by Th.1.3(iv)
< o

iii)=(i). Suppose that x) < z; and z7 < xg. Then
0 1

z) < by (iii) and Th.1.3(ii)
=z by Th.1.3(v)
<z by (iii) and Th.1.3(iii)

Thus zy” = 27 as desired.

(il)=(iv). Let z € || and suppose 27~ = x. Then

xo-2 =0 iff x25-2=0 by Th.1.3(ii)
ifft 277-2=0 by (ii)
iff 27-27=0 by Th.1.3(ii)
ift z,-27=0 by Th.1.3(ii)

(iv)=-(ii). Suppose xo - 2" = 0 iff z; - 2”7 = 0 for any z € |2|. Then

xy-z2=0 iff zp-27=0 by Th.1.3(ii)
iff z,-277=0 by (iv)
iff a2 =0 by Th.1.3(ii)
iff 27z =0 by Th.1.3(ii)

Thus xp = 27 as desired. [

REMARK 1.5. Let (A,+,-,—,0,1,”) satisfy Ax1 and Ax2. If we define I’ = 0 and
x;y =0 for all z,y € A, then the algebra 2 = (A, +,-,—,0,1,;,”,1") is easily seen
to satisfy all of the REL axioms so that 2l € REL.

Theorem 1.6. Let 2L be a relation type algebra and let x,y € |2A|.
(1) If x7;(-) is conjugate to x°;(-) for all x € |A| then A satisfies the first
equation in Ax5.
(ii) If (-);y~ is conjugate to (-);y™ for all y € |2A| then A satisfies the second
equation in Ax5.
Proof. Let z € ||, and suppose z”;(-) is conjugate to 77 ;(-). Then
vy z <2y
by Theorem 1.15 of Jénsson-Tarski [1]. But 2™ ;(-) is completely additive, and hence
monotonic, by Theorem 1.14 of Jénsson-Tarski [1], so

sy 2 <aty 2
Thus the first equation in Ax5 holds in 2. The proof of the second equation is
similar. [
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Theorem 1.7. Let A be a relation type algebra satisfying Ax1, Ax3-Ax5, and let
x,y € |2A|.
(i) 7;(-) is conjugate to =~ ;(-).
(ii) (-);y” is conjugate to (-);y””
(iii) 27;(-) is completely additive.
)

(iv) (-);y° is completely additive.

Proof. By Ax3 and Ax4 we have " ;0 < 1;0 = 0 and similarly 7 ;0 = 0, so z”;(-)
and x”7;(-) are normal. By Ax5 we have

xy-z<aly-x;z.

By Ax5 and Theorem 1.3(v) we also have

[12V]

Ty z=a T y-x 2] 2 <oy a2

Thus condition (iii) of Theorem 1.15 in Jénsson-Tarski [1] is satisfied. By Theorem
1.15 of Jénsson-Tarski [1], (i) holds. Part (iii) then follows by Theorem 1.14 of
Jénsson-Tarski [1]. The proofs of (ii) and (iv) are similar. [

Theorem 1.8. Let A € NREL and let x,y € ||.
(i) (- 1)y 1)=z-y-1.

() (z- V) =a-P=a-1,1" =1, and ' < I".

(iii) (-1 );y=y-(x-1);1. In particular, U;y =y - 1";1.
(iv) z;(y- V) =x-1;(y- ). In particular, x;1’ = x-1;1.
(v) (@75y7) = (y;27)7.

(Vi) zyy -1 =y 527 - 1.

(vii) (-1); — ((z-1);1) =0.

(viii) —(1;(z-1));(z- 1) =0.

(ix) “

((z-1);1)" = (L;(x- 1))
)

Proof. (i) lf u,v <1, then u;v <wu;1"-1;v <wu-v by Ax3 and Ax6. Thus we have
(1) w;v < wu-v for any u,v < 1.

Next, we show that
(2) w;u = u whenever u < 17.

Letv=71-—u. Thenv <1, u-v=0,and u+v=1. Then

u+v="
=11 by Ax7
= (u+v);(u+v)
=uu+v;v+uv+vu by Ax3
<wuyut+v-vtu-v4v-u by (1)

=us;u+v
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sou=(u+v) u=(u;u+v) u=u;u-u But u;u <1;u<wuby Ax3 and AxG6,

so u = u;u as desired. Now we calculate

(U-a2);(V-y) =V -2);(Vey-z4+1 -y —x)
=@-z);Vy-2)+ @)1y —x) by Ax3
=1 x); (1 -y - 2) by (1)
= zy+1 -z —y); -y
=1 z-y);V-y-2)+ -z —y);l"-y-2) by Ax3
=1 z-y by (1) and (2)
(ii). We have, by Theorem 1.3(ix), z- 1" = (z-1')"" + (x-1") - —17, but
U1 = (1 1)U 1) 1 by (i)
<-1";—-1"-701 by Ax3
=0 by Ax8
so that
(3) -1 =(x-1)"
Now we calculate
z-=(x-1);(x-1) -1 by (i)
<(z-1)7;1-0 by Ax3 and (3)
=(x- 1) (x-1)7750]- 1 by Ax5
=(z-U)[l - (z-1);0]- 1 by Th.1.3(v) and (3)
<Us[(z-1);7] by Ax3
<(z-1) by Ax6

Thus z - 1" < (z-1')7, so that (x-1)” < (x-1)"” = -1 by Theorem 1.3(iii)

and (3).
Then, by Theorem 1.3(v), (z - 1) = 2" - 1" =2~ - 1.
Theorem 1.3(iii).

Therefore (z-1’)" = x -1 as desired. Setting z = 1 yields 1" = 1’
Finally, ' = 1" < 1° by

(). yo(@U)l=y (z-1):1 by (il
=y-(z- 1)1 (x-1)7 ;9] by Ax5
=y (z-T);[(x-1);y] by (ii)
<y-U;l(z-1);y] by Ax3
<(x-1);y by Ax6
For the other direction, we have
(z-1)y=(x-V)y- (z-1)y
<Py -(z-1);1 by Ax3
<y-(z-1);1 by Ax6
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(iv). Similar to (iii).
(v). First we note that

(") - 2=0 iff 27" 2 =0 by Th.1.3(ii)
iff 27527y =0 by Th.1.7(i)
iff 722" =0 by Th.1.7(ii)
ifft y -2 =0 by Th.1.7(i)
it (yia7) -2 =0 by Th.1.3(ii)
(i) -2=0 by Th1.3(i)
Setting first 2 = —(277;y™)” and then z = —(y”;27)™, we obtain (z"";y™)" =

(y”;27)”", as desired.

(vi). First, we have

zyy- -1

_ (l,uv _f_x'_lv);(y‘““ +y._1“).1’ by Thl?)(lX)

<z U417 -1 P41 P+ -1 -1 1 by Ax3 and Th.1.3(iii)
=y U 11 U]+ 111 by Ax5 and Ax8
1

Ay U 11 ] T -1 T T by Ax6, Ax3, Th.1.3(iv)
=7y by Ax4
<zyy-D by Th.1.3(iv)
Thus

zyy-U'=a";y -1,
SO

iy U= ") -0 by (ii)

=y 7)1 by (v)

=(y527) -1 by (ii)

=yiz -1 by (ii)

(vii). Use (iii) with y = —((z - 1");1).
(viii). Use (iv) with = and y replaced by —(1;(z - 1)) and =z, respectively.
(ix). We have
((z-1);1) = (- 1)) + (& 1); = 1)
by Ax3 and Th.1.3(iii). But

(z-1); —1°) < (U; - 1) by Ax3, Th.1.3(iii)
< (-1 by Ax6 and Th.1.3(iii)
— T by Th.1.3(viii)
=11 by Th.1.3(iv)
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SO

Thus ((z-1);1)” < 1;(z
Theorem 1.4, ((z

by (ii) and Th.1.3(iv)
by (v)

by Th.1.3(iv)

by Ax3 and (ii)

). Similarly we have (1;(z-1"))” < (z-17);1 so that, by
-1);1)” = (1;(x - 1)) as desired. O

Theorem 1.9. Let A € NREL and let u € || with u < 1.
(1) w;1;1 < w3l iff wyzsy < u;(asy) for all z,y € A

1.

z,y € |A]. Then
UST3Y = USTY - USTSY
< Vsziy-u;lsl
T3y -u;l;l

IA A

;Y- u;l
= u;(z;y)

). Suppose that w;z;y < wu;(z;y) for all z,y € |2
u;(1;1) < wu;1 by Ax3. For the other direction suppose u;1;1 < w;1 and let

) wi(—(u;1);1) =0 iff us(x;y) < wsasy for all z,y € A
) Liu; — (u;1) =0 iff xyusy < x;(usy) for all z,y € |2

iv) —(1;u);(u;1) =0 iff ;5 (usy) < xsuzy for all x,y € |2.
) 1 — (Lu);u=0iff zyy;u < x;(y;u) for all x,y € |2|.
) 1;(Liu) < Liu iff x;(y;u) < ay;u for all zyy € |2

by Ax3
by Ax6
by hyp.
by Th.1.8(iii)

(ii). Suppose u;(z;y) < wu;z;y for all z,y € |A|. Then

w;(—(us;1);1) <y
=0;1
=0

— (u;1);1

by hyp.
by Th.1.8(vii)
by Ax4

For the other direction suppose u;(—(u;1);1) =0 and let z,y € |2|. Then

w;(z;y) = u;((x-u;l +2 - —(u;1));y)
w; ((x - u;1)5y) +us((z
< Us(usziy) +us(—(usl);1)

—(u31));y)

by Ax3
by Th.1.8(iii) and Ax3

by hyp.
by Ax6

(iii). Suppose z;u;y < z;(u;y) for all z,y € |A|. Then

Liug = (u;1) < 15(us — (usl))

=10

by hyp.
by Th.1.8(vii)
by Ax4

Then u;1;1 <
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For the other direction suppose 1;u; — (u;1) = 0 and let z,y € |2|. Then

riusy = xsu;(y - u;l+y - —(u3l))

= zju;(y - usl) + @yu;(y - —(usl)) by Ax3

<z; U5 (usy) + 1yu; — (usl) by Ax3 and Th.1.8(iii)
=2;1;(u;y) by hyp.

< z;(usy) by Ax6 and Ax3

(iv). Similar to (iii).
(v). Similar to (ii).
(vi). Similar to (i). O

Theorem 1.10. Let 2 € NREL satisfy 1° = 1 and suppose u;1;1 < u;1 for every
u € |A| with u < 1. Then A € REL.

Proof. We first show that (x;y)” =y ;2" for any x,y € |2|.

(1) (x;y) = (x75y7) by Th.1.3(iv) and 1" =1
= (y ;27)" by Th.1.8(v)
=y by Th.1.3(iv) and 1" =1

By Theorem 1.9, to prove Ax9 we need only prove the left hand side of the equiv-
alences (i) through (vi) of Theorem 1.9 for any u € || with u < 1".

(i). We have u;1;1 < u;1 by hypothesis.

(vi). 1;(Liu) =17;(17;u”) by 1 =1 and Th.1.8(ii)

=17 (us1)” by (1)

(u;1;1) by (1)

< (u;1)” by (i) and Th.1.3(iii)

=10 by (1)

=1;u by 1" =1 and Th.1.8(ii)
Gi). w;(—(u;1);1) =0 iff w;l-—(u;1);1 by Th.1.8(iii)

iff  —(u;1)-u;1;1=0 by Th.1.7(ii) and hyp.

But, by (i), —(u;1) - u;1;1 < —(u;1) - u;1 = 0.
(iii). First note that (1;u)” = v’ ;1" = u;1 by (1), hypothesis, and Theorem 1.8(ii).
Likewise (u;1)” = 1;u. Then we have

Liu; — (u;1) =0 iff (u;1); —(u;1)-1=0
iff  (u;1)7;1-—(u;1) =0 by Th.1.7(i)
iff w;1;1-—(u;1)=0
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But u;1;1- —(u;1) <wuj;l-—(u;1) =0 by (i).
(iv). Similar to (iii).
(v). Similar to (ii). O

§2. RELATIVIZATION

Definition 2.1. Let = (A, +,-,—,0,1,;,7,1") be a relation type algebra satisfying
Ax1 and let r € |A|. Then we define a relation type algebra

RLA={zx e Az <r}+,-,,—,0,r;" 7 1)
where ,—x = —x-r,x;"y=x;y-r, " =x" -r, and U',, =1 -r. R is called the
relativization of 2 to r. Clearly SR[,.2 satisfies Ax1.
Theorem 2.2. Let A € NREL and let r € |A|. Then RI[,2A € NREL.

Proof. Ax1. As was noted in Definition 2.1, this axiom is obvious.
Ax2. Let z,y € || with 2,y <r. Then

(-y")"=(x-y -r) v by Def.2.1

=(z-y) -r by z <7

T y-r by Ax2
=x -r-y

=27y by Def.2.1

Ax3. Let x,y, z € || with z,y,z < r. Then
(x+y)"z=(@+y)z-r by Def.2.1

= (z32+y;2) T by Ax3

=x;z2-rt+y;z-r
=z;" z2+y; z by Def.2.1
Similarly, z;" (y+ z) =z;" y+x;" 2

Ax4. r;"0=r;0-r by Def.2.1
<1;0 by Ax3
=0 by Ax4

Similarly 0;" r» = 0.
Ax5. Let x,y, 2z € || with z,y,2z < r. Then

2Ty = (2 )y T2 by Def.2.1
=(z-1)y- 2 by Ax2
=(z-r) sy (@-r7)7s2] - 2 by Ax5
= (" -r)sly- (@7 )52 2 by Ax2
= (" r)ily-(z-17)52] - 2 by Ax2
(x )iy (e-r"or)szor] ez
xr)ly- (&7 -r) r)zor]or-z by Ax2

=" [y-a" " 2] 2 by Def.2.1
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TSI .T T

Similarly ;" y” -z =[x - z;" y" ],y - 2.
Ax6. Let x € || with z <r. Then

V"= r)x-r by Def.2.1
<1z by Ax3
<z by Ax6
Similarly, x;" 1, < x.
AxT. Ve U= (1 r); (V7)o by Def.2.1
=1 -7)-r by Th.1.8(i)
=1, by Def.2.1
Ax8. ,—r"" —r" 1,
== )=o) Uy by Def. 2.1
= (- (=" =)l (7 ) T
< (r-—=r)i(r-—r7) - 1 by Ax3
=(r-—r") (=) -1 by Th.1.8(vi)
=(r-—r)[(r- =) (=) 1] by Ax5
<L:i[(r =) - (r- =) by Ax3 and Ax6
<L;[(r-—r) -re—17] by Ax3 and Th.1.3(iv)
=1;[r - (=) e =17 by Th.1.3(vi)
=150
-0 by Ax4 [

Theorem 2.3. Let 2 € REL and let r € ||. Then RI[,2A € REL.

Proof. By Theorem 2.2, we need only show that Ax9 holds in RI[,.2[. Let u,x,y € |2

with x,y <rand u <1, =1 -r. Then

w"x"y = (usz )iy
= (usl-z-r)sy-r
= (u;l-2)5y-7r
=u;Ty T
= u;(z;y) -7
=u;l-x;y-7r
=u;l-(xsy-7r)-r
=ui(zsy-r) v

=u;" (z;" y)

by Def.2.1
by Th.1.8(iii)

by Th.1.8(iii)
by Ax9
by Th.1.8(iii)

by Th.1.8(iii)
by Def.2.1
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Similarly z;" y;" u = x;" (y;" u). Also,

"y = (zyu-r)y - by Def.2.1
=Lu-xz-7)y-r by Th.1.8(iv)
= (Liu-x)5y-r
=x;uy-T by Th.1.8(iv)
=z;(u3y) - r by Ax9
=z;(u;l-y)-r by Th.1.8(iii)
=z;(u;l-y-r)-r
zi(uyy-r)-r by Th.1.8(iii)
=z;" (u;" y) by Def2.1 O

§3. ADJOINING CONVERSES

Theorem 3.1. Let A € NREL and let r € |2|. Then for any x € || with x < r*7,
both of the maps

x;(-) - r |JRA| — [REA|
(-);z -7 |RLA| — R

have conjugate maps from |RL,2A| to |R[A|. Also, for any x € || with x < r, both
of the maps

(=) -7 R A — R |
(-);z - 177 RO A — [RLA

have conjugate maps from |Rl~~2A| to |R,~~A|.

proof. Let x < 1”7 =r-1" and define o, 7 : |R[,.2A| — |R[,2A| by o(y) =27 ;y-r and
7(y) = y;a” - r for any y € |R[,A|. Then for any z € |RI[,2|, we have

o(y)-z=0 iff z;y-r-2=0 by definition
iff x7y-2=0 since z <r
iff 7;2-y=0 by Th.1.7(i)
iff (z-17);2-y=0 by Th.1.3(iv)
it z;2-y=0 since z < 17
it x;z-r-y=0 since y <r

Thus o is conjugate to x;(-) - r. Similarly, 7 is conjugate to (-);z - r.
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Now, let < r and define o, 7 : |Rl,~«2A| — |Rl,~~A| by o(y) = (y";z)” -r"~ and
7(y) = (z;y°)” - " for any y € |Rl,~~2|. Then for any z € |R[,~~ 2|, we have

o(y)-z=0 iff (y;z) -r"-2=0 by definition
iff (y;x2) -2=0 since z < 7r””
iff yix-27=0 by Th.1.3(ii)
iff y7;27-x=0 by Th.1.7(i)
ift @27y by Th.1.7(ii)
iff z;(z-17)-y-1"=0 by Th.1.3(iv)
it z;2-y=0 since y,z <r = <17
ift x;z-roy= since y <71’

Thus o is conjugate to x;(-) - 7. Similarly, 7 is conjugate to (-);z-7"~. O

REMARK 3.2. Let B be a relation type algebra and let s € |®B| satisfy 1° < s.
Theorems 2.2 and 3.1 give necessary conditions for 28 to be equal to fR[,.2 for some
20 € NREL and some r € |2| such that 2 satisfies "~ = s. In particular, we must
have B € NREL and s € |®B| must satisfy () below.

(%) For any = € || with < s, both of the maps z;(-) : [B| — |%B| and
(-);x : |B| — |B| have conjugate maps from |B| to |®B|. Also, for any
x € |*B|, both of the maps x;(-) - s : |RI,B| — |RI;B| and (-);z - s :
|RI[,B| — |RI4B| have conjugate maps from |RIB| to |RIB.

Similarly, if 9B is a relation type algebra and s € |B| satisfies 1° < s, then
Theorems 2.3 and 3.1 give necessary conditions for 28 to be equal to fR[,.2 for some
20 € REL and some r € [2| such that 2 satisfies "~ = s. In particular, we must
have B € REL and s € |®B| must satisfy (x) above.

The goal of this section is to show that the necessary conditions referred to here
are also sufficient.

According to Definition 2.13 of Jénsson-Tarski [1], a relation type algebra
A = <A7+7 ) _707 17 ;ava 17>

satisfying Ax1 is complete if (A, +, -, —,0,1) is a complete Boolean algebra and the
operations ; and ” are completely additive.

Theorem 3.3. Let B € NREL be complete. Then B satisfies condition (x) of
Remark 3.2 for any s € |B| with 1° < s.

proof. Use Theorem 1.14 of Jénsson-Tarski [1]. Note that the maps in question are
all normal and completely additive. [

Definition 3.4. Let B € NREL and s € |B| with 1° < s satisfy (x) of Remark 3.2.
Then for every x € |B| with x < s we define maps [, : |B| — |B| and r}, : |B| — |B|
to be the conjugates of z;(-) and (-);x, respectively. Also, for every x € |B| we
define maps o = |RIsB| — |RI,B| and B, 1 |RIB| — |RISB| to be the conjugates
of ©;(-) - s and (-);x - s, respectively.

&

REMARK 3.5. The maps [, 7, for x < s and «,, [, for arbitrary z € |B| in
Definition 3.4 are well defined by Theorem 1.13 of Jénsson-Tarski [1].
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Theorem 3.6. Let B € NREL and s € |®B| with 1° < s satisfy (x) of Remark 3.2
and let x,y, z,w € |B| with x,y < s. Then
(1) Iy (2) = 1(2) + 1 (2).
(i) 751y (2) = r2(2) + 7 (2)-
(ili) azqw(®) = az(z) + O‘w(x)
Betw () = Bz(2) + Bu ().

( i) If ¢ <17, then [, (2) = 27 ;2.
(xiv) Ifx <17, thenrm(z)—zx.
(xv) If 2 <17, then a,(x) =

(xvi) If z < 1v then B,(x) = z;2” - s.

(i). Li,(z)-w=0 iff (z+y)w-2=0 by Def.3.4
iff z;w-2=0 and yw-z2=0 by Ax3
iff [(2)-w=0 and [ (2)-w=0 by Def.3.4
iff  (I,(2) +70,(2) - w=0

(ii). Similar to (i).

(i) pgw(@) - y=0 iff (z+w)y-s-2=0 by Def.3.4
iff z;y-s-x=0 and w;y-s-x=0 by Ax3
iff a.(z)-y=0 and o) -y=0 by Def.3.4

iff (a.(z)+aw(x)) - y=0

(iv). Similar to (iii).

(V). lo(z) =0 iff [5(z)-1=0
iff 0;1-2=0 by Def.3.4
ifft 0-z= by Ax4

(vi). Similar to (v).

(vii). ap(x) =0 iff ap(x)-1=0
ifft 0;1-s-2=0 by Def.3.4
it 0-s-2=0 by Ax4
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(viii). Similar to (vii).
(ix)—(xii). Use Definition 3.4 and Theorem 1.14 of Jénsson-Tarski [1].
(

xiii). If z < 17, then 27 = x by Theorem 1.3(iv). The conclusion follows from
Theorem 1.7(i), Definition 3.4, and Remark 3.5.

(xiv). Similar to (xiii).
(xv). If 2 <17, then 27 = z by Theorem 1.3(iv). Thus, we have

a(x)-y=0 iff z;y-s-x2=0 by Def.3.4
it 27y-x=0 since x < s
iff z7;x-y=0 by Th.1.7(i)
iff z7;2-5-y=0 since y < s

(xvi). Similar to (xv). O

Theorem 3.7. Let B € NREL and s € |*B| with 1° < s satisfy (x) of Remark 3.2
and let x,y € |'B| with x < s. Then

() L) = ay@)”,

(i) 72 (y)" = By(x)™.
Proof. (i). Let z € |®B|. Note that 2™ = z-1" < s by Th.1.3(iv) and 1° < s. Thus,
we have

L(y) -2=0 iff [ (y)-27=0 by Th.1.3(ii)
ifft z;27-y=0 by Def.3.4 and = < s
iff y;27-x=0 by Th.1.7(ii)
iff y;z27-s-x2=0 since x < s
iff ay(x)-277 =0 by Def.3.4 and z,27" <'s
iff oy(x)”-2=0 by Th.1.3(ii)

(ii). Similar to (i). O

Definition 3.8. Let B € NREL and s € |B| with 1° < s satisfy (x) of Remark 3.2.
We define a relation type algebra %A = (A, +,-,—,0,1,;,7,1") as follows:

A= {{zg,z1) € |B| x |B| 2y =27 & z1 < s},

0= (0,0),
1=(1,s),
= (1),

(w0, 1) + (Yo, y1) = (To + Yo, 1 + Y1),
<$o,901> : <y0,y1) = (0 - Yo, T1 'y1>7
— (w0, 1) = (—T0, =71 - 5),
(zo,71)" = (21,70 - 5),
and
(zo, 1) 5 (Yo, y1) =
(zo3yo + (y1521)" + 1, (yo) + Ty (T0), Y1371 8+ (To590)” + ay, (T1) + Bay (y1)) -
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Theorem 3.9. The algebra A defined in Definition 3.8 is well defined. That is,
A = || contains the constants and is closed under the operations.

Proof. 07 =0 = 0" by Theorem 1.3(i) and 0 < s so (0,0) € A. 1" = (s-17)" =
s-1=s" by Ax2 s0 (1,s) € A. """ =1 = 1" by Theorems 1.8(ii) and 1.3(iii),
and 1’ < 1° < s by Theorem 1.8(ii). Thus (1’,1’) € A.

Now, let (zo,x1), (Yo,y1) € A. Then z}” = 7, y” = v3, and x1,y1 < s.

(zo+y0)” =25 + v by Th.1.3(iii)
=1+
= (z1+ 1) by Th.1.3(iii)

Also, 21 +y1 < s+ s=sso (xg+yo,r1 +y1) € A.

(xo-yo) =xy -y by Th.1.3(vi)
=1y
e (xl . yl)u by Th.13(V1)

Also, z1 -y1 < s-8 =580 (xg-yo,x1-y1) € A. Since 1" < s < 1, we have, by
Theorem 1.3(iii)(iv), 1" = 17" < s < 1" so s = 1°. Thus

(—z0)”" = (=2 - 1) by Th.1.3(viii)
= (—zy) - 177 by Th.1.3(vi)
= (—xy) - 1" by Th.1.3(iv)
=—z, - 171" by Th.1.3(viii)
=—z;-1 -5 since r, =z and s* = 1"
=(—z1) - s by Th.1.3(viii)
=(—z1-9) by Th.1.3(vi)

Thus (—xg, —x1 - 5) € A.

T =2 since z, =
=z 1 by Th.1.3(iv)
=xy-5 since s* = 1"
= (zg - s)" by Th.1.3(vi)

Thus (z1,z0 - s) € A.
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(o390 + (y1371)" + 1, (Yo) + 7, (w0)) ™
= (zo;y0)" + (y1521)"" + 15, (Yo) + 1y, (20)™ by Th.1.3(iii)
= (y1:21)"" + (203Y0)” + ayo (1) + Buo (y1) by Th.3.7
= (y1;21)" - 1"+ (xo390) + aye(@1)” + Bay (Y1) by Th1.3(v)(iv)
= (1 7371) + (20390)” + ayo (1) + B (Y1) since s” = 1"
= (y1;21 - (mo,yo)u + ayy (1) + Bao (Y1) by Th.1.3(iii)(vi)
Also

Y1571 -5+ (20390) + o (T1) + By (y1) < s+ 17 +5+5=5.
Thus
(To:iyo + (y1:w1)” + 1, (yo) + 7, (20), Y1321 -5+ (20350)” + Qyo (1) + Loy (41)) € A
O
Theorem 3.10. Let B, s, and A be as in Definition 3.8 and let

<$0,$1> ) <yanl> ) <Z07 Z1> cA= |Ql’
Then (zo,x1) ; (Yo, Y1) - (20, 21) = 0 iff all six of the following conditions hold in B:

)
(ii) @1520 -yo =0,
(iii) z0;y1 - 20 =0,
) y1;m1 21 =0,
) Yo;21 - 21 =0,
(vi) z1;20-y1 = 0.
Proof. Since z; < s, we have, by Definition 3.8,

(zo,71) 5 (Yo, Y1) - (20,21) =
= <on;y0 20 + (y1371)" - 20 + I, (Y0) - 20 + 7y, (%0) - 20,
Y1321 - 21 + (To3Y0)” 21 + Qo (@1) - 21 + Bug (Y1) - 21) -
Clearly, this is equal to (0,0) iff all eight of the terms occurring in the right hand
side are equal to 0.

If zo;y0 - 20 = 0, then

(z0590)” - 21 = (T0390)” - 17 - 21 by Th.1.3(iii)
= (20;%0)” - 21 by Th.1.3(iv)
= (203%0) - 2o since z;” = 2]
= (®03%0)" - 29 by Th.1.3(v)
= (zo;y0 - 20) by Th.1.3(vi)
=0
—0 by Th.1.3(i)
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Thus, since both of the conditions z¢;yo - 20 = 0 and (xg;y0)” - 21 = 0 are included
in the set of eight conditions, the condition (xg;y0)” - 21 = 0 may be omitted
as redundant. Likewise the condition (y1;z1)” - 20 = 0 may be omitted since it
follows from y; ;21 - 21 = 0. Thus (zo, 1) ; (Yo, y1) - (20, 21) = 0 iff the following six
conditions hold:

(i) zo;90 - 20 =0,
( ) xl(yO) 2o = 0,
(iii") 7y, (zo) - 20 = 0,
(iv') y1,931 z1 =0,
(V') ay(@1) - 21 =0,
(vi") By (y1) - 21 = 0.
The following pairs of conditions are easily seen to be equivalent using only
Definition 3.4: (i) iff (i), (ii) iff (ii’), (iii) iff (iii’), (iv) iff (iv"), (v) iff (v/), (vi) iff
(vi"). The theorem follows. [

REMARK 3.11. Theorem 3.10 explains and motivates the form of Definition 3.8.

Theorem 3.12. Let B, s, and A be as in Definition 3.8. Then
(i) (1,1°)" = (s,s”) holds in 2,
(ii) A € NREL,
(iii) the map ¢ : |B| — || defined by p(x) = (x,x”) is an isomorphism:

(V2R B = m[<171\/>91.

Proof. First note that for any = € |B|, (z,2”) € Asince ™ = (")  andz” < 1° < s
by Theorem 1.3(iii).

(i). (1,19) = (1,1 5" by Def.3.8
= (1", s)
=(s,1"-s) by Def.3.8
= (s,17) since 1° < s
= (s,87) since s~ =17

(ii). Let (wo,x1), (yo,y1), (20, 21) € A = ||
Ax1. Obvious from Definition 3.8.

Ax2. ({(zo,z1) - (Wo,v1)")” = ((zo, 1) - (Y1, 90 - 5))° by Def.3.8
= (0 Y1, 71 Yo - 8)° by Def.3.8
= (zo - Y1,%1 - Yo) since 1 < s
= (x1-Yo0,%0 - Y1 - 5) by Def.3.8
= (x1,20 - 5) - (Yo, Y1) by Def.3.8
= (w0, 1) (Y0, Y1) by Def.3.8
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Ax3.

({0, z1) + (Y0, ¥1)); (20, 21)
= ({zo + Yo, 21 + 1)) ; (20, 21)
= ((xo+y0);20 + (215 (x1 +91))" + I, 1y, (20) + 72, (20 + Yo),
zi5(x1 +y1) - s+ (o +90)320)” + g (1 + Y1) + Bogtyo (21))
by Def.3.8

= (zo;20 + (21;21)" + [, (20) + 772, (z0), 21521 5+ (T0;20) + Qs (1) + Bay (21)) +

+ (yos20 + (z1:01)" + 1, (20) + 77, (), 21301 -5+ (Y0320)7 + @z (Y1) + Byo (1))
by Def.3.8, Ax3, Th.1.3(iii), Th.3.6(i)(x)(xi)(iv)

= (z0,21) ; (20, 21) + (Y0, Y1) ; (20, 21) -

Similarly, (zo, 1) ;((y0,91) + (20, 21)) = (zo, 1) 5 (Yo, y1) + (@0, 1) ; (20, 21)-

Ax4.
(1,5);(0,0)
= (1;0 4+ (0;8)" +12(0) +r7(1),0;5 - s + (1;0)” + a(s) + £1(0)) by Def.3.8
=(0,0) by Ax4, Th.1.3(i), Th.3.6(ix)(vi)(vii)(xii)

Similarly (0,0) ; (1,s) = (0,0).

Ax5. By Theorem 1.6 it suffices to show that (zq, z1)";(-) is conjugate to (xg, z1)"" ;(-)
and that (-); (yo,y1)” is conjugate to (-); (yo,y1)"". Note that (zg,z1)” = (1,20 - )

and (zo,x1)"" = (zg - 8,21 - ) = (z¢ - 8, x1). Thus we must show that (z1,z¢ - s) ; (Yo, y1)-
(z0,21) = 0 iff (zo - s,21) ; (20,21) - (Y0,y1) = 0. By Theorem 3.10 this reduces to
checking the equivalence of the conjunction of the conditions

(i) z1:y0-20 =0,
) (zo-8);20 - yo =0,
(iii) 20391 -1 =0,
)
)

(vi) 2152191 =0,
with the conjunction of the six conditions

(i") (xo0-s);20-y0 =0,
(i) 1390 - 20 = 0,

)
(iii") yo;21 @0 -5 =0,
(iv') z1321 -1 =0,
(V') zo03y1 -1 =0,
(vi") y1;(xg-8)- 21 =0.

Since the conditions are identical, except for order, we have that (xo,z1)”;(-) is
conjugate to (o, x1)"";(-). Similarly, (-); (yo,y1)” is conjugate to (-); (yo, y1)™

Ax6. We must show that (1, 1) ; (zg, z1) < (x0,x1), but this is equivalent to

(I',1); (xo,x1) - (—x0, —1 - 5) = (0,0)
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since 2 satisfies Ax1. By Theorem 3.10, this is equivalent to the conjunction of the
following six conditions

(i) T;20 - —x0 =0,
(i) I'; —@o - zo =0,
(iii) —xg;x1 -1 =0,
(iv)
(v)

z1;1 - —21-5=0,

(vi) (=z1-5);1 -7 =0.
Conditions (i), (ii), (iv), and (vi) follow directly from Ax6. For (iii), we have

—xgixy - U =27 (—2o) - 1 by Th.1.8(vi)
—il(-ao) )T by A
=2y ;[—ap -1y T by Th.1.3(viii)
<ayi[-ay 1] T by Ax6, Ax3
=27;0-0
-0 by Ax4

The proof of (v) is similar. Thus (1',1’) ; (xo, 1) < (zg,z1). Similarly (zg,z1) ; (1’,1) <
<$0,I‘1>.
Ax7. By Ax6 in 2, we have (I',1’) ; (1, 1’) < (1", 1’). But

(U, 10) (0,0 = (150 ..., 050 +...) by Def.3.8
=T +...,0+...) by Ax7
2 <17717>

Thus (I, 1) ; (', ') = (I, 1').

Ax8(1,s)"; —(1,s)" - (1", 1) = — (s,5); — (s,s) - (1", 1") by Def.3.8
=(—s,—5-8);(—s,—s-s)-(1I",1") by Def.3.8
= (=s5,0); (=s,0) - (I, 1")

But, by Theorem 3.10, (—s,0) ; (—=s,0) - (1’, 1) = (0,0) iff the following six condi-
tions hold in ‘B:

(i) —s; —s-1 =0,

Now (i) holds since —s; —s-1" < —1"; — 17 -1’ =0 by Ax3, 1" < s, and Ax8. The
rest ((ii) through (vi)) follow obviously by Ax3 and Ax4. Therefore 2 € NREL as
desired.

(iii). Let ¢ : |B| — || be defined by ¢(x) = (z,2"). Then ¢(x) = (z,z") < (1,17)
by Theorem 1.3(iii). Thus ¢ : [B| — [Rl;H 1-)A|.
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¢(0) = (0,07)
= (0,0) by Th.1.3(i)
p(1) = (L, 17)
(') = (1,17
= (1, 1) by Th.1.8(ii)
= (1,11 by Th.1.8(ii)
= (1, 1) (1,1°) by Def.3.8
plx+y)=(z+y, (z+y))
= x4y, 2" +y) by Th.1.3(iii)
= (z,2") + (y,y ) by Def.3.8
= p(x) + ¢(y)

=(z-y,3" -y by Th.1.3(vi)
= (z,27) - (y,9") by Def.3.8
= () - ¢(y)
p(—x) = (-, (=2)")
= (—z,—2" - 1°) by Th.1.3(viii)
= (—z,—a" -s-17) since 17 < s
= (—x,—x -s)-(1,17) by Def.3.8
= —(x,z”) - (1,17) by Def.3.8
= —p(z) - (1,17)

by 1" < s and Th.1.3(iv)

= (27, x-s)-(1,17) by Def.3.8
= (z,27)" - (1,17) by Def.3.8
= (z)" - (1,17)

Now, consider the condition p(x;y) = ¢(z);0(y) - (1,17). By the definition of ¢,

this says that

(39, (z39)7) = (z,27) 5 (g, ) - (1, 17)

whenever z,y € |B|. Noting that

<ZQ,21> S <1, 1u>

ift
ift
iff
iff
iff

z1 <17

z{7 =2 by Th.1.3(iv)
zy =21 since z, = 2]
2y = 21 Th.1.3(vi)

(20, 21) = p(20)
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for any (z20,21) € ||, we see that the map ¢ : [B| — [Rl; )| is surjective.
Clearly ¢ is also one-to-one since for z,y € |B|, if (z,2") = (y,y”) then x = y.
Thus we need only show that
(**) <'T;y7(x;y)u>'<zazv>:0 iff <x,mv>;<y’y\/>_<z’zv>:0
for any x,y, z € |B].

By Definition 3.8 and Theorem 1.3(vi),

(@3, (@59)7) - (2,27) = (w5y - 2, (w59)" - 27) = (w3y - 2, (w39 - 2)7)

so the left hand side of (xx) is equivalent to x;y - z = 0 by Theorem 1.3(i). The

right hand side of (%), by Theorem 3.10, is equivalent to the conjunction of the
following six conditions:

Since the left hand side of (%) is equivalent to (i) we need only show that (i) implies
all of (ii) through (vi). To that end, suppose (i) holds.

(ii). Ty z <y z by Ax3, Th.1.3(iv)
=0 by (i)

(iii). Ty 2 <xy- 2 by Ax3, Th.1.3(iv)
=0 by (i)

Thus, by Theorem 1.7(ii), z;y” -z = 0.

(v). 27 y<aiz-y by Ax3, Th.1.3(iv)
=0 by (ii)
Thus, by Theorem 1.7(ii), y;2” - = = 0.

(vi). 2wy e <zyy - by Ax3, Th.1.3(iv)
=0 by (i)
Thus, by Theorem 1.7(i), z”;x -y~ = 0.

(iv). 2y <zZhxey by Ax3, Th.1.3(iv)
=0 by (vi)
Thus, by Theorem 1.7(ii), y ;27 - 2 = 0. O
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Theorem 3.13. Let B, s, and 2 be as in Definition 3.8. If B € REL and u € |*B|
with u <1 in B, then

(1) (u,u); (1,5) = (u;1,5;u),
(i) (1,s); (u,u) = (1;u,u;s),
(iif) (( u) 5 (1,8)) = (—(u;1), —(L;u) - s),
(iv) —((1,8); (u,w)) = (= (1;u), —(u;1) - s).

(u;1)” = (L;u)™" Th.1.8(ix)
= (1;u)” Th.1.3(v)
= (s;u)” 4 (—s;u)” by Ax3, Th.1.3(iii)
= (s;u)’
since
(—s;u)” < (—s)” by Ax6, Ax3, Th.1.3(iii)
< (=17) by Th.1.3(iii) and 17 < s
=0 by Th.1.3(iii)

Thus (u;1,s;u) € A= ||. By Definition 3.8, we have
(uyu) ; (1,8) = (u; 1+ ..., s5u+...) > (u;1, s;u) .
Thus, we need only show that (u,w) ; (1,s) < (u;1, s;u), which is equivalent to the
condition
(u,u) ; <178> ’ <—(’U,;1), _(S;u) ’ 8> =0.
By Theorem 3.10 this is equivalent to the conjunction of the following six conditions:

(') wsl- —(usl) =0,
(it’ u;—§ ) 1=0,

(ii’). Use Theorem 1.8(vii).

(iii"). —(u;l);s-u=0 iff s ;(—(u;1)) -u=0 by Th.1.8(vi)
iff  (—(u;1))75s7 -u=0 by Th.1.8(vi)
iff w;s - (—(u;1)”" =0 by Th.1.7(ii)
iff w;s - —(u;l)- 17 = by Th.1.3(iv)
iff w;l-s - —(u;l)-17 = by Th.1.8(iii)

(iv"). Trivial.
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(v'). Li(—=(sju)-s) -u=
iff (—(s;u)-s);17-u=0 by Th.1.8(vi)
iff 1775(—(s;u)-s)" -u=0 by Th.1.8(vi)
iff 175u-(—(s;u)-s)" =0 by Th.1.7(i)
iff 175u-—(s;u)-s-1"=0 by Th.1.3(iv)
iff Lyu-1"-—(L;u-s8)-s-1"=0 by Th.1.8(iv)

iff Lyu-(—(L;u)+—s)-s-1"=0
iff lyju-—(L;u)-s-1"=0 and l;u-—s-s-1"=0

(vi"). (=(s;u) - s);u-s=0iff s;u-—(s;u)-s = by Theorem 1.8(ii) and Theorem
1.7(ii). Thus (u,uy 5 (1,8) = (u;1, s;u).
(ii). Likewise (1,s) ; (u,u) = (1;u,u;s).

(). —((u,u);(1,8)) = = (u;l, s;u) by (i)
= (—(u;1), —(s5u) - s) by Def.3.8
= (—(u;1),—(L;u-s)-s) by Th.1.8(iv)
= (—(u31), (~(1;u) + —5) - 5)
= (—(u;1), =(1;u) - s)

(iv). Similar to (iii). O

Theorem 3.14. Let B, s, and 2 be as in Definition 3.8. If B € REL, then
2 € REL.

Proof. Let u € |B| with u < 1’ in 8. By Theorem 1.9, to show Ax9 holds it suffices
to prove the following six statements:

(1) (u,u); (1) 5 (L, s) < (u,u); (1, 5),
H(=((u,u) 5 (1,8))5 (1,8)) = (
; <U, u> y (<u7u> <178>) = <
) (usu)); ((us u) 5 (1 (
(1,s); = ((L,8) ; (w,w)); (u, u
(Vi) (1,5);((1,8) 5 (u,u)) < <1,S>'
, is equivalent to
<U;1,S;U> <1 S> < 17“)7_(1;u)'5>:<070>‘

By Theorem 3.10, we must prove the following six conditions:
(') wsl;l- —(usl) =0,

(ii") s;u; — (u;l)-1=0,

(iii") —(u;1);s-u;1 =0,

(iv") s;(s;u) - (1,u) s =0,
(v') 1i(=(L5u) - 5) - s5u = 0,
(vi') (=(15u) - 8);(u;1) -5 = 0.
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i). u,l,l —(u;1) <wu;l-—(u;1) =0 by Theorem 1.9(i).

(ii"). s;u; — (u;1) -1 < 1;u; — (u;1) = 0 by Ax3 and Theorem 1.9(iii).

(iii’). By Ax3, —(u;1);s - u;l < —(u;1);1 - w;l. But —(u;l);1-w;l = 0iff 1-
u;(—(u;1);1) = 0 by Theorems 1.7(i) and 1.8(ii). The latter statement holds by
Theorem 1.9(ii).

(i
(iv'). s;(s;u) - —(L;u) - s < 1;(L;u) - —(L;u) - s < 1;u - —(u;1) - s = 0 by Ax3 and
Theorem 1.9(vi).

(V). 1;(—(L;u) - s) - s;u < 1; — (1;u) - 1;u by Ax3. But, by Theorems 1.7(ii) and

1.8(ii), 1; — (1;u) - L;u=01iff 1-1; — (1;u);u = 0, which holds by Theorem 1.9(v).

(vi"). (=(L;u) - s);(u;1) - s < —(u;1) - u;1 = 0 by Ax3 and Theorem 1.9(iv).
Therefore (i) is true in 2.

(ii). By Theorems 3.12(ii), 1.7(i), and 1.8(ii), the statement is equivalent to

<u7u> ; <173> : —((u,u> ) <17S>>; <17S> = <0’0>
which, by Theorem 3.13, is equivalent to
(—(u;1), =(L;u) - ) 5 (1, 8) - (w31, s50) = (0,0).

By Theorem 3.10, we must prove the following six statements:
(i) —(u;1);1-us1=0,

(i) (=(13u)-s);(u;1) -1 =0,
(iit") u;l;s-—(u;1) =0,

(iv') s;(=(Lsu) - s) - s;u =0,
(V) L;(s;u) - —(1;u) - s =0,
(vi") s;u; — (u;1)-s=0.

(i'). By Theorems 1.7(i) and 1.8(ii), —(u;1);1-wu;1 = 0 iff 1 - u;(—(u;1);1) = 0,
which holds by Theorem 1.9(ii).

(ii"). By Ax3 and Theorem 1.9(iv), (—(1;u) - s);(u;1) -1 < —(1;u);(u;1) = 0.
(iii’). By Ax3 and Theorem 1.9(i), u;1;s-—(u;1) <wu;l;1-—(u;l) <wusl-—(u;l) =

iv'). By Ax3, s;(—(1;u)-s)-s;u <1; — (1;u) - 1;u. But, by Theorems 1.7(ii) and
(i), 1; — (L;u) - L;u = 0iff 1; — (1;u);u = 0, which holds by Theorem 1.9(v).
(v/). By Ax3 and Theorem 1.9(vi), 1;(s;u) - —(L;u) - s < 1;1u- —(1;u) < 1;u -

1;u) =0.
(vi"). By Ax3 and Theorem 1.9(iii), s;u; — (u;1) - s < 1;u; — (u;1) = 0.
Therefore (ii) is true in 2.

(iii). By Theorem 3.13, the statement is equivalent to
(Liu,uss) 5 (usl, —(Liu) - 5) - (L, s) = (0,0).

By Theorem 3.10, we must prove the following six statements:
() Liu-—(u;1)-1=0,

(ii") w;s;1-—(u;1) =0,

(iii") 1;(—(1;u)-s)-L;u=0,
(iv') (=(L;u) - s);(uss) - s =0,
(V) —(u;1);s-u;s =0,

(vi") s;(1;u) - —(1;u) - s =0.
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(). This is essentially Theorem 1.9(iii).
(ii"). By Ax3 and Theorem 1.9(i), u;s;1-—(u;1) < u;l;1-—(u;l) < wu;l-—(u;1) = 0.

(iii"). By Ax3, 1;(—(1;u)-s)-1;u <1; — (1;u) - 1;u. But by Theorem 1.7(ii) and
1.8(ii), 1; — (u;1)-(1;u) =0iff 1-1; — (1;u) ;u = 0, which holds by Theorem 1.9(v).
v

iv’). By Ax3 and Theorem 1.9(iv), (—(1;u) - s);(u;s) - s < —(1;u);(u;1) = 0.

v). By Ax3, —(u;1);s-u;s < —(u;1);1-u;1. But by Theorems 1.7(i) and 1.8(ii),
—(u;1);1-u;1=0iff 1-u;(—(u;1);1) = 0, which holds by Theorem 1.9(ii).

(vi"). By Ax3 and Theorem 1.9(vi), s;(1;u) - —(1;u) - s < 15(1;u) - —(L;u) <
Liu-—(1;u) =0.

Therefore (iii) is true in 2.
(iv). Similar to (iii).
(v). Similar to (ii).
(vi). Similar to (i).

Therefore 2 € REL as desired.

U

Theorem 3.15. Let B, s, and A be as in Definition 3.8 and let r = (1,17) € A =
|2(|. Then A satisfiesr+1r" =1 and (r-—r");(r-—r")-r" - —r =0.

Proof. First we calculate r”, —r, and —r” in 2. Using Definition 3.8 we have
rr=(1) =115 =(I",s),
—r=—(1,1") =(0,—-1" - s),
—r =—(1",5) = (=17, —s-5) = (—17,0),
and hence r +1” = (1,17) + (17, s) = (1, s) = 1. Also, we have

(- =)ilr =) 0
(1) - (103 (1) - (17,0)) - (15) - (0,17 -s)
(17005 (=17,0) - (0, -1 -5).

Thus, by Theorem 3.10, (r - —r7);(r - —r") - r° - —r = 0 iff all six of the following
conditions are satisfied:

(i) —17; —1"-0=0.

ST

(ii) 0;(=1"-5)- 1" = 0.
(iii) 0;0-—1" = 0.

(iv) 0;0- —1“ s=0.

() ~15(~1" - 5) -0 =0.

(vi) (=17 -s); —=17-0=0.
Clearly, by Ax3 and Ax4, all six of the conditions hold. [

Theorem 3.16. Let B, s, and A be as in Definition 3.8 and let € € NREL be such
that B = RIL,.€ for some r € |€]. Assume that s < r” in € and suppose that

(r-—r");(r-—r")-r-—r=0
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in €. Then there is a unique isomorphism ¢ : R, 1 o € =2 A such that p(x) = (z,x7)
for any x € |°B| = |RI[,.C|.

Proof. We omit the proof. [

§4. ADJOINING IDENTITY ELEMENTS

Definition 4.1. Let B8 € NREL and let U be a Boolean algebra. Let my,my :
|B| — |B| be normal and additive such that mo(a)™ = mi(a)” for any a € |V| and
U -mo(1) =1 -m(1) =0. Let d,r: |RIB| — || be conjugate to mo(-)"", w1 (-)" :
B — |RLB|, respectively. Then we define a relation type algebra 2 by:

BA =T x BIB,

I = (1, 1’),

<a7$>v = <a>xu>7
)

(a,2) ; (byy) ={(a-b+d(z -y )+r(z" -y), x;y+mo(a) y+m(b) - x).

Theorem 4.2. Let B, U, 7y, w1, d, and r be as in Definition 4.1. Then for any
x € |*B| we have r(z”) = d(x”).

Proof. Let a € || be arbitrary. Then

r(z”)-a=0 iff m(a)” 277 =0 by Def.4.1
iff mo(a)” -2 =0 by Def.4.1 and Th.1.3(v)
iff mo(a)” 2" =0 by Th.1.3(ii)
iff d(z”)-a=0 by Def.4.1

O

Theorem 4.3. Let B, U, ng, m, d, r, and A be as in Definition 4.1. Then
2 € NREL.

Proof. Ax1. Obvious from Definition 4.1.

Ax2. ((a,2) - (b,y)")" = ((a,z) - (b,y ")) by Def.4.1

=(a-bz-y) by Def.4.1

=(a-b,(z-y")) by Def.4.1
(a-b,x” -y) by Ax2

= (a,z7) - (b, y) by Def.4.1
(

(b, y) by Def.4.1
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Ax3. ((a,2) + (b,y)); (¢, 2)
={(a+bx+vy);{cz)
by Def.4.1
=({(a+b)-c+d((z+y)-2)+r((x+y) - 2),
(x4y);z+m(a+d)-z+7mi(c) (z+7y))
by Def.4.1
=(a-c+d(x-2")+r(a” -2),z;2+m(a)  z+m(c)  z)
+(b-ct+dy-27) +r(y - 2),y52+m0(b) - 2+ mi(c) - y)
by Def.d.1, Ax3, Th.1.3(iii)
= <a7x> ; <Cv Z> + <b7 y) ; <Ca Z>
by Def.4.1

Likewise {(a,z) ;((b,y) + (¢, 2)) = (a,z) ; (b,y) + (a,z) ; (¢, 2).
Ax4. By Definition 4.1, Ax4, and Theorem 1.3(i),

(1,1) 5 (0,0) = (1-04d(1-0") +r(1" - 0),1;0 + (1) - 0+ 71 (0) - 1) = (0,0).

Likewise (0,0) ; (1,1) = (0,0).
Ax5. By Definition 4.1, we have, for any (a,z),(b,y), (¢, z) € |2,

i) a-b-c=0,

(i) d(z-y7) ¢ =0,
(iii) r(z” -y)-c=0,
(iv) z;y -2 =0,

(v) mo(a)-y-2z=0,

(vi) m(b) -x-2z=
Note that conditions (ii) and (iii) are equivalent by Theorem 4.2 since (z-y*)” = a”-y
by Ax2. Also, it will be convenient to note two other equivalent forms of (ii) and
(iii) which follow from Definition 4.1 and Theorem 1.3(iii)(iv), mo(c¢) -z -y~ = 0 and
mi(c) - 27 -y = 0, respectively. Now, (a,z”); (b,y) - (¢, z) = (0,0) is equivalent, by
the above, to the following five conditions:

(i') a-b-c=0,

(iii") mi(c) - -y =0,

(iv') =75y -2 =0,

(v') mo(a) -y -z =0,

(vi") m(b)-a”-2z=0.
On the other hand, {(a,z"") ; (¢, 2)-(b,y) = (0, 0) iff all five of the following conditions
hold:

(i") a-c-b=0,
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(iii”) my(b) - 27" -2 =0,
(iv") 7 ;z-y =0,

(v'") mo(a) - z-y =0,
(Vl”) = 0.

iff (vi”), (iv") iff (iv"") by Ax5, (v/) iff (v""), and (vi’) iff (iii”) by
Theorem 1. 3(V) Thus (a,z)”; (b,y) - (¢, z) = (0,0) iff (a,z)""; (c, z) - (b,y) = (0,0).
Likewise (a,x) ; (b,y)” - (¢,z) = (0,0) iff (c,z); (b,y)”" - (a,z) = (0,0). Thus, by
Theorem 1.7, Ax5 holds in 2.

Ax6. (1,1); (b,y) < (b,y) iff (1,1"); (b,y) - (—b, —y) = (0,0) which, by the proof
of Ax5, is equivalent to the conjunction of the following five conditions:

(i) 1-b- —b:0,

(i) mo(=0)-1"-y" =0,
(IV) r Y-y = 0

(v) mo(1)-y-—y =0,
(vi) m1(b) -1 - —y =0.
(i). Obvious.

(ii). By Definition 4.1, mo(—b) - 1" -y~ < mp(1) - I’ = 0.

(iv). Obvious.

(v). Obvious.

(vi). By Definition 4.1, m1(b) - 1" - —y < m1(1) - I’ = 0. Similarly, {(a,z) ; (1,1’) <
(@, ).

AxT7. By Definition 4.1 and Ax7,

(1,17) 5 (1,17)
= (1 14+d(0 1) 4+ (17 1), 150 +mo(1) - L +m(1)- 1)
= (1,1').

Ax8— (1,1)7; — (1,1)” - (1, 1")
=—(1,17); —(1,17) - (1, 1) by Def.4.1
= <0; _1U> ) <O7 _1v> ’ <17 17> by Def.4.1
=(0-0+d(-1" - (=17)") +r((-17)" - =1,
—17; — 1"+ m(0) - =17 + 7m(0) - —17) - (1, 17) by Def.4.1

— (04 d(0) + r(0), —1°; — 1°) - (1, 1) by Def.4.1, Th.1.3(viii) (iv)
—(0,~1°; — 1) - (1, 1") by Def.4.1

—(0,-1°; —1° - 1) by Def.d.1

= (0,0) by Ax8 O

Theorem 4.4. Let B, U, my, m1, d, r, and A be as in Definition 4.1. Assume
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further that o and w1 satisfy the following conditions for any a € |Y|:

smo(1) =0 m1(1);1 =0
—7o(1);1 < —mo(1) 1; —m(1) < —m (1)
mo(a);1 < mp(a) 1;m(a) < mi(a)
mo(a) - mo(—a) = m(a)-m(—a)=0
m(a) - —mp(—a) =0 —mi(a) - mo(—a) =0

If B € REL, then A € REL.

REMARK 4.5. The equations mp(1)-1 = m1(1) -1’ = 0 in Definition 4.1 are actually
redundant in the hypothesis of Theorem 4.4. To prove my(1) - I’ = 0, for example,
we calculate

mo(a) -V =1 ;(me(1) - 1) by Th.1.8(i)
< 1;mo(l) by Ax3
=0 by hyp.

Proof of Theorem 4.4. By Theorem 4.3, 2l € NREL. Thus, by Theorem 1.9, we
need only prove the following six statements for any (a,u) € |2| with u < 1’ in B:

() {a,u) ;5 (1,1)5(1,1) <{a,u);(1,1),

(i) {a,u);(=((a,u); (1,1)); (1,1)) = (0,0),
(iil) (1,1); (a,u) 5 — ({u,a) ; (1,1)) = (0,0),
(iv) —((1,1) 5 (a,u));({a, u) ; (1,1)) = (0,0),
(V) <17 1> ’ T (<1a 1> ) <a7u>); <a7u> = <030>7
(vi) (1,1);((1, 1) ;5 (a,w)) <(1,1); (@, u
First, we show that d(1’ - z) =r(1’ - z) = 0 for any x € |B|:
d(l’-z2)-1=0 iff me(1)” -1 -2=0 by Def.4.1
iff mo(1)- 11 -2 =0 by Th.1.3(iv)

which is true by Definition 4.1 since my(1) - I’ = 0. Likewise, r(1’ - z) = 0.

Now we calculate

<a7u> ) <171> = <CL -1 +d(u ) 1u) + r(uv ’ 1)7
u;l +mo(a) - 14+ m(1) - u) by Def.4.1
= (a,u;1 + mo(a)) by Th.1.8(ii), Def.4.1

Similarly, (1,1) ; (a,u) = (a, 1;u + m1(a)).

(i). The statement is equivalent to
(a,u;l +m(a)) ; (1,1) < (a,u;1+ m(a)),
which, in turn, is equivalent to

{a,u;1 4+ mo(a)) 5 (1,1) - (=a, =(u;1 +mo(a))) = (0,0).
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By the proof of Theorem 4.3 (Ax5) we must prove the following conditions:
(i’ a-1-—a=0,

(i) mo(—a) - (us1 + mo(a)) - 1° =0,

(iv') u;l+4mo(a));1 - —(u;1+ mo(a)) =0,

(v') mo(a) - 1+ —(u;1 4 mo(a)) =0,

(vi") m (1) - (u;1 4+ mo(a)) - —(u;1 4+ mo(a)) = 0.

(i"). Obvious.

(ii"). By hypothesis, mo(—a)-mo(a) = 0. Thus we need only prove that mo(—a)-u;1 =
0. But by Theorems 1.7(i) and 1.8(ii), mo(—a) - u;1 = 0 iff 1 - u;m(—a) = 0, which
holds since u;mp(—a) < 1";m(1) = 0 by Definition 4.1, Ax3, and hypothesis.

(iv). (u;1+mo(a));1 =u;1;1+mo(a);l by Ax3
<wu;l+mo(a) by Th.1.9(i), hyp.

(v"). Obvious.
(vi’). Obvious.

(ii). The statement is equivalent to
(a,u) ; ((—a, —(u; 1+ mo(a))) ; (1,1)) = (0,0)
which, by Theorems 4.3, 1.7(i), and 1.8(ii), is equivalent to
(a,u) 5 (L,1) - (—a, —(u;1 + mo(a))) ; (1,1) = (0,0),
which is equivalent to
(=a, =(u;1+mo(a)) ; (1,1) - (@, u;1 + mo(a)) = (0,0) .

By the proof of Theorem 4.3 (Ax5), we must prove the following five conditions:

(
(i"). Obvious.
(ii"). Obvious.
(iv'). By Ax3,

—(us14mo(a));1 - (usl +mo(a)) = (=(u;1) - =mo(a));1 - (u;1 4 mo(a))
< —(u;1);1-u;l+ —mp(a);1 - mo(a).

But, by Theorem 1.7(1)(ii), —(u;1);1-u;1 = 0iff 1-w;(—(u;1);1) = 0, which holds
by Theorem 1.9(ii).
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Thus, we need only show that —mg(a);1 = —mg(a). Since my(a) - mo(—a) = 0 and
mo(a) + mo(—a) = m(1), we have —mg(a) = mo(—a) + —mo(1). But then

—mo(a);1 = mo(—a);1 4+ —mo(1);1 by Ax3
< mo(—a) + —mo(1) by hyp.
= —mo(a)

(v/). As in subcase (ii’) of case (i), we have mp(—a) - u;1 = 0. By hypothesis, we
also have mo(—a) - mo(a) = 0.

(vi’). Obvious.

(iii). The statement is equivalent to
(@, 1;u+m(a)); (—a, —(u;1 +mo(a))) - (1,1) = (0,0)..

By the proof of Theorem 4.3 (Ax5), we must prove the following five conditions:
(i)Y a-—a-1=0,
(iii") m (1) - (L;u+ m1(a))” - —(u;1 4+ m(a)) = 0,
0,

(iv) (Lu+m(a); — (us1+mo(a) - 1=
(v') mo(a) - —(u;1+mo(a)) - 1 =0,
(vi") mi(=a)- (L;u+mi(a))-1=0.

(i"). Obvious.

(iii’). (1;u 4+ m(a))” = (1;u)” + m(a) by Th.1.3(iii)
= (u;1)”" +mo(a)™ by Th.1.8(ix), hyp., Th.1.3(v)
< u;l+ m(a) by Th.1.3(iv)

(iv(dsu+m(a)); — (u;1 4+ m(a)) - 1

= Lyu;(—(usl) - —mo(a)) + mi(a);(—(u;1l) - —mo(a)) by Ax3
< Liu; — (u;1) + mi(a); — mo(a) by Ax3
=040 by Th.1.9(iii), hyp.

(v'). Obvious.

(vi"). m1(—a) - (Liu+mi(a)) -1 =m1(—a) -
=mi(—a)-L;u+0 by hyp.

Thus, we need only show that 7;(—a) - 1;u = 0. Bu this is similar to the proof of

mo(—a) - u;1 = 0 in subcase (ii’) of case (i).

(iv). Similar to (iii).

(v). Similar to (ii).

(vi). Similar to (i).

Thus 2 € REL as desired. [J
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Theorem 4.5. Let B, U, ng, w1, d, r, and A be as in Definition 4.1. Then the
map ¢ : |B| — [Rl o1 A| defined by p(x) = (0,z) is an isomorphism:

(V2R % = %[(&DQ{.

Proof. Clearly ¢ preserves the Boolean operations by Definition 4.1. Also, the
bijectivity of ¢ is clear from Definition 4.1. By Definition 4.1 we also have

Using Definition 4.1 and the fact that my and m; are normal, we have

= (0,z;y)

=(0,z;y + m0(0) - y + m1(0) - )

=(0-0+d(x-y)+r(z" -y),x;y+7m(0) -y + 71(0) - z) - (0,1)
= (0,2); (0,y) - {0, 1)

= ¢(2);9(y) - (0,1)

Thus ¢ : B =Rl A O

o(x;y)

Theorem 4.6. Let A’ € NREL and let r € || satisfy —r < 1. We define B and
U by

B = R,
U = BI(RI_,A).

We define mg, 1 : |B| — |B| by
7TO(CL) = a;r,
7Tl(a) =Tr;a,
where ; is taken in A'. We also define d,r : |Rl+B| — |V| by
d(z) = z;2” - —,
r(x) =a ;2 —r,

where —, ~, and ; are taken in A'. Then B, UV, my, m1, d, and r satisfy all the
conditions of Definition 4.1. Let 2 be the algebra constructed in Definition 4.1.
Then the map © : || — || defined by © (a,x) = a + x is an isomorphism:

O:A=Y.
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Proof. First note that
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mo(z) = a;x
< Tyr
<r

by Ax3anda < —r <7

by Ax6

so that mp(a) € |B] for any a € |Q|. Similarly, 71 (a) € |B]| for any a € |U|. 7y and
m, are both normal and additive by Ax3 and Ax4. Note that

r-—r=r 1. .—r
=) —r
=r. 1. —
=0

Thus * < r. Now, we calculate, for a € ||,

mo(a)” " =

By Definition 2.1, 1,

Now, let a € |U| and = € |R[1-B| =

((asr)”-r) -7

((a;1-7)" -r) -1

((a;1)"-r"-r)" -

(((a;1)"-r)-r7)" -r

((a;1) - ) rer

= (a;1)™

(1,(1)“’“ 7

(1;a)" -

(L;a - 7“)

=(r;a)” -r

m1(a)”

mo(—r) =1 -7
IR A

by Ax2
by Th.1.8(ii)

by Th.1.8(ii)
by Th.1.3(vi)

by Ax2

by Th.1.8(ix)
by Th.1.3(v)
by Th.1.3(vi)
by Th.1.8(iv)

- —r;r = 0. Likewise, 1,
Note that r”

=

7T1(—7“) = 0.

-r = r° since

1 <r. Thus x <r° < 1° by Theorem 1.3(iii), so that °° = x-1° = z by Theorem
1.3(iv). Note also that a < —r < 1’. Thus

d(z)-a=0

iff
ift
iff
iff
ift
iff
ift
iff
iff
iff

xr;x
" ca=0
Tex=0

a;x-x =0

;T

a;xr’

a;l-x-x=0

a;l-r-x=0

a;r-x =10
mo(a) -z =0
mo(a) - x”” =
mo(a)” -x =0

c—r-a=20

by Th.1.8(iii)

by Th.1.8(iii)

by Th.1.3(ii)
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Similarly, r is conjugate to m1(-)"". Thus B, U, 7y, 71, d, and r satisfy all of the
conditions of Definition 4.1.

Now, let 2 be the algebra constructed in Definition 4.1 and let © : || — || be
defined by © (a,x) = a + x. Then we have

©(0,0) =0-+0 =0,
O(—r,r)y=—r+r=1,
O(a,z) + (b,y)) =0 {(a+b,x+y) by Def.4.1
=a+b+tzr+y
=a+x+b+y
=0 (a,2) +0O (b,y),
©{a,x) - (b,y)) =0 (a-b,x-y) by Def.4.1
=a-b+x-y
=a-b+zx-y+a-y+zx-b since a,b < —r and z,y <r
=(a+2x) (b+y)
=0(a,x)-0(by),

O(—(a,z)) =0 (—-a-—r,—x-T) by Def.4.1
=—a-—r+-—x-r
=—(a+r)+—(z+-r)
=—((a+r)-(z+-r))
=—(a-x+a-—r+r-x4+71r--")

=—0+a+2+0)
= —(ata)
= —-0(a,x),

O(—r, - r)y=—r+1.r=" since —s < 17,

O({a,z)”) =0 (a,z” - 1) by Def.4.1

=a+x -1
=a+x since x” <7r <r
=a +a by Th.1.8(ii), since a < —r < 1’
=(a+x) by Th.1.3(iii)
— (O {a,2))

O((a,z) ; (b,y))
=0 (a-b+dz-y)+r(z" -y),z;y+mo(a) y+ m(b) - x) by Def.4.1
=a-b+d(z-y)+r(@ -y)+zy+mla) - y+m(b)-
=a-b+d(xz-y)+z;y+moa) - y+m(b) - x

by Th.4.2, since (z-y")" = (" -y)”~
=a-b+(z-y )i(e-y) —r+taytar-y+rb-a
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=a-b+(x-y )z y)-—r+zy+ar-y+rb-x by Ax2
=a-bt+zyt+ar-y+rib-zx by Ax3
=a-bt+zyt+a;l-r-y+1;b-r-x by Th.1.8(iii)(iv)
=a-b+zy+a;l-y+1;b-x since x,y <r
=a-bt+z;y+ay+ ;b by Th.1.8(iii)(iv)
=ab+z;y+a;y+a;db by Th.1.8(i)
=(a+z);(b+vy) by Ax3

=0 (a,z);0 (b,y)
Since © is clearly bijective, the theorem follows. [

Theorem 4.7. Letr, A, B, U, ng, w1, d, and r be as in Theorem 4.6 and assume
that A" € REL. Then the conditions of Theorem 4.4 are satisfied.

Proof. Recalling that B = R[22, U = BI(RI_,.A), mo(a) = a;r, and 71 (a) = 730,
we can rewrite the conditions of Theorem 4.4 as follows (here we assume a < —r
and all operations are taken in ):

(U -r);(=r;r)-r=0 ry—r;(U-r)-r=
(=(=r;r)-r)r-r < —(=r;r)-r ri(=(r;—=r)-r) r<—(r;—r)-r
a;rir-r<a;r ri(r;a)-r<r;a
a;r-(—a-—r);r=20 ria-ri(—a-—r)=
ria;(=(a;r)-r)-r=0 (=(r;a)-7);(a;r) =0

We will prove the five equations on the left. The five equations on the right will
follow by symmetry. For the first equation, we calculate

(U -r)s(=r;r)y-r=1-r); —r;r-r by Ax9
= -r-—r)r-r by Th.1.8(i), since —r < 1’
=0;r-r
=0 by Ax4

Before proving the second equation on the left, we first note that for any a < —r,
we have

a;l=a;(r+—r)
=a;r+a;—r by Ax3
=a;r+a by Th.1.8(i)

Thus —(a;1) = —(a;r + a) = —(a;r) - —a. In particular, —(—r;1) = —(—r;r) - r.
With this in mind, we see that the second equation on the left reduces to

—(=r;1)5r -1 < —(—r;1),
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which in turn is equivalent to

—(=r;1);r-r-—r;1=0.

By Theorems 1.7(i) and 1.8(ii), this is equivalent to

(= (=ri1)ir o) 1 =0,

But

—ry(=(=r;1)5r-r) - 1 < —r;(=(—=r;1);7)

= —r; — (=r;1);r
=0;r
=0

by Ax3

by Ax9

by Th.1.8(vii)
by Ax3 and Ax4

Thus, we have proven the second equation on the left.
For the third equation on the left, we have (recall that a < —r < 1)

a;rir-r<ayr iff a;r;rer-—(a;r) =0
ifft a;(r;r)-r-—(a;r) =0
ifft a;(r-—(a;r))-r;r=0

But

a;(r-—(a;r))-rir <

For the fourth equation on the left, we have

a;r-(—a-—r);r=0 iff a;((—a-—7r);r)-r=0

iff a;(—a-—r);r-r=

ifft (a-—a-—r);r-r=0

iff 0;7-r=0
iff 0=0

For the fifth equation on the left, we have

rias(~(asr) 1) v < rias(—(air) - —a)

=r;a; — (a;1)
=7;(a; — (a;1))
=7;0

=0

by Ax9
by Th.1.7(i), Th.1.8(ii)

by Ax3, since r < —a

by Th.1.8(vii)

by Th.1.7(i), Th.1.8(i)
by Ax9
by Th.1.8(i)

by Ax3 and Ax4

by Ax3, since r < —a

by Ax9
by Th.1.8(vii)
by Ax3 and Ax4

The five equations on the right are proved similarly. [J
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Theorem 4.8. Let B € NREL and let po,p1 € |®B| satisfy py = p;” and 1 - pg =
1" -p1 =0. Then there exists an A € NREL (unique up to isomorphism) such that

(i) B =RI_,A for some w < 1" with w an atom of A,
(ii)) w;1 - —w = po holds in A,
(iii) 1;w - —w = py holds in .
Proof. Let U be a two-element Boolean algebra with |B| = {0,1}. We define
mo, 1 ¢ | U] — [B] by

7T0<1> = Po,

w1 (1) = p1.
Then mp and m are completely additive and normal. By Theorem 1.3(i)(iii), the
maps

mo(-)", m ()" D] — [Rl1- B
are also completely additive and normal. Also, U is complete since it is finite.
Thus, by Theorem 1.14 of Jénsson-Tarski [1] the maps my(-)"" and 71 ()" have
conjugates
r: |- B| — |Y|

respectively.

Note that 7(0)"" = 0 = m1(0)” by Theorem 1.3(i) and 7 (1)~ = p;” = py
m1(1)” by hypothesis. Also, I’ - mo(1) =1 -pp =0and I’ -m(1) =1 -p; =0 b
hypothesis. Thus B, U, 7, 71, d, and r are as in Definition 4.1. Let w = (1,0) € ||,
where 2 is as in Definition 4.1. Then w < (1,1’) = 1’ is an atom of 2. By
Theorem 4.3, 2 € NREL. By Theorem 4.5, the map ¢ : [B| — [Rl1)2| defined
by ¢(x) = (0,z) is an isomorphism B = Rl 1yA = RI_,A. Now we calculate (in
2A)

w;l=(1,0);(1,1)
= (1-14+d(0-1°) +r(0" - 1),051 + mo(1) + m1 (1) - 0) by Def.4.1
= (1, po) by Th.1.3(i), Ax4, normality of d, r
Similarly, 1;w = (1,p1). Thus

w;l-—w=(1,po) - —(1,0)
= (1,po) - (0, 1) by Def.4.1
= (0, po) by Def.4.1

= ¢(po)
Similarly, 1;w - —w = ¢(p1).
To prove the uniqueness statement, we must express converse and relative prod-

uct in 2 in terms of pg, p1, w, and the operations of RI[_,,2A. Since w < 1’, we have
w” = w by Theorem 1.8(i). Also, for x < —w we have

rrw=(r w) by Ax2
= (z - w)” since w” = w
=0 since z < —w

I
o

by Th.1.3(i)
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Thus 2° = 2" - w+ 2" - —w =2 - —w = 2°=*) by Definition 2.1. Thus converse in
2 is uniquely determined. Now w;w = w - w = w by Th.1.8(i), and, for z < —w,
we have

wi;x =w;l-x by Th.1.8(iii)
=w;l-—w-x since r < —w
=po-x by (ii)

Similarly, x;w = p; - x.

w

Finally, let z,y < —w. Then z;y = x5y -w+z;y - —w = 23y - w+ x;~ Yy by

Definition 2.1.

To finish the uniqueness proof, we need only determine whether z;y - w is 0 or
w (since w is an atom). But

ryy-w=x;y-1 - -w since w < 1’
=y 1w by Th.1.8(vi)
=y ;xr -w since w < 1’

Thus

zyy-w=0 iff y ;27 -w=0

ifft vy w-2z"=0 by Th.1.7(i)
it pr-y -2 =0 by above
iff pp -y W) e — by above [J

Theorem 4.9. Let B € REL and let po,p1 € |B| satisfy py” = py as well as the
following equations

I'spo=10 p1;1 =0
—po;1 < —po Iy —p1 < —p1
po;l < po Liprt <p1

p1; —po=0 —p1;po =0

Then there exists an 2 € REL (unique up to isomorphism) such that

(i) B = RI_,A for some w < 1" with w an atom of A,
(ii) w;l - —w = po holds in A,
(iii) 1;w - —w = py holds in .

Proof. First note that
I -po=1;(1"-po) by Th.1.8(i)

<71 -po by Ax3
=0 by hypothesis
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Similarly 1’ - p; = 0. Thus, the hypotheses of Theorem 4.8 are satisfied. To finish
the proof we need only show that the algebra 2l of Theorem 4.8 is in REL.

Let ‘U, my, 71, d, and r be as in the proof of Theorem 4.8. By Theorem 4.1 we
need only show that following ten equations. (Here all operations are taken in B
or °U.)

(1)1 =0
1 m(1) < —m(1)
Limi(a) < mi(a)
mi(a) - m(—a) =0

—mi(a);mo(a) =0

We will prove the five equations on the left. The five equations on the right
follow by symmetry.

by definition
by hypothesis
by definition

< —po by hypothesis
= —mo(1) by definition
—mp(0);1 =051 by definition
=0 by Ax4
= mo(0) by definition
—mp(1);1 = po;1 by definition
< Po by hypothesis
= 7o (1) by definition
70(0) - mo(1) =0 - po by definition
=0
—m1(0); — mo(0)
=0;1 by definition
=0 by Ax4
m1(1); —mo(1) = p1; — po by definition
=0 by hypothesis [

Theorem 4.10. Let B € NREL. Then there exists an A € NREL (unique up to
isomorphism) such that
(i) B =RI_,A for some w < 1" with w an atom of X,
(ii) ;1 =1;1" =1 holds in 2,
(iii) w;1- (1 - —w);1 =0 holds in 2.
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Proof. Let pg = —(1’;1) and p; = —(1;1"). (Here all operations and constants are

taken in 98.) Then

U epy=1-—(1;1)

=151 —(17:1))
<715 —(151)
=0

Similarly 1" - p; = 0.
Also

by Th.1.8(i)
by Ax3
by Th.1.8(vii)

by Th.1.3(viii)
by Th.1.3(vi)

by Th.1.3(ii) (iv)
by Th.1.3(viii)
by Th.1.8(ix)

by Th.1.3(viii)

Thus, the hypotheses of Theorem 4.8 are satisfied. Now, we calculate in 2 and

use Theorem 4.8.

51 -w=715w
=w;w+ (I —w);w
=w-w+1 - -—w-w
=w

l-w=w;l-—w+ (I —w);1-—w

=w;l - —w+ (1 —w);w-—w+

+ (1 —w); —w-—w

:p0+17._w.w._w+17_w;

=po + 0+ ((—w) — Po)
=po+ —po-—w
= —w

—w

—w

by Th.1.8(ii)
by Ax3
Th.1.8(i)

by Ax3

by Ax3

by Th.4.8(ii), Th.1.8(i), Def.2.1

by definition of pg
by Def.2.1

since pg < —w

Thus 1";1 = 1. Similarly 1;1" = 1. Next, we note that

iff
iff

w;l- (1 —w);1=0

1-(V—w);(w;1) =0
(1" —w);(w;1) =0

by Th.1.7(i), Th.1.8(ii)
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But

(1 —w);(w;l) = (V- —w);(wyw) + (1 - —w); (w; —w)
=1 -—w) - w-w+ (1 —w);(w; —w)
= (1 —w);(w; —w)
=1 —w);(w;1-—w)
=1 —w);(w;l-—w) - —w
=1 _w; “po

Now, if we express this in B, we get
Uipo=1;5—(I';1)=0
by Theorem 1.8(vii). Thus, returning to 2, we have
w;l- (- —w);1=0

as desired.

by Ax3
by Th.1.8(i)

by Th.1.8(iii)
by Ax3, Ax6
by Def.2.1, Th.4.8(ii)

For the uniqueness statement it suffices to assume (ii) and (iii) of Theorem 4.10
and prove (ii) and (iii) of Theorem 4.8. Then we can use the uniqueness of 2 in

Theorem 4.8.

To prove that w;1 - —w = pg it suffices to show that w;1 - —w - —pg = 0 and

(w;1-—w)+ —pg = 1. Recall that

P0 = (—w) — (U—w; " —w)

Thus
—po=01" --w); —w-—w+ —w
=1 —w); —w+w

Now we calculate

wi;l-—w-—pg=w;l-—w- (' —w); —w+w)

Also,

wi;l-—w+ —py=w;l-—w+ (" —w); —w+w

=w; —w+ (I —w); —w+w

=1;—-—w+w
=1;—w+71w
=1;1

=1

by Def.2.1

by Ax3
by (i)

by Th.1.8(iii)

Th1.8(i)

by Ax3
by (i)

Thus w;1 - —w = pg. Likewise 1;w - —w = p;. Thus A is uniquely determined up

to isomorphism. [J
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Theorem 4.11. Let B € REL. Then there exists an A € REL (unique up to
isomorphism) such that

(i) B € RI_,A for some w < 1" with w an atom of 2,
(i) I;1=1;0" =1 in 2A.

Proof. Let pg = —(1’;1) and p; = —(1;1"). (Here all operations and constants are
taken in ®B.) As in the proof of Theorem 4.10, we have p;” = p;. In order to apply
Theorem 4.9, we must prove the following eight equations:

;- (131) =0 — (1) =0
1;1;1 <11 1;(1;1) < ;0

— (1)1 < —(17;1) I; — (1;7) < —(1;1)
—(L;1);(151) =0 L1 - (151) =0

We will prove the four equations on the left. The four equations on the right will
follow by symmetry.

First note that 1; — (1’;1) = 0 follows from Theorem 1.8(vii), and 1’;1;1 < 17;1
follows from Theorem 1.9(i). Next,

—(I51);1 < —(151) iff 151-—(151)51=0
iff 1;(—(1:1);1)-1=0 by Th.1.7(i), Th.1.8(ii)
it 1;(—(1;1);1) =0

which follows from Th.1.9(ii). —(1;1’);(1’;1) = 0 follows from Theorem 1.9(iv).
Thus, Theorem 4.9 applies. As in the proof of Theoem 4.10, we see that Theorem
4.8 applies also. Theorem 4.9 guarantees the existence of an 2 € REL satisfying (i),
(ii), and (iii) of Theorem 4.9 (and thus of Theorem 4.8). This existence coupled
with the uniqueness of the 20 € NREL satisfying (i), (ii), and (iii) of Theorem 4.8
says that the 2 € NREL in Theorem 4.10 is actually in REL, since it comes from
Theorem 4.8. To prove uniqueness, we need only show that 2 satisfies (iii) of
Theorem 4.10.

wi;l- (U —w);1=0 iff w;(( —w);1)-1=0 by Th1.7(i), Th.1.8(ii)
iff w; (1 —w);1=0 by Ax9, since 2l € REL
iff (w1 —w);l=0 by Th.1.8(i)
iff 0;1=0

which holds by Ax4. The Theorem follows. [

§5. THE REL REPRESENTATION THEOREM

Definition 5.1. We define NA to be the class of all 2 € NREL such that 1;1° =1
inA. We define WA to be the class of all A € REL such that 1';1° =1 in .

REMARK 5.2. The definitions given here for NA and WA are easily seen to be
equivalent to the definitions given in Maddux [2].
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Theorem 5.3.

(i) Let B € NREL be complete. Then there ezists a complete A € NA and
r € || such that B = RI[,.2.

(ii) Let B € REL be complete. Then there exists a complete A € WA and r € ||
such that B = RI[,.2L.

Proof. (i). By Theorem 3.3, condition (%) of Remark 3.2 is satisfied for s = 1.
Thus, by Theorem 3.12 there exists a € € NREL such that € satisfies 1° = 1 (this
follows from Theorem 3.12(i) since s = 1) and B = fRI,.€ for some r € |€|. By
Theorem 4.10 there exists an 2 € NREL such that 2 satisfies 1’;1 = 1;1’ =1 and
¢ = RI_,, A for some atom w € |A| with w < 1.

Thus B = RI[.C = RI[LARI_,A = RILA (Note that r < —w in 2A.) It only
remains to show that 2 satisfies 1’;1° = 1. Since € satisfies 1° = 1, we have
(—w)"=*) = —w in A. This is equivalent, by Definition 2.1, to (—w)” - —w = —w,
which in turn is equivalent to —w < (—w)”. But

(—w) -w=(—w-w")" by Ax2
=(—w-w) by Th.1.8(ii)
=0
=0 by Th.1.3(i)

Thus (—w)” = —w. Now, we calculate

;17 =15(w+ —w)

=15 (w” + (—w)”) by Th.1.3(iii)
=1";(w+ —w) by Th.1.8(ii)
=11

=1

(ii). The proof proceeds as in the proof of part (i). The only changes are: the
use of Theorem 3.14 to insure that € € REL and the use of Theorem 4.11 to insure
that 2 € REL and thus 2 € WA. [

Theorem 5.4. (The REL Representation Theorem.) Let B € REL.

(1) There exists a complete atomic A € RRA and r € || such that B is a
subalgebra of R, A. Furthermore, if B is complete and atomic then B =
R

(ii) There exists a set U and a relation R C U x U such that B is isomorphic
to a subalgebra of RIpReU, where ReU 1is the relation algebra of all binary
relations on U.

(ifi) REL = IS{RIzReU : R C U x U}.

Proof. (i). Let B € REL. Denote by 87 the perfect extension of B as a Boolean
algebra with operators. (See Jénsson-Tarski [1].) Clearly, B+ € REL since negation
occurs only in a constant axiom and in the Boolean axioms (see Jénsson-Tarski [1],

Theorem 2.18). Since BT is complete, by Theorem 5.3(ii) there exists a complete
€ € WA such that B+ = RI,.¢ for some r € |€|.
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Note that the process of adjoining converses preserves atomicity of algebras.
Also, we can assume the adjoining of identity involved adding a single atom. Thus,
since BT is atomic, we can choose € atomic also. Similarly, completeness can be
preserved. Thus, we can assume € is complete and atomic. Since € € WA we
can use part (1) of the WA Representation Theorem (Theorem 5.20 of Maddux
[2]) to find a complete atomic A € RRA and s € || such that € = PRI[;A. Then
BT = RI[,.¢C = RI[LRIL,A = NRI[,2A. But B is a subalgebra of BT = RI[,2. In case B
is already complete and atomic, we replace B+ with 9B, and the argument above
shows B = ‘RI[,.

(ii). By part (i), B is a subalgebra of a relativization of some 2 € RRA. By
Definition 1.8 of Maddux [2], 2 is isomorphic to a subalgebra of a relativization of
some ReU. Thus B is isomorphic to a subalgebra of a relativization of a subalgebra
of a relativization of some ReU. Theorem 5.7 of Maddux [2] is easily seen to hold
with NA replaced by NREL. Part (5) of that theorem says that a relativization of
a subalgebra is a subalgebra of a relativization, so B is isomorphic to a subalgebra
of a subalgebra of a relativization of a relativization of some PReU. Thus B is
isomorphic to a subalgebra of a relativization of some ReU as desired.

(iii). The inclusion from left to right is part (ii). For the inclusion from right to
left, note that RIgRReU € REL whenever R C U x U, and REL is closed under the
formation of isomorphic images and subalgebras. [
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