Chapter 7

Incompressible Flow Over Airfoils

Aero dynamics of wings:
{2-D sectional characteristics of the airfoil;
{Finite wing characteristics (How to relate 2-D characteristics to 3-D characteristics)

How to obtain 2-D characteristics?
(a)Exp erimental methods (NA CA airfoils)
(b)Analytical methods

(c)Numerical methods

Airfoil _characteristics:

LHCi®

(2)Cqi ®

(3) Cm;c=4 i ®

Characteristics of C, j ® curve:
(@)® =

(b)ao = G5

(C)Clmax

Clomax 7—\

60



CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS

Copyrigh t°c 2005
All rights reserved under Dr. Ganesh Rajagopalan

61



CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.1. VORTEX FILAMENT

At low to moderate anglesof attack C, j ® curve is linear. The °ow moves slowly over the airfoil and is
attached over most of the surface. At high anglesof attack, the °ow tends to separatefrom the top surface.

2 Ci:max occurs prior to stall

¥awe

2 Cimax is dependert on Re = 5=

2 Cme=4 Is independert of Re exceptfor large ®

2 Cq is dependent on Re

2 The linear portion of the C, j ® curve is independert of R and can be predicted using analytical
methods.

Theoretical/analytical metho ds to evaluate 2-D characteristics:
Recall from potential °ow that a spinning cylinder produceslift L = %Vj. For a 2-D Vortex (spinning
clockwise):

A= L inr

2Y4
A i
A= i —
i 21/4H
= 1
Vi 2Y4
Vi =0

7.1 Vortex Filamen t

Consider 2-D/p oint vortices of samestrength duplicated in every plane parallel to the z-x plane along the
y-axisfrom j1 to 1 . The °ow is 2-D and is irrotational everywhereexceptthe y-axis. y-axis is the straight
vortex Tament and may be de ned asa line.

2 De nition: A vortex lament is a straight or curved line in a °uid which coincideswith the axis of
rotation of successie °uid elemens.

2 Helmholt's vortex theorems:

1. The strength of a vortex Tament is constart along its length.

Proof: A vortex Tament induces a velocity “eld that is irrotational at every point excluding
the Tament. Enclosea vortex Tament with a sheath from which a slit has beenremoved. The
vorticity at every point on the surface=0. Evaluate the circulation for the sheath.

. , H R
Circulation = j Veds=j 4(r £V)¢dA.
C

H H
Sheathis irrotational. Thusr £V =0,;j V¢ds=0or Ve¢ds=0
c
Al Zc Zd Za
Veds+ Veds+ Veds+ Veds=0
a b c d
Howewer,
Zc Za
Veds+ Veds=0
b d
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CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.1. VORTEX FILAMENT

asit constitutes the integral acrossthe slit.

Thus,
7Zb Zd
Veds+ Veds=0
a Cc
Zb Zd Z .
V ¢ds = V ¢ds = V ¢ds =
d
a C

2. A vortex Tament cannot end in a °uid; it must extend to the boundaries of the °uid or form a
closedpath.

3. In the absenceof rotational external °ow, a °uid that is irrotational remains irrotational.

4. In the absenceof rotational extenal force, if the circulation around a path enclosinga de nite
group of particles is initially zero, it will remain zero.

5. In the absenceof rotational extenal force, the circulation around a path that enclosesa tagged
group of elemerts is invariant.
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CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.1. VORTEX FILAMENT

Vortex Sheet or vortex surface

An in"nite number of straight vortex Taments placed side by side form a vortex sheet. Each vortex Tament
has an in nitesimal strength °(s).

o<
<

vortex sheet

°(s) is the strength of vortex sheetper unit length along s.
vy = i for 2-D (point vortex).

A small portion of the vortex sheetof strength °ds induces an in nitesimally small velocity dV at a eld
point P (r; ).
So, vjvortexf il ament = L%

- — . °ds
dVP | 2

Circulation j around a point vortex is equal to the strength of the vortex. Similarly, the circulation around
the vortex sheetis the sum of the strengths of the elemenal vortices. Therefore, the circulation j for a "nite
length from point 'a' to point 'b' on the vortex sheetis given by:

Ry,
i = ,°(9)ds

Acrossa vortex sheet,there is a discortin uouschangein the tangertial componert of velocity and the normal
componert of velocity is presened.

z Uy

_— =

pNn

'S
v
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CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.1. VORTEX FILAMENT

Z
Ci = ¥ ¢dr
4

Ci = vCd=j [WoCnj usCsij witn+ uyt g
B ox

°¢s= (Upj ux)C s+ (wyj wp)tn

As¢n! 0, weget

°¢s= (upj ux)tsor® = (uij up)

° = (upj up) statesthat the local jump in tangertial velocity acrossthe vortex sheetis equal to the local
sheetstrength.

Kutta Condition:

For a given airfoil at a given angle of attac k, the value of j around the airfoil is such that
the °ow leaves the trailing edge smoothly .

The Kutta condition tells us how to 'nd j; it is based on experimental obsenation. A body with -
nite angle TE in relative motion through a °uid will create about itself a circulation of suxcient strength to
hold the rear stagnation point at the TE. If the TE hasa zeroangle, the Kutta Condition requiresthat the
velocity of °uid leaving upper and lower surfacesat the TE be equal and non-zero. A body with a nite TE
angle will have crossingstreamlines at the TE unlessthe TE is a stagnation point. The Kutta Condition
eliminates the crossingstreamlines. Considerthe TE asa vortex sheet:

*(TE)=Wii V

If the TE hasa nite angleV, = V|, = 0 becauseTE is a stagnation point. Or °(TE) = 0. If the TE is acusp
(zero angle), Vy, = V, and hence® (TE) = Vy i V| = 0. Thus, Kutta Condition expressedmathematically in
terms of vortex strength is °(TE) = 0.

7.1.1 Bound Vortex and Starting Vortex

The question might arise: Doesa real airfoil °ying in areal °uid give rise to a circulation about itself? The
answer is yes. When a wing section with a sharp T.E is put into motion, the °uid has a tendency to go
around the sharp T.E from the lower to the upper surface. As the airfoil movesalong vortices are shedfrom
the T.E which form a vortex sheet.

Copyrigh t°c 2005 65
All rights reserved under Dr. Ganesh Rajagopalan



CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.1. VORTEX FILAMENT

2 Helmholtz's theorem:
If i = 0 originally in a °ow it remains zero.

2 Kelvin's theorem:

Circulation around a closed curve formed by a set of cortinuous °uid elemeris remains constart as
the °uid elemerts move through the °ow, %’L = 0. Substartial derivative gives the time rate of
change following a given °uid elemen. The circulation about the airfoil is replaced by a vortex of
equal strength. This is the bound vortex sinceit remains bound to the airfoil. A true vortex remains
attaced to the same°uid particles and moveswith the general°ow. Thus, asfar asresultant forcesare
concerned,a bound vortex of proper strength in a uniform °ow is equivalert to a body with circulation

in a uniform °ow.

2 Both the theoremsare satis ed by the starting vortex and bound vortex system. In the beginning, j 1
= 0 when the °ow is started within the contour C;. When the °ow over the airfoil is developed, j »
within C, is still zerowhich includesthe starting vortex j 3 and the bound vortex j 4 which are equal
and opposite.
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CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.2. FUNDAMENTAL EQUATION OF THIN AIRFOIL THEORY

7.2 Fundamen tal Equation of Thin Airfoil Theory

Principle: Mean camber line is a streamline of the °ow.

Velocity induced by a 2-D vortex is V = v, = i 51-€, wherej is the strength of the 2-D vortex. Similarly

the velocity induced by the vortex sheetof in nitesimal length ds is given by

_ . °(s)ds
dvp = i 2y M

To force the mean camber line to be a streamline, the sum of all velocity componerts normal to the mcl
must be equalto zero. Considerthe °ow induced by an elemenal vortex sheetds at a point P on the vortex
sheet. It is perpendicular to the line connectingthe certer of ds to the point P given by

_°(9)ds
e =1 O

Thus dw? the velocity normal to the mcl is:

_ °(s)cos ds
dw? = dvp cos _ ; (s)cos ds

P P ! 2Yr
where " is the anglemadeby dv, to the normal at P, and r is the distance from the certer of ds to the point
P.
The induced velocity due to the vortex sheetrepresening the ertire mcl is given by;

1ZE (9) _

°(s) cos

WB(S)= i g s
LE

Now determine the componert of the freestreamvelocity normal to the mcl.
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CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.3. FLAT PLATE AT AN ANGLE OF ATTACK

Vi n = \ sin(®+ 2)

where ® is the angle of attack and 2 is the angle made by the tangent at point P to the x-axis.
The slope of the tangert line at point P is given by:

dz
— = tan(%j 2) = | tan?
Ix (i 2) =

or
) dz
2=tan' 1(j —
(i dx)
. . dz
Vi = Vi (Sin®+ tan 1(j =-))
dx
In order that the mcl is a streamline. wg (s)+ Vi .n=0,0r

ZE _
1 °(s) cos

2y,
LE

. . d
i ds+ Vi (sin®+ tani (; d_>z<)) =0
within thin airfoil theory approximation s! x,ds! dx,cos = 1landr! (Xgi X), wherex variesfrom O
to ¢, and xq refersto the point P.

After changing these variables and making the small angle approximation for sin and tan, and upon rear-
rangemen we get:

Zc
1 °(x

2% Xoi
0

. dz
XdX—Vl (®j &)

7.3 Flat Plate at an Angle of Attac k

The following analysis is an exact solution to the °at plate or an approximate solution to the symmetric
airfoil. The mean camber line becomesthe chord and hence:

dz
— =0
dx

z
1 "0 wove
2%  (Xoi X)

0
In order to facilitate analytic solution, we do a variable transformation suc that:

X = g(li COS|)
c
Xo = 5(1i cosjbo)

U= Oat LE and p= %at TE and pincreasesin CW, dx = $ sinpdp

Vil e
1 (W3 sinp
21/40 s[(Li cosw)i (1i cosp)]

d|.l: Vi ®

Copyrigh t°c 2005 69
All rights reserved under Dr. Ganesh Rajagopalan



CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.4. 2-D LIFT COEFFICIENT FOR A THIN/SYMMETRICAL AIRFOIL

1% ey
° (W) sinp
- ———————du=V; ®
2%, (COSM| COSib) H=™"
0

Here we simply state a rigorous solution for ° (l) as:

o/ N _ 1+ cosp
(W = 28V, sin
We can verify this solution by substitution as follows:
Ya Ya
1 z ° (W sinpu du= V1 ®Zl (1 + cosy)
24 (cospi cospo) ' Ya  (COSM| COSHo)
0 0

We now usethe following result to evaluate the above integral.

7

(cosnp) _ Yssinnpg
(cospj cosfp) — sinpo
0
0 1
V2 yiZ 7
Vi ® (1 + cosp) du= V1 ®@ 1 du+ cosp A (7.1)
Ya (cospi coso) Ya COSU| COSHg COSHLi COSHg ’

0 0 0

= V11 ®(o+ Y=V, ® (7.2)

Y

Thus, it satis es the equation:
Z% .
1 ° (W) sinp

— ————————du=V; ®
2%, (COSM| COSib) H=™"
0

In addition, the solution for ° also satis es the Kutta condition.
When u= %

°(¥) = 2V ®%

By using L'Hospital' rule, we get

i sin¥_
CoSY4

(=21 ®

Thus it sati es the Kutta condition.

7.4 2-D lift coexcient for a thin/symmetrical airfoil

ZE
L°=1% V, j =% °(s)ds
LE
Where s is along the mcl.
By using thin airfoil approximation:
ZE Zc
L 15y °(x)dx = %\ °(x)dx
LE 0
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CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS

7.4. 2-D LIFT COEFFICIENT FOR A THIN/SYMMETRICAL AIRFOIL

Using the transformation x = 3(1i cosy

Substituting the solution:

0
L

ze 1 Z%
"t YAV C(X)dx = SAVicC ° (W) sinpdp
0 0
2®V; (1 + cos|
o (“) - 1 ( p-)

sinp
7%
L %1/4 Vi c 2V; ®1+ cosydu
0
Vil
L’ @4 VZc (1+ cospdu
0

0, 2
L° cv@vs Vf

1y V2
L™ 2ui 321 )(c£ 1)
L’ 2vey S

0
orCi = ;= 2v® and { = 2%
%% = 2% shows that lift curveis linearly proportional to the angle of attack.

7.4.1 Calculation of Moment Coezcien t

0
MLE

Copyrigh t°c 2005

Zc
x(dL")
0
Zc
X(¥2 Vi di)
0
Zc
x(¥2 Vi °(x)dx)
0
Zc
1 V1 ° (x)xdx
0

2/
2®V; (1+ cospy) . cC

c .
1 — H —
/2 V1 sint ¢2(1. COSL) ¢23|nudu
0
2%
20V4 sz (1i cog pdu
30 -
1
®4 V2 ¢ Y
7
4
¢ 3
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CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.5. THIN AIRFOIL THEORY FOR CAMBERED AIRFOIL

M M e

®wSc g 2

Cm;LE =

C = 2v®

C
Cmile =i ZI

0 _ 0 ) 0
IVILE - Ivl(::4| LC:4

Cm;LE = Cm;(::4i Ci=4
Cnie =i C=4

Cm;c:4 =0
Cm:c=4 is equal to zerofor all valuesof ®.

c= is the aerodynamic certer. Aerodynamic certer isthat point on an airfoil wheremomerts are independart
of angle of attack.

7.5 Thin Airfoil Theory for Cambered Airfoll

Z
17 °°(x)dx _ - dz
B ek =@ (A)

where £ is the slope of mcl at Xo.

For symmetric airfoil, mcl is a straight line and henceg—i = 0 ewverywhere. On the other hand, for a cambered
airfoil 3—)2( varies from point to point.

As before, we do a variable transformation given by:

c
X = E(1, COSH)

dx = gsin pdp
Equation (A) becomes:
z
17° °(wsinpdu dz
— T -V (®f — B
2% o (cospi cospo) 1 (@i dx) (B)
has a solution of the form:
. 1+ cosu R .
(W) = 2V1 [Ao(— )+  Ansinny]
sinp o1
Sub. solution in equation (B)
Z 1 Z 1, . .
177 Ao(1+ cosp) . EX “ Ansinnusing (©®; dz )
Ya o (COSUi cOSHo) Va0 (cospj cospo) & : dX xq
Using the integral z.
% cosnp sinnpo
———du= Yoe——
o (cospi cospp) sin o
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The “rst term becomes:

Z,
17" Ag(l+ cosp)

Ya 05 (cospi cosp)

zZ,
1t Ao dus L “ Ao cosp
" Yo (cospi coso) H Ya o (cospi cospp)
= AO
Using the integral z.
“  sinnpsinp

- - = i1
. (cosii cospo)d“ i Yacosnpg

The secondterm becomes:

Zl - .
EX “ Ansinnpsing R

2 An cosniy
Ya . o (COSHi COSto) ! R
Therefore Equation (B) becomes:
R
Aogij A, cosnpp = ®j %
n=1 dXxo

Upon rearrangemett the slope at a point P on the mcl is given by:

dz _ ] R
i (®j Ag) + A, cosnpg
n=1

From Fourier serious

X
f(W=Bo+ B, cosnu

Where,

Ya

Bn = " . f (W) cosnudp

n=12::1
Zl/
1 7 dz
(®j Ag)=Bo= i o (d_x)du
An = Bn

Evaluation of j

Z Cc Z C
i = °(x)dx = ° (W) sinpdu
0 0

NI O

From thin airfoil theroy

Ao(1 + cosp) N X

° = 2V A Si
(H) 1 [ sinpl A sinny]
c Z . c Z .y, c Zy, »®
i == ° (W sinpdp= = 2V1 Ap(1+ cospdu+ — 2V Ay sinnusinpudp
2 o 2 2 070
X- z Ya
= ¢V [Ao(u+ sinp)jy+ A, sinnpsinpdy]
n=1 0
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CHAPTER 7. INCOMPRESSIBLE FLOW OVER AIRFOILS 7.5. THIN AIRFOIL THEORY FOR CAMBERED AIRFOIL

Usin
g % z,,
Aq sinnp sin pdy
n=1 0
Ya
= _ f =1
5 or n

0O for n61
1

Y,
i = CV1 [Ap¥t Ay 24]

v,
L= 14 V; | = B\ VAo + {Al]

LO LO Ya
= —= — = 2[/Apt+ ZA
@S @mc A0+ SA1]
C, is normalized by the ® as seenby the chord connectingthe LE and TE of the mcl.
c is the chord connectingthe LE and TE of the mcl.

C

C = 2YAq+ VA
! 1O SVIT I N T LI 1
= 2 ® - Loy v 2 2 cosudu
]/4 0 dX ]/4 0 dX
b 1 Z 1/4“‘ Zﬂ 5
= 2% ®+ — — i1
4 Vi, dx (cospi 1)dp
dc
= = 21,
@
asis the casefor symmetric airfoil.
Also,
dcC
Ci= —=(@®] ®&=)=2%®i ®)
d®
. 1 z Ya
$@=0 =i g, (cospi 1)——du
40
Determination  of moment coetcien t
Z [
M%E =i% W X° (x)dx
0 Z
M 2% i2 ¢

Chnie = = X° (x)dx
0

L SC  V; 2
As beforewe do a variable transformation from x to . Thus,
X = (—2:(11 COS|)
dx = c sinpdp

2
Ao(1+ cos| X
() = 2v; (Lol 0O
sinp -
Zy, 2 Zy,

Cmte =i  Ao(lj cospdpi A, (1 cosp)sinusinnudy
0 0

A, sinny]

n=1
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7.5. THIN AIRFOIL THEORY FOR CAMBERED AIRFOIL

Using the following de nite integrals:

‘ Y,

cod pdp= =
o 2
2% Ya

ia2 —

sin” pdu = >
2,

sinpsinnudy
0

Ya
= f =1

5 or n
=0 for n=2:31

Ya

sinpcospsinnudp

0

=0 for n=1
Yy
= _ f =2
1 or n
=0 for n=3;::;51
Z 1/4 Z 1/4
Cmle = i Apdu+ Ao cos pdp
0 0
){_ u Z Yy Z Y, TI
i An sinpsinnpdui A, sinp.cospsinnudy
n=1 0
Ya Yy Ya
= [ VAg+ Ag= i A=+ Aps
i AS/ 021/| 121/ 2,
4 4 4
= Aoz A=+ Ays
i Aoz i Alg 27
C = 2%Ao+ A1Ys
Vi 200+ 2A1i Ay’ c v :
Cmie =i 54 % = ZI‘* ZA(Ali Ay)
c
M = M¢i L% @
C Ck Ya :
. = e — = — + — ;
Cmie =Cmsi =i - 4(A1| Az) (2)
Y
Cmie =i ZA(AN Az)
C
Cmie =i chFl 3)
c Y 1 V¢
Xep = [Z"’ 4_C|(A1i Al = Z[C+ a(Ali A2)l

Relationship between pressure on mcl and °

dL®=_(p i pu)cos’ (ds¢1)
TE

LO= (P i pu)cos ds
YA TE
LO= 1\ °(s)ds
LE
Equating (A) and (B) and setting cos” 2 1, we get
z TE z TE
(Pri pu)ds= e\
LE LE
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or
(P pu) = "2\ °(s) 1)
Using Bernoullis equation:

1 1
P+ ST+ WD) = py+ DG+ W)
¥
i Pu= S(Uu*u)(uai w) 2
From vortex sheettheory:

Ugi u = °(s) (3

From (1), (2) and (3)
Uy + U
2
i.e., within thin airfoil approximation, the averageof top and bottom surfacevelocities at any point on the
mcl is equal to the freestreamvelocity.

V1:

_(pi |01)i (Pui P1)

Col i Cou = a o
- Pri Pu
th
_ 3Muu+ u)(uu i w)
o1}

_c(9Rv:)

v
_2(9)
Vi
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