Chapter 6

Basic flows

6.1 Uniform Flow at An Angle «

Given velocity field is: .
V = (Vo cos o, Vi sin )

Check if conservation of mass is satisfied first to test if it is a physically possible flow?

v-V2o
ou n v 2 0
or Oy
Since v and v are both constants, V - V=0
Therefore 1) exists. From conservation of mass,

_ W and v——a—dj

- Oy Oz

u:Vwcosa:g—j

b = Vi cosa y+ f(z)

o /

%——v—O—Ff(x)

fl(x) = —Vysina or f(x)=—-Vysina x+ g(y)

Y =—Vysina x+ Vi cosa y

u

1 = const. = =V sina 4+ Vcosa y
— = —sina x +cosa

Vo * Y
Lz—tana T+y

Vs cos a

Equation of streamlines:
Y

:t —
y ane x+Voocosa

Check if the given flow is a potential flow?

VxVZ0
v Ou
or Oy
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CHAPTER 6. BASIC FLOWS 6.1. UNIFORM FLOW AT AN ANGLE o

Since Voo and « are constant throughtout the flow, V' x V=0
Therefore ¢ exists and V = V.

V= v¢_@z+ 9,

8
oo B
%—Voocosa—u
¢ =Vocosa z+ f(y)
99 oy
8—y—0+f(y)—71

Fly) =Vesina or f(y) =Vesina y+ f(z)
¢ =Veocosa v+ Vesina y (uniform flow at an angle «)
¢ = const. = Vo cosa x + Vo sina y

¢

Vosina  tana

+y

Equation of Equipotential lines:
1 ¢
T+ :
tan o Vo sin a
¢ constant lines are orthogonal to ¢ constant lines.

y=-

6.1.1 I': Contour Integral over a Close Curve(C

e

3
r2 3 4 1
= — /(VmeS (ds és +/ (Voots) - (dh é; —|—/ oCs) - (—ds és) —|—/(Vooés) - (—dh é;)
1 2 3 4

 [(Voos) + 0+ (=Vies) + 0] = 0

<1
N\w

Q.

!

+
—

<1

&
»Jk\’_‘
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CHAPTER 6. BASIC FLOWS 6.2. 2-D SOURCE (LINE SOURCE)

6.2 2-D Source (Line Source)

Definition: A source is a point from which fluid issues along radial lines. Streamlines are straight lines
emanating from a central point. Velocity varies inversely with distance from the origin.

NENZER
Z

Source Sink

From the definition of the source the velocity vector can be written as:

—

V =v,.é,

1

where v, oc - or v, = £, and vy = 0 where C' is a constant.

Check if the assumed flow is physically possible.

— c
V=-¢6.40¢é
r

>

V-V=0
o=t 2120 2.

Flow is physically possible and 1 exists.

6.2.1 Evaluation of ¢

From mass conservation for a steady flow we know

/dm:()

From continuity the mass of fluid per unit time crossing any circle centered at the source is a constant and
equal to the mass of fluid issuing per unit time from the source. Consider a cylinder centered on the source.
There is mass flowing out only from the sides of the cylinder.

dA, = hoh.dO dzé, = r df dzé,
L 2w L 27

m:o/o/pv~dff=0/0/0(vrér)-(rd0dz)ér

It is a 2-D flow and hence the integral can be reduced to:

27
m=1L / pV,. r db
0
V., is not a function of . V,. is only a function of r.
27
. c
mzL/p(—)rdGszcQW
r
0
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CHAPTER 6. BASIC FLOWS 6.2. 2-D SOURCE (LINE SOURCE)

Cylinder centered at a source

Volume flow per second is: .
m_ c2m L
p

Define K as the source strength. It is physically the rate of volume flow from the source per unit depth into

the page (2-D).
K
K=2mc or ¢c=—
2w

then the velocity becomes:
K

U oy
Since V-V =0 is satisfied, the flow is physically possible and from the definition of ¢ in polar coordinates,

1 can be found.

Lo ow
e T T
W _ K
rd0  2mr
W _K
90 2w

K
b= %H—Ff(r)
0
a_f — oy =0+ f(r) =0
f(r) = const.
K
w—Zﬁ

Since the source strength, K is a constant, i) constant lines are radial lines.

K
P = 2—0 = const.

IsVxV=0.
vxv= s B G (L[ow) o],
- r or a0 0z | r or o0 z
Ur TV Uy
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6.3. COMBINATION OF POTENTIAL FLOWS

therefore ¢ exists.
0¢ K J
Vp=——=— and v
ar  2nr o

K
¢ = %MT‘FQ(@)

99 _ oY —
50 =0+4'(#) =0
g(0) = const.

K
Lp= %mr

6.3 Combination of Potential Flows

_199 _
T roe

Uniform flow and source/sink satisfy Laplace equation and therefore superposition is possible.

6.3.1 Combination of a Uniform Flow to The Right (o« = 0) and A Source at

The Origin

Quantity | Uniform flow | Source/Sink | Combination
v Viod t5 e, Vi £ ¢,
10} Voo :l:%hr Voo & 5 —In7
P Vool + Vooy £ 520

Stagnation Point:

At the stagnation point, V=0

K
v = Vycosd + — =0
2rr

vg = — Vs sinfd =0

Solve for 6 and r at the stagnation point to get (7stag,Ostag). Proceed to find 14104 to get the shape of the

body. From vy = 0:

sinf =0
0=0 or £m
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6.3. COMBINATION OF POTENTIAL FLOWS

Case 1: 0, = 0. Sove for r, from v,=0

K
UTZVOOCOSH+2—=0

wr
if =60,=0
cosf, =1
K

27rg
K

B 27V

Ur:Voo+

or rg=

Impossible solution as rs < 0; (~ K and Vi are positive)
Case 2: 0, = £.

Uy = Voo + K =0
27y
— K
ST oV,
fs = +x for the upper half of the body
fs = —x for the lower half of the body
Coordinates of the stagnation point:
K
s 95 = , =
(r ) (27TVOO 7T)

Body Shape (Stagnation Streamline):

A general expression for the streamfunction for the combined flow is:
K
1 = Veorsind + —0
27

Find ¢4 (= the body shape) by substituting (rs, 6;).

K K
s = Voorsin(£m) + 2—(:|:7T) = :I:E = const.
™

In Cartesian coordinate, the general expression for the body streamfunction becomes:

K K Y
s o (4
5 Vy+27rtan -
K 1 /(Y K
Kt (V) = (+5 v
o o\ (2 y)
1 /(Y 2mVooy
(8 (e
e (2) = (- 20)

Yy 21Vooy
Z =tan | 7 —
a < )

Y
27V
ton (e — 202

xr=

To find maximum y value, consider ¢ = K/2 (upper half of the body).

K n K tan-1 (y)
- =Vw —— tan =
2 Y 27 T
_ K
Ymaxr = YQr=co = 2Voo
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6.3. COMBINATION OF POTENTIAL FLOWS

N6

P(x.y)

(-b,0)

(b.0)

6.3.2 Combined Flow of a Source at (—b,0) and a Sink at (b,0)

K

¥ =301

K
2

02

where 6; and 0, are measured from the center of the source and sink respectively.

6, = tan~* <
0y — 01 = tan™! <

92 - 01 = tan_l <

Y=ttt = o (61— 62)
s

_ —1
1 fe=ton (m

K 1
wsource+sink - — tan
27

2by

$2+y2_b2

Y _ -1 Y
x—|—b)’ b2 = tan (a:—b)
Y a1 Y
x—b) tan (a:—i—b)
2by
22 + 2 — b2

)

2by

)

2 tan—1 2by
S O T
21 2by
tan( K ) o

2
22 +y? + 2by cot (%w) =b?

(x—0)*+ <y+bcot {%])2 = b (14—(:0‘52 {%])

2
(x —0)% + <y + bcot {%]) — b2 cgc? {M]

Equation of a circle with center at (07 +b cot %) and radius of (b csc

streamlines go through =£b.

K

Z2). When y = 0, & = &b Al

6.3.3 Uniform Flow to The Right+Source (—b,0)+ Sink (b,0) (Rankine oval)

e Source of strength K placed at (—b,0)
e Sink of strength K placed at (b,0)
e Uniform flow to the right (o = 0)

Copyright(©2005
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CHAPTER 6. BASIC FLOWS 6.3. COMBINATION OF POTENTIAL FLOWS

K K
w = Voorsinﬁ + —(91 - —(92
21w 2w

Problem:

Analyze Rankine oval.

6.3.4 2-D Doublet

Definition: A doublet is obtained when a source and sink of equal strength approach each other so that the
product of their strength and the distance apart remains a constant.

B = K(2b) = constant

Doublet

K 2by
sourcetsink = —=— U S 5 19
v eink o (x2+y2—b2)

obic tan ! (52 )

47 b
-1 2by
lim o ks = 1 — N lim tan (12+y2—b2)
WK —p1 source+sink doublet A7 b0 b
Using L’Hospital’s rule:
&= 2 2b2y 2
db o —
= . i (24 %) (29) — (2by) (=20)
Daoupior = —+- lim | ——Zr2=?) | K o, @ y?—0%)° I
oune 47 b0 o 47 b0 1 by \2 4 \ 2% +y?
T\
1 sin @
wdoublet = _2_
T
Streamlines
2 2 Yy
+y2+2—=0
vy 21
p\’ po\’
—0)?%+ +— =(-—
(z-0) <y 4dmap 4map
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CHAPTER 6. BASIC FLOWS 6.3. COMBINATION OF POTENTIAL FLOWS

Streamlines are circles centerd on the y-axis a distance —ﬁ from the z-axis with a radius of ‘ﬁ . Al

circles pass through the origin.

Problem:

Show that ¢ = £~ <% for a 2-D doublet.

6.3.5 Uniform Flow to The Right + A 2-D Doublet

ﬂ
—
= + —
—
T
Quantity | Uniform flow | 2-D doublet | Combination
v Viol
0 Vi | gmeest Vi + o €0
v Vooy | =gt | Vey— 4500
1oy 1 u cosf
V.= 2y _r
~90 = [V 7 COS . }
2
w1 R
=Vecosh |1— — | =Vycos |1 — | —
Voo cos 6 SrVe 12 Vo cos l <r>
——
1/R?
oY Lol . R\?
VQZ_E:_ {VOO—Fw} sinf = =V, sinf |1+ (?)
Where R? = T
Stagnation Points (V = 0)
Set Vp = 0.
R\ ?2
0= —Vysinf |1+ (—)
r
sinf=0 or 6;,=(0 or m)
Now set V,. = 0.
2
0="Vssinb [1 — <§>
r
For0 =0 or m, cosf #0
R\? W
1= — = 2=R?=
[ (r) 0Oor r"=R Ve
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

The stagnation points are located at
(rs,05) = (R,0) and (R,m)

For Cylindrical System

RQ
¢ = Voorcosf (1 + —2>
r
2
1 = Veorsinf <1 — %)
. V=R
R
V, = Vs cosf (1 — —2>
r
2
Vo = =V sind (1 + R—2>
r
Where R? = 271_/:/00
Substitute (rs,0s) = (R,0) or (R, ) in the expression for .
ws =0
at r = R (surface of the cylinder)
R2
V. = Vo cosf (1 - r_2) =0 (no flow out of the cylinder)

Vo = -2V siné
2 2 2 2
P — Poo |4 V4V, Vo .2
Cplrer = =1 (—) =1-2 0 =1 () =1—4sin?0
lr=r = T4 (Voo> Voo? Voo .
C, (2-D cylinder) =1 — 4sin?6

6.4 2-D Vortex Flow (Potential Vortex)

A 2-D point vortex is a mathematical concept that induces a velocity field given by

V. =0, Vezconst.zg
r r

1. Check if the flow satisfies conservation of mass (Is it a physically possible flow?)

2

V-V=0
L 1AW | 0V] )
V-V—;[ o +W]—O—>¢ exist.
_ 9% _ _
Vr—@—o—”ﬁ—g(r)
Vo= -2 _C L G+ £(0)
aor r
o oy
S ORT
f(8) = const.

~ 1 =—Clnr + const.
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

When r — 0, Vyp = oo and ¢ — oco. To eliminate the infinite velocity it is arbitrary assumed that

Yv=0at r=R
2 =—=ClnR+ const. =0

const. = CInR
r
- — >
P C’ln(R) for (r > R)

2. Check if the flow is irrotational

VxV 0
1 hlél hgég h3é3 1 ér T'ég Az
Vx 7= o o o |_11 s o 4
- hihohs 9q1 9q2 9q3 - r| Or 00 Oz
hiVi  haVo  h3V3 Vi Vo V2

Vorticity or (V x V) in the r — 6 plane

1 /0rVe OV, oc 00\ .
;( )_(E—%)—O—w&exmt.

or 90

Problem:

Show that ¢ = C86.

Evaluate the Constant C

Evaluate the circulation I' around the point vortex.

C1
C2

1. Around closed curve C1 that does not include the point vortex

r01:_7{v.df://(vm.d,z:o
N——
C1 S 0
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2. Around C2 that includes the point vortex.

oy = — j{(Vrér + Voés) - (dr &, +r dbeg)
IC'2 i

=— %(Wér + Voég) - (dr é,. +r dbép) | + 7{ (Viér + Viép) - (dr é, + 1 dbéy)
LC i 2-C

_ ]{(wér+wé9) dr & + 1 dBEg) + 0

LC
B 27 c
= — ]{%dr—&—j{%rdﬁ = - 0—|—/<7>rd9 = 27C
LC C
r

0

T'co=—-27C or —— =C
21

This implies that the circulation evaluated for a curve enclosing the 2-D vortex is a constant and not
equal to zero.

For a potential vortex, Vg = —5— and ¢y = —C'ln %.
T
.'.w:%hl% for r > R

Y = const , then In ; = @, 5= e2™/T = Re2™¥/T

Streamlines are concentric circles with center at the 2D point vortex.

_ 09 _ 1909 _ r
r=% Ve =75 = "5
¢ = —5-0+ C or ¢ = —5-0 (straight lines form the origin).

A line vortex can be described as a string of rotating particles. A chain of fluid particles are spinning on
their common axis and carrying around with them a swirl of particles which flow around in circles.

A cross-section of such a string of particles and its associated flow shows a spinning point ’outside’ of which
is streamline flow in concentric circles.

Vortices are common in nature, the difference between a real vortex as opposed to a theoretical line vortex
is that the former has a core of fluid which is rotating as a ’solid’, although the associated ’swirl’ outside is
the same as the flow 'outside’ the point vortex.
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6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

6.4.1 Uniform Flow to The Right (o« = 0) + A 2-D Doublet + A 2-D Point

Vortex

e As we all know, uniform flow to the right + 2-D Doublet = non-lifting over a cylinder

ﬂ
DO S

e Uniform flow to the right + 2-D Doublet 4+ 2-D Point Vortex = Lifting flow over a cylinder

G4/

The parameters for lifting flow over a cylinder are as follow (spinning cylinder):

Quantity | Non-lifting flow over a cylinder | Vortex of Strength I' | Combination
P Voorsin (1 — %) >=InZ Veorsinf(1 — 5—22) +3In%
o) Vior cos (1 + &) —-0 Vaercosf(1+ &) — 0
V. Voo cos (1 — }f—;) 0 Voo cos (1 — }f—g)
Vo - Oosin@(l—i—f—;) —% —Voosinﬁ(l—&—lf—;)—%

e Flow satisfies continuity at every point r > R.
V-V =0

e Flow satisfies irrotationality at every point r > R.
~VxV=0.

Determine the stagnation points for the combined flow

At the stagnation points, V= 0,V, =0=Vy. If weset V. =0, we get rs = Ror 65 = :&:g,
Case(l): r=Rs =R

Copyright(©2005

. r
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r
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sinds =~ rv, =0
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

Because I' > 0, 4mRV > 0, 47rV > 0. When —— < R, 05 has one value in the third quadrant and one in
the fourth quadrant that will satlbfy the above relatlon
The coordinates of the stagnation point are:

r
47V

T
2 = VR =y =\ [R2 — ()

When ﬁ = R, there is only one solution. However, the method fails when 473,06 > R.

ys = Rsinfs = —

Case(2): 0 = £5
Case(2a): 0 =75, r=r;

T R?
Vi = Vs cos(a)(l - 7“_2) 0

s R? r

Vo = — Voo sin( )(1+r_2)__:0

no|

reZ + rs + R*=0

21V

B r L/ r
s = 47V 47V

When 47rv > R, rs results in negative number for all cases. Because both roots are negative, the solution

)2_R2

is imposmble
Case(2h) : 6= 5, r =,

R2
Vi =V cos(—a)(l - r_2) =0
Vo = —Vaesin(—=)(1 + ]:—22) - % =
o= 273;/00 ro+ Y =
s 471'1;/ * (47TI\‘/ y-R
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

When 5— > R, we get r, = =-— — {/(:2—)2 — R? < R. So we can’t use this solution.
However, ; = —Z and ﬁ > R is an acceptable solution when ry; = ﬁ +./( 475,30 2-R2>R

-
.

L/

Force on a Cylinder with Circulation in a Uniform Steady Flow

Force on an elemental distance on the surface of the cylinder:

dF = —py RdYé,

dF = —pyRdf(cos i + sin 0))

2w
F = /—prdﬁ(cos 0i + sin 65)
0

The drag per unit span is

2w

D' =F.j= /—pbcosﬂRdﬁ
0
The lift per unit span is
2m
I'=F.i= /—pbsinﬂRdG
0

2
As we know, in incompressible flow the total pressure p, = p+ %, which is a constant throughout the flow.

Db = Po — M. Besides, there is no flow normal to the surface, V,. = 0.
0
Pb = Po — 5‘/92
. r
Pb = Po — g(—ZVOO sinf — ﬁ)2
2V 2(sin 0)2 — pVaosinf— o
=P, — o~ (sin — pVooSin— — ——
Db p 14 P Rr 87T2R2
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

2m
D= R/—(p — 2pV%(sin )% — pV. sin@L — p—Fz)COSGdO =0
h ° * * Rr  8m2R2
0
which means that d’Alembert’s paradox still prevails.
r pI'?

———)sinfdf = pV T’
)

21
B 2 2 1
L= R [ (o= 20V 60 = pVicsint - — Lo
0

which is the Kutta-Joukowski theorem.

In inviscid, incompressible flow, the resultant force per unit span acting on a 2-D body of any cross section
is equal to pV,I' and acts perpendicular to V.
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