Chapter 6

Basic o ws

6.1 Uniform Flow at An Angle

Given velocity eld is:
V = (V1 cos; Vi sin )

Ched if consenation of massis satis ed rst to test if it is a physically possible o w?

1N

r v=20
& @
Sinceu and v are both constarts,r V =0
Therefore exists. From consenation of mass,
@ @
u= — and v= —
@ @&
@
u=V; cos = @
=V; cos y+f(x)
@ 9
— = v=0+f"x
& (x)
fAx)= Vi sin or f(x)= Vi sin x+ g(y)
= Vi sin x+V;cos y
=const:= Vi sin Xx+V; cos vy
= i +
Vi sin x+cos vy
V; cos an x+y

Equation of streamlines:

=tan X+ ——
y Vi cos

Ched if the given ow is a potential ow?

o

A -
®®
[IN)



CHAPTER 6. BASIC FLOWS 6.1. UNIFORM FLOW AT AN ANGLE

SinceV; and are constant throughtout the ow,r VvV =10
Therefore existsandV =r

_@e, @

V=r —@'{\ @f\
%:Vlcos =u
=V; cos x+ f(y)
@

=0+fqy)=v

—
—

y)=Vi sin  or f(y)=Vi sin y+f(x)
=V, cos X+ Vi sin y (uniform ow at anangle )
= const:= V; cos X+ Vi sin y
X
Vi sin  tan

ty

Equation of Equipotential lines:
1

X + -
tan Vi sin
constart lines are orthogonal to  constart lines.

y:

6.1.1 : Contour Integral over a Close Curv eC

= v dr

2 z2 Z3 z4 Z1 3

= 4 v dgr+ V df+ V dr+ VvV dP

1 2 3 4

72 73 74 Z1

4 (V1 &) (dsé&)+ (V1 &) (dh&)+ (Vi &) ( dsé)+ (V&) ( dhe)d
1 2 3 4

= [(Vps)+0+( Vi1s)+0] O

2 3
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CHAPTER 6. BASIC FLOWS 6.2. 2-D SOURCE (LINE SOURCE)

6.2 2-D Source (Line Source)

De nition: A sourceis a point from which uid issuesalong radial lines. Streamlines are straight lines
emanating from a certral point. Velocity variesinverselywith distance from the origin.

NENZER
Z

Source Sink

From the de nition of the sourcethe velocity vector can be written as:
V=vé

wherev, / forv, = £ andv = O0whereC is a constart.
Ched if the assumed o w is physically possible.

v_FCer+oe

r V:?

r :}@I’Vr)_l_@V) :E@-{-@ O
r @ @ r @ @

Flow is physically possibleand exists.

6.2.1 Evaluation of c

From massconsenation for a steady ow we know
z

From continuity the massof uid per unit time crossingany circle certered at the sourceis a constart and
equalto the massof uid issuingper unit time from the source. Consider a cylinder certered on the source.
There is mass o wing out only from the sidesof the cylinder.

dA; = h h,d dz& =rd dz&

22 22
m = vV dA= (M &) (rd dz)é
0 0 0 0
It isa2-D ow and hencethe integral can be reducedto:
2

m=L V,rd
0
V, is not a function of . V; is only a function of r.

2

m=L

Fcrd: Lc2
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CHAPTER 6. BASIC FLOWS 6.2. 2-D SOURCE (LINE SOURCE)

Cylinder certered at a source

Volume ow per secondis:

M_oc2 L
De ne K asthe sourcestrength. It is physically the rate of volume o w from the sourceper unit depth into
the page(2-D).

K
K=2c o c= —
2

then the velocity becomes:
K

T 2r

Sincer V = 0is satis ed, the ow is physically possibleand from the de nition of in polar coordinates,
can be found.

\'

_ @ _ @
vr—@ and v = @
@ _ K

@ 2r

@ K

@ 2

:; + f(r)

%: v =0+fqr)=0

f(r) = const:
_ K
T2
Sincethe sourcestrength, K is a constart, constart lines are radial lines.
LS const:
5 :
Isr \Y/ 2 0.
& re e
1 % z 1 rv V,
rov=ig & g-; G Gl o
r Vi TV r
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CHAPTER 6. BASIC FLOWS 6.3. COMBINATION OF POTENTIAL FLOWS

therefore exists.

_@ _ K _loe _
vr—@—F and v _F@_O
K
= 5-Inr+g()
2 ~0+dt)=0
g( ) = const:
—Klnr
T2

6.3 Combination of Potential Flows

Uniform o w and source/sink satisfy Laplace equation and therefore superposition is possible.

6.3.1 Combination of a Uniform Flow to The Right ( = 0) and A Source at
The Origin

Quantity | Uniform ow | Source/Sink | Combination
v Vi ¢ 2l Vit e
Vi X >=Inr Vi X —Inr
Viy g iy oo

Stagnation Point:

At the stagnation point, V.. 0

v = Vi;sin =0

Solve for andr at the stagnation point to get (rstag; stag). Proceedto nd gag to get the shape of the
body. Fromv = 0:
sin =0
=0 or
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6.3. COMBINATION OF POTENTIAL FLOWS

Casel: = 0.Sovefor rg from v, =0

K
Vi =V cos + — =0
r 1 2 r

if = s=0
coss=1
K
=V, + =0
Vy 1 2 1
or rg= K
T2V
Impossiblesolution asrg < 0; (¥ K and V; are positive)
Case2:. 5=
K
= V, + =0
Vy 1 2 1
(o= K
T2V
s = + for the upper half of the body
s = for the lower half of the body
Coordinates of the stagnation point:
Sy S) T 2 Vl ]

Body Shape (Stagnation Streamline):

A generalexpressionfor the streamfunction for the combined ow is:
. K
=V rsin + >

Find ¢ (= the body shape) by substituting (rs, s).

. K K _ ]
s = Vi rsin( )+2—( ) = ?—const.

In Cartesian coordinate, the general expressionfor the body streamfunction becomes:

K K y
—=V;y+ —tan t =
2 1y 2 an X

K y
—t 1 X - _ V-
2 an X 2 Y
LY 2 Viy
X K
y 2 Vi y
_:t
X an K

tan

y

2 Vi Yy
tan X

X =

To nd maximum y value, consider = K=2 (upper half of the body).

K K 1y
- = + — z
5 Viy 5 tan ”
_ _ K
Ymax = Yax=1 = 2V,
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CHAPTER 6. BASIC FLOWS 6.3. COMBINATION OF POTENTIAL FLOWS

P(.y)

(-b,0) (b.0)

6.3.2 Combined Flow of a Source at ( b;0) and a Sink at (b;0)

_ K K
T2t 2
where ; and ; are measuredfrom the certer of the sourceand sink respectively.
_ y . _ 1 y
=t N A =t A
1 = tan b > = tan < b
_ y 1 y
=tan ' ——
2 1= fan X b an X+ b
2by
— 1
2 1= tan X2 ¥ y2 b2
K
= 1+ 2= 2—( 1 2)
2by
1
1 2= tan iy @
2b
sour ce+ sink = Z—tan ! X2+y72ybz
2 1 2by
< = tan Zive B Vo
2 2by
t N = -
an K X2+ y2 P
2
x2 + y? + 2bycot <~ kP
(x 0)2+ vy+ beot 2 2: ¥ 1+ cot? 2
K K
2
2 2
02+ y+bcot —  =Dbcsé ——
(x ) y co K cs K
Equation of a circle with certer at O0; bcotzK— and radius of bcchK— . Wheny =0,x= b Al

streamlinesgo through b

6.3.3 Uniform Flow to The Right+Source ( b;0)+ Sink (b;0) (Rankine oval)

Sourceof strength K placedat ( b;0)
Sink of strength K placedat (b;0)
Uniform ow to the right ( = 0)
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CHAPTER 6. BASIC FLOWS 6.3. COMBINATION OF POTENTIAL FLOWS

I\)|7§

. K
= Vi rsin +2—1

Problem:

Analyze Rankine oval.

6.3.4 2-D Doublet

De nition: A doublet is obtained when a sourceand sink of equal strength approach ead other sothat the
product of their strength and the distance apart remains a constart.

B = K (2b) = constant

Y
X
Doublet
2by
. = - 1 - -
sour ce+ sink 5 tan 2t y2 2
2b
2bK tan * x2+y2y b2
4 b
_ oo tan ! A
2blll<rp sour ce+ sink =  doublet = 4_t|)|!m0 b
Using L'Hospital's rule:
2 W oy 3 5
i x2+y2 b? s 2 s
1 2 z (x“+y? b*)2y) (2by)( 2b)
doublet = —— lim LT — |im (x*+y? %) g: _ ziy
4 oo db 4 b o 2 4 x2+y2
db 1+ X2+2yb2y 2 y
_ sin
doublet — 2 r
Streamlines
2 2 y _
X“+y“+ —=0
'3
2 2
Xx 02+ y+ - =
( ) Y+ g 7
51
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CHAPTER 6. BASIC FLOWS 6.3. COMBINATION OF POTENTIAL FLOWS

Streamlines are circles certerd on the y-axis a distance ;— from the x-axis with a radius of ;— . All
circles passthrough the origin.

Problem:

Show that = 5% for a 2-D doublet.

r

6.3.5 Uniform Flow to The Right + A 2-D Doublet

E— =N
| T

Quantity | Uniform ow | 2-D doublet | Combination
v Vi ¢
MR R DR
1 1 cos
Vr:F%:FV]_rCOS Z—T
2 3
n 2#
1 R
=V, cos El — —=7=V; cos 1 —
Vi, r2 r
—{z=
l:Rz n #
h i 2
@ _ . . R
V = @— V1+Wsm— Vi sin 1+ T

Where R? =

2 Vi

Stagnation Points (V = 0)

SetV = 0. " ”
R 2
0= Vi sin 1+ 3
sin =0 or ¢=(0 or )
Now setV, = 0. " ”
R 2
0=V; sin 1 "
For =0 or # cos 6 0
R 2
1 — 0orr?=R2=
r 2 V1
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

The stagnation points are located at

(rs; s) (R;0) and (R; )

For Cylindrical System

2
=Vircos 1+ —

9
r2 §
2
=Virsin 1 R—2 =2
r
R?2 r R)
Vi =V, cos 1 w7
2
V = V;sin 1+ 7z
Where R2 = ———
2 V1
Substitute (rs; s) = (R;0) or (R; ) in the expressionfor
s=0
at r = R (surface of the cylinder)
R2 .
Vi =V, cos 1 7 = 0 (no ow out of the cylinder)
V = 2V; sin
2 2 2 2
. P P \ Vie+ Vv \ .
Cojr=r = =1 — =1 ——=1 — = 4sin
plr=R IV A V12 Vi

Cp (2-D cylinder) = 1 4sin?

6.4 2-D Vortex Flow (Potential Vortex)

A 2-D point vortex is a mathematical conceptthat inducesa velocity eld given by

V=0 V= COI:St: _ %

1. Ched if the ow satis es consenation of mass(Is it a physically possible o w?)

r v=20
1 @vr) @ .

r v=- + — =0! exist.
r o @

_@ _ .

Vr—@—o- = g(r)

vV = %:%! = Clinr+f()

@ 0

= =1 =0

@ ()

f ()= const

= = Clnr + const:
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

Whenr! 0O,V =1 and ! 1. To eliminate the innite velocity it is arbitrary assumedthat
=0atr=R

= CInR+const:=0
const: = CInR

r
= Cin R for r R)

2. Ched if the ow is irrotational

r vZo0
1 hi1&; hy& hzés 1 & e &
V= - @ @ @ _- @ @ @
hihsohs @ @ @5 r @ @ @
hiVi haVo hi3V; Vi rV V,
Vorticity or (r V) inther plane
1' @_V @ = @ @ =0! exist
ro o @ @ @ ' '
Problem:
Shovthat = C .
Evaluate the Constant C
Evaluate the circulation  around the point vortex.
C
C1
Cc2
1. Around closedcurve C1 that doesnot include the point vortex
I /4
c1= vV dr= ([_{ZX) dA=0
c1 S1 0
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

2. Around C2 that includesthe point vortex.

2 | 3

co= 4 (Va+Vve) (dre+rde)d
2’ 3 2, 3
= 4 (ve+Vve) (dra+rde)S+4 (Ve +Ve) (dre+rde)s
2¢ 5C2 C
I

= 4 (&+Ve) (dre+rde)+ 0o

2¢ 3 2 3
| | 2 c

= 4 \idr+ VrdS= 40+ T rdd5= 2C
C C 0

co= 2 C or —=C

2

This implies that the circulation evaluated for a curve enclosingthe 2-D vortex is a constart and not
equalto zero.

For a potential vortex, V. = s—and = Cing.
= —In r forr R
2 R
= const,thenin L= 2— L =€ = r=Re& ~
Streamlinesare concertric circleswith certer at the 2D point vortex.
= 5 +Cor = 5 (straight linesform the origin).

A line vortex can be described as a string of rotating particles. A chain of uid particles are spinning on
their common axis and carrying around with them a swirl of particles which o w around in circles.

A cross-sectionof sudh a string of particles and its assaiated o w shows a spinning point ‘outside’ of which
is streamline ow in conceriric circles.

Vortices are common in nature, the di erence betweena real vortex as opposedto a theoretical line vortex
is that the former has a core of uid which is rotating asa 'solid’, although the assaiated 'swirl' outside is
the sameasthe ow 'outside’ the point vortex.
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6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

6.4.1 Uniform Flow to The Right ( = 0) + A 2-D Doublet
Vortex

+ A 2-D Point

As we all know, uniform o w to the right + 2-D Doublet = non-lifting over a cylinder

Uniform ow to the right + 2-D Doublet + 2-D Point Vortex = Lifting ow over a cylinder

The parametersfor lifting o w over a cylinder are as follow (spinning cylinder):

Quantity | Non-lifting ow over a cylinder | Vortex of Strength Combination
Vi rsin (1 'f—:z) —In%& Vi rsin (1 r—2:)+ >—In &
Vi rcos (1+ %) 5 Vi rcos (1+ 'E—) 5
VA Vi cos (1 B 0 Vi cos (1 %)
. 2 . 2
v Vi sin (1+ B) — Viosin (1+B) —

Flow satis es cortinuity at every point r R.
“r V=0.

Flow satis es irrotationalit y at every point r  R.
“r V=0

Determine the stagnation points for the combined ow

At the stagnation points, V. = 0V, = 0=V . If wesetV, = O,wegetrs= Ror ¢=
Caseg(l): r=Rs=R

V = Vysingl+1l) ——=0
1 sin g( ) 2 R
sin ¢ = 4 RV, 0
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

Because > 0,4 RVy > 0, 7v— > 0. When ;—— < R, s hasonevaluein the third quadrant and onein
the fourth quadrant that will satlsfy the above relat|on
The coordinates of the stagnation point are:

= Rsi =
Ys sin ¢ VA
r
p—
Xs = R? yg = Rz (

2
4V1)

When v - R there is only one solution. However, the method fails when v >R

=0 0< 7w <R v - R
Casg2): = 5
Case(2a) = 5, I=1Ts
R2
Vr = V]_ COS(E)(l r—2) =0
. R?
= — + — — =
\% V1 S|n(2)(1 r2) 7T 0
2+ + R?=
rs 2V, rs+ R 0
r
= - _ )2 R2
= v G
When ;—— > R, rs results in negative number for all cases.Becauseboth roots are negative, the solution
is |mp055|ble.
Casg(2h) : = 5, r=rs
R2
Vi=Vycod =)(1I —)=0
r 1 S( 2)( rz)
R2
V= V,sin(f 2)+ =) =—=
Lsin( )L+ ) 5o =0
rs? 5V, rs+ R2=0
r
— 2 2
“=iv.  Gw ) R
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

When ;—— > R, wegetrs = z~— (zv7)? R2?<R. Sowecan' useth(iqs solution.
)2 R2>R

However, s = 5 and ;— > R is an acceptablesolution whenrs = 7—— (7v;

dah
N

Force on a Cylinder with Circulation in a Uniform Steady Flow

Force on an elemerial distance on the surfaceof the cylinder:

dF = ppRd &

dF = pyRd (cos 1+ sin 1)

2
F= ppRd (cos T+ sin )
0
The drag per unit spanis
2
D°=F = prcos Rd
0
The lift per unit spanis
2
L°=F 1= ppsin Rd

As we know, in incompressible o w the total pressurep, = p+ VTZ which is a constart throughout the ow.
2 2
p=po —“Y) Besides,thereisno ow normal to the surface,V; = 0.

Po = Po §V2

pb: pO E( ZV]_ Sin ﬁ)z
2

— 2/ 2 .
Pb=Po 2V °(sin )* Vi sin = §Re
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CHAPTER 6. BASIC FLOWS 6.4. 2-D VORTEX FLOW (POTENTIAL VORTEX)

z 2
S+ n0— 2(cin \2 ; -
=D= R (Po 2V1 “(sin ) V1 sin B m)cosd =0
0
which meansthat d'Alembert's paradox still prevails.
z 2
0— 2 (i 2 H H —
L= R (Po 2V1 “(sin ) V1 sin R W)sm d =V,
0

which is the Kutta-Jouk owski theorem.

In inviscid, incompressible o w, the resultant force per unit span acting on a 2-D body of any crosssection
isequalto V; and acts perpendicular to V; .
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