
Chapter 1

Review of Multivariable Calculus

1.1 Review of Partial Differentials and Chain Rule

1.1.1 Definition of Partial Derivatives

fx(x0, y0) = lim
∆x→0

[

f(x0 + ∆x, y0) − f(x0, y0)

∆x

]

fy(xo, y0) = lim
∆y→0

[

f(x0, y0 + ∆y) − f(x0, y0)

∆y

]

1.1.2 Properties of Partial Derivatives

(f + g)x = fx + gx (fx)x = fxx =
∂2f

∂x2

(f − g)x = fx − gx (fx)y = fxy =
∂2f

∂y∂x

(fg)x = fxg + fgx (fy)x = fyx =
∂2f

∂x∂y
(f/g)x = fxg−fgx

g2 fxy = fyx

1.1.3 Chain Rule

1.
z = f(x, y)

x = g1(t)

y = g2(t)

z = f(g1(t), g2(t)) = z(x, y) = z(t)

dz

dt
=

∂z

∂x

dx

dt
+

∂z

∂y

dy

dt

2.
z = f(x, y)

x = g1(u, v)

y = g2(u, v)

then z = f(g1(u, v), g2(u, v)) = z(x, y) = z(u, v)

∂z

∂u
=

∂z

∂x

∂x

∂u
+

∂z

∂y

∂y

∂u

∂z

∂v
=

∂z

∂x

∂x

∂v
+

∂z

∂y

∂y

∂v
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In 3-D

1.
w = f(x, y, z)

x = g1(t)

y = g2(t)

z = g3(t)

dw

dt
=

∂w

∂x

dx

dt
+

∂w

∂y

dy

dt
+

∂w

∂z

dz

dt

2.
x = g1(u, v)

y = g2(u, v)

z = g3(u, v)

∂w

∂u
=

∂w

∂x

∂x

∂u
+

∂w

∂y

∂y

∂u
+

∂w

∂z

∂z

∂u

∂w

∂v
=

∂w

∂x

∂x

∂v
+

∂w

∂y

∂y

∂v
+

∂w

∂z

∂y

∂v
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