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Abstract

We study an inverse problem for the Zakharov-Shabat system which is moti-
vated by an application to the design of co-directional couplers with prescribed
response properties.
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1 Statement of direct and inverse problem

In this paper we are interested in an inverse problem for a system of
ordinary di�erential equations which arises in the design of optical�ber
devices. In the direct problem, we are given a coupling coe�cientq(x),
which is a bounded, complex valued function on [0; X ]. For any k 2 C
and x 2 [0; X ] let A = A(x; k); B = B(x; k) denote the solution of

@A
@x

= ikA + q� B
@B
@x

= � ikB � qA (1.1)

with initial conditions

A(0; k) = 1 B(0; k) = 0 (1.2)

The corresponding inverse problem is to determineq(x) on [0; X ] given
the scattering data

f B(X; k ) : k 2 Rg (1.3)

A closely related problem is the system (1.1) with boundary conditions

A(0; k) = 1 B(X; k ) = 0 (1.4)

in which case the data for the inverse problem is

f B(0; k) : k 2 Rg (1.5)
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For convenience of reference, let us refer to (1.1)-(1.2)-(1.3) asP1 �
1 and

(1.1)-(1.4)-(1.5) asP2 � . Below we will say more about the distinctions
among these four cases.

The system (1.1) is often referred to as the Zakharov-Shabat system,
following the original work of Zakharov and Shabat [23] showing that the
Cauchy problem for the cubic Schr•odinger equation

i 	 t = 	 xx � 	 2	 � (1.6)

can be solved by means of an inverse scattering transform based onP2 � .
In [23] the spatial domain [0; X ] is replaced byR, but if q in P2 � is ex-
tended to be 0 outside of [0; X ] then the problem coincides with that of
[23]. This theory has been elaborated in many books and papers, seee.g.
[1, 5, 20, 23, 24]. See also [3] for a generalization of the +q case to a 2N
component system. The system (1.1) also arises in the description ofthe
propagation of coupled modes of electromagnetic waves in a waveguide.
When the coe�cient in the second equation is +q one has the so-called
contra-directional case, while� q is the co-directional case. We mention
also that (1.1) is related by a simple change of variables to the Dirac sys-
tem for which direct and inverse scattering theory is of interest, see for
example [6, 12].

The main motivation for the study of P1 � is the works [11, 13], in which
this problem arises in connection with the design of optical �ber devices
with certain prescribed properties. In this paper we will allow both choices
of sign in (1.1) since it seems to be conventional in the literature to do
so, and is of mathematical interest, but we don't know of any speci�c
application for P1+ . Problem P2 � has arisen in a larger number of recent
works concerned with design of �ber gratings, (e.g. [9, 15, 19, 20, 22],
see also [17] for a corresponding time domain problem), the + sign being
usually the physically signi�cant case here. As mentioned above, P2 � is
by now fairly well understood from a theoretical point of view { these
papers are more concerned with computational issues.

1� referring to the sign in the second equation of (1.1). Here and elsewhere when the symbols � and
� are used it is understood that the top sign pertains to (1.1) in the +q case and the lower sign to the
� q case.
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Let us emphasize, however, that in the sort of application just men-
tioned, the questions of ultimate importance have to do with thedesignof
the coupling coe�cient q rather than reconstruction of q. The literature
on inverse scattering is concerned almost entirely with reconstruction,so
that uniqueness of solutions and, to a somewhat lesser extent, characteri-
zation of the data for which a solution exists, are the principal concerns.
By contrast in a design problem we seek to choose a coe�cientq so as to
obtain a physical system with prescribed properties, and in many cases
these are idealized properties which are not physically realizable2. From
the mathematical point of view it means we are given data for which no
solution exists, and we attempt to �nd a solution anyway { or, less face-
tiously, obtain an `optimal' solution in some sense. There seems tobe very
little mathematical analysis of the design problem from this point ofview
(see e.g. [10] for some such work), even for the simpler case of Schr•odinger
scattering and none will be given in this paper either. However we do
believe this is an important problem for future investigation, and that the
material in this paper on the reconstruction problem forP1 � will be useful
for that.

To conclude this introduction we discuss the di�erence in character
between problemsP1 � and P2 � , due to the di�erent side conditions. In
certain cases (see Section 3 below) there is an exact correspondence to
an inverse scattering problem for a potentialV(x) in the more familiar
Schr•odinger equation, The case ofP2 � corresponds to data beingL(k),
the left hand re
ection coe�cient, (see below for review of the de�nitions)
whereas in the case ofP1 � the data amounts to L(k)=T(k), the ratio of
re
ection coe�cient to transmission coe�cient. The use of L=T as basic
scattering data, in the case of a realV has appeared in a few previous
papers ([16, 18]), but usually in a somewhat arti�cial way. Here it seems
that there is a clear physical motivation. In the Schr•odinger scattering case
it is not di�cult to show that L=T uniquely determinesL and hence the
potential, at least if there are no bound states (see [4] for a careful study of
multiplicity results when bound states are allowed), and we will derive the
analogous result forP1 � . The proof relies on analytic continuation, thus

2For example, B (X; k ) � 0 outside of somek interval.

3



does not immediately show how known numerical techniques forP2 � could
be adapted to P1 � . From another point of view the inverse problem
P2 � is `local in depth', whereasP1 � is not, meaning that layer stripping
type methods cannot be used, at least in any direct way. One alternative
computational approach, somewhat analogous to [18] will be discussed in
Section 7.

2 Conservation of energy and bound states

Clearly a solution of (1.1),(1.2) exists on [0; X ] for any k 2 C. Extending q
by zero forx 62[0; X ] we may assume when convenient thatA(x; k); B(x; k)
are de�ned for all x 2 R; k 2 C. If we let

E(x; k) = ( jA(x; k)j2 � j B (x; k)j2) (2.1)

then simple calculation gives

@E
@x

= i(k � k� )( jA(x; k)j2 � j B (x; k)j2) (2.2)

In particular for k 2 R

jA(X; k )j2 � j B (X; k )j2 � 1 (2.3)

A bound state of (1.1) is a nonzero solution of (1.1) for some �xedk 2 C
with A(�; k); B(�; k) 2 L2(R). Such solutions are impossible in the +q case
of (1.1) since by (2.2) and the fact thatE must be exponentially decaying
at �1 we must have Imk 6= 0 and

0 =
Z 1

�1

@E
@x

(x; k) dx = i (k � k� )
Z 1

�1
(jA(x; k)j2 + jB(x; k)j2) dx (2.4)

In the � q case bound states may exist, although only for su�ciently large
q. This is in contrast to the standard Schr•odinger scattering case in which
any potential V(x) � 0; V(x) 6� 0 has at least one bound state. As is
well known, it is the existence of such bound states which give riseto
the existence of solitary wave solutions of the cubic Schr•odinger equation
(1.6).
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It is easy to check that if Imk < 0 and A(X; k ) = 0 then both com-
ponents are either identically zero or exponentially decaying at both �1 ,
hencef A(x; k); B(x; k)g is a bound state.

3 Relation to other forms of scattering data

Consider the special case that� q = q� , i.e. q is real in the +q case or
imaginary in the � q case. If we set = A + B then straightforward
computation gives

 00+ ( k2 � V (x)) = 0 (3.1)

where V = � q0 + q2, a Schr•odinger equation with (possibly complex)
potential V .

Proceeding as in the case of a real potential, (e.g. [5, 7, 8]) we introduce
the standard fundamental set of solutions � ;  + of (3.1) which satisfy

 � (x; k) =

(
eikx + L(k)e� ikx x < 0

T(k)eikx x > X
(3.2)

 + (x; k) =

(
T(k)e� ikx x < 0

e� ikx + R(k)eikx x > X
(3.3)

where L; R are left and right hand re
ection coe�cients and T is the
transmission coe�cient.3

From (1.2) we clearly have

A(x; k) = eikx B(x; k) = 0 x < 0 (3.4)

and

B(x; k) = B(X; k )e� ik (x� X ) A(x; k) = A(X; k )eik (x� X ) x > X
(3.5)

From (3.4) it follows that

 (x; k) =  � (x; k) �
L(k)
T(k)

 + (x; k) (3.6)

3It may be checked that even in the case of complexV , the left and right transmission coe�cients
coincide.
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so that

 (x; k) =
�

T(k) �
L(k)R(k)

T(k)

�
eikx �

L(k)
T(k)

e� ikx x > X (3.7)

From this and (3.5) then

A(X; k ) = eikX
�

T(k) �
L(k)R(k)

T(k)

�
B (X; k ) = � e� ikX L(k)

T(k)
(3.8)

At least in the case of realq, the expression forA(X; k ) can be further
simpli�ed, using standard identities for Schr•odinger scattering,to

A(X; k ) =
eikX

T(k)� k 2 R (3.9)

The inverse problemP1 � thus corresponds, in such a case, to Schr•odinger
inverse scattering in which the available data is the ratioL=T of a re
ec-
tion and transmission coe�cient. By comparison, the data for problem
P2 � would be simplyL(k), by a similar calculation, and so amounts to a
familiar problem. It is well known, (e.g. [5, 7, 8]) that a realV is uniquely
determined byL(k) if no bound states are present.

4 Uniqueness

In the Schr•odinger scattering case, whenV has no bound states it is not
hard to see thatL=T uniquely determinesL and henceV. Uniqueness for
P1 � amounts to essentially the same thing for the system (1.1).

Theorem 1 There is at most one solution ofP1+ , and the same is true
of P1 � if there are no bound states.

Proof: First note from (2.3) that jA(X; k )j is known from the data, and
it is not hard to check that

A(X; k ) = a� (k� )eikX (4.1)

wherea(k) is de�ned in equation (1.3.3a) in [1] (again with the understand-
ing that q has been extended by zero outside of [0; X ]). The function a is
entire and a(k) ! 1 asjkj ! 1 in the upper half plane.
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Recall from section 2 that there can be no bound states in the case of
P1+ , and the same is true in the case ofP1 � by hypothesis. From the
last remark in section 2 it follows thatA(X; k ) has no zeros in the lower
half of the complex plane. Thusg(k) := log ( A(X; k )e� ikX ) is analytic in
the lower half plane and tends to zero asjkj ! 1 . It follows by the usual
Hilbert transform relation that the imaginary part of g on the real axis is
uniquely determined by its real part, that is to say, the phase ofA(X; k )
may be determined fromjA(X; k )j, and soA(X; k ) is itself known. Finally
one may check that

f A(X � x; � k)=A(X; � k); � B (X � x; � k)=A(X; � k)g (4.2)

is a solution pair of (1.1) with q(x) replaced by q(x � X ), satisfying
side conditions (1.4) and having known scattering data (1.5) . Thusq
is uniquely determined according to the standard results about problems
P2 � . �

In the Schr•odinger scattering case it is known (e.g. Theorem 2.3 of
[18]) that L=T does not uniquely determine the potential in the presence
of bound states, hence we expect that the `no bound state' hypothesis
in the case ofP1 � cannot be dispensed with. Numerical examples (see
section 7 below) also indicate this quite clearly. On the other hand in
the more conventional case of of Schr•odinger scattering with dataL, even
though bound state data is needed in general to uniquely determine a
potential, this is not the case ifV is known to be supported in a half
line ([2, 14]), i.e. L(k) alone su�ces to determine V in such a case. We
conjecture that the same is true forP2 � .

5 Time domain problem

It is well known that problem P2 � can be analyzed in terms of an associ-
ated hyperbolic 'time domain' problem, which is recalled in (6.2) below,
see e.g. [9, 17, 19, 20]. Here we derive a corresponding hyperbolic problem
(5.15) for P1 � . We remark that in the case ofP2 � the derivation of (6.2)
requires an assumption that there be no bound states, but this hypothesis
is not needed in the case of (5.15).
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Let f a(x; t ); b(x; t )g denote solutions of the hyperbolic problem inR2

at + ax = q� (x)b bt � bx = � q(x)a (5.1)

a(0; t) = � (t) b(0; t) = 0 (5.2)

Regarding this as an evolution equation in the space variablex we see
by standard domain of dependence considerations that the support ofthe
solution is in the triangle f (x; t ) : jt j � x < X g. Taking the Fourier
transform in t, using the convention

f̂ (k) =
Z 1

�1
f (t)eikt dt (5.3)

we �nd that
� ik â + âx = q� b̂ � ik b̂� b̂x = � qâ (5.4)

and
â(0; k) = 1 b̂(0; k) = 0 (5.5)

That is to say A(x; k) = â(x; k); B(x; k) = b̂(x; k) is the solution of
(1.1),(1.2), since the solution is unique.

By a standard propagation of singularities (geometric optics) argument,
we may obtain equivalent characteristic boundary conditions fora; b. The
solution with q � 0 is a(x; t ) = � (x � t); b(x; t ) = 0, thus near the charac-
teristic t = x we should have

a(x; t ) = � (x � t) + � (x)H (x � t) + smoother terms (5.6)

b(x; t ) = � (x)H (x � t) + smoother terms (5.7)

whereH denotes the unit step function and�; � are transport coe�cients
to be determined. Inserting these expansions into (5.1) and matching the
coe�cients of the most singular terms we get

� (x) = �
1
2

Z x

0
jq(s)j2 ds � (x) = �

1
2

q(x) (5.8)

When we carry out a similar calculation on the lower characteristict = � x,
substituting
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a(x; t ) = � (x)H (x + t) + smoother terms (5.9)

b(x; t ) = � (x)H (x + t) + smoother terms (5.10)

the relations
� (x) = 0 � � 0(x) = � q(x)� (x) (5.11)

are obtained. Thus
� (x) = 0 � (x) = � (0) (5.12)

and continuity of a; b from inside the conejtj < x then gives

� (0) = �
1
2

q(0) (5.13)

Note that

A(X; k ) =
Z X

� X
a(X; t )eikt dt B (X; k ) =

Z X

� X
b(X; t )eikt dt (5.14)

from which it follows that A(X; �); B(X; �) are bandlimited functions, hence
uniquely determined by appropriate sampling.

We may now reformulate the inverse problemP1 � as an overdetermined
boundary value problem: IfB (X; k ) is the data corresponding toq then
there exist f a(x; t ); b(x; t )g such that

at + ax = q� (x)b bt � bx = � q(x)a jtj < x < X (5.15a)

b(x; x) = �
1
2

q(x) 0 < x < X (5.15b)

a(x; � x) = 0 0 < x < X (5.15c)

b(X; t ) =
1

2�

Z 1

�1
B(X; k )e� ikt dk jtj < X (5.15d)

Note that the additional characteristic boundary conditions

a(x; x) = �
1
2

Z x

0
jq(s)j2 ds b(x; � x) = �

1
2

q(0) 0 < x < X (5.16)

follow from (5.15), consistently with the expressions for� (x) in (5.8) and
� (x) in (5.12).
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6 Nonlinear Plancherel identity

In the context of inverse scattering for the Helmholtz equation, Sylvester,
Winebrenner, and Gylys-Colwell [21] discovered an interesting identity re-
lating the L2 norm of the coe�cient to a certain nonlinear functional of
the scattering data. It was referred to as a nonlinear Plancherel identity
because in the weak scattering limit, the coe�cient to data mapping be-
comes the Fourier transform, and so the identity in question goes overto
the classical Plancherel equality. In this section we'll state andprove an
analogous property for the inverse scattering problemP1 � . For the proof
we'll need a corresponding result forP2 � , which as far as we know is also
new, although the proof follows closely the pattern of [21].

Before proceeding let us note that if we setR(x; k) = B(x; k)=A(x; k)
then it is easy to check thatR satis�es the Riccati type equation

@R
@x

= � 2ikR (x; k) � q� (x)R(x; k)2 � q(x) (6.1)

at least provided that A(x; k) 6= 0. Numerical methods forP2 � have been
developed which exploit (6.1) and the fact thatR(0; k); R(X; k ) are known
from the data and side conditions ([9, 19]. ForP1 � however, we only know
that R(0; k) = 0 and have no explicit way to obtain R(X; k ).

We also will make use of the analog of (5.15) forP2 � which is the follow-
ing: If B (0; k) is the data corresponding toq there existsf a(x; t ); b(x; t )g
such that

at + ax = q� (x)b bt � bx = � q(x)a 0 < x < t (6.2a)

b(x; x) = �
1
2

q(x) x > 0 (6.2b)

a(0; t) = 0 t > 0 (6.2c)

b(0; t) =
1

2�

Z 1

�1
B(0; k)e� ikt dk t > 0 (6.2d)

Here we are again regardingq(x) as de�ned to be zero outside of [0; X ].
In the case ofP2 � we must assume in addition that no bound states exist,
so that b(0; t) is Fourier transformable with respect to time. This solution
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corresponds to (5.1) with side conditions

a(x; t ) = � (x � t) b(x; t ) = 0 t < 0 (6.3)

and may be derived in a manner analogous to (5.15). See also [17, 20]
for more about (6.2). In particular f a; bg may be viewed as a solution of
(6.2a) for all t, which is zero fort < x . Sinceb(0; t) = 0 for t < 0 it follows
that B(0; k) is analytic in the upper half of the complex plane.

Theorem 2 In the case of problemP2+ we have

�
Z 1

�1
log (1 � j B (0; k)j2) dk = �

Z X

0
jq(x)j2 dx (6.4)

and in the case of problemP1+ we have
Z 1

�1
log (1 + jB(X; k )j2) dk = �

Z X

0
jq(x)j2 dx (6.5)

Proof: First consider the case ofP2+ . Note from (2.1),(2.2) that jA(x; k)j2�
jB (x; k)j2 is equal to the constantjA(X; k )j2 for real k, henceA(x; k) = 0
is impossible fork 2 R or x 2 [0; X ]. Now multiply (6.1) by R(x; k)� to
get

R(x; k)� @R
@x

(x; k) = � 2ik jR(x; k)j2 � q� (x)R(x; k)jR(x; k)j2 + q(x)R(x; k)�

(6.6)
Taking the real part of this identity gives

@
@x

jR(x; k)j2 = 2(1 � j R(x; k)j2) Re (q� (x)R(x; k)) (6.7)

or
�

@
@x

log (1 � j R(x; k)j2) = 2 Re (q� (x)R(x; k)) (6.8)

We next claim that
Z 1

�1
R(x; k) dk = �

�
2

q(x) 0 � x � X (6.9)
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Given this, we integrate both sides of (6.8) with respect tok to get

@
@x

Z 1

�1
log (1 � j R(x; k)j2) dk = � jq(x)j2 (6.10)

Finally integrate with respect to x from 0 to X , using the fact that
R(0; k) = B(0; k), R(X; k ) = 0 to obtain (6.4).

To verify the claim (6.9), consider �rst the casex = 0. in which
caseR(0; k) = B(0; k), the Fourier transform of b(0; t). Sinceb(0; 0+) =
lim t! 0+ b(0; t) = � q(0)

2 and b(0; 0� ) = lim t! 0� b(0; t) = 0, it follows that
1

2�

R1
�1 B(0; k), the inverse Fourier transform ofB(0; k) evaluated at t = 0

is the average of the one sided limits ofb(0; t), i.e.
Z 1

�1
R(0; k) dk =

Z 1

�1
B(0; k) = 2 �

�
�

q(0)
4

�
(6.11)

which is the required result.
Now for any �xed x0 2 [0; X ] it is not hard to check that R(x0; k) =

~B(x0; k) where ~A; ~B solves

~A0= ikA + q� ~B ~B 0= � ikB + q ~A x 0 < x < X (6.12)

~A(x0; k) = 1 ~B(X; k ) = 0 (6.13)

The argument in the previous paragraph shows that
R1

�1
~B(x0; k) dk =

� �
2q(x0) and so (6.9) follows for allx 2 [0; X ].
In the case of problemP1+ , if A(x; k); B(X; k ) is the solution of (1.1),(1.2),

and

A1(x; k) =
A(X � x; � k)

A(X; � k)
B1(x; k) = �

B(X � x; � k)
A(X; � k)

(6.14)

then one easily checks thatA1(x; k); B1(x; k) satis�es (1.1),(1.4) with co-
e�cient q(x) replaced by q1(x) = q(X � x). From the �rst part of the
proof it then follows that

�
Z X

0
jq(x)j2 dx = �

Z X

0
jq1(x)j2 dx = �

Z 1

�1
log(1 � j B1(0; k)j2) dk

= �
Z 1

�1
log(1 � j R(X; k )j2) dk = �

Z 1

�1
log

�
1

1 + jB(X; k )j2

�
dk

(6.15)
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where in the last equality we used the conservation property (2.3). The
conclusion (6.5) follows.�

Using the elementary inequalities log (1 +r ) � r; r � 0 and r �
� log (1 � r ) for 0 � r � 1 and the fact that jB (0; k)j � 1 in P2+ we
obtain the immediate corollaries

Z 1

�1
jB (X; k )j2 dk � �

Z X

0
jq(x)j2 dx (6.16)

in the case ofP2+ and
Z 1

�1
jB (0; k)j2 dk � �

Z X

0
jq(x)j2 dx (6.17)

in the case ofP1+ .
Similar properties can be proved for problemsP1 � ,P2 � with further

restrictions.

Theorem 3 Assume that there are no bound states and thatA(x; k) 6= 0
for x 2 [0; X ] and k 2 R. Then in the case of problemP2 � we have

Z 1

�1
jB (0; k)j2 dk �

Z 1

�1
log (1 + jB(0; k)j2) dk = �

Z X

0
jq(x)j2 dx (6.18)

and in the case of problemP1 � we have
Z 1

�1
jB (X; k )j2 dk � �

Z 1

�1
log (1 � j B (X; k )j2) dk = �

Z X

0
jq(x)j2 dx

(6.19)

7 Constructive methods

A simple approximate solution forP2 � which may nevertheless be quite
accurate for su�ciently small q's is the Born approximation. If we replace
q by q0 + �q1 with corresponding solutionsA0 + �A 1; B0 + �B 1 and match
powers of� we getA0(x; k) = eikx ; B0(x; k) = 0 and

B 0
1 + ikB 1 = � q(x)eikx (7.1)
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Solving with B1(0; k) = 0 leads to

B1(X; k ) = � e� ikX
Z X

0
q(s)e2iks ds (7.2)

and so by Fourier inversion

q(x) � �
1
�

Z 1

�1
B(X; k )e� ik (2x� X ) dk (7.3)

The same result may be obtained by ignoring the quadratic term in (6.1),
or from (5.15) as explained below. This formula is exploited in [11] (also
[22] in the case ofP2 � ). An improved method based on the calculation
of transfer matrices for piecewise constantq is presented in [13].

Several types of exact methods may be derived by �rst transforming
the data for P1 � to that of P2 � , in the manner indicated by the proof of
the uniqueness result Theorem 1. From the data and (2.3) one may ob-
tain jA(X; k )j, a Hilbert transform calculation of logjA(X; k )j then yields
A(X; k ) from which we obtain data for a re
ected version ofP2 � , accord-
ing to (4.2). One can then proceed to use one of the methods which have
been developed for numerical solution ofP2 � , e.g. [9, 15, 19, 20]. For this
transformation it is necessary to assume that there are no bound states.
Furthermore the Hilbert transform step may present numerical di�culties
if B (X; k ) is known only on a coarse grid ofk values, whereas coarse sam-
pling need not in itself be a problem due to the bandlimitation property
of B(X; k ) discussed above.

A �nal possibility for an exact method which we discuss in more detail
is based on the equivalent time domain problem (5.15). Let us de�nethe
mapping q 7�! �( q) by �( q)(t) = b(X; t ); jt j < 1 wheref a(x; t ); b(x; t )g
is the solution pair of the well-posed characteristic boundary valueprob-
lem (5.15 a{c). We may then attempt to obtain q as the solution of the
nonlinear operator equation

�( q) = g (7.4)

whereg(t) = b(X; t ) is known from the given data. Recalling thatb(X; t )
has support in [� X; X ] it follows from (5.14) that we may representg as
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a Fourier series

b(X; t ) =
1

2X

1X

n= �1

B(X;
n�
X

)e� in�t
X (7.5)

involving only sampled values ofB(X; k ). Of course in theoryb(X; t ) is
uniquely determined by the dataf B(X; k n)g1

n=1 wherekn is any sequence
with a �nite limit point, or a sequence tending to �1 with an appropriate
asymptotic spacing. The coe�cients in (7.5) will typically decay at a rate
O(1=n) and no faster, unless additional smoothness assumptions are made
on q (or more presicely on theX periodic extension ofq.)

A simple iterative scheme is the Newton-Kantorovich method

qn+1 = qn � D �(0) � 1(�( qn) � g) (7.6)

where the Fr�echet derivativeD�(0) is easily found to be

D�(0) � (t) = �
1
2

�
�

X + t
2

�
(7.7)

The resulting scheme is thus explicitly

qn+1 (x) = qn(x) � 2g(2x � X ) � 2�( qn)(2x � X ) (7.8)

initialized, for example, byq0(x) = 0 4.
If the coupling coe�cient q is su�ciently small then convergence ofqn to

q in L2(0; X ) can be shown, essentially by the inverse function theorem and
the fact that � can be shown to have suitable di�erentiability properti es.
The proof is very similar e.g. to that of Corollary 3.1 of [18].

In general the scheme is not globally convergent. In the case ofP1+ the
inverse problem has a unique solution which must also be the unique so-
lution of �( q) = g, so if the sequenceqn converges at all then it must be
to the solution q. In the case ofP1 � the solution is not unique in general,
so the sequenceqn may converge to some other solution of the inverse
problem.

4In which caseq1(x) = D �(0) � 1g(x) = � 2g(2x� X ) is the same as the Born approximation mentioned
above, which could also be used as the initial guess.
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In Figure 1 a reconstruction is displayed together with the exact cou-
pling coe�cient for P1 � . In this example X = 1, and the data B(1; n� )
is used forjnj � 50 to approximateb(1; t) using (7.5). The direct problem
(1.1)-(1.2) was solved usingode45in Matlab, and the time domain map �
was approximated by means of a straightforward �nite di�erence scheme
in characteristic coordinates, with grid size extrapolation to improve the
accuracy. The relative error inq is about 15%, but essentially all of this
may be attributed to the error in b(1; t) due to the truncation error in
(7.5). That is to say if we used more (or fewer) terms we will always �nd
that the relative error in the computed q is comparable to the relative
error in b(1; t). The results are very similar if we repeat the calculation
for P1+ .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-2

-1

0

1

2

x

R
ea

l p
ar

t o
f q

Figure 1

exact
computed

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-1

0

1

2

3

4

x

Im
ag

in
ar

y 
pa

rt
 o

f q

exact
computed

For a second example we replaceq in the previous case by 2q. We now
�nd that the sequenceqn does not converge at all in the case ofP1+ , while
in the case ofP1 � the sequence converges, but to a di�erent solution dis-
played in Figure 2, consistent with the earlier discussion of nonuniqueness.
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It seems clear that some alternative optimization approach could beused
to obtain the original q, provided a su�ciently accurate initial guess were
available. We note that in the �rst example the identity (6.19) is satis�ed,
while in the second example it is satis�ed by the computedq(x), not by
the original q, leading one to surmise that the result of the computational
method just described will be the unique choice ofq with the prescribed
data (1.3) but with no bound states.
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