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Simple Linear Regression

Yi = β0 + β1Xi + εi

b0 = Y − b1X
E b0 = β0

V ar b0 = σ2

(
1
n

+
x2∑

i(xi − x)2

)
b1 =

∑
i(Xi −X)(Yi − Y )∑

j(xj − x)2

Eb1 = β1

V ar b1 =
σ2∑

i(xi − x)2

Ŷi = b0 + b1xi

ei = Yi − Ŷi

V ar ei = σ2

(
1− 1

n
− (xi − x)2∑

i(xi − x)2

)
X̂new = (Ynew − b0)/b1

s2
e =

1
n− 2

∑
i

e2
i

sb0 = se

√
1/n+ x2/

∑
j

(xj − x)2

sb1 = se

√
1/
∑
j

(xj − x)2

sŶ = se

√
1/n+ (xi − x)2/

∑
j

(xj − x)2

sp =
√
s2
e + s2

Ŷ

= se

√
1 + 1/n+ (xi − x)2/

∑
j

(xj − x)2

sxnew = sp/ | b1 |

R2 =
SSmodel
SStotal

= 1− SSerror
SStotal

Model Comparison

F =
(SSred − SSfull)/(dfred − dffull)

SSfull/dffull

Multiple Regression

Yi = β0 + β1X1i + β2X2i + · · ·+ βkXki + ε

Y = Xβ + ε

b = β̂ = (X ′X)−1(X ′Y )

V̂ar b = MSE (X ′X)−1

s2
e = MSE = (Y −Xb)′(Y −Xb)/(n− k − 1)
Ŷ = Xb = X(X ′X)−1X ′Y = Px Y

Ŷi = xib

sŶi =
√
MSE xi(X ′X)−1x′i

ŷ ±
√

(k + 1)Fk+1,dferror,1−αsŷ

sp =
√
s2
Ŷi

+MSE

bstd j = bj
SD(Xj)
SD(Y )

F =
(Cb−m)′[C(X ′X)−1C ′]−1(Cb−m)

r MSEfull

bw = β̂w = (X ′WX)−1(X ′WY )

V̂ar bw = MSE (X ′WX)−1

s2
w = (Y −Xb)′W (Y −Xb)/(n− k − 1)

Flack of fit =
MSlof
MSerror

ANOVA tables

Reduced (kR parameters) and Full Model (kF parameters)
Source d.f. sums of squares
Reduced model kR − 1 SSred
Diff. between models kF − kR SSred − SSfull
Error n− kF SSfull

Regression
Source d.f. sums of squares E MS
Regression k

∑
i(Ŷi − Y )2 σ2 + β2

1

∑
i(xi − x)2)

Error n− k − 1
∑
i(Yi − Ŷi)2 σ2

Total n− 1
∑
i(Yi − Y )2

Lack of Fit
Source d.f. sums of squares
Regression k

∑
ij(Ŷij − Y ..)2

Lack of Fit r − k − 1
∑
ij(Y i. − Ŷij)2

Pure error n− r
∑
ij(Yij − Y i.)2

Total n− 1
∑
ij(Yij − Y ..)2
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Correlation

ρ =
Cov X,Y√

Var X Var Y
=

σX,Y
σXσY

r =
∑
i(Xi −X)(Yi − Y )√∑
j(xj − x)2

∑
i(Yi − Y )2

= b1sx/sy

T = r
√
n− 2/

√
1− r2

zr =
1
2

ln
(

1 + r

1− r

)
∼ N

(
1
2

ln
(

1 + ρ

1− ρ

)
,

1
n− 3

)
Z =

√
n− 3(zr − zρ)

r =
e2zr − 1
e2zr + 1

ρ
σy
σx

= β1

µy − ρ
σy
σx
µx = βo

(1− ρ2)σ2
y = σ2

µx = µx

σ2
x = σ2

x

Fun with models

Yi = βo + β1xi + β2x
2
i + · · ·+ βpx

p
i + εi

Yi = βo + β1xi1 + β2xi2 + β11x
2
i1 + β22x

2
i2

+β12xi1xi2 + εi

Yi = βo + β1xi + β2zi + εi

Yi = βo + β1xi + β2zi + β3xizi + εi

Yi = βo + β1xi + β2(xi − 100)zi + εi

Yi = βo + β1xi + β2(xi − 100)zi + β3zi + εi

Yi = βo + β1xi + β2x
2
i + εi

X̂max = −β̂1/(2β̂2)

Var X̂max ≈
(

1

2β̂2

)2

Var β̂1 +

(
β̂1

2β̂2
2

)2

Var β̂2

− β̂1

2β̂3
2

Cov β̂1β̂2

Ho : Xmax = c↔ Ho : β1 + 2cβ2 = 0

Diagnostics

V IFj = (1−R2
j )
−1

H = X(XTX)−1XT

e = Y − Ŷ = (I −H)Y
Var(e) = σ2(I −H)
n∑
i=1

hii = k + 1

ri = ei/
√
MSE(1− hii)

ti = ei/
√
MSE(i)(1− hii)

= ei

[
n− (k + 1)− 1

SSE(1− hii)− e2
i

]0.5

ti ∼ tn−k−2

DFFITSi =
Ŷi − Ŷi(i)√
MSE(i)hii

= ti

(
hii

1− hii

)0.5

Di =

∑
j(Ŷj − Ŷj(i))2

(k + 1)MSE

=
(

r2
i

k + 1

)(
hii

1− hii

)
DFBETASk,i =

bk − bk(i)√
MSE(i)ckk

σ2
i = σ2eλ

T zi

DW =
∑
i

(ei − ei−1)2/
∑
i

e2
i = 2− 2 Cor(ei, ei−1)

Yij = β0 + β1xij + τi + εij ,

Var τi = σ2
s , Var εij = σ2

e

Yi = β0 + β1xi + εi, εi = ρεi−1 + ui

Guidelines:

VIF 10

hii 2k+1
n or 3k+1

n

DFFITS
small/med n 1

large n 2
√

k+1
n

Cook’s D
no concern Fk+1,n−k−1,0.2

substantial Fk+1,n−k−1,0.5

DFBETA
small/med n 1
large n 2√

n


