The F-Test as a Comparison of Full and Reduced Models

We can view ourF-test of Hy : uy = pue = -+ = uy againstH 4: not all i; are equalas a comparison of two
models where one model is a special case of the other.fulheodelsays that each group has its own mean
Each of these means can equal any value with no restrictions. When the null hypéihestsue, a simpler model
holds where all the group means are equal to one common valug, $dat common valug can be anything, but
the point is all the group means are equal to some unknown yallieis simpler model is a special case of the full
model. We call the simpler model theduced model

If the alternative hypothesif 4 is true, it makes sense to estimate the mean for gidupthe sample mean
for groupi. If the null hypothesidd is true, the reduced model holds. Thus it makes sense to estimate the mean
for groupi by the mean of all the observatioiisbecause all the observations come from a single distribution with
some meam when the reduced model holds. In the doughnut example we can describe the full and reduced mode
parameters and estimates with the following tables.

Group Mean Parameters Group Mean Estimates Computed Estimates

Group Group Group
Model 1 2 3 4 Model 1 2 3 4 Model 1 2 3 4
Full M1 U2 U3 M4 Full 171 572 Y3 Y4 Full 73 85 76 62
Reduced p pu p p Reduced ¥ Y Y Y Reduced 74 74 74 74

A residualis the value of an observation minus its estimated nfégn= Y;; — Y;;). The residuals for the full and
reduced models are given in the table below.

Full Model Reduced Model
Yii &5 &Yy &y &
65|73 -8 6474 -9 8l RSS stands foresidual sum of square¥he RSS
7373 0 074 -1 1 value for a particular model is simply the sum
69|73 -4 16/ 74 -5 25  of the squared residuals for that model. The de-
78|73 5 2574 4 16  grees of freedom associated with an RSS value is
57| 73 -16 256| 74 -17 289  (fpgy = n — p, wherep is the number of param-

96| 73 23 529| 74 22 484  eters estimated when computing the residuals. In

78|18 -7 4974 4 16  general the statistic
91| 85 6 36|74 17 289
97|85 12 144/ 74 23 529 . [RSS(red.) — RSS(full)]/[dfrss(rea,) — dfrss(run)]

82|85 -3 9| 74 8 64 RSS(full) /dfrgsfun)

85| 85 0 074 11 121 o o
77185 -8 64| 74 3 9 can be used to determine if a full model fits sig-

751 76 -1 1| 74 1 1 nificantly better than a reduced model. The null
93| 76 17 289 74 19 361 hypothesis of the test says that the reduced model
78 | 76 2 4| 74 4 16 is correct. The alternative hypothesis says that the
71176 -5 25| 74 -3 9 reduced model is too simple and that the more
631 76 -13 169 74 -11 121 complex full model is more appropriate. To de-
76 | 76 0 ol 74 2 4 termine ap-value, theF-statistic is compared to
55| 62 -7 49| 74 -19 361 an F-distribution with numerator degrees of free-

66 | 62 4 16| 74 -8 64 dom equaldfrsg(red.) — dfrss(runy @nd denomi-

49| 62 -13 169 74 -25 625 nator degrees of freedom equlkggf,iy- Show
64 | 62 2 4l 74 10 100 that this F'-statistic is the same as that computed

70 | 62 8 64| 74 -4 16 previously for the doughnut data.
68162 6 36/ 74 -6 36
RSS(full)=2018| RSS(red.)=3638
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