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Chapter8.1 Ñ Inferencefor population proportions
Inference for a population proportion p

Suppose we are interested in the proportion of people with credit card
debts larger than $5,000.

The parameter of interest is now no longera meanbut a proportion, e.g.
say 25% of all credit card holders.

We will denote the population proportion by p.

The CensusBureauobtains a random sample of 2500peopleand found
750 havemore than $5,000credit card debts.

We can usethe sample proportion p̂ to estimate the population proportion
p, p̂ is an unbiased estimator of p.
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Chapter8.1 Ñ Inferencefor population proportions
sampling distribution of p̂

Assumingthat we will have a random samplethe valueof p̂ will be
random as well (our statistic p̂ is a random variable)

properties of the sampling distribution of p̂ are
shape is closeto normal

mean of p̂ is the population proportion p, i.e. µbp = p

standard deviationof p̂ is

σbp =

√
p(1 ! p)

n

Becausethe meanof the sampling distribution is indeed p, p̂ is an
unbiased estimator of p.

As the sample sizen increases, the spreadof the samplingdistribution of p̂
decreases.
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For su! ciently large samplesizeswe have that

p̂ " N

(
p,

√
p(1 ! p)

n

)

Knowing the sampling distribution of p̂, we can do inferencefor the
population proportion p in form of

conÞdence intervals

hypothesestests
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a (1 ! α) á100%ci for the population proportion p

A (1 ! α) á100%conÞdenceinterval for the population proportion p is
givenby (

p̂ ± z !

√
p̂(1 ! p̂)

n

)
,

wherewe estimate σbp =
√

p(1" p)
n by using p̂ insteadof the unknown p.
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Example: Bob wonderswhat proportion of students at his school think
that tuit ion is too high. He interviewsa random sample of 50 of the 2400
studentsat his (small) college and Þnds that 38 think that tuition is too
high. Constructa 95% conÞdence interval for the proportion of students
of the entire college thinking that tuition is too high.
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The aboveconÞdenceinterval typicallyonly works well if

population size > 10án

n áp and n á(1 ! p) are both > 10

Example: AssumeBob only surveyed 10 students and only two of them
thought tuition is too high.
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An alternative estimator of p, that works well when the assumptionn áp
and n á(1 ! p) > 10 is violated, is the so-called Wilson’s estimator of p

We simply add 4 ÒfakeÓobservations Ñ 2 ÒyesÓ(positive) counts and 2
ÒnoÓ(negative)counts.

This helps to move p̂ further away from 0 or 1, respectively.

A (1 ! α) á100%conÞdenceinterval for the population proportion p using
WilsonÕsestimate is givenby

(
p̃ ± z !

√
p̃(1 ! p̃)

n + 4

)

As long asn # 5, this works very well.
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Example: BobÕsdata contÕd
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How much data do we need to estimate an unknown proportion?

Recall when estimating unknown means, we used

n #
(

z ! áσ

m

)2

all we need to do is to adjust the standard deviation σ and usethe
standard deviation of p̂

σbp =
√

p(1 ! p).

This yieldsa required samplesizeof

n #
(

z !

m

)2

áp(1 ! p)

Instead of p, we can alsouse p̂ and p̃ in the above formula
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Usually, we wonÕthaveany information about p, p̂, or p̃.

If you have information on p, p̂, or p̃ from previousstudies(e.g. a
pilot study) you can usethis information to estimate n.

Alternatively, we can use p = 0.5, which will always work
because it the most conservative choice of p yielding a larger
sample size n than what we possibly might need.

in the textbook, the notation is p! .

if we are going to use WilsonÕsestimate p̃, we need to remember that
we add 4 ÒfakeÓobservations, so we really only need

n #
(

z !

m

)2

áp̃(1 ! p̃) ! 4

observations!Ñ again round up!!
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Example: BobÕsdata

we want a 95% CI for p that has a width of only 0.1

$ margin of error m=width/2 = 0.1/2=0. 05

based on BobÕspreviousdata we have

p̃ =
x + 2
n + 4

=
4
14

= 0.2857
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significance test for a single proportion

whenperforming a hypothesis test, the null hypothesisspeciÞes a
value for p, which we will call p0

whencalculating p-values we act again as if the hypothesized p (i.e.
p0) was actually true.

whentesting H0 : p = p0, we substitute p0 for p in the expression for
σbp and than standardize p̂ in order to obtain our test statistic. That
is, we get

z =
öp ! p0√

p0(1 ! p0)
n

see Handout ÐHypothesis Testingfor oneproportion p
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