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We address the Parallel-Machine Flexible-Resource Scheduling (PMFRS) problem of simultaneously allocating ¯exible resources,
and sequencing jobs, in cellular manufacturing systems where the cells are con®gured in parallel. We present a new solution
methodology for the PMFRS problem called the Nested Partitions (NP) method. This method combines global sampling of the
feasible region and local search heuristics. To e�ciently apply the NP method we reformulate the PMFRS problem, develop a new
sampling algorithm that can be used to obtain good feasible schedules, and suggest a new improvement heuristic. Numerical
examples are also presented to illustrate the new method.

1. Introduction

The scheduling function plays an important role in many
cellular manufacturing systems. Such scheduling is often
performed along several dimensions, including assigning
jobs to manufacturing cells, sequencing the jobs within
each cell, and allocating resources to the cells. Sometimes
two or more of these scheduling decisions must be made
simultaneously. An example of this could be an assembly
system where several product families are assembled. If
requirements vary drastically from one family to another
each cell may be uniquely con®gured to produce speci®c
families and each family must therefore be processed in a
given cell. On the other hand, workers may be cross-
trained and could be dynamically assigned to any of the
cells. The scheduling problem is therefore to simulta-
neously sequence the jobs within each cell, determine how
many workers should be assigned to each cell at each
time, and ®nd a starting time for each job.
Scheduling for parallel manufacturing systems has

traditionally focused on two main issues: assigning jobs
to machines and sequencing the jobs that are assigned to
the same machine [1,2]. A few studies have focused on
scheduling, either job assignment or sequencing, when the
speed of the machines is variable, such as is the case for
many tooling machines [3±5]. On the other hand, in cel-
lular manufacturing systems the processing speed may
depend on some ¯exible resource, such as skilled labor,
that is competed for by the cells. The problem of simul-

taneously allocating these ¯exible resources to the cells
and scheduling the jobs within each cell has received
relatively little attention, and these two problems have
traditionally been considered separately. For example,
Frenk et al. [6] and Boxma et al. [7] consider resource
allocation in manufacturing systems, whereas So [8]
considers the problem of ®nding a feasible schedule for
each machine in a parallel manufacturing system. The
simultaneous job scheduling and resource allocation was
®rst discussed by Daniels and Mazzola [9]. The two
problems can be seen to be intimately related and con-
sidering them simultaneously may produce signi®cant
bene®ts [10,11]. In related work, joint sequencing and
resource allocation decisions have also been investigated
for single machine shop scheduling [12±14]. However, in
this context the resources are necessarily non-renewable
and there is no competition for resources across manu-
facturing cells.
In this paper we introduce a new methodology for

scheduling on parallel manufacturing cells: the Nested
Partitions (NP) method [15]. The NP method is a ¯exible
method for combinatorial optimization that combines
global and local search. We ®rst apply the NP method to
the Parallel-Machine Flexible-Resource Scheduling
(PMFRS) problem as originally formulated by Daniels
et al. [11]. We then reformulate the problem and use this
formulation to develop a more e�cient implementation
of the NP method. This latter implementation incorpo-
rates the special structure of the PMFRS problem into
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both the global and local search phases. The remainder of
the paper is organized as follows. In Section 2 we review
the PMFRS problem, and in Section 3 we develop a
generic implementation of the NP method. In Section 4
we reformulate the PMFRS problem, and in Section 5 we
describe a more e�cient NP algorithm based on the
reformulated problem. In Section 6 numerical examples
are presented, and Section 7 contains some concluding
remarks and plans for future research.

2. The PMFRS problem

A cellular manufacturing system has a set of jobs, indexed
by i 2 N � f1; 2; . . . ; ng, to be processed in one of m
manufacturing cells, indexed by j 2M � f1; 2; . . . ;mg.
There is a ®xed amount R of renewable resources that are
¯exible. The set N j of jobs processed in cell j 2M is
®xed, but the sequence of jobs within a cell, and the
amount of ¯exible resources used in each cell at each time
can be varied. The objective is to minimize the makespan
C � maxi2N Ci, where Ci is the completion time of job
i 2 N . This objective is often of interesting for parallel
systems, in particular since schedules with low makespan
tend to balance the load between cells [2].
The optimization problem can be seen to be threefold.

First a dynamic resource allocation must be determined.
Second a sequence in which jobs should be processed
within each cell must be determined, and third a starting
time for each job must be found. This scheduling problem
has previously been discussed in Daniels et al. [11] where
it is termed the Parallel-Machine Flexible-Resource
Scheduling (PMFRS) problem. The decision variables are
de®ned as

yih �
1 if job i precedes job h, where i, h 2 N j,

j 2M,

0 otherwise.

8<:
xirt �

1 if job i completes processing with r resources

at time t,

0 otherwise.

(
We let p̂ir denote the service time of job i 2 N when r � R
resources are allocated to i-th job and pi denote the
actual service time of a job i 2 N . We also let T be an
upper bound on the makespan, for example T �
maxj2M

P
i2N j

p̂i1. In terms of the decision variables
x � fxirtg and y � fyihg, the PMFRS optimization
problem can be formulated as the following 0±1 Integer
Programming (IP) problem.

min
x;y

C �1�

s.t. XR

r�1
p̂ir

XT

t�1
xirt � pi; i 2 N ; �2�

XT

t�1
t
XR

r�1
xirt

 !
� Ci; i 2 N ; �3�

XR

r�1

XT

t�1
xirt � 1; i 2 N ; �4�

Ci � C; i 2 N ; �5�
Ch ÿ Ci � T �1ÿ yih� � ph; i 2 N j; h 2 N jnfig; j 2M;

�6�
yih � yhi � 1; i 2 N j; h 2 N jnf1; 2; . . . ; ig; j 2 M;

�7�X
i2N

XR

r�1

Xt�p̂irÿ1

l�t

r � xirl � R; t 2 f1; 2; . . . ; Tg; �8�

yih; xirt 2 f0; 1g; 1 � r � R; i 2 N j; h 2 N jnfig;
j 2M; t 2 f1;2; . . . ;Tg; �9�

Ci � 0; i 2 N : �10�
Daniels et al. [11] have shown how this problem can be
solved using a branch-and-bound algorithm and have
developed a heuristic that is based on its static equiva-
lent. They show that the problem is NP-hard, and solve
it exactly using the branch-and-bound method for rela-
tively small problem instances, and for larger problems
using the heuristic. This heuristic is based on the static
equivalent of the PMFRS problem, where the resources
are not ¯exible and stay in the same cell for the entire
time horizon. It is readily seen that for the static prob-
lem the sequence of jobs does not matter and the
problem reduces to a simple resource allocation prob-
lem. This problem can be solved e�ciently to optimality
[11], and is therefore a convenient benchmark to evalu-
ate the performance of algorithms for the PMFRS
problem, as well as to evaluate the bene®ts of ¯exible
resources.
In this paper we present an alternative approach to

solving the PMFRS problem: the Nested Partitions (NP)
method. As we will see, a critical feature of the NP
method is that although it partitions the feasible region in
a similar fashion to the branch-and-bound method, it
only needs to keep track of a limited number of branches
in each iteration. Hence it is applicable even for very
large problems and may be useful when the branch-and-
bound method experiences memory problems. Further-
more, ®nite time convergence of the NP method is
guaranteed so that it ®nds the optimal schedule if enough
computational e�ort is used. The method is very ¯exible
and is capable of incorporating e�cient heuristics to
speed convergence and to rapidly obtain good solutions.
The NP method is therefore an attractive alternative to
the previously proposed branch-and-bound and heuristic
methods.
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3. The nested partitions method for the
PMFRS problem

In this section we describe the new Nested Partitions (NP)
method and present a simple implementation of the
method for the PMFRS problem. The generic NP algo-
rithm has been discussed before [15], but for completeness
a brief description is included below.

3.1. The NP methodology

The NP method may be considered to be an adaptive
sampling algorithm that uniquely combines local and
global search. If H denotes the feasible region, then in the
global search phase all of H is sampled using a random
sampling scheme that concentrates the sampling in sub-
regions that appear to be the most promising. The sam-
pling distribution is adapted using partitioning that makes
the sampling more concentrated, and backtracking that
makes it less concentrated. The partitioning of the feasi-
ble region proceeds similarly to the branching in the
branch-and-bound method and creates a space of subsets
of H that we call R. If, for example, the feasible region
contains four points H � fh1; h2; h3; h4g, it can ®rst be
partitioned into two subregions fh1; h2g and fh3; h4g;
which can then be partitioned further into four singleton
subregions fh1g, fh2g, fh3g, and fh4g. Hence R �
fh1; h2; h3; h4g; fh1; h2g; fh3; h4g; fh1g; fh2g; fh3g; fh4gf g:
These subregions may be considered to form a parti-
tioning tree and we de®ne the depth d : R! R of each
region to be its depth in this partitioning tree. Thus for our
simple example, d�fh1; h2; h3; h4g� � 0, d�fh1; h2g� � 1,
and d�fh3g� � 2.
The NP method always considers a subregion r�k� 2 R

to be the most promising in the k-th iteration and moves
iteratively between elements of R using partitioning and
backtracking. The partitioning corresponds to moving to
a region of greater depth and the backtracking implies
that the algorithm moves to region of less depth. For the
four point example, if r�k� � fh3g is the most promising
region in the kth iteration and backtracking is found to
be the appropriate move, then r�k � 1� � fh3; h4g, or
r�k � 1� � fh1; h2; h3; h4g in the next iteration.
In the kth iteration the sampling is concentrated in the

most promising region r�k� but the remainder of the
feasible region Hnr�k�, called the surrounding region, is
also sampled but with less intensity. The local search
phase starts with the sample points from each subregion
and uses local optimization methods or heuristics to ®nd
better neighboring points. The local search information is
incorporated into a promising index function, I : R! R,
that is used to determine how the global search is con-
centrated in the next iteration. Therefore, each iteration
of the NP method consists of four main steps:

(i) Partitioning. The ®rst step of each iteration is to
partition the current most promising region

r�k� 2 R into Q subregions frq�k�gQ
q�1 and aggre-

gate the surrounding region into one region
Hnr�k�. The partitioning strategy imposes a
structure on the feasible region and if most of the
good schedules tend to be clustered together in the
same subregions, it is likely that the algorithm
quickly concentrates the search in these subsets of
the feasible region.

(ii) Random sampling. The next step is to randomly
sample from each of the subregions and the ag-
gregated surrounding region. This can be done in
almost any fashion. The only condition is that
each schedule should be selected with a positive
probability. Uniform sampling can always be
chosen, but it may often be worthwhile to incor-
porate special structure.

(iii) Estimating the promising index. Once each region
has been sampled the next step is to use the sample
points to estimate the promising index of each
region. The only requirement imposed on a
promising index is that it agrees with the original
performance function on regions of maximum
depth, i.e., on singletons.

(iv) Backtracking. If one of the subregions has the best
estimated promising index the algorithm moves to
this region and considers it the most promising
region in the next iteration. If the surrounding
region has the best estimated promising index it
backtracks to a larger region.

The NP method has been shown to converge in ®nite
time to the global optimum of problems such as the
PMFRS problem and other combinatorial problems [15].
The basic idea of the convergence analysis is to observe
that the sequence fr�k�g1k�0 of most promising regions is
an absorbing Markov chain with state space R. Fur-
thermore, the set of absorbing states are all singletons,
and corresponds exactly to the set of global optima.
Therefore, the Markov chain is absorbed at a global
optimum, and since the state space is ®nite it occurs in
®nite time.

3.2. An NP algorithm for the PMFRS problem

Since the PMFRS problem can be formulated as a 0±1 IP
problem, and it is well known that branch-and-bound can
be used to solve such problem, a natural method of
partitioning is to follow the branching procedure typi-
cally used for such problems. If this approach is used, a
region r 2 R of depth d�r� corresponds to a branch
whose root node is of depth d�r�. The schedules in r
correspond to the leaf nodes of the branch. The promis-
ing index I : R! R can be a summary statistic, such as
the best makespan,

I�r� � min
�x;y�2r

C�x; y�; r 2 R:
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This promising index function is naturally estimated by
the best makespan among all the schedules sampled from
the region. Backtracking is also simple and we can con-
sider two alternatives: backtracking to the next larger
region, and backtracking to the entire feasible region.
Continuing with the analogy to branch-and-bound, the
®rst backtracking rule corresponds to moving to a branch
whose root node is of one less depth than the root node of
the current most promising region (branch), and the
second backtracking rule corresponds to moving to the
entire tree.
The description above stresses the similarities between

the NP method and the branch-and-bound method. It is
therefore appropriate to also highlight the di�erences.
The properties of the branch-and-bound method are well
known, so we focus on the potential advantages of the
NP method. These are primarily twofold. First, the
branch-and-bound requires upper- and lower bounds on
each branch and these bounds are used to systematically
fathom the branches. The NP method does not require a
lower bound, but rather the search is guided by the esti-
mated promising index of the region, which is an upper
bound on the performance. This may be particularly
advantageous when estimating the lower bounds is di�-
cult and computationally intensive. Secondly, the branch-
and-bound method may encounter memory problems in
maintaining the branches that have not yet been fath-
omed. The NP method, however, only keeps track of the
subregions of the current most promising region. This is
typically a much smaller number and may be advanta-
geous for large problems.
The NP algorithm described above is simple and has

nice analogies to the familiar branch-and-bound method.
It is completely generic in the sense that it can be applied
to any IP problem. However, by treating the PMFRS
problem as a generic 0±1 IP problem we ignore its special
structure, and this may be useful in rapidly ®nding the
optimal schedule. We therefore aim at developing an ef-
®cient implementation of the NP method that takes
maximum advantage of the structure of the PMFRS
problem. To this end we start by reformulating the
problem.

4. An alternative formulation of the PMFRS problem

We de®ne a vector R � fRigi2N to denote the resources
allocated to each job and a vector T � fTigi2N to denote
the starting time of each job. Specifying these two vectors
completely determines a schedule h � �R;T�. In addition
to being integer valued we assume the following con-
straints on R 2 Nn and T 2 Nn. At each time no more
than R resources are allocated to the jobs currently being
processed. Furthermore, for each job i 2 N , changing the
starting time Ti to Ti ÿ 1 violates the resource restrictions.
This means that each job is scheduled as early as it does

not interfere with any other jobs. Schedules with this
property are often referred to as active schedules [2].
Lastly, only one job is processed at a time in each cell.
This reformulated PMFRS optimization problem can

be stated mathematically as follows.

min
h��R;T�

C�h�; �11�

s.t. Xn

i�1
Ri � vfTi;...;Ti�p̂iRi

g�t� � R; t � 1; 2; . . . ; T ; �12�

Xn

i�1
Ri � vfTi;...;Ti�p̂iRi

g�T~i ÿ 1� > Rÿ R~i; ~i 2 N ; �13�X
i2N j

vfTi;...;Ti�p̂iRi
g�t� � 1; t � 1; 2; . . . ; T ; j 2 M; �14�

R;T 2 Nn: �15�
Here vA��� is the indicator function, vA�t� � 1 if t 2 A and
vA�t� � 0 if t 62 A. The constraint (12) ensures that the
available amount of resources is not exceeded. The con-
straint (13) ensures that all schedules are active. Con-
straint (14) ensures that only one job in each cell is
scheduled at the same time. The feasible region is given
by H � f�R;T� 2 Nn �Nn j Equations (12)±(14) holdg,
and a schedule h 2 H may be written as h � �R1; T1�;f
�R2; T2�; . . . ; �Rn; Tn�g.

Example 1. As an illustration, consider the simple ex-
ample shown in Fig. 1a±c. This system has m � 2 man-
ufacturing cells, n � 3 jobs, and R � 2 ¯exible resources.
The schedule in Fig. 1a is feasible. It allocates all of the
¯exible resources to each job while being processed and
the two cells are therefore never in operation at the same
time. The schedule in Fig. 1b divides the resource be-
tween the second job in the ®rst cell and the job in the
second cell. These jobs are therefore processed in parallel
after the ®rst job is completed. This schedule is also fea-
sible. The schedule in Fig. 1c is infeasible. This is because
starting the second job of the ®rst cell earlier would not
violate the resource constraint, so this schedule violates
constraint (13). We note that this schedule would not be
infeasible according to the original formulation but that
nothing is lost by making such schedules infeasible.

As illustrated in the above example the new formula-
tion of the PMFRS reduces the feasible region. However,

Fig. 1. Possible schedules; the shaded areas indicate jobs whilst
the number of resources are given in brackets.
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the optimal schedule(s) are retained as is established in
the next theorem.

Theorem 1. For any feasible solution to Equations (13)±
(15) there is a corresponding solution to Equations (2)±(10)
that has exactly the same makespan. Conversely, for any
feasible solution to Equations (2)±(10) there is a corre-
sponding solution to Equations (13)±(15) that has make-
span that is less than or equal to the makespan of the ®rst
solution.

Proof. (a) First assume that a schedule h � �R;T� satis®es
Equations (13)±(15). De®ne the equivalent decision vari-
ables

yih � 1 Ti < Th; i; h 2 N ,

0 otherwise.

�
xirt � 1 r � Ri; t � Ti � p̂iRi

; i 2 N ,

0 otherwise.

�
First we must show that these decision variables are
feasible for the original formulation, that is, that they
satisfy the constraints (2)±(10). Note that for all i 2 NXR

r�1
p̂ik

XT

t�1
xirt �

XR

r�1
p̂ikvfRig�r� � p̂iRi

� pi:

Therefore Equation (2) holds. Similarly, for all i 2 N
XT

t�1
t
XR

r�1
xirt

 !
�
XT

t�1
tvfTi�p̂iRi

g�t� � Ti � p̂iRi
� Ci:

The constraints (4) and (5) hold trivially. Now let j 2M,
i 2 N and h 2 Nnfig. If yih � 0 then Equation (6) is
trivially satis®ed. If yih � 1 then Ti < Th by de®nition and

Ch ÿ Ci � T �1ÿ yih� � Ch ÿ Ci � Th � p̂hRh
ÿ Ti � p̂iRi

� p̂hRh
ÿ p̂iRi

� ph ÿ pi � ph;

so the constraint (6) holds. Now for any cell j 2M and
jobs in that cell i 2 N and h 2 Nnfig, then by equation
(14), either Ti < Th or Ti > Th. Hence either yih � 1 and
yhi � 0, or yih � 0 and yhi � 1. Consequently yih � yhi � 1
and Equation (7) holds. Now for any t 2 f1; 2; . . . ; TgX

i2N

XR

r�1

Xt�p̂irÿ1

l�t

r � xirl �
X
i2N

Xt�p̂irÿ1

l�t

XR

r�1
r � xirl

�
X
i2N

Xt�p̂irÿ1

l�t

RivfTi�p̂iRi
g�l�

�
X
i2N

Ri

Xt�p̂irÿ1

l�t

vfTi�p̂iRi
g�l�

�
X
i2N

Ri � vfTi;...;Ti�p̂iRi
g�t�

� R:

This shows that constraint (8) holds. Equations (9) and
(10) hold trivially. The feasibility of the solution has now
been established. The fact that �x; y� and �R;T� have the
same makespan is trivial.
(b) Now assume that we start with a feasible solution
�x; y� to original problem. A feasible schedule h � �R;T�,
that has makespan less than or equal to the makespan
corresponding to �x; y�, can be constructed as follows.
Let the resource vector be de®ned as

Ri �
XT

t�1

XR

r�1
r � xirt; i 2 N : �16�

Then the starting times can be obtained iteratively.

Step 0. Let j � 1 and N s � ;.
Step 1. Let N U

j � N j and t0 � 1.
Step 2. Select i 2 fh 2 N U

j : yhg � 1; 8 g 2 N U
j nfhgg:

Step 3. Let

Ti�min

�
t� t0 : Rÿ

X
h2N s

Rh�vfTh;Th�1;...;Th�p̂hRh
g�u�

�Ri; u� t; . . . ; t� p̂iRi

�
:

Let t0 � Ti � p̂iRi
� 1.

Step 4. Let N U
j � N U

j nfig and N s � N s [ fig.
If N U

j 6� ; then go back to Step 2. Otherwise
continue to Step 5.

Step 5. If j < m, let j � j� 1 and go back to Step 1.
Otherwise stop.

It is clear that this construction maintains feasibility, that
is, �R;T� satis®es Equations (12)±(15). Therefore, all that
remains is to show that the makespan corresponding to
h � �R;T� is less than or equal to the makespan corre-
sponding to the solution �x; y� of the original problem,
that is,

max
j2M

max
h2N j

XR

r�1

XT

t�1
t � xhrt

( )
� max

j2M
max
h2N j

Th � p̂hRh

� 	
:

�17�
We will prove this by contradiction. Assume that Equa-
tion (17) does not hold. Then there exists at least one cell
j0 2 M such that

max
h2N j0

XR

r�1

XT

t�1
t � xhrt

( )
< max

h2N j0
Th � p̂hRh

� 	
:

Furthermore, since the construction algorithm preserves
the original sequencing these maxima are realized for the
same job i0 2 N j0XR

r�1

XT

t�1
t � xi0rt < Ti0 � p̂i0Ri0 :
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However, since �x; y� is feasible then T �i0 �PR
r�1
PT

t�1 t � xi0rt ÿ p̂i0Ri0 is a feasible starting time for job
i0 2 N j0 and T �i0 < Ti0 . This violates constraint (13) and is
therefore a contradiction. j

This theorem shows that the optimal solution to the
PMFRS problem is an active schedule, so all the optimal
schedules are contained in the reduced feasible region
de®ned by Equations (11)±(15) above.

5. Improved NP algorithm

We now describe how the NP method can be imple-
mented for the reformulated PMFRS problem de®ned by
Equations (11)±(15) above. This implementation takes
advantage of the special structure of the PMFRS problem
both in the global sampling and the local search.

5.1. Partitioning

First we address the partitioning. The basic idea is to
completely schedule one job at each level of the parti-
tioning tree so that a region of depth d is de®ned by d jobs
being scheduled, or ®xed, and the remaining nÿ d jobs
being free. By Equation (13) each job is scheduled as early
as possible given all other jobs being ®xed. Accordingly,
we adopt the rule of scheduling each job as early as
possible given all the jobs that have already been ®xed.
Therefore, selecting a job to be ®xed early gives the job
certain priority. In other words, jobs that are assigned
resources and starting time at low depth tend to be
scheduled earlier than jobs that are ®xed at greater depth.
This imposes a structure on the feasible region and allows
for special structure to be incorporated into both the
global and local search phases.
Recall that h 2 H can be represented as h � �R;T� �
�R1; T1�; �R2; T2�; . . . ; �Rn; Tn�f g; and the partitioning ®xes
one of these pairs �Rid ; Tid � to a given value at depth d
in the partitioning tree, d � 1; 2; . . . ; n. The depth one
subregions are therefore de®ned by the following R� n
sets.

f�r; 1�; ��; ��; . . . ; ��; ��g; r 2 f1; 2; . . . ;Rg;
f��; ��; �r; 1�; . . . ; ��; ��g; r 2 f1; 2; . . . ;Rg;

: :
f��; ��; ��; ��; . . . ; �r; 1�g; r 2 f1; 2; . . . ;Rg:

The depth two regions are similarly de®ned by ®xing two
elements and so forth.
Given a region r 2 R, that determines d�r� of these

pairs, we let R�r� denote the levels of resources and T�r�
the starting times for the d�r� jobs that have already been
scheduled. To describe the partitioning procedure in
detail it is convenient to establish some more notation.
We let N U

j �r� denote the set of unscheduled jobs in
cell j 2 M and N U �r� � [j2MN U

j �r� denote all the

unscheduled jobs. We let t0j �r� denote the ®rst possible
starting time in cell j,

t0j �r� � max
i2N jnN U

j �r�
fTi�r� � p̂iRi�r� � 1g:

Finally, we let the vector RA�r� � fRA
t �r�gt�1;2;...;T denote

the available resources, i.e., the resources that have not
been allocated, at each time. In terms of �R;T� it can be
written as

RA
t �r� � Rÿ

Xn

i�1
Ri�r� � vfTi;...;Ti�p̂iRi�r�g�t�:

We can now describe the partitioning as follows. Assume
we want to partition a region r�k� 2 R. We let each
subregion correspond to scheduling one of the jobs in
N U �r�k�� next with a given amount of resources. Each
subregion is otherwise identical to r�k�. Assume that
job i 2 N U

j �r�k�� determines a subregion rl�k� with
r 2 f1; 2; . . . ;Rg resources allocated to this job. Then
calculate its starting time as the earliest feasible starting
time

Ti�rl�k�� � arg min
t�t0j �r�k��

fRA
t �r�k�� � rg: �18�

Generate a processing time pi � p̂ir for the job, and up-
date the earliest feasible starting time in the cell for the
subregion, t0j �rl�k�� � Ti�rl�k�� � pi � 1. The earliest
feasible starting time for all other cells is the same for
rl�k� as r�k�. Finally, reduce the amount of available
resources for the time job i is being processed, that is, let
RA

t �rl�k�� � RA
t �rl�k�� ÿ r for all t such that Ti�rl�k�� �

t � Ti�rl�k�� � pi. This completely de®nes the subregion.

Example 2. Figure 2 partially illustrates the partitioning
tree for the simple problem of Example 1 above. Recall
that this example has n � 3 jobs to be processed on one of

Fig. 2. Part of a partitioning tree.
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m � 2 cells which have R � 2 ¯exible resources at their
disposal. At depth one there are R�Pj2M jNU

j j �
2� �2� 1� � 6 subregions, two of which are shown in
Fig. 2. We assume that the jobs to be processed in cell 1
are labeled as job 1 and 2, and that the job in cell 2 is
labeled as job 3. We assume that all the jobs are identical
with a processing time of one time unit if they have two
resources, and two time units if they have only one re-
source. The six depth one subregions can therefore be
represented as

r1�0� � �1; 1�; ��; ��; ��; ��f g; r2�0� � �2; 1�; ��; ��; ��; ��f g;
r3�0� � ��; ��; �1; 1�; ��; ��f g; r4�0� � ��; ��; �2; 1�; ��; ��f g;
r5�0� � ��; ��; ��; ��; �1; 1�f g; r6�0� � ��; ��; ��; ��; �2; 1�f g:
Now if in the next iteration r�1� � r1�0� � �2; 1�;f
��; ��; ��; ��g then there are four subregions

r1�1� � �2; 1�; ��; ��; �1; 2�f g; r2�1� � �2; 1�; ��; ��; �2;2�f g;
r3�1� � �2; 1�; �1; 2�; ��; ��f g; r4�1� � �2; 1�; �2;2�; ��; ��f g:
Now if, as is illustrated in Fig. 2, the next most promising
region is r�2� � �2; 1�; ��; ��; �2; 2�f g then there are only
two subregions

r1�2� � �2; 1�; �1; 3�; �2; 2�f g;
r2�2� � �2; 1�; �2; 3�; �2; 2�f g:

These subregions are now singletons and completely de-
®ne a feasible schedule.

The next proposition establishes that this is in fact a
valid method of partitioning.

Theorem 2. Every feasible schedule, i.e., point in H, cor-
responds to a maximum depth region obtained by applying
the above partitioning procedure. Conversely, every maxi-
mum depth region corresponds to a point in H.

Proof. Let h 2 H and write h � �R;T�. We need to
identify a maximum depth region that corresponds to this
point. The partitioning procedure sequentially selects the
jobs and schedules them at the ®rst feasible point. Hence,
given h, we need to construct a sequence of jobs
i1; i2; . . . ; in with the following property. Assume that job
il is given resources Ril , l � 1; 2; . . . ; n. If jobs i1; ::; il have
already been scheduled, then the earliest feasible time for
job il�1 to start is Til�1 , l � 1; 2; . . . ; nÿ 1. We can gen-
erate this sequence as follows. Initialize by setting the list
of scheduled jobs to be empty, N s � ;. In the ®rst iter-
ation, select a job that has the ®rst possible starting time,
i.e., select i1 2 argmini2NnN s

Ti; and let N s � N s [ fi1g.
If more than one are started at the same time, one may be
selected arbitrarily. Now simply repeat the process, i.e.,
select a job i2 2 argmini2NnN s

Ti. This is repeated until
there are no more jobs. We use induction to see that this
sequence has the right properties. First consider job i1.
The earliest feasible starting time is t � 0. But since h is a

feasible point, we must also have Ti1 � 0 because other-
wise Ti > 0 for all i 2 N and constraint (13) is violated.
Now assume that the jobs i1; . . . ; ilÿ1 have the right
property and consider the job il. Let til be the ®rst feasible
time given that the jobs i1; . . . ; ilÿ1 have already been
scheduled. If til < Til then h violates the constraint (13)
and is infeasible. This is hence a contradiction. If til > Til
then the constraint (12) is violated and again h is infea-
sible. Hence til � Til . This holds for any l 2 f2; 3; . . . ; ng,
so the entire sequence has the desired property.
Conversely, since the partitioning procedure never ex-

ceeds the available resources and each job is scheduled as
soon as the resources allow, then every maximum depth
region corresponds to a feasible schedule. j

We have now established a valid partitioning proce-
dure. The next step is to develop an e�cient procedure to
randomly sample a region.

5.2. Random sampling

Recall that the only constraint on a valid random sam-
pling procedure is that each schedule should have a
positive probability of being selected. When a region
r 2 R is sampled then d�r� jobs have already been as-
signed a ®xed amount of resources and a starting time.
For each of the nÿ d�r� jobs that have not been ®xed the
sampling procedure involves selecting cells, jobs, and re-
sources. Sampling can always be done in a generic fash-
ion, for example uniformly, but in practice it may be
better to attempt to bias the sampling distribution to-
wards good solutions. Since jobs selected to be ®xed early
tend to be scheduled earlier, and it is desirable to balance
the workload, it is intuitive that higher priory should be
given to selecting jobs in cells that have much work
waiting. Also, it has some intuitive appeal to select with
high probability resource levels that enable immediate
scheduling of a job. This motivates the versatile sampling
algorithm given below. The intuition behind this algo-
rithm is that since the objective is to minimize the
makespan it may be best to ®nish quickly as must work as
possible in the cells that have the most work waiting.
Hence priority is given to the most heavily loaded cells
and long jobs in those cells.
Assume that a region r 2 R is being sampled. Then the

starting time and number of allocated resources has
already been determined for the ®rst d�r� jobs. The
sampling algorithm ®xes the remaining nÿ d�r� jobs
iteratively and generates a single sample schedule
ĥ � �R̂; T̂�.

Sampling Algorithm
Step 0. Initialize N U

j � N U
j �r�; j 2M.

Repeat until N U
j � ; for all j 2M.

Step 1. Determine the cell Ĵ from which the next job is
selected. Higher priority is given to cells that
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have much work waiting to be processed, so Ĵ is
a random variable with

P Ĵ � j
� � � b1 �

P
i2N U

j
p̂i1P

k2M
P

i2N U
k

p̂i1
� �1ÿ b1�

� 1P
k2M vfl:NU

l
6� ;g�k�

; N U
j 6� ;;

0 otherwise.

8>>>>><>>>>>:
�19�

Here b1 is a constant to be determined.
Step 2. Given an outcome ĵ 2M select a job Î within

this cell. Higher priority is given to long jobs, so Î
is a random variable with

P Î � i
� � � b2 �

p̂i1P
k2N U

ĵ
p̂k1
� �1ÿ b2�

1

jN U
ĵ j
;

i 2 N U
ĵ ;

0 otherwise.

8>>><>>>:
�20�

Here b2 is a constant to be determined.
Step 3. Given a selected job î 2 N select the number of

resources R̂ given to this job. Higher priority is
given to resource levels that allow for immediate
scheduling, that is, resource levels that are less
than or equal to RA

t0
ĵ

, the available resources at the

the earliest feasible time t0
ĵ
in the cell ĵ 2M.

Then R̂ is a random variable with

P R̂î � r
� � � b3

b4

RA
t0
ĵ

� �1ÿ b3� � 1
R ; r � RA

t0
ĵ

;

b3
1ÿb4

RÿRA
t0
ĵ

� �1ÿ b3� � 1
R ; r > RA

t0
ĵ

;

8>><>>:
�21�

Here b3 and b4 are constants to be determined. A
weight b4 is given to jobs that can be scheduled
immediately and as before this biased sampling is
weighted with uniform sampling.

Step 4. Schedule job î 2 N ĵ using r̂ resources at the ®rst
feasible time T̂î.

Step 5. If N U
j � ; for all j 2M then STOP. Otherwise

go back to Step 1.

If b1 � b2 � b3 � 0 then this is a uniform sampling pro-
cedure. If these constants are positive priority is given to
cells that have many jobs waiting, long jobs, and resource
allocations that enable immediate scheduling of the se-
lected job. In particular, we refer to b1 � b2 � b3 � 1 as
weighted sampling. If b3 > 0 then b4 determines how
much priority is given to resource levels that allow for
immediate scheduling of the selected job.
Recall that the only condition on a valid random

sampling scheme is that each schedule in the region must
be selected with a positive probability. This is easily

veri®ed for the above sampling algorithm and we state
the following theorem without a proof.

Theorem 3. Let ĥ be a random schedule with distribution
that is de®ned by applying the sampling algorithm to a
region r 2 R. For any b1; b2; b3 2 �0; 1�, b4 2 �0; 1�, and
h 2 r, we have that P �ĥ � h� > 0.

5.3. Estimating the promising index

As for the generic implementation in Section 3.2 the es-
timated promising index may be taken as a simple sum-
mary statistic of the sampling information, that is, the
smallest makespan from the sample points in each region.
We let D�r� denote the set of schedules sampled from
region r 2 R so this estimate is

Î�r� � min
h2D�r�

C�h�:

However, if we have at our disposal an improvement
heuristic Hr : H! H that transforms an initial schedule
h 2 r into an improved schedule h� 2 r, this can be in-
corporated into the promising index function as follows:

Î�r� � min
h2D�r�

C Hr�h�� �: �22�

The improvement heuristic can, for example, be the e�-
cient heuristic proposed in Daniels et al. [11]. However,
the e�ciency of the NP algorithm also depends on the
random sampling algorithm, the structure imposed by the
partitioning, and repeated use of the improvement heu-
ristic. It may therefore be preferable to have a simpler
heuristic that can be called repeatedly with relatively little
computational cost. For example, we can seek simple
changes to improve the resource allocation. Such im-
provements should be made by allocating more resources
to critical jobs, that is, jobs which are such that a delay in
the starting time of the job causes an increase in the
makespan of the cell. This is the basic idea behind the
improvement algorithm below.
Assume that a sample point h � �Ri1 ; Ti1�; . . . ;f
�Rin ; Tin�g has been generated from r 2 R using the ran-
dom sampling procedure. Let J denote the set of jobs
that have been modi®ed.

Improvement Algorithm
Step 0. Initialize J � ;.

Repeat until N U
j �r�nJ � ; for all j 2M.

Step 1. Select a cell ĵ 2M such that N U
ĵ �r�nJ 6� ;.

Step 2. For each i 2 N U
ĵ �r� let ~hi � �Ri1 ; Ti1�; . . . ;f

�Ri; Ti � 1�; . . . ; �Rin ; Tin�g; and calculate the set of
critical jobs

C � i 2 N U
ĵ �r� : Cĵ�~hi� ÿ Cĵ�h� > 0

n o
: �23�

If C � ; let J � J [N U
ĵ �r� and go back to

Step 1 above. Otherwise select a job î 2 C, let
J � J [ fîg, and continue to Step 3 below.
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Step 3. If there are additional resources available during
the time at which job î is being processed, that is,
if ~R � RÿPn

i�1 Ri � vfTi;...;Ti�p̂iRi
g�Ti� > 0, then

there is a possibility of improvement. If such a
possibility exists continue to Step 4. Otherwise, if
C \ NnJ� � 6� ;, go back to Step 2. Otherwise go
back to Step 1.

Step 4. If increasing the resources to job ~i decreases the
makespan of the cell then give it all available
extra resources. That is, consider

~h � �Ri1 ; Ti1�; . . . ; �R~i � ~R; T~i�; . . . ; �Rin ; Tin�
� 	

;

and if Cj�~h� < Cj�h� then let h � ~h.
Step 5. If C \ NnJ� � 6� ;, go to Step 2. Otherwise go to

Step 1.

For this to be a valid heuristic to use to estimate the
promising index we must check that when it is applied to
a schedule in a given region r 2 R then the improved
schedule is also in the region, and in particular that the
estimated promising index agrees with the original per-
formance measure on singleton regions.

Theorem 4. Let Hr : H! H denote the improvement al-
gorithm described above.
(a) For all r 2 R,

Hr�r� � r: �24�
In particular if r � fhg is a singleton region then
Hr�h� � h and

Î�r� � C�h�: �25�
(b) For any h 2 H such that Hr�h� 6� h,

C Hr�h�� � � C�h�: �26�

Proof. (a) Equation (24) follows directly from the obser-
vation that when applied to a region r 2 R the im-
provement algorithm only makes changes to the jobs in
N U �r�. When r � fhg is a singleton region then
Hr�h� � h and by Equation (22) we have

Î�r� � min
h2D�r�

C H�h�� � � C�h�;

which proves Equation (25).
(b) Equation (26) holds because by Step 4 of the al-

gorithm, changes in the schedule are only made if it de-
creases the makespan. j

The sampling algorithm given in the last subsection,
and the improvement heuristic given in above, are both
intuitive and take advantage of the special structure of
the PMFRS problem to speed convergence. However, it is
important to note that these are not the only sampling
and improvement schemes that can be used in the NP
method. Any e�cient methods can be used as long as
Theorem 3 and Theorem 4(a) hold.

6. Numerical example

We now illustrate the NP method for the reformulated
PMFRS problem with a few numerical examples. The
implementation of the NP algorithm is as follows. The
sampling algorithm is chosen to be uniform (b1 � b2 �
b3 � 0) in the subregions, and weighted (b1 � b2 �
b3 � 1) in the surrounding region with weight b4 � 1=2.
In each subregion one sample schedule is constructed,
and 10 in the surrounding region. This increased com-
putational e�ort in the surrounding region helps to en-
able the algorithm to backtrack when needed. In all
regions the promising index is estimated by applying the
improvement heuristic to the sample schedule(s). The
processing times are generated in the following manner.
For a job i 2 N , we let p̂i1 be generated from a uniform
random variable U�10; 50�, and the remaining processing
times calculated according to,

p̂ir � 1ÿ a 1ÿ 1

k

� �� �
p̂i1;

where a is a constant that determines the speedup
achieved when additional resources are available.
We start by considering how many iterations of the

algorithm are required for obtaining near optimal
schedules. To that end we look at problem with settings
n 2 f10; 20g, R � 4, m 2 f3; 4; 5g, and a 2 f0:2; 0:5; 0:8g,
for 100, 500, and 1000 iterations. The algorithm is
repeated 100 times for each setting, so the averages are
based on 100 independent replications. The results can be
found in Table 1, that shows both the average and best
makespan found for these settings. From the data we see
that substantial improvements in average makespan are
obtain by increasing the number of iterations from 100 to
500, but beyond that relatively little improvements are
made for these examples. Furthermore, we note that for
several setting the best makespan across all the replica-
tion is found when only 100 iterations are used, indicating
that instead of using very long runs of the algorithm it
may be more bene®cial to use independent replications.
Hence for the following numerical experiments we choose
to use a moderate amount of 500 iterations.
Since optimal schedules for the PMFRS problem can-

not be found e�ciently, and the problems here are too
large for complete enumeration, we evaluate the quality
of schedules found by the NP algorithm by comparing
the makespan of those schedules with the makespan of
the optimal schedules for the static problem. Recall that
for this problem only the resource allocation is of con-
sequence, and an optimal schedule can be obtained e�-
ciently. Since the makespan of the schedules obtained by
the NP algorithm are also upper bounds for the optimal
makespan for the PMFRS problem, this comparison
also provides a lower bound on the performance
improvement that may be achieved by making static re-
sources ¯exible.
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Table 1. Performance of the NP algorithm for variable number of iterations

Problem settings 100 iterations 500 iterations 1000 iterations

n R a m Average Best Average Best Average Best

10 4 0.2 3 101.8 99 100.8 98 100.6 98
4 86.3 84 86.0 82 86.3 84
5 79.2 75 78.2 75 77.5 74

0.5 3 92.9 87 91.3 87 91.4 88
4 81.2 76 80.4 76 80.1 76
5 76.4 70 75.6 70 74.9 70

0.8 3 79.7 75 78.4 75 77.8 74
4 74.1 71 72.9 71 72.5 70
5 72.0 69 71.1 69 70.9 68

20 4 0.2 3 193.0 184 193.0 186 191.3 181
4 172.3 161 170.6 162 170.9 158
5 162.0 137 160.7 133 159.9 154

0.5 3 179.9 167 178.7 169 178.9 166
4 163.1 148 162.6 155 161.1 152
5 154.9 148 153.3 145 152.7 137

0.8 3 160.3 147 159.6 149 158.9 152
4 150.5 146 149.1 143 149.1 145
5 144.1 138 142.9 138 142.6 138

Table 2. Performance of the NP algorithm for n = 10 after 500 iterations

Problem settings Makespan found by NP Static problem
Average

n R a m Average Min SE Makespan % over (%) CPU time

10 4 0.2 3 100.8 98 1.8 100 2.0 22.6
4 86.0 82 2.6 91 11.0 16.5
5 78.2 75 7.0   19.2

0.5 3 91.3 87 2.7 100 14.9 22.5
4 80.4 76 6.2 91 19.7 21.3
5 75.6 70 6.0   23.6

0.8 3 78.4 75 3.3 100 33.3 12.4
4 72.9 71 3.6 91 28.2 10.8
5 71.1 69 1.9   15.6

5 0.2 3 98.6 96 1.8 99 3.1 14.0
4 82.1 79 5.4 80 1.3 35.3
5 74.5 70 3.9 79 12.9 23.9

0.5 3 84.9 80 5.2 84 5.0 24.1
4 72.9 68 7.9 71 4.4 21.1
5 68.7 65 5.3 79 21.5 15.0

0.8 3 68.6 64 3.1 67 4.7 15.9
4 63.4 61 1.7 71 16.4 17.8
5 61.3 59 3.0 79 33.9 25.0

6 0.2 3 96.5 95 1.1 96 1.1 32.2
4 79.4 77 4.0 77 0.0 18.8
5 71.7 67 4.2 70 4.5 20.3

0.5 3 79.6 74 4.3 75 1.4 12.7
4 67.6 64 5.4 68 6.3 22.2
5 63.1 58 6.2 63 8.6 25.2

0.8 3 61.7 58 2.9 60 3.4 34.4
4 57.3 52 2.7 63 21.2 18.2
5 53.6 49 3.0 63 28.6 23.5

  Problem setting infeasible for static problem
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We run the NP method using the above settings for
problems with n 2 f10; 15g jobs, m 2 f3; 4; 5g cells,
R 2 f4; 5; 6g ¯exible resources, and a speedup factor of
a 2 f0:2; 0:5; 0:8g. For each of these settings we use 100
replications. The results are reported in Tables 2 and 3,
and show the average and best makespan across the
replications, as well as the standard error. The average
CPU time in seconds is also reported. Since a ®xed
number of iterations is used, this does not vary much
from one setting to another. Finally, as stated above, we
report the makespan of the optimal static schedule for
comparison, as well as the percentage improvement of the
best PMFRS schedule found by the NP algorithm. The
schedules found by the NP algorithm tend to have a
much better performance than the static schedules, which
indicates that considerable performance bene®ts may be
obtained through the use of ¯exible resources. As is to be
expected, the performance improvements increase with
the speedup factor. Furthermore, the performance im-
provements also increase with the number of cells (m),
indicating that ¯exible resources are most bene®cial for
systems where the speedup factor is large and there is a
large number of parallel cells.

7. Conclusions

We have addressed the problem of simultaneously
obtaining a resource allocation and sequencing jobs in a
cellular manufacturing system with parallel cells and
¯exible resources. We developed a new method for solv-
ing this Parallel-Machine Flexible-Resource Scheduling
(PMFRS) problem, called the Nested Partitions (NP)
method. This method is an adaptive sampling method
that combines local and global search and has been
shown to converge in ®nite time for combinatorial
problems [15]. We showed how the NP method can be
implemented for the PMFRS problem and how the
problem can be reformulated so that the NP method may
take advantage of the special structure of the problem in
both the global and local search. In doing that we de-
veloped a new sampling algorithm that biases the sam-
pling towards good schedules, and a simple resource
allocation improvement heuristic.
Our numerical results indicate that high quality

schedules may be obtained using the NP method, and
that substantial bene®ts may be derived from using ¯ex-
ible resources rather than static resources. The NP

Table 3. Performance of the NP algorithm for n = 15 after 500 iterations

Problem settings Makespan found by NP Static problem
Average

n R a m Average Min SE Makespan % over (%) CPU time

15 4 0.2 3 148.6 139 12.7 139 0.0 23.7
4 130.0 125 27.3 131 4.8 35.8
5 123.7 109 60.6   21.8

0.5 3 137.4 127 15.4 127 0.0 28.5
4 124.7 115 18.6 131 13.9 33.3
5 118.6 109 29.4   54.8

0.8 3 122.7 114 7.1 127 11.4 33.3
4 115.6 110 6.9 131 19.1 20.8
5 111.6 107 9.8   26.8

5 0.2 3 143.2 134 10.8 134 0.0 25.8
4 123.4 115 10.8 115 0.0 32.0
5 111.5 101 49.0 106 5.0 44.5

0.5 3 126.7 117 18.5 126 7.7 31.7
4 114.1 103 20.3 114 10.7 23.2
5 105.0 100 19.2 106 6.0 44.4

0.8 3 108.0 102 6.8 126 23.5 41.9
4 101.6 96 7.2 114 18.8 31.6
5 96.4 89 6.8 106 19.1 20.8

6 0.2 3 139.8 132 11.7 131 1.1 32.7
4 119.8 112 12.8 114 1.8 39.2
5 104.6 98 21.5 101 4.5 46.6

0.5 3 120.8 108 17.9 116 7.4 22.8
4 107.9 98 17.7 101 3.1 32.3
5 98.2 90 14.3 101 12.2 61.9

0.8 3 98.0 91 6.0 93 3.3 54.4
4 91.1 86 5.8 101 17.4 25.0
5 86.5 81 7.0 101 24.7 49.0

  Problem setting infeasible for static problem
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method is expected to be particularly useful for very large
problems, and can generate high quality schedules
quickly. Future research will focus on further empirical
testing of the method, incorporating other heuristics to
speed convergence, and developing stopping rules for the
method. Finally, we will also consider applying the NP
method to the stochastic PMFRS problem where the
processing times are subject to uncertainty.
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