
Statistics 580

Random Num ber Generation

1 In tro duction

\An yonewho considersarithmetical methods of producing random digits is, of course,in a
state of sin." This famousstatement concerningthe useof sequencesof numbers generated
using recursive formulas as random sequencesis attributed to John von Neumann (1951).
To generatea random number u from the Uniform (0,1) distribution, one must randomly
selectan integer x 2 (0; m) and set

u =
x
m

:

Machine-generatedsequencesof real numbersdepend on recursionsof the form:

x j = f (x j � 1; x j � 2; : : : ; x j � k);

or more expeditiously,
x j = f (x j � 1):

Such sequencesareobviously deterministic. We want to be able to generatesequenceswhose
properties closelyresemble thoseof random sequencesin important ways. In addition, since
such sequencesare also necessarilyperiodic, we want such generatorsto have long periods,
as well.

2 Linear Congruen tial Generators

Linear Congruential Generators are de�ned by the recursion

x i +1 � (ax i + c) mod m

wherex0; x1; : : : is a sequenceof integersand dependsupon

x0 : a seed

a : a multiplier

c : a shift

m : a modulus

all of which are also integers\ � " de�nes an equivalencerelation. Two numbersa and b are
said to be congruent modulo m or a � bmod m wherem is an integer, if their di�erence is
exactly divisible by m. If 0 � a < m and a � bmod m, then a is said to be a residueof b
modulo m. a can be easilycalculatedusing a = b� bb=mc� m, wherethe 
o or function bxc
computesthe greatestinteger lessthan x.

The pseudo-randomsequencef ui g is obtained by setting ui = x i =m for i = 1, 2, : : :. If
c = 0, the above de�nes a multiplicative congruential generator (MCG). Sometheoretical
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discussionson MCG's are given in Ripley(1987), Gentle(1998, 2003) and Fishman(2006).
A typical choice for m on binary computers is 2k where k is the typical machine length
for integer type storage. In early generatorsthis was thought to be a good choice because
then the modulo reduction can be achieved simply via standard �xed-p oint over
ow in the
integermultiplication operation (ax i ). Recall that if �xed-p oint over
ow is not trapped, the
result of an integerarithmetic multiplication is modulo reducedby 2k . This is becauseif the
product results in a number greater than 231 � 1, only the lower order 32 bits are retained
to represent the result. However, sincethe �rst bit in �xed-p oint representation is the sign
bit, instead of integersin the range(0; 232 � 1], integersin the range[� 231 + 1; 231 � 1] are
producedby such multiplications.

The maximal period for a generatorof this type is 2k=4; but it can only be realizedif \a"
is chosensuch that a mod � 3 or 5. On computersusing32-bits to store integers,a popular
early choiceswere m = 232 and a = 65539. Since the speedsof modern-day computers
allow the modulo reduction to be donee�cien tly many implementations of random number
generatorsuse extended-precision
oating point computations. Other values of a such as
1099087573; 2396548189; 2824527309; 3934873077; and 2304580733have been shown to
producesequencesthat perform well on sometests.

Another choice for m is a large prime p, whencethe period is p � 1 if the multiplier is
chosento be its primitiv e root. Primes of the form 2p � 1, called Mersenneprimes, are of
particular interest. On 32-bit machines, popular choicesare m = 231 � 1 and its primitiv e
root a = 75 = 16807.The IMSL routines rnun( ) and rnunf( ) usem = 231 � 1 and gives
choicesfor a = 16807,397204094,950706376to be selectedby the user. The Unix C library
contains the function rand() which implements the mixed generator

x i +1 � (1103515245x i + 12345)mod 231

This is discredited in the literature. The Unix drand48 generator is de�ned on 48-bit un-
signed integers with a = 25214903917; c = 11 and m = 248. It is implemented as the
function gsl rng uniform in the GNU Scienti�c Library. The function g05caf in the NAG
library usesthe MCG:

x i +1 � 1313x i mod 259

with the result divided by 259 to convert to be in the range(0,1). The period of this generator
is 257.

3 Linear Feedback Shift-Register Generators

Another type of randomnumber generatoremploys the so-calledlinear feedbackshift-register
(FSR) technique, basedon random sequencesof bits. The i th bit is computedfrom the pre-
vious p bits usinga recurrencerelation; thus for example: bi � (a1 bi � 1 + � � � + ad bi � p) mod2,
wherea1; a2; : : : ; ad are 0 or 1.

Suppose that p = 5 and a1 = a2 = a4 = 0; a3 = a5 = 1. Then the successive bits
(represented by b6 in the table) are computedas shown in the table below:
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ai 0 0 1 0 1
b6 b5 b4 b3 b2 b1

1 1 0 0 1 1 b3 + b1 (mod 2) = 1
1 1 1 0 0 1 b4 + b2 (mod 2) = 1
1 1 1 1 0 0 b5 + b3 (mod 2) = 1
1 1 1 1 1 0 b6 + b4 (mod 2) = 1
0 1 1 1 1 1 b7 + b5 (mod 2) = 0
0 0 1 1 1 1 b8 + b6 (mod 2) = 0
. . .
. . .
. . .

The above recurrencerelation can easily be performed by hardware circuitry using shift-
registers. A sequenceof bits is shifted to the right (or left) one place at a time and the
leftmost (or rightmost) bit i.e., bi is computedusing an XOR operation with the coe�cien ts
a1; : : : ; ap. The pseudo-randomnumber is formed by taking a bit-string of length L from
this sequence(a processcalled L-wise decimation):

ui =
�
b(i � 1)L +1 b(i � 1)L +2 : : : biL

�

2
=2L

for i = 1,2,: : :
The above generatorattains its maximum period of 2p � 1 if and only if the polynomial

f (x) = xp + ap� 1 xp� 1 + � � � + a1x1 + 1

is irreducible on GF(2). Polynomials usually consideredare trinomials of the form

1 + xq + xp

with 1 � q < p, i.e., the generatoris

bi � (bi � p + bi � q) mod 2

Addition of 0's and 1's modulo 2 is the binary exclusiveOR operation denotedby � . Using
this operator the above can be expressedas

bi = bi � p � bi � q:

The recurrenceexpressedin bits can be translated to the numbersx i formedby the L-tuples
and expressedin binary, Thus

x i = x i � p � x i � q

holds, where� is understood to be a bitwiseoperation.
In our exampleabove, usesthe polynomial

x5 + x3 + 1

and thus beginningwith the bit sequence10011will producethe sequence

1111000110111010000100101 : : :
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5-wisedecimation gives the sequence30; 6; 29; 1; 5; : : : which are divided by 32 to give the
uniforms needed. The above polynomial is irreducible; thus the period is 25 � 1 = 31. In
a variation, called the generelizedfeedback shift register (GFSR) method, instead of taking
succesive bits from the sequenceto form the uniforms, bits are taken with a delay. For
example, instead of the bits (bi ; bi +1 ; : : : ; bi + L ) the bits accessedto form ui is of the form
(bi ; bi + j 1; bi + j 2; : : : ; bi + j (L � 1)) wherej 1; j 2; : : : may all be the samedelay.

The random() function on Unix (C or Fortran) implements an FSR with

x31
i + x3

i + 1 i:e: p = 31 q = 3

random() family of functions is a set of linear feedback shift register generatorsoriginally
usedin BSD Unix, and a versionis available on GNU/Lin ux systems.The uniform generator
in Splusis an exampleof a coupledgenerator: combination of 2 or moretypesof generators.
The Splusroutine runif() usesa combination of an MCG and FSR. Thereareseveral GFSR
and mixed type generatorsavailable in the GNU Scienti�c Library (GSL) one of which is
the generatortaus2 which is oneof the fastest simulation quality generatorsavailable.

4 Portable Generators

The Fortran routine uni() from CMLIB is an exampleof portable randomnumber generator.
It usesan FSR and usesa table of machine constants to adapt the generator to di�eren t
computers.The generalideais to makegeneratorsmachine independent. That is, a generator
should be able to produce the samesequenceof numbers on di�eren t machines. Schrage
(1979)proposeda Fortran implementation of the MCG with m = 231� 1 and c = 16807.(The
IMSL routines usethe samegeneratorbut implements it using doubleprecisionarithmetic.)

Wichmann and Hill (1982) uses3 simple MCG's each with a prime for modulus and
a primitiv e root for multiplier. If the results from each are added, the fractional part is
U(0; 1). This follows from the fact that if X and U are independent and U � U(0; 1), then
the fractional part of X + U is U(0; 1) irrespective of the distribution of X . The generator
is de�ned by the relations:

x i +1 � 171x i mod 30269

yi +1 � 172yi mod 30307

zi +1 � 170zi mod 30323

and returns ui where

ui = (x i +1 =30269+ yi +1 =30307+ zi +1 =30323)

ui = ui mod 1:0

This generator requires three seedsx0; y0; and z)0 and has a period in the order of 1012.
Studies have shown that higher-order autocorrelations in sequencesfrom the Wichman-
Hill generatorcomparefavorably with those from other good generators. L'Ecuyer (1988)
proposesan e�cien t portable generatorwith a very long period, de�ned by:

x i +1 � 40014x i mod 2147483563

yi +1 � 40692yi mod 2147483399
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and returns

vi � (x i + yi ) mod 2147483563

and givescode for fast and portable implementation. A C implementation of the Wichmann-
Hill generatoris given in Figure 1.

/****************************************************************** /
/* Function WICHHILL */
/* This function generates and returns one Uniform(0,1) random */
/* variate. It uses the Wichmann-Hill algorithm. Three seeds */
/* addresses from 1-30,000 are passed to the subroutine and used */
/* to generate the variate. */
/****************************************************************** /

#include <stdlib.h>
#include <math.h>
double fmod(double, double);
double wichhill(int *ix, int *iy, int *iz)
{

double rand;

*ix = (171**ix)%177 - (2*(*ix/177));
*iy = (172**iy)%176 - (35*(*iy/176));
*iz = (170**iz)%178 - (63*(*iz/178));

if (*ix < 0)
*ix += 30269;

if (*iy < 0)
*iy += 30307;

if (*iz < 0)
*iz += 30323;

rand = fmod(((*ix)/30269.0f + (*iy)/30307.0f + (*iz)/30323.0f),1.0f);
return rand;

}

Figure 1: A C LanguageImplementation of the Wichmann-Hill Generator

5 Recent Inno vations

Marsaglia and Zaman(1991)introducedthe add-with-carry (AWC) generatorof the form

x i � (x i � s + x i � r + ci ) mod m

wherer and s arelagsand ci = 0 and ci +1 = 0 if x i � s+ x i � r + ci < m and ci +1 = 1; otherwise.
The c is the \carry ." The subtract-with-carry (SWC) is given by

x i � (x i � s � x i � r � ci ) mod m:
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Since there is no multiplication these can be implemented to be very fast and have large
periods. Research has shown that the sequencesresulting from thesegeneratorsare similar
to sequencesobtained from linear congruential generatorswith very large prime moduli.
However, other work show that the lattice structure of thesemay be very poor. Marsaglia
alsodescribesa multiply-with-carry (MW C) generator

x i � (axi � + ci ) mod m

and suggestsm = 232 and an implementation in 64-bits.
The GFSR generatorshave been modi�ed by \t wisting" the bit pattern in x i � q by

pre=multiplying the \v ector" of bits in x i � q by the L � L matrix C. The recurrencethen
becomes

x i = x i � p � Cx i � q

. The famousMersennetwister is a twisted GFSR proposedby Matsumoto and Nishmura
(1998), wherethe matrix C hasspecial properties leading to the generatorto have a period
of 219937 � 1 and 623-variate Uniformit y. They gave a C program named mt19937. The
initialization procedurefor this generatoris rather complicatedand described on the website
http://www.math.keio.ac.jp/~matumoto/emt.html by the main author Matsumoto.

Several choicesof basicunform generatorsare available in R. The R function RNGkind()
may be usedto selectthe generator. The default is the Mersennetwister. Wichmann-Hill
and several Marsaglia generators,including the MWC, are available.

6 More Reading

You may add to the generalideasintroducedhereby perusingsomeadditional material on
uniform random number generatorsin the referencessuch as Ripley(1987),L'Ecuyer(1998),
Monahan(2001),Gentle(2003), Fishman(2006),and the paper by Atkinson (1980). Speci�-
cally, research that haslooked at the structure of generatedrandom number sequencesusing
graphical methods and the useof standard empirical and theoretical tests speci�cally con-
structed for checking the randomnessand goodnessof �t of thesesequencessuch asthe runs
test, lattice test, etc. areinformative. The sourcecodefor the randomnumber generatorbat-
tery of tests known asDIEHARDis available online at http://stat.fsu.edu/pub/diehard/
at Florida State University. Also read about the useof shu�ing of generatedsequencesto
break up lattice structure and increaseperiod. An exampleis the Bays-Durham Shu�er.

Bays-DurhamShuffler (as described in Gentle,1998 and 2003)):

Initialize table T with ` U(0; 1) numbers.

Set i = 0:

Do until i = n

1. generaterandom integer k in [1; `]

2. set i = i + 1

3. set ui = T(k)

4. replaceT(k) with a new U(0; 1)
6



7 Generating Non-uniform Random Num bers

Special generatingmethods exist for various individual distributions: for e.g.,

Normal: Box-M•uller Algorithm, Polar Method
Gamma: Sum of independent exponentials
� 2: Sum of squaresof independent N(0,1)'s
Binomials: Sum of independent Bernoulli's
Poisson: basedon the de�nition of a PoissonProcess.

amongmany others. Theseare described in several of the references,especially in Kennedy
and Gentle(1980), Devroye(1986),Gentle(1998, 2003), and Fishman(2006). Here we look
at a few interesting methods that are applicable to many di�eren t distributions. General
methods discussedbelow are

� Table look-up Methods for discretedistributions.

� Transformation Methods e.g., inversecdf method.

� Rejection (or Acceptance/Rejection)Methods.

7.1 Table Lo ok-up (or Table Sampling) Metho ds

The most elementary application of inversecdf method to discretedistributions is sampling
from the Bernoulli distribution. Let X be a random variable with pmf

p(x) = � x (1 � � )1� x ; for x = 0; 1:

To samplea random variate from this distribution:

1. Generateu � U(0; 1).

2. If u < � set i = 1; Else set i = 0

3. Return X = i .

If the cumulative probability distribution of a discrete random variable is denotedby pi =
Pr (X � i ); i = 0; 1; 2; : : :, then given u from U(0; 1), then the value of i that satis�es

pi � 1 < u � pi f or i = 0; 1; : : :

is a random variate from the corresponding discrete distribution. For example, to sample
from the geometric distribution with pmf

p(x) = � (1 � � )x ; 0 < � < 1; for x = 0; 1; : : : ;

considerits cdf
F (x) = 1 � � x+1 ; for x = 0; 1; : : : ;
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it is neededto �nd x that satis�es

1 � (1 � � )x < u � 1 � (1 � � )x� 1

which can be shown to be equivalent to

x <
log(1 � u)
log(1 � � )

� x + 1:

Thus to generatea random variate from the geometricdistribution

1. Generateu � U(0; 1).

2. Return X = b log(u)
log(1� � ) c.

7.2 Direct Search Metho d

If the cumulativeprobability distribution of a discreterandomvariable is denotedby Pr (X �
i ); i = 0; 1; 2; : : :, then given u from U(0; 1), the smallest i that satis�es

u < Pr (X � i ) f or i = 0; 1; : : :

is a random variate from the corresponding discretedistribution. If the cumulative proba-
bilit y distribution is computedand stored in a table in advance,computing i is equivalent to
locating the smallest i for which Pr (X � i ) exceedsor equalsu. Repeating this procedure
with independently generatedu's for generatesa random samplefrom the discretedistribu-
tion.

Algorithm:
Set-up a table of valuespi = Pr (X � i ) for i = 0; 1; : : :.

1. Generateu � U(0; 1) and set i = 0.

2. While u > pi do i = i + 1.

3. Return X = i .

Remarks:
1. Random variables with in�nite rangesneed to have the range truncated, i.e., ignore

valuesm for which
1 � Pr (X � m) � �

for a su�cien tly small � .

2. E�cien t algorithms are neededto do the search on the table, sincea direct search of
an array may require too many comparisons,especially for large tables. Examplesof
thoseavailable are the binary search and indexedsearch algorithms described below.
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Example:

We considerthe Poissondistribution as an exampleof generatingrandom deviatesfrom a
discretedistribution. The pmf of the Poissondistribution with mean� is given by

P(X = x) =
e� � � x

x!
; x = 0; 1; 2; : : :

Consider the random variable X which has a Poissondistribution with mean 2. In order
to set-up the table look-up method, �rst the cumulative distribution needsto be tabulated.
Sincethe rangeof valuesthat x can take is in�nite, we will truncate (cut-o� ) the tabulation
at somesuitably large value of x (i.e., herewe shall take � to be .0001). The Poisson(2)cdf
is tabulated below correct to four digits:

x 0 1 2 3 4 5 6 7 8 9
P(X � x) .1353 .4060 .6767 .8571 .9473 .9834 .9955 .9989 .9998 1.000

To generatea Poissonrandom variate, generatea U(0; 1) variate u and locate the smallestx
for which a cumulative probability in the above table exceedsu. For example,if u = 0:8124,
then P(X � x) exceedsu for all x � 3; thus the required Poissonvariate is x = 3.

Notice that we truncated the cdf of Poissondistribution at x = 9, becauseonly four
digits were usedto represent the probabilities in the above table. In practice, when such
tables are stored in computer memory, the truncation can be doneat a larger x value since
the probabilities can be represented more accurately in 
oating point. That is, � can be
chosento be suitably small, say 0:1 � 10� 10, for example.Note also that there is a constant
overheadassociated with the computation of this table. Thus table look-up methodswill not
be e�cien t unlessa large number of random variates are to be repeatedly generatedusing
the samecdf table.

7.3 Binary Search Algorithm

The previous algorithm is a very naive approach for searching a table. It does not take
advantage of the fact that the values in the table are already ordered and monotonely
increasing. This leadsto the possibilty that methods usedin zero-�nding algorithms could
be usedto exploit this fact.

Algorithm:
Set-up a table of valuespi = Pr (X � i ) for i = 0; 1; : : : ; m.

1. Set L = 0; R = m.

2. Generateu � U(0; 1).

3. Repeat until L � R � 1:

(a) Set i = b(L + R)=2c.

(b) If u < pi then R = i ,
elseL = i

4. Return X = i .
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7.4 Indexed search or cut-p oin t metho d.

The number of comparisonsneededin a table search can be reducedif the search is begun
at a point nearer to the index i that satis�es the above criterion. In the algorithm of Chen
and Asau (1974), the search point is made to depend on u in such a way that a starting
value is selectedwhich is as closeto index i we needyet will not exceedthat value:

Indexed Search Algorithm:
Set up tables of values

pi = Pr (X � i ) for i = 0; 1; 2; : : :

and
qj = min f i jpi � j =mg for j = 0; 1; : : : ; m � 1

wherem is an integer selectedbeforehand.The set of valuesqj are called the cut-points.

1. Generateu � U(0; 1). Set k = bmuc and i = qk .

2. While u � pi do i = i + 1.

3. Return x = i .

Method �
5 10 20 50

Algorithm 3.3
Set up (msec) 14 22 37 85
Per call (msec) 33 59 109 260

Straight search
Set up (msec) 180 280 470 910
Per call (msec) 15 26 49 114
Per call { 3.10A (msec) 26 30 34 40

Indexedsearch (m = 2� )
Set up (msec) 280 470 820 1780
Per call (msec) 8.2 8.1 8.1 7.7
Mean comparisons 1.56 1.51 1.42 1.61

Binary search
Set up (sec) 1.4 2.7 6.2 22.4
Per call (msec) 15 18 20 22

Alias
Per call (msec) 6.8 6.8 6.8 6.8
Set up { 3.13A (sec) 2.08 4.50 10.4 38.0
Set up { 3.13B (sec) 0.58 0.89 1.47 2.79

Algorithm 3.15
Set up (msec) { 56 57 57
Per call (msec) { 132 125 169

Table 1: Timings on BBC Microcomputer of Methods for the PoissonDistribution with
mean� from Ripley(1986)
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The idea behind the algorithm is that sincewe want to �nd the smallest i for which pi > u
(say i 1), we start at the smallest i , (say i 2) for which pi � k=m. Sincek=m � u (obviously,
sincek = bmuc ) we have i 2 � i 1. Thus it is guaranteed that i 2 is an integer that is smaller
than the index of the required element.
Remarks:

1. Gentle(1998, 2003) discussanother probability basedtable-sampling method due to
Marsaglia (1963).

2. The Alias method of Walker (1974,1977)discussedin Ripley(1986)andGentle(1998,2003)
is a table-basedmethod using composition.

3. Several algorithms for generatingfrom the Poissondistribution were comparedusing
a simulation study by Ripley(1986). The results appear in Table 1.

7.5 Transformation Metho ds

The Box-M•uller method for generatingNormal randomvariatesis an exampleof a transform-
ing Uniform randomnumbersto variatesfrom other distributions. If U1; U2 areindependently
distributed U(0,1) random variablesthen it can be proved that

U1 =
q

� 2 log(U1) sin(2� U2)

U2 =
q

� 2 log(U1) cos(2� U2)

are independent Standard Normal random variables. Thus it is easyto transform two get
a sampleof two standard normals from two uniforms. A variation of the samemethod is
basedon expressingthe transformation in terms of polar co-ordinates. The resulting Polar
Method avoids the useof the computationally expensivefunctions cos() , sin() , and log() .
It is given by

1. Generateu1 and u2 from U(0; 1) and set v1 = 2u1 � 1 and v2 = 2u2 � 1.

2. Set s = v2
1 + v2

2. If s > 1, go to Step 1.

3. Set c = (� 2log(s)=s)1=2 .

4. Return x1 = cv1 and x2 = cv2.

Many other e�cien t and theoretically interesting algorithms have beenproposedfor the
generation of Standard Normal deviates. The general method, known as inversion and
discussedbelow, can also be applied to the Normal distribution. This method requiresan
accuratealgorithm for the numerical inversionof the cdf of the StandardNormal distribution.
This is becausea closedform expressionfor the inverseof the normal cdf doesnot exist.

The method of inversion (or the inverse cdf methodas it is sometimescalled) can
be used to obtain transformations for many distributions. This method is basedon the
following well-known result. Considerthe problem of generatinga random variable X from
a distribution F and suppose that F is continuous and strictly increasingand F � 1(u) is
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well-de�ned for 0 � u � 1. If U is a random variable from U(0; 1), then it can be shown
that X = F � 1(U) is a random variable from the distribution F .

This result can be usedto obtain closedform transformations only if F can be inverted
analytically i.e., the equation u = F (x) can be solved for x in closedform. However, if
F can be accurately and e�cien tly inverted numerically, this method can be very useful.
For e.g., numerical inversion of the Standard Normal cdf is used as the basis for several
functions available in libraries for generatingfrom the Standard Normal distribution. The
IMSL routine RNNOR usesthe inversecdf method for Standard Normals with numerical
inversionof the cdf.

Example
Considerthe Exponential distribution with mean� . The density and the cdf are, respec-

tiv ely,

f (x) =
1
�

e� x=� I (0;1 )(x)

F (x) = 1 � e� x=�

Setting u = 1 � e� x=� and solving for x gives

x = � � `n(1 � u)

So to samplex from Exp(� ) distribution, generateu from U(0; 1) and plug it in the above
transformation. Thus, an algorithm for generatingExponential variates with parameter �
is:

1. Generateu from U(0; 1).

2. Set x = � � log(1 � u).

3. Return x.

As a further exampleof the inversionmethod, we considergeneratingrandom variables
from the Triangular distribution with the pdf given by

f (x) = 2(1 � x) ; 0 � x � 1

= 0 ; otherwise:

We obtain the cdf to be
F (x) =

Z x

0
2(1 � x)dx = (2 � x)x :

Setting u = F (x) and solving for x we obtain x = 1 +
q

(1 � u). We discard the solution

x = 1 +
q

(1 � u), sincex then will be outside the range of possiblevaluesof x, i.e., [0,1].

Thus, we use the transformation x = 1 �
q

(1 � u) to generatevariates from the above
distribution.

The density function of the Gamma distribution with parameters� and � is given by

f (x) =
1

�( � )� �
x � � 1 e� x=� ; x > 0; � ; � > 0:
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When � = 1, the distribution is called the Standard Gamma. A Standard Gammavariable
Y can be easily converted to a generalGamma variable X by the transformation X = � Y.
Thus, only the problem of generatinga Standard Gamma needsto be considered.

Consider the casewhen � is an integer. In this casea Standard Gamma variable
is easily generatedby summing � independent Exponential variates each with parameter
� = 1. This givesthe following algorithm for generatingGammavariableswith parameters
� and � , where� is an integer:

1. Generateu1; u2; : : : ; u� independent U(0; 1) variates.

2. Set yi = � log(1 � ui ) for i = 1; 2; : : : ; � .

3. Set s =
P �

i =1 yi and x = � s.

4. Return x.

A classicalmethod known as the Wilson-Hilferty algorithm for generatingapproximate
� 2 random variates usesthe normal approximation to the � 2 distribution. An approximate
� 2 variable with k degreesof freedomis given by

X = k
� q

2=9k Z + (1 � 2=9k)
� 3

;

where Z is a Standard Normal variate. However, since the Chi-squared distribution is a
special caseof the Gamma distribution, e�cient techniquesavailable for the Gamma can be
specializedfor the Chi-square.

Using the notation introduced for the Gamma distribution, the � 2 with k degreesof
freedom(i.e., a � 2(k)) is the sameas a Gamma variable with � = k=2 and � = 2. Thus, a
simple algorithm for generating� 2 with integer degreesof freedomis as follows:

1. When k = 2n (i.e., when k is an even integer), use the algorithm in Section 9.5 to
generatea Gamma variates with � = n and � = 2. This is a � 2 with k = 2n degrees
of freedom.

2. When k = 2n+ 1 (i.e., whenk is an odd integer), usepart (a) above for generatinga � 2

with k = 2n degreesof freedomand denotethis by Y. Then generatean independent
N (0; 1) variate Z and set X = Y + Z 2. Then X is a � 2 with k = 2n + 1 degreesof
freedom.

The Beta distribution with parametersa and b has the density function given by

f (x) =
�( a + b)
�( a)�( b)

xa� 1(1 � x)b� 1 ; 0 � x � 1

Variousvaluesof the parametersallow many di�eren t shapesof the density, which makesthe
Beta distribution useful for modelling a variety of input distributions in simulation. Also
of interest is the fact that ratios of Beta random variablesyield Chi-squareand F variables.
One of the �rst algorithms for Beta variableswith arbitrary parameterswasgiven by Johnk
(1964).
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1. Generateu1 and u2 independently from U(0; 1).

2. Set x = u1=a
1 ; y = u1=b

2 and w = x + y.

3. If w � 1, set x = x=w and deliver x.
Else,go to 1.

7.6 Rejection Metho ds

Supposeit is required to generatea random variate from a distribution with density f (�).
Let g(�) be another density de�ned in the support of f such that f (x) � cg(x) , wherec > 1
is a known constant, holdsfor all x in the support. A method for to generaterandomvariates
from g must be available. The function q(x) = cg(x) is called an envelope or a majorizing
function. Now we can samplea variate y from g with a probability that dependson y itself:

Rejection Algorithm:
Repeat

1. Generatey from g(�).
2. Generateu from U(0; 1)

Until
3. u � f (y)=cg(y)

Return X = y

It can be shown that X hasthe required distribution. The closerthe enveloping function to
f (�) the better the acceptance rate. For this method to be e�cien t, the constant c must be
selectedso that the rejection rate is low. For a random variable U,

Pr

 

U �
f (y)
cg(y)

!

= Pr

 

u �
f (Y)
cg(Y)

�
�
� Y = y

!

=
f (y)
cg(y)

Thus, the probability of acceptance,p, is calculatedas

p = Pr

 

U �
f (Y)
cg(Y)

!

=
Z 1

�1
Pr

 

U �
f (Y)
cg(Y)

�
�
� Y = y

!

g(y)dy

=
Z 1

�1

f (y)
cg(y)

� g(y)dy =
1
c

If T denotesthe number of trials before acceptance,then we seethat T has a Geometric
distribution with parameterp, and the density is:

f (t) = p(1 � p)t ; t = 0; 1; : : :

Thus the expectedvalue of T is given by

E(T) =
q
p

=
1 � 1=c

1=c
= c � 1
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Thus the expectednumber of trials for an acceptanceis c and thus the smallerc is, the lower
the rejection rate. However, for an acceptedy; c still needsto satisfy

c � f (y)=g(y)

so that oneway to choosean optimum c is by setting

c = sup
x

f (x)=g(x)

Even this choice of c however, may result in an acceptably large number of rejections,
making the algorithm ine�cien t. In practice, the envelope is found by �rst consideringan-
other density with similar shape for which a method for generatingvariables is available.
This density is then multiplied by a constant to obtain an envelope.

Example 1:

As an exampleconsiderthe half-normal density

f (x) =

s
2
�

exp� x2=2 I [0;1 )(x)

as shown in Figure 2. We will try g(x) = e� x , i.e., the Exponential density with mean 1.
The support of this density is [0; 1 ) as needed.The ratio

f (x)
g(x)

=

q
2=� exp� x2=2

exp� x
=

q
2=� exp� x2=2+ x :

Thus, we �nd the optimum c to be

c = sup
x

f (x)=g(x) =
q

2e=�

giving us the envelope
q(x) =

q
2=� exp� x+1 =2 :

Example 2:

Considerthe Beta density

f (x) =
�( a + b)
�( a)�( b)

xa� 1(1 � x)b� 1I [0;1](x) a � 1; b � 1

and usethe density
g(x) = axa� 1I [0;1](x)

to construct an envelope. Taking

q(x) =
�( a + b)
�( a)�( b)

xa� 1

we seethat q(x) � f (x) 8 x� [0; 1]; a � 1: We generatey from g easilyusing y = u1=a where
u is a U(0; 1).
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Figure 2: An illustration of the optimum choice of k. Here we illustrate the use of the
exponential e� x probability density function as the basisof an envelope for the half-normal

density (solid line). The envelopingfunction is given by
r �

2e
�

�
e� x (dashedline), illustrated

for x � 4, as is f (x)(solid line)

Consider the Beta density with shape parameters � = 3; � = 2 being majorized using
two line segments forming a triangular density (seeFigure 3. It is quite easyto derive the
majorizing function q(x) and thereforeg(x) in this case.

It is important to note that, in general,f () needsto be known only upto a constant i.e.,
f () may be known to be proportional to a density but the constant of integration is not
known. This characteristic of the method is valuablewhen random samplesare to be drawn
from a distribution of which only the form of the density is known, as occursquite often in
sampling from posterior densitiesin Bayesianstatistics.

As an example,considerthe simple casewhere

f (x) = xa� 1(1 � x)b� 1I [0;1](x) a � 1; b � 1

i.e., f (x) is proportional to a Beta density. Then taking

g(x) = axa� 1I [0;1](x)

as before,we shall �nd the optimal c to be

c = sup
x

f (x)=g(x) = sup
x

(1 � x)b� 1

a
=

1
a
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Figure 3: Envelope for the Beta(3,3) density

That is acceptx when

u �
f (x)
cg(x)

=
xa� 1(1 � x)b� 1

1
aaxa� 1

= (1 � x)b� 1

wherex is drawn from g(x). This is the sameresult as obtained above.

Example 3: Considersamplingfrom the positive tail of the normal distribution. That is, we
want a realization from the density:

f (x) = k expf�
x2

2
gI [d;1 ) ; (1)

Notice that the half-normal distribution is a special caseof this density. In order to simulate
from this density, we have to �nd a density g which is closeto f that majorizesf . Consider
the following choicefor g:

g(x) = x expf�
(x2 � d2)

2
gI [d;1 ) : (2)

In order to usethe rejection algorithm, we needto choosec appropriately. Since

f (x)
g(x)

=
k expf� x2

2 g

x expf� (x2 � d2 )
2 g

=
k

x expf d2

2 g
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The supremum of this over the support of g is easilyseenand thus c = k
d expf� d2

2 g and thus
the envelope is

q(x) = cg(x) =
kx
d

expf�
x2

2
g

It can be shown that g() is the pdf of
p

X + d2, where X � exp(2). Hence we get
the following procedurefor simulating a random variate from the right tail of the standard
Gaussiandistribution:

Repeat
1. Generatea variate with pdf g by the method of inversion to get x =

p
d2 � 2 logu1

whereu1 � U(0; 1).

2. Generateu2 from U(0; 1)

Until u2 � d
x :

Return X = x

Note that for d = 1, X has an acceptancerate of 0.66 while for d = 2, X has an
acceptanceprobability of 0.88. In particular, as d ! 1 , the e�ciency of the sampling
algorithm increasesto 100%. Finally, note that the above again con�rms that f (x) needbe
known only upto a constant

7.7 Rejection with Squeezing

To increasethe e�ciency of the Rejection method when the calculation of f (x) is expensive
(such as when it involvesalgebraicor transcendental functions), the comparisonstep (step
3.) in the above algorithm can be broken down in to two steps:

Squeeze Algorithm:

Repeat
1. Generatey from g().
2. Generateu from U(0; 1)

Until
3a. u � h(y)=cg(y)
Else
3b. u � f (y)=cg(y)

Return X = y

whereh(x) is a minorizing function i.e.,h(x) � f (x) in the support of f and h(x) is simpler
to evaluate. Thus a preliminary comparisonis madewith a lower bound of f (y)=cg(y). This
is called the squeezemethod and the squeezefunction is usually a piecewiselinear function.

One very nice application of the acceptance/rejectionalgorithm and the squeezemethod
is the well known algorithm proposedby Kinderman, Monahan,Ramage(1977)for generating
variatesfrom the t-distribution. This method is very succinctly described in Monahan(2001)
(p. 290) who also provides a Fortran funtion gttir .[SeeStat580 webpagefor alink to ex-
tracted pagesfrom this description]
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7.8 Adaptiv e Rejection Sampling

The generalizationof the idea of using straight lines for majorizing the Beta density (see
exampleabove) is the basisfor the adaptiverejection samplingor ARS method for distrib-
utions with log-concave densities. If a density f (x) is log-concave, then any line tangent to
ln f (x) will lie above ln f (x). Thus log-concave densitiesare ideally suited for the rejection
method with piecewiselinear functions as majorizing functions for the log-density or the
density itself can be majorized using piecewiseexponential functions. Log-concavit y of a
density f (x) can be easily veri�ed by checking whether d2

dx2 ln f (x) � 0 on the support of
f (x). For example, it is easily seenthat Normal density is log-concave since the second
derivative of ln f (x) is � 1=� 2. A short discussionof the ARS method follow.

Obviously the choiceof suitable envelopesin a given situation determinesthe e�ciency
of an algorithm for generating random samplesbasedon the acceptance/rejectionor the
squeezemethod. Gilks(1992) and Gilks and Wild(1992) proposeda method for generating
envelopesautomatically for the squeezemethod for a continuous,di�eren tiable, log-concave
density having a connectedregion as support. The method re�nes the envelope and the
squeezing function as the iteration progressesand thus reducesthe rejection rate and the
number of function evaluations.

Let `(x) = logf (x) and thus`(x) is concave i.e., `(a) � 2`(b)+ `(c) < 0for any three points
a < b < c in the support of f . Also note that becauseof the assumptionof di�eren tiabilit y
and continuity of f , `0(x) decreasesmonotonically with increasingx. This allows `0(x) to be
both straight-line segments as well as have discontinuities.

At the beginning a k is chosenand both ` and `0 are evaluated at the set Sk of points
x1 < x2 < : : : < xk . (For the moment, assumethat the support of f does not extend to
�1 .) The rejection envelope de�ned on Sk is the exponential of the piecewiselinear upper
hull of ` formed by the tangents to ` at each point in Sk . The concavit y ensuresthat the
tangents lie completely above `; thus the envelope lies completely above f .

This envelope can be calculatedby noting that the tangents intersect at the points

zj =
`(x j +1 ) � `(x j ) � x j +1 `0(x j +1 ) + x j `0(x j )

`0x j ) � `0(x j +1 )
;

for j = 1; : : : ; k � 1: Thus the equation of the tangent in the region [zj � 1; zj ] is

g�
1(x) = `(x j ) + (x � x j )`0(x j ) for x 2 [zj � 1; zj ];

for j = 1; : : : ; k � 1; wherez0 and zk are de�ned to be the bounds(possibly in�nite) of the
support region of f . Thus the rejection envelope basedon tangents is g(x) = exp(g�

1(x))
Similarly, the squeezefunction h(x) in Sk , is the exponential of the piecewiselinear lower

hull of ` formed by the chords to ` between successive points in Sk . The equation of the
chord in the region [x j ; x j +1 ] is

h� (x) =
(x j +1 � x)`(x j ) + (x � x j )`(x j +1 )

x j +1 � x j
; for x 2 [x j ; x j +1 ];

for j = 1; : : : ; k � 1: For x < x1 or x > xk , h� (x) is set to �1 . The squeezefunction is thus
h(x) = exp(h� (x)): Figure 7.8shows the piecewiselinear upper hull (in long dashes)and the
piecewiselinear lower hull (in short dashes).
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Figure 4: Piecewiselinear outer and inner hulls for `(x) = logf (x) usedin adaptive rejection
samplingwith k=5.

Although the hulls are linear, the majorizing function and the squeezefunction are seen
to be piecewiseexponentials. In each step of the algorithm, the set Sk is augmented by
the point generatedfrom the distribution and k incremented by 1. Gilks and Wild(1992)
describe a method wherethe evaluation of the derivatve `0 is not required. Instead of using
tangents this method usessecants to obtain the majorizing function. De�ne L j (x) to be the
straight line joining the points (x j ; `(x j )) and (x j +1 ; `(x j +1 )), for each j = 1; : : : ; k � 1: Then
de�ne the piecewiselinear function g � (x) as

g�
2(x) = minL j � 1(x); L j +1 (x) for x 2 [x j ; x j +1 ];

with g� (x) = L 1(x) for x < x1 and g� (x) = L k� 1(x) for x > xk . Again concavit y of ` ensures
that L j (x) lies above `(x) when x < x j or x > xj + 1 and below it otherwise. The rejection
envelope basedon chords is g(x) = exp(g�

2(x))
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The completealgorithm as given in Gentle(2003) is

1. Initialize k and Sk .

2. Generatey from the density gk (normalized truncated exponential).

3. Generateu from U(0; 1) distribution.

4. If u � exp hk (y)
cgk

then return X=y .
Otherwise

(a) If u � ` (y)
cgk

then return X=y .

(b) Set k = k + 1, add y to Skand update gk ; hk ; and ` l

5. Go to Step 1.

While the initial choiceof the setSk a�ects the computational e�ciency of the algorithm,
one would conjecture that thesepoints placed more frequently in areaswhere `() is more
peaked. At any rate, the designof the algorithm will make sure that more points will be
addedin theseregionsin subsequent iterations.

8 Other Metho ds and Soft ware

For generating standard normal random variates,a variety of rejection methods due to
Marsaglia (1964), Marsaglia and Bray (1964) and Marsaglia, McLaren and Bray (1964)etc.
are available. Someof thesemethods are described in Kennedy and Gentle(1980). In the
NAG Library, the functions g05fef for Beta random variates and g05fff for Gamma ran-
dom variates use rejection techniques. The ARS approach basedon chords is available in
WinBUGS software asa part of its options for carrying out MCMC algorithms for Bayesian
analysis.
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